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Preface

Computer-aided tolerancing (CAT) is an important topic in the field of
mechanical design and production manufacturing.

Every two years, since 1981, the CIRP (International Institution for Production
Engineering Research) has organized a seminar on “CAT”. In 2009, this CAT
seminar became the CAT Conference. Control of the geometric quality is essential
in the whole product lifecycle management (PLM), from the expression of
functional requirements to recycling. The necessity of optimizing design and
manufacturing processes, saving materials and energy, guaranteeing safety, always
respecting more numerous functional constraints, imposes an increased rigor in the
control process of the product geometric quality.

Previous research in the field of tolerancing is particularly focused on the
modeling for the calculation assessment of 3D specifications, or on the processes of
production and inspection. We should not forget that these various aspects are
connected and impose a global vision of the “chain of the geometric quality” in the
PLM.

The previous conferences made it possible to show the advances in these various
domains and their applications for systems of CAT. This 2009 CAT conference tried
to extend those preoccupations to the entire global product life cycle.

The subject of the present book Product Lifecycle Management focuses on the
importance of geometric product quality interconnected in design, production
manufacturing and inspection processes. In any design project development, the cost
of design change increases with project time quasi-exponentially. To reduce costs,
design parameters that influence the geometric quality must be defined and their
influence must be known.
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Increasingly realistic simulation software must be used with the best parameters
and coherent data for all the process stages of design, manufacturing, assembly and
inspection.

This book is an excellent resource for anyone interested in CAT, and it is
intended for a wide audience, including:

— researchers in the fields of product design, computer-aided process planning,
precision engineering, inspection, quality, inspection and dimensional and geometric
tolerancing;

— teachers, instructors and students of design courses that are offered either for
degrees by universities and technical schools, or for professional development
through commercial short-courses;

— practitioners of design, design engineers, manufacturing engineers, staff in
R&D and production departments at industries that make mechanical components
and machines;

— software developers for CAD/CAM/CAX and CAT application packages;

— technicians and engineers of standardization, who are interested in the
evolving ISO standards for tolerancing in mechanical design, manufacturing, and
inspection;

— individuals interested in design, assembly, manufacturing, precision
engineering, inspection, and CAD/CAM.

Following the editor’s preface, the book is organized into 4 parts:

— tolerance analysis and synthesis;

— simulation of assemblies;

— measurement;

— tolerancing in the PLM.

Although some chapters cover far more than one topic, due to the general theme

of the conference, we have chosen the most representative topics to include in this
book. These have been classified according to the most representative themes.

Part I focuses on the more general problems of tolerance analysis and synthesis,
for tolerancing in mechanical design and manufacturing processes, including
statistical tolerancing approaches, for the management of the quality connected to
manufacturing. A large number of papers were presented on this important topic,
only the most representative have been selected for this book.
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Part II specifically highlights the simulation of assemblies with defects, and the
influence of tolerances on the quality of the assembly. Several cases are considered
such as the case of non-rigid parts or assemblies of parts taking into account the
form defects.

Part III deals with measurement aspects, which are, of course, crucial to quality
control throughout the lifecycle. Different measurement technologies and methods
for estimating uncertainty are considered.

In Part IV, different aspects of tolerancing and their interactions are explored,
from the definition of functional requirement to measurement processes in a PLM
approach.

As editors, we wish to express our sincere gratitude to the authors for their
contributions; the members of the international program committee and the
organizing committee; the additional reviewers and our colleagues from the French
Research Group in Tolerancing (GRT) for their efforts in getting this book
published.

Max GIORDANO
University of Savoy

Frangois VILLENEUVE
Grenoble University

Luc MATHIEU
ENS Cachan, University of Paris XI

August 2010
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Chapter 1

A New Method of Expressing Functional
Requirements and How to Allocate
Tolerance to Parts

This chapter proposes a new approach for expressing the functional requirement,
based on the non-quality cost that can be non-symmetrical if necessary. This is very
realistic from the point-of-view of functional requirements. Then a link between
mean and variance of the functional dimension is identified for a chosen loss cost.
Specifications on parts are expressed in a system of inequalities that link the means
and variances of the functional dimensions. It is then possible to allocate the
functional requirements on parts. To illustrate the concept, the case of application
with unidirectional tolerancing is presented. The results are compared to the usual
tolerancing approaches.

1.1. Introduction

When dealing with assembly tolerance synthesis, several key points can be
identified such as the expression of the functional requirements, the identification of
the dimension chains and then the allocation of the component tolerances. In this
chapter, it is assumed that the dimension chains are identified, hence two key points
are focused upon: the expression of the assembly functional requirements and the
allocation of the tolerances for the assembly components.

Chapter written by Pierre-Antoine ADRAGNA and Pascal HERNANDEZ.

Product Lifecycle Management: Geometric Variations Edited by Max Giordano, Luc Mathieu and Francois Villeneuve
© 2010 ISTE Ltd. Published 2010 by ISTE Ltd.
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The first part of this chapter is a short review of some existing statistical
tolerancing methods. Two approaches are presented, traditional statistical
tolerancing using tolerance interval, and inertial tolerancing. For each approach,
their capability indices and several tolerancing methods are presented. In order to
compare the different tolerancing methods, statistical tolerance zones and their
composition are used. The case of application is also presented. It is based on a five
component stack up, for which the functional requirement is a unidirectional
combination of the component dimensions.

The second part of this chapter presents a new approach to the expression of the
functional requirements and how to allocate component tolerances. The first key
point concerning the functional requirement is presented. The functional
requirements can either be symmetrical as usual or asymmetrical if necessary.
Depending on the assumption of the assembly resultant distribution, the functional
requirement can be transcribed into inequalities on the assembly resultant mean and
variance. The second key point dealing with the allocation of the functional
requirement on the assembly components is also presented in this first part. The only
strategy presented here aims to maximize the variances of components.

The case of application illustrates all the presented tolerancing methods in the
first and the second part, and performance indices are presented to compare the
efficiency of the methods. The chapter then ends with a short discussion.

1.2. Brief review

This section presents the case of application and the statistical tolerance zone
that are used to compare the different tolerancing approaches. The section then deals
with some existing methods of statistical tolerancing with tolerance intervals.
1.2.1. How to compare

The following presents the application to which the tolerancing methods are

applied, and a technique for tolerance analysis that enables us to qualify the
efficiency of the tolerancing method.
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1.2.1.1. The case of application

Minimum gap (LSL): 100pum
Maximum gap (USL) : 500um

Figure 1.1. The case of application

To illustrate the proposed method, a five component stack up is chosen as an
application case. This mechanical example also enables us to apply and compare the
existing tolerancing approaches briefly presented in this part. The functional
requirement of the assembly mechanism is composed of two limits:

— a minimum gap of 100 pm, to allow the free rotation of the inner parts, then
the good working condition of the mechanism;

— a maximum gap of 500 um, to minimize the free translation of the inner parts,
thus to minimize the noise while shaking the mechanism.

1.2.1.2. Statistical tolerance zones

In order to graphically compare the tolerance allocation results of the different
tolerancing methods, the statistical tolerance zones (STZ) and their composition are
used. This technique proposed by [SRI 97] allows us to describe each tolerance by a
domain in the (¢, o) plane. Within the («, o) plane, it is possible to convolute the
domain of the possible deviation of the assembly resultant given the tolerance
domain of the components. The assembly resultant domain can then be compared to
its functional requirement domain. This method is used in this chapter to compute
the assembly resultant domain for each tolerancing method.
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This technique allows us to graphically compare each tolerancing method result
to the functional requirement, and it is more interesting to compare one to the other.
Two indices are introduced to qualify the efficiency of the tolerancing methods:

— Ryc, the ratio of the non-conforming area, that compares the area of the
assembly resultant domain out of the functional requirement domain to the
functional requirement domain area.

— R.,,, the exploitation ratio that compares the area of the assembly resultant
domain inside the functional requirement domain to the functional requirement
domain.

If the Ryc index equals 0, this means that the tolerancing approach offers no non-
conforming configuration, thus it is a no-risk tolerancing method. If the R.,, index
equals 1, this means that the entire assembly functional requirement domain is
exploited by the tolerancing method. If the index Ryc equals 0 and R.,, equals 1, the
result of the tolerancing approach perfectly fits the functional requirement domain.

1.2.2. Statistical tolerancing methods

The statistical tolerancing methods presented in this second section are applied to
the symmetrical functional requirement. The functional requirement is expressed to
take into account a non-conformity rate on each functional limit. The chosen
maximum rate is NCRy,, = 1,350 ppm on each limit. Considering a normal
distribution of the assembly resultant, this is the equivalent of taking into account a
capability index Cpkpp = 1.

1.2.2.1. Traditional statistical tolerancing

This is the most common approach, where the statistical tolerances of
components are expressed by tolerance intervals.

1.2.2.1.1. Capability indices

In the case of traditional tolerancing, we can identify three main capability
indices [KOT 93]:

— the Cp index that compares the variance of the batch to the tolerance interval:

_USL-LSL
6.0

Cp [1.1]
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— the Cpk index that indicates the rate of the batch that lies within the tolerance
interval, but does not indicate the centering of the batch:

Cpk:Min(ﬂ_LSL;USL_ﬂj [12]
3.0 3.0

— the Cpm index, also called the Taguchi capability index, that indicates the
centering of the batch within the tolerance interval:

USL - LSL

USL+LSLY >
6. ,u—f +o

1.2.2.1.2. Tolerancing methods

Cpm =

[1.3]

Let us consider the following notation:

— ITrp, the tolerance interval of the functional requirement,
IT,, =USL — LSL [1.4]

— n, the number of component in the dimension chain.

The three main traditional statistical tolerancing approaches are:

— classic statistical tolerancing [EVA 75]:

7 = T [1.5]

T

— inflated statistical tolerancing, where f is a constant value around 1.5 to 1.6
[GRA 01] and [GIL 517:

17 = e [1.6]

S

— “semi-quadratic” tolerancing where the component characteristics (4, o) are
independently toleranced: 1/4 and 3/4 of a tolerance interval respectively [ANS 03]:

IT :]TJ [1.7]

" An
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1.2.2.2. Inertial tolerancing

[PIL 04] proposes a single criterion / that combines the batch characteristics
(1, o) based on the Taguchi loss function and the batch inertia:

2
‘- J(ﬂw) o (18]

2

Thus, the inertial criterion qualifies the batch centering.

1.2.2.2.1. Capability indices
Two capability indices are defined:

— the Cp index that, similarly to the traditional Cp index, compares the batch
standard deviation to the tolerance:

Cp=— [1.9]
o

— the Cpi index that compares the batch off-centering to the inertial tolerance:

Cpi=
2 1.10
USL + LSL , [1.10]
“oy )t
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Figure 1.2. Tolerance analysis of the classic statistical tolerancing,
Ryc = 1.83 and R,, = 1
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Figure 1.3. Tolerance analysis of the inflated statistical tolerancing,
Ryc = 0 and R,, = 0.56
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Figure 1.4. Tolerance analysis of the “semi-quadratic” tolerancing,
Ryc = 0 and R,, = 0.57
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3 - o component tolerance domain 38 - o functinal requirement domain

[Functional requirement
domain

0035 1 o007
Component
tolerance domain

Assembly resultant

oo domain

8 3 8

Resultant standard deviation o

Component standard deviation o

84 0o 06 004 002 o 002 004 005 008 01 02 w1 o 04
Component off-centering & Resultant off-centering &

a) Component tolerance domain b) Tolerance analysis

Figure 1.6. Tolerance analysis of the adjusted inertial tolerancing,
Ryc=0and R, = 0.75

1.2.2.2.2. Capability indices
Two main inertial tolerancing methods are proposed:

— classic inertial tolerancing:

7 =T [1.11]

" 6Aln

— adjusted inertial tolerancing, where /- depends on the functional requirement
expressed by a tolerance interval and a Cpkgy index [ADR 06], or a non-conformity-
rate NCRgz [ADR 07]:

Ty [1.12]

[ =——
" 60.Aln

1.3. Proposed method

This section presents the new approach for the expression of the functional
requirements and a strategy to allocate the functional requirements on the
components of the assembly dimension chains.
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1.3.1. Functional requirements

1.3.1.1. Expression of the functional requirement

Generally, the functional requirement is specified by a bilateral tolerance. The
quality of the assembly product is considered as acceptable if the assembly
characteristic lies within the functional tolerance. In the common case, the bilateral
tolerance is characterized by a target and a tolerance interval around this target. This
implies that the target, corresponding to the middle of the bilateral tolerance, is the
optimal value assembly resultant.

Here another point-of-view is presented. Instead of identifying the target value of
the functional requirement, our approach consists of identifying the limits of the
functional requirement. The limits of the functional requirement are given by the
function of the assembly product, for instance: a minimum or a maximum limit on a
gap. A non-conformity loss cost is associated with the functional limit. In the case of
bilateral limits, loss costs can either be equal or not, depending on how critical the
limit is. For instance, we can imagine three critical levels:

— the first level, with the lower loss cost, corresponds to a performance loss but
the assembly mechanism still works;

— the second level, with a higher loss cost, corresponds to a non-working or non-
assembling mechanism;

— the third and most critical level, with the highest loss cost, corresponds to a
safety limit that guarantees the safety of the product user.

Of course, these levels are just examples and we can identify others. Once the
levels have been identified, the designer has to set the financial loss corresponding
to each level. An example is given with the case of application.

Let us define the cost associated with a single non-conforming product Lyc in the
case of a symmetrical functional requirement. The cost of a single non-conforming
product is Lyc s, if the LSL is not taken into account, otherwise Lyc ys;. The average
loss of a functional limit is the cost of non-conforming product times the probability
of making non-conforming product.

Figure 1.7 shows the two functional loss costs:
— a symmetrical loss cost of the less critical level, both Lyc; = 1;

— an asymmetrical loss cost, Lyc.sy = 1 is the lowest critical level, and
Lycus. = 5 corresponds to the second critical level.
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In the general case of an asymmetrical functional requirement, the average losses
are:

LNC,LSL = LNC,LSL ~P(Y < LSL) [1~13]

LNC,USL = LNC,USL 'P(Y > USL) [1.14]

The main approach while dealing with loss costs is to evaluate the global average
loss that is the combination of all average losses [DEN 06]. Our approach consists of
considering each average loss independently in order to respect each functional
requirement limit. Moreover, this approach enables us to avoid dependence between

cost losses of the functional requirement.

Functional requirement loss functions Functional requirement loss functions

S -

USL loss function —

A LSL loss function T

USL loss function LSL loss function

Loss cost
Loss cost

08 02 04 0 0f1 02 03 04 05 06 07 08

02 -01 0 0.1 02 03 04 05 06 07
Resultant mean

Resultant mean u

a) Symmetrical functional requirement b) Asymmetrical functional requirement

Figure 1.7. a) Symmetrical loss function, b) asymmetrical loss function

Average loss functions Average loss functions

Global average loss

5l m

/
USL loss function——> 7
f/
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~ g
4 8,
b
g
g
K
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T

LSL average USL average
2 losses losses

7

s i n " L . Al i n

-0.2 =01 [ 01 02 03 0.4 05 0.6 07 08 -0.2 -0.1 0 0.1 0.2 03 0.4 05 0.6 0.7 0.8
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Resultant mean u
a) Symmetrical average losses b) Asymmetrical average losses

Figure 1.8. The average and global losses for Cp=1 and Cp=1.33
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Figure 1.9. Domain of the functional requirement characteristics for
the given budget loss

1.3.1.2. Functional requirement and statistics

Dealing with statistical tolerancing, the distribution law of the assembly resultant
has to be estimated. Let us make the assumption of a normal distribution on the
assembly functional dimension. This assumption may not be far from reality:

— if the components of the assembly are normally distributed, then the assembly
resultant is normally distributed;

— if the dimension chain contains several components of the same range of
dispersion, and given the central limit theorem, the assembly resultant is normally
distributed.

Hence, given the statistical characteristics of the assembly resultant, it is possible
to evaluate the average loss cost on each functional requirement limit. Figure 1.8
[GRA 00] shows the variation of the averages loss costs for each functional limit
depending on the assembly resultant variance, o (Cp = 1 and 1.33), and the position
of the mean dimension, u. The objective is to identify the (&, o) characteristics that
keep each loss cost below the budget loss Lg. Here, the loss budget L is arbitrarily
chosen such that the lowest critical level implies 1,350 ppm of NCR. Thus:

L
L, =L =741x10"" [1.15]
1350

where Lyc; =1 is the loss cost of the first critical level. Therefore, the second level
implies a NCR of 270 ppm, which is five times smaller.
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1.3.1.3. The functional requirement domain

Given the objective loss budget, it is possible to evaluate the limit in the (u,0)
plane where the loss cost equals the budget. Figure 1.9 illustrates each functional
requirement limit for the given budget. We can observe the linear relation between
the functional requirement characteristics. In fact the functional requirement limits
can be written as:

Uu+k, .0 <USL [1.16]

u—k,,.oc=LSL [1.17]

That can also be expressed similarly to the Cpk index as:

Min(’u_LSL;USL_ﬂ]N [1.18]
kg0 ky.0

In the case of normal distribution, the k; constants can be expressed as:

K, =P‘1[1—2'LB]:3.46 [1.19]
NC,USL

kL, = P‘l[l _2-%] _3 [1.20]
LNC,LSL

1.3.2. The tolerancing strategy

This part considers that the functional requirements are expressed and the
associated domain is defined. One strategy is presented for the components tolerance
allocation. The aim is to allocate the maximum variance on the component of the
dimension chain; two steps can be identified:

— identification of the optimal target and allocation of the components variances;

— determination of the components tolerance domains.
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1.3.2.1. Maximum variance allocation

The maximum variance of the functional requirement Opg, puy, 1S found for the
intersection of the functional requirement limits. This enables us to identify the
target of the functional requirement.

— In the case of a symmetrical functional requirement, the target corresponds to
the middle of the functional tolerance interval:

_USL+LSL

T =300um [1.21]

— In the case of an asymmetrical functional requirement, the optimal target is:

kg LSL +k, 5 USL
kUSL + kLSL

T =286um [1.22]

It is now possible to evaluate the maximum variance of the functional
requirement Opp.,. Considering the components in the dimension chain as
independent, the uniform variance allocation is made as follows:

o = Orriar [1.23]

i,Max J;

1.3.2.2. The component tolerance domain

The functional requirement target and maximum variance are identified and
allocated to components. The big deal now is to identify the component tolerance
domain. The identification of a component tolerance domain consists of:

— considering all other components of the dimension chain on their target and at
their maximum variance;

— the component tolerance domain is the possible variation domain that respects
the functional requirement.

Figure 1.10 illustrates the component tolerance domain. The tolerance domain of
the i component can then be expressed as:
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, u —LSL . USL - 1, [1.24]
Min ’2 —; - d - >1
kLSL' O-i + Zo-j;Max kUSL‘ O.i + zo.j,Max
J#i J#i
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Figure 1.10. Maximum variance allocation and identification

of the component tolerance domain

Figures 1.11 and 1.12 illustrate the analysis of this tolerancing approach for both
functional requirements. In both cases, symmetrical or asymmetrical functional
requirement, the Ryc indices are null. This shows that the proposed method
absolutely takes into account the functional requirement.
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Figure 1.11. Tolerance analysis of the proposed tolerancing method in case of symmetrical
functional requirement, Ryc = 0 and R,., = 0.70
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Figure 1.12. Tolerance analysis of the proposed tolerancing method in case of asymmetrical
functional requirement, Ryc = 0 and R, = 0.70

1.4. Discussion

This section briefly discusses a demonstration of the efficiency of the proposed
tolerancing approach, and its comparison to existing tolerancing methods.

1.4.1. Efficiency of the proposed method

Here we do not give the demonstration of the efficiency of the method, we just
give the idea.

The idea is that all components of the dimension chain take into account the
tolerance domain, given by [1.24]. Then the assembly resultant of the dimension
chain automatically accounts for the functional requirement expressed by [1.18].
Figures 1.11 and 1.12 illustrate that purpose for two particular cases.

1.4.2. Comparison to existing approaches

Two key points will be discussed: the expression of the functional requirement,
and the expression of the component tolerance domains. Then a general discussion
about the efficiency will be proposed.

1.4.2.1. The functional requirement

The solution proposed here to express the functional requirement by a loss cost
can be seen as a globalization of the more common method using NCR. As the
reader may have seen, the loss costs are linked to the NCR. Hence, it may seem
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simpler to express the functional requirement by NCRs instead of loss cost level. It
is just a matter of translation. Moreover, the most frequent expression of statistical
functional requirement is based on NCR.

1.4.2.2. The tolerance domain

The component tolerance domain of the proposed method is interesting because
it links the component characteristics (1, ;) to the assembly functional requirement
(krsy, LSL, kys;, USL). The tolerancing approach is then logical with the statistical
tolerance synthesis:

— the component standard deviations (0j ) are allocated from the maximum
standard deviation of the assembly resultant (g ya1);

— the component tolerance domain is also allocated from the assembly resultant
functional requirement.

1.4.2.3. Efficiency comparison

[lustrated by this case of application, we can note that the classic statistical
tolerancing without precaution is not appropriate at all [GRA 00]. The classic
inertial tolerancing offers some non-conforming configurations that can be avoided
with the use of the Cpi capability index.

The other tolerancing methods seem to correctly allocate tolerances to
components in this particular case. However, that is not the case for any dimension
chain. For some tolerancing methods:

— with 6 components or more, the inflated statistical tolerancing using /= 1.5
offers some non-conforming configurations;

— with 7 components or more, the inflated statistical tolerancing using f = 1.6
offers some non-conforming configurations;

— with 9 components or more, the “semi-quadratic” tolerancing offers some non-
conforming configurations.

On the contrary, the adjusted inertial tolerancing and the proposed tolerancing
method absolutely takes into account the functional requirements for any number of
components in the dimension chain.

Moreover, comparing the R,,, index that indicates how much of the functional
requirement domain is exploited, we can note that the adjusted inertial tolerancing
and the proposed method are better than the other method.
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In order to differentiate these two efficient tolerancing methods, we can say that:

— the proposed approach perfectly fits the idea of tolerance allocation (allocation
of component variance and tolerance domain);

— the adjusted inertial tolerancing modifies the existing components tolerance
domain with the use of a homothetic transform for which the ratio is based on the
functional requirement.

Although the results are similar (functional requirements are perfectly respected
and highly exploited), the idea is different.
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Chapter 2

A Parametric Approach to Determine
Minimum Clearance in Overconstrained
Mechanisms

The need to introduce minimum clearances into an overconstrained mechanism
in order to make it actually work, results from the observation of a physical effect.
We will call it the clearance effect. The clearance effect transforms an
overconstrained model that is perfectly accurate but impracticable, into a realistic,
but limited accuracy, model.

We will first present vectorial modeling of a mechanism which enables us to
generate a set of relations between the dimensional parameters of each part and the
movement parameters of each joint; this equations system will represent the studied
mechanism. Next, we will analyze this equations system, making a clear distinction
between dimension and movement parameters, because we know that movement
parameters may adjust naturally and instantaneously to slight variations in the
dimension parameters of the machining parts.

We propose to explicitly determine the minimum clearance values that are
absolutely necessary for assembly, or mobility in cases where the mechanism is
mobile. The method will be illustrated for an instance of a given mechanism (all the
actual dimensions of manufactured parts are known with a high degree of accuracy).
For this purpose, two new concepts will be defined: firstly the ideal mechanism and
secondly the associated mechanism. These two concepts come from metrology and
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tolerancing languages. In fact, ideal mechanism defines the class of mechanism
composed of ideal or machining parts and ideal joints (without clearance). The
associated mechanism defines the closest ideal mechanism associated with the set of
studied machining parts. It is a similar concept to “associated surfaces” used in the
metrology field.

2.1. Introduction

During the design stage, an engineer wishes to characterize a mechanism using a
set s of functional parameters called “specification parameters”. These parameters
are distances or angles between geometric elements, mechanical resistance,

Si

speed, acceleration, mass or cost, etc. Unfortunately, for several reasons, these s;

specification parameters chosen by the designer do not univocally define the
required mechanism. There are sometimes too few, in this case the mechanism is not
fully defined, or too many, in this case the mechanism is functional only when
parameter values are intercompatible. In other cases, specification parameters appear
to be independent but are not, and the mechanism cannot, therefore, be constructed
(throughout this chapter, the word mechanism means a mobile assembly, whereas an
assembly is simply an association of parts).

The objective of this chapter is to present a method to assist engineers during the
tolerancing parameter specification stage. Primarily, the provided assistance
indicates whether specifications are complete and consistent. In particular, it gives
the compatibility relations that must exist between one another in overconstrained
problems. Finally, this method will enable the designer to determine the minimum
clearance in the joints to ensure interchangeability of the production components.

Presentation of the method is divided into two parts. The first one shows the
vectorial modeling of the geometric problem. The second part presents techniques
used to express compatibility relations between the variations of the specification
parameters, to allow either the assemblability or the mobility of a studied
mechanism. The article ends with section 2.3, dedicated to the definition of a
framework. This is used to calculate the necessary minimum clearance in
overconstrained and mobile mechanisms.

Throughout this chapter, the proposed method is illustrated by the Bennett
linkage (). It is a spatial single degree of freedom mechanism consisting of four bars
connected by revolute joints. This is an overconstrained mechanism. Although the
mechanism has been used as a basic module to form large deployable structures for
aerospace applications, interesting fundamental questions regarding its geometric
variations still exist. Each of the bars is specified by two geometric parameters: the
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common perpendicular length between the revolute joints axes and the angle
between these axes. Representation of one bar is given in Figure 2.2.

Figure 2.1. Bennett linkage

Figure 2.2. Specification parameters of i-th bar

The nominal dimensions of the studied mechanism are set out in Table 2.1

Bar 1 Ly =1dm o3 =30°
Bar 2 Ly=\3dm o =-60°
Bar 3 Ly =1dm oy =30°
Bar 4 Ly=\B3dn  oy=-60°

Table 2.1. Nominal values of Bennett linkage
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Note that lengths are positive and angles vary between -180° and 180°. The
positive sign (negative resp.) of ¢; means that the scalar triple product of the three

direction vectors:
— the joint axis between bars i—1 and i,
— the joint axis between bars i and i+1,

— the common perpendicular (the way is defined from bar i—1 towards
bar i+1),

taken in this order, is positive (negative resp.).

2.2. Compatibility relations between specification parameters
2.2.1. Modeling the geometric constraints problem

This method is based on vectorial modeling of geometric elements and
constraints using a set of modeling parameters q which, by definition, forms a

complete, consistent, minimal system. By writing the equivalence of the two sets of
parameters, s and q, we will deduce the completeness and consistency of the

specification as well as the clearance required.

An equations system (1) of the following type are obtained:

{T(q):K(S)@F(q,S)=O [2.1]

with q=(g;,9....,9, ) representing the modeling parameters and s = (s}, s5,...,5;)

the specification parameters.

This vectorial modeling based on the TTRS has already been presented in
[CLE 97] and [LES 00]. Other models are possible; note, for example, those
developed in [GIO 03], [BAL 03] and [CHA 97].

Analyzing the completeness of a mechanism specification amounts to solving the
rank r system below, composed of m equations and n modeling parameters. We
then find situations that mechanical engineers are quite familiar with: when, starting
from a specified set s, we univocally determine the modeling parameters g;, the
system is said to be isoconstrained. When starting from s, we are unable to
univocally determine all the parameters ¢;. The system is said to be
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underconstrained when it lacks specifications and overconstrained when certain
specifications are overabundant or not independent. Certain specification systems
may be simultaneously under- and overconstrained.

2.2.2. Compatibility relations for assemblability requirement

In this study, we are only looking for overconstrained systems and propose a
method to establish the compatibility relations between specification parameters.
These relations are often difficult to express in general terms; on the other hand,
they are simple to determine for a specific position by differentiation and discussion
of the linear system thus obtained. See [SER 03] and [MHE 07a] for more
information.

The equations system [2.1] after differentiation is written:

J,dq+Jg-ds=0 [2.2]
! oF.
where j, =—2X and =—L
& vas;
or. o8 )
System [2.2] becomes A-dg=B-ds with A=|—- —L| e R™" and
aqj aqj
T
p=| %Ki o] cgme
Sj .

Analyzing the geometric problem is equivalent to analyzing system [2.2]. The
developed solution uses the singular value decomposition (SVD) of matrix A. The
result gives:

27 0
Uy Uz)x(ol O)X(Vl Vy) xdg = Bxds [2.3]

With U =[ (U1, (U)ygpy [E B and V= (1), (), | R

two unit matrices, and X, = diag(0;), i =1,...,r with 07 >0, >--->0, >0.

Passing the U matrix to the right-hand side of the equals sign, we obtain:
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Z xVf Ul
0 Xdqux; = / X Byyxg % dspxg
(m-r)xn U,

Compatibility relations for the assemblability requirement between specification
parameters variations are written by noting that m—r relations only bring the
specification parameters into play. These m —r relations (called CA ) are:

[2.4]

U’ -B-ds=0 [2.5]
2
In this section, we have presented a general method that enables the
compatibility relations between the variation of specification parameters to be
expressed, using minimum vectorial modeling.

The modeling of Bennett linkage is explained in [SER 02] and [MHE 07b].
Some results are given here. The geometric problem is represented by eight vectors,
there are 22 modeling parameters (n=22), nine specification parameters (four lengths
and four angles of bars and one command angle, named 8, defined between bars 1
and 2). The system to be resolved contains 25 equations (m=25). Its rank is 22.

Finally, there are three compatibility relations.

When the command angle value is 20 degrees, the three compatibility relations

of the studied Bennett linkage are:

0
MCAgzzoo)’(dLl dL, dLy dL, dog do, dog doy dH)Tz 0] [2.6]
0
with
-0.03381343  0.013852838  -0.397698 )
-0.01383742  0.08220959 -0.39041114
0.016208213 -0.10238861 0.38742942
0.024001801 -0.03109344 0.396339703
MCA(a:zo“) -0.25337716 0.143837734 0.026668012 [2.7]
-0.2615418 0.087497073 0.056515932
0.283870296 0.009510719 -0.00888232
0.271706175 -0.03638092 -0.05058737
0 0 0

This set of relations is called CA( 0,=20°) -
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When these relations are taken into account, the mechanism may be assembled in
the neighborhood of the initial position @ =20°. Note that, in M Ay matrix, the

coefficients of d@ parameter vanish. This proves that the dimensional variations of
the bars cannot be “corrected” by the variation of the command angle. It is the
general case of mechanisms with degree of freedom.

2.2.3. Compatibility relations for mobility requirement

The aim of this section is to expose a solution allowing us to write the
compatibility relations between the variations of the specification parameters to
assure the mobility of a mechanism. These relations are called CM .

Before continuing, it is useful to clarify some notations. When angles or lengths
specified by one or several designers concern parts, the parameters are called sp.
When angles or lengths specified by one or several designers concern joints between
parts, the parameters are called sm.

The previous relations CA are insufficient when the designer wishes to describe
a mechanism with degrees of freedom. Recall that they only ensure the
assemblability of a set of parts in a given position. To find the supplementary
relations that permit the mechanism mobility, it is necessary to take into account that
geometric dimensions of the parts do not change when the command parameter
values change. To do that, we use a well-known principle in the kinematic domain
[PER 03] or [MAV 94]. This consists of writing the compatibility relations for
assemblability CA in several positions while imposing that variations of the sp
parameters are identical for these different positions. The number of positions which
it is necessary to study depends on the number of kinematic degrees of freedom of
the mechanism. This solution is in theory applicable for kinematics with one or
several loops.

This work being complete, the mathematical study of the new system enables us
to determine the dependency relations (called CM ) between the variations of the
sp parameters and consequently of the minimal number of parameters which it is

necessary to impose.

This principle is applied to the studied Bennet linkage, for which it is sufficient
to write CA relations in two different positions. This was realized for the command
angle values 8 =20° and 6 =30°. The compatibility relations ensuring the mobility
of the mechanism are established by building the following system:
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0
Mey -(dLy dl, dly dL, doqy dey doy day d6) =|0| [2.8]
0

with

Mc,
(9:20°)
Mew=| [2.9]
Chganry

And the numeric application gives

~

-0.03381343 0.013852838  -0.397698  0.173788535 -0.01914466 -0.32744781
-0.01383742  0.08220959 -0.39041114  0.15423375 -0.12379933 -0.31236936
0.016208213 -0.10238861 0.38742942  -0.13263564 0.148212653 0.315807942
0.024001801 -0.03109344 0.396339703 -0.17799339 0.049281889 0.319089638
My =] -0.25337716  0.143837734  0.026668012  -0.26432324  -0.0662704  -0.13564255

-0.2615418  0.087497073 0.056515932 -0.27413041 0.026140112 -0.07536524
0.283870296 0.009510719 -0.00888232 0.193044334 -0.15728192 0.155803387
0.271706175 -0.03638092 -0.05058737  0.25037077 -0.10065755 0.082085523

0 0 0 0 0 0

[2.10]

The rank of MCM matrix is five. It is thus possible to calculate five parameters,
suitably chosen, from four others. Here, the choice was to calculate the variations of
the five parameters diy, dL,, da,, dog and doy , with respect to variations of

the four parameters dL; , dL,, dog and d6 . The result (obtained with Matlab) is as
follows:

dL, 1.000000000 0 0 0 dL

dLy 0 1.000000000 0 0 dLl

doy |=|1.732050807 -1.000000000 -3.000000000 O |- daz [2.11]
dog 0 0 1.000000000 0 d@l

daoy 1.732050807 -1.000000000 -3.000000000 O

As expected, variations of the sp parameters are independent of the variation of
the command parameter & because the last column of the matrix vanishes. The

second expected result is that the variation of length and angle of two opposite bars
is identical. However, and to be completely sure that this result is correct, we
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resumed the formal relations of compatibility ensuring the mobility of the Bennett
linkage to validate it. These relations, already presented in [SER 02], are attributed
to [BRI 27]. They are as follows:

Ll =L3, Lz =L4, o =0y and Oh =0y
L L [2.12]

sin¢ sin

The first four relations are taken into account. The last relation is used to finalize
the process of validation. For that purpose, it is enough to differentiate the last
relation. So

d[ .Ll J=— (L—zj [2.13]
sin ¢ sin &

Rewriting the relation gives:

-1 . . . .
doty ~—————(Ly -sinay + Ly -siney +sinay, -dLy +sine -dLy + Ly -cos ey -d o)
L, -cosay

and numeric application provides the expected result:
do=~3.dl —dlL, -3.doy [2.14]

This validation enables us to prove that compatibility relations calculated with
the proposed method are identical to those obtained by the formal compatibility
relations provided by Bricard. The advantage of the proposed method is the
generality and it is thus useful for various mechanisms. Naturally, it does not enable
us to obtain the formal relations. It is also necessary to recall that the generated
relations are valid only in the neighborhood of the nominal mechanism.

2.3. Framework for minimum clearance determination

Adding clearance in a mechanism’s joints is useful to allow the
interchangeability of the manufactured parts, sufficiently respecting the expected
functional conditions. These two reasons are contradictory. The first incites us to
define large clearances whereas the second incites us to define small clearances. So
to assist the designer in his tolerancing task, it is essential to know the biggest value
of acceptable clearance which ensures the correct functionality of the mechanism.
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Indeed, this limit quantity imposes the maximal dimensional variations which are
acceptable for the manufacturing parts. Control of these values is essential during
the product industrialization phase because the manufacturing cost is strongly linked
with the desired accuracy [PEZ 06].

The aim of this section is to define a “framework” of parametric tolerancing
simulation for mechanisms with degrees of freedom and for assemblies. The
objective of this tool is to assist designers during the phase of determining the
acceptable variations of the manufacturing parts dimensions. This framework is built
on the results of two functions. First, the vectorial modeling of the parts, assemblies
and mechanisms; second the determination of the compatibility relations between
the variations of the specification parameters (results presented in the previous
section).

To calculate the minimum clearance, we use a solution inspired by the
association methods employed in the metrology field. In this domain, to identify the
characteristics of a real shape, it is necessary to proceed in two stages: firstly, to
know the global shape (plane, cylinder, spherical, etc.) of the measured element.
This element is called the “ideal element”. Secondly, to find geometric parameters
of an ideal element which is closer to the shape built with the measured points on the
actual surface according to a chosen algorithm. This object is called the “associated
element”.

In the proposed approach, an “ideal mechanism” is defined: it is a mechanism
composed of “ideal” or “associated” parts and “ideal” joints (this means that parts
are in contact). It possesses the same properties as the nominal mechanism
(assemblability or mobility).

Afterwards, only mechanisms with degrees of freedom are studied.

2.3.1. Nominal and associated mechanism

An associated mechanism is defined as a mechanism with degrees of freedom
and without joint clearances. Its dimensions differ slightly from the nominal
mechanism’s dimensions. Consequently, the variations of the specification
parameter of an associated mechanism have to take into account the compatibility
relations CM .

Before continuing, it is necessary to clarify some notations: the i-th specification
parameter of the j-th part of the nominal mechanism is called sp;*"; the i-th

specification parameter of the j-th part of the associated mechanism is called spgss
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These two types of parameters take into account the following relations:

spgss = sp;(’m + dspgom [2.15]

With dsl;'-om respecting the compatibility relations CM . This is illustrated in

nominal mechanism
Nnom
spj

associated mechanism

ass nom hom
Spi = spji +dsp,j

with dspf™

Figure 2.3.

respecting CM

Figure 2.3. Nominal and associated mechanism

2.3.2. Actual and associated parts

The actual part is a model of the manufacturing part. The form defects are not
taken into account. The dimensions of this part are measured and the gaps with
regard to the nominal dimensions are determined. This gap between a measured
dimension and the corresponding nominal dimension is called 4. Also, the gap of

the i-th specification parameter of the j-th actual part is called Asp;i" . In the same

way, the i-th specification parameter of the j-th actual part is called spi‘;a

These two parameter types respect the following relations:

spf;a =spi™" + Aspp™" [2.16]

Note that gaps depend on the manufacturing process of parts. They can take

different values. The possible dependency relations between these gaps result from
the behavior of the machine-tool used and are not considered here.

The relative position of the actual parts with regard to the associated parts is
calculated by one of the association techniques used in the metrology field. We can
give as an example, the methods using the small displacement torsor [BOU 96] or
the variations of the specification parameters [CHO 07]. In the proposed method, it
is possible to choose various association criteria. This is illustrated in Figure 2.4
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associated part j
ass nom nom

sp; =spj +dspj

association criteria

actual part j

act nom nom
S,OU = SPU + AS}J!"

Figure 2.4. Actual and associated parts

2.3.3. Synthetic scheme

Remember that clearance exists in the joints of the actual mechanism while the
parts of the associated mechanism are in contact.

When the relative position of each of the neighboring actual parts is known, the
clearance between these parts is determined. To calculate the clearance between
parts j and k, it is sufficient to calculate the relative position between the actual parts
and the corresponding associated parts, then to take into account the relative position
of associated parts in the associated mechanism. This aspect is illustrated in Figure

2.5.

associated mechanism

contact

associated
part k

associated
partj

ass
SPU

ass
SPik

$ clearance $
&>

actual part k
actual
1t

SPik

actual part j
actual
P

spj

Figure 2.5. Synthesis diagram of the framework
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2.4. Application

The studied mechanism is the Bennett linkage presented previously. The nominal
dimensions are given in Table 2.1.

The gaps of actual part specification parameters are as follows.

Bar 1 AL =012 mm Aoy =-0.5°

Bar 2 ALy =-0.18 mm  Aa, =1.2°

Bar 3 ALy =0.09 mm Aoz =-0.8°

Bar 4 ALy =-0.1 mm Aoy =0.7°

Table 2.2. Gaps of actual parts

The clearance in a revolute joint is characterized by the parameters of distance
and angle between the axis of both considered parts. The distance is measured
according to the common perpendicular; see Figure 2.6.

[t

actual partj i | actualpartk

N \a..,

associated partj _ associated part k

‘ distance

Figure 2.6. Geometric parameters of revolute joint

2.4.1. First case

In this case, variations of the specification parameters for the associated parts are
those presented in Table 2.3. These values were not optimized, they were chosen
according to the gaps of the actual parts, to be mean values. Note, the results are

already encouraging, but we can again hope to improve them by setting up a stage of
optimization.



34 Product Lifecycle Management

Bar 1 dl; = 0.1 mm dog =-0.35°

Bar2  dl,=—0.15mm da, =123518287°

Bar 3 dL; =0.1 mm dog =-0.35°

Bar4  dL,=-015mm day, =123518287°

Table 2.3. Variations of associated parts

Note that these quantities respect the compatibility relations CM.

Evolution of distance and angle between the axes of the revolute joint according
to the command angle is drawn on following both figures. For reasons of lightness,
we have only represented results for the joint between bars 1 and 2 and the joint
between bars 2 and 3.

Join 1-2
——Join 2-3
—e—— Join 34
—— Jain 4-1

Command angle 6 ()

Figure 2.7. Evolution of axis/axis distance (first case)

Join 1-2
==—==—Join 2-3
—=——— Join 3-4
——e—— Join 4-1

Command angle ¢ ()

Figure 2.8. Evolution of axis/axis angle (first case)
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During one cycle, the distance belongs to interval [0; 0.025mm] for joint 1-2 and
to interval [0; 0.02mm] for joint 2-3, whereas the angle belongs to interval [0.06°;
0.09°] for joint 1-2 and to interval [0.21°; 0.24°] for joint 2-3.

These various values give indications to the designer to build a technical solution
which allows us to obtain the calculated clearance. For example, if the revolute joint
is realized by two cylinders which fit together, then the diameters of these two
surfaces should be determined according to these intervals. If this is the case, the
movement of the actual mechanism is likened to the associated mechanism
movement. A good approximation of the input-output law is given by the input-
output law of the associated mechanism.

2.4.2. Second case

What happens if the associated mechanism is the nominal mechanism? To give
an answer to this question, the following simulation was realized. This simulation
consists of imposing that the variations of the parts of the associated mechanism
vanish. The following figures show the evolution of the previous four values when
the mechanism makes one cycle.

Axis/axis distance with respect to the nominal mechanism

0.16

0.14

0.12
E o1 in 1
£ Jo!n 1-2
8 0.08 Jo!n 2-3
S | et N T N | Join 3-4
% 0.06 =+=e=+= Join 4-1
a

o
o
b g

o
Q
]

o

Command angle 6 (°)

Figure 2.9. Evolution of axis/axis distance (second case)

During one cycle, the distance belongs to interval [0.03mm; 0.15mm] for joint
1-2 and to interval [0.045mm; 0.135mm)] for joint 2-3, whereas the angle belongs to
interval [0.35°; 0.85°] for joint 1-2 and to interval [0.2°; 1°] for joint 2-3.
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Axis/axis angle with respect to the nominal mechanism

Join 1-2

----------- Join 3-4
=+=e=:= Join 4-1

Angle (°)

Command angle 6 (°)

Figure 2.10. Evolution of axis/axis angle (second case)

Length intervals are approximately five times larger and angle intervals are
approximately ten times larger than in the first case. This observation has strong
consequences in practice because using these results would set up excessively large
clearances in the joints and would unnecessarily degrade the mechanism’s
movement.

Keep in mind that the previous study was performed for one instance of a
mechanism.

2.5. Conclusion

The first part of this chapter dealt with the presentation of a generic method to
calculate the compatibility relations between the variations of the specification
parameters for mechanisms and for assemblies. These relations are valid in the
neighborhood of the studied mechanism or assembly.

The second part was dedicated to the presentation of an assistance framework for
the determination of the minimal clearance in mechanisms with degree of freedom.
A solution to calculate the minimum clearance was explained. This solution is based
on the use of the new concept of associated mechanisms. It is inspired by those used
in the manufactured parts metrology field.

It was shown that this technique gives variation intervals smaller than those
obtained by using the usual method which consists of using the nominal mechanism.
It also possesses the merit to provide to the designer or metrologist, a model of the
behavior of the actual mechanism that is closer to reality. These conclusions are
valid for a single mechanism and must be checked for a series of mechanisms.
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This work must be continued in two ways. The first is rather conceptual, because
it is a question of suggesting that the designer more precisely specifies the joint
parameters that he wishes to control. It is also a question of optimizing some
associated mechanism parameters to obtain a minimized cost function. The second is
more experimental and consists of investigating the impact of various association
criteria in the calculation of the studied values.
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Chapter 3

Quick GPS: Tolerancing
of an Isolated Part

3.1. Introduction

In an academic approach to tolerancing, the designer is familiar with the
mechanism drawing and determines the geometric functional requirements
according to a functional analysis. For each requirement, the designer must identify
the influential parts, as well as the dimensional and geometric specifications to be
imposed on each of these parts; the designer’s role includes establishing 3D
tolerancing chains in order to analyze and synthesize tolerancing. This approach has
already been developed by Anselmetti within the CLIC system [ANS 06].

In a great number of industries however, a designer is only responsible for a
single isolated part. Therefore, the aim of this new approach, derived from the CLIC
system and called Quick GPS, is to formalize a tolerancing method that corresponds
to this industrial context. Such an approach is expected to guarantee coherent
tolerancing of the complete mechanism, executed by a team of designers, each of
whom assumes responsibility for a single part. This method does not enable us to
generate tolerancing chains and thus cannot optimize tolerances; it merely provides
a synthesis of specifications. The approach has been illustrated by application to the
air control of a gearbox in three positions (left, center and right) (see Figure 3.1).

Chapter written by Robin CHAVANNE and Bernard ANSELMETTIL.

Product Lifecycle Management: Geometric Variations Edited by Max Giordano, Luc Mathieu and Francois Villeneuve
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Figure 3.1. Right control configuration

In the industrial context being studied, the designer is responsible for tolerancing
the body and gains familiarity with the drawing and mechanism operations. To
ensure coherent tolerancing of the entire mechanism, the team of designers must
agree on the positioning plan for all mechanism parts.

This chapter will focus on specification synthesis for a part, in accordance with
the GPS standards used by industry; it will present a solution for achieving coherent
tolerancing. Section 3.2 will provide a mechanism assembly description, while
section 3.3 will develop the tolerancing rules for specifying all contact surfaces
according to positioning requirements. Section 3.4 will then display a method that
can be substituted for the classic approach of 3D chain transfers. Section 3.5 will
demonstrate the application to automatically generate all these specifications using
the QUICK GPS CAT system.

3.2. Mechanism definition
3.2.1. The positioning plan

The tolerancing of a functional mechanism depends on how parts are set. With
the Quick GPS method, the team of designers determines the order in which parts
are set: an initial part, called the “base”, is placed on the workbench. Each
successive part is then positioned one by one onto the mechanism under
construction. In principle, each part must be completely set with respect to the
mechanism being built. It is also possible to assemble a subset, called a “block”,
along with its proper base. This block is placed on the mechanism under
construction. Figure 3.2 presents the positioning plan graph, which is similar for the
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centered and right control configurations. The base lies on the left side of both the
mechanism and each block. A partial or full block must be set on the surfaces of
parts located to its left.

| I |
Body block Shaft block Probe finger

I | l I f—lil

Body Flange Spool Shaft Piston

Figure 3.2. Control positioning plan

3.2.2. Description with positioning tables

The team of designers must proceed with a study of part set-up by taking into
account the preponderance order of each positioning feature. The primary feature
should impose the most feasible degree of freedom for the part. Then, the secondary
and tertiary entities must offer each block at least one degree of freedom. Any
elementary contact surfaces must be merged into a single composite positioning
feature (e.g. set of parallel cylinders, coplanar planes). Moreover, the team needs to
define the names of datum and types of interface between the features of both parts
in contact. Classic interfaces consist of contact, clearance, blocked clearance or
interference. During this step, designers are to take the functional context of parts
into account and make key decisions regarding product quality and potential failure
in the case of surface deviations. In addition, this approach serves to verify
compliance of the positioning face dimensions with respect to the preponderance
order.

This description of the mechanism differs from the classic approach, which uses
a graph for each mechanism configuration. Graph nodes represent the parts, while
arcs represent the links. A more detailed depiction of the component may be
obtained by displaying component surfaces inside the graph nodes.

Linares [LIN 01] created functional groups of surfaces that include all
contributing surfaces at a given joint. These groups are shown inside the nodes
rather than inside the surfaces. In their work, Ballu and Mathieu [BAL 99] and
Teissandier [TEI 97] indicated joint type on the arcs (e.g. plane joint, revolute joint).
Samper [SAM 96] preferred noting the type of contact (e.g. fixed, sliding, floating
and forbidden), whereas Marguet oriented arcs from the base to their end parts
[MAR 01]. As for the Quick GPS and CLIC approaches, producing the positioning
part table for both the studied part and its neighbor parts proves sufficient.
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Figure 3.3. Positioning part table for the flange

3.3. Datum system specifications
3.3.1. Positioning requirements

In this step, the positioning tables are defined for each part and made available to
each designer. The positioning tables now enable us to define the positioning
requirements to ensure part assembly and contact quality (see Figure 3.4).

3.3.2. Positioning specifications

The joints that compose surface features in contact require the maximum gap
between surfaces (the gap is considered to be the maximum distance between
surfaces lying in contact with one another) to be controlled (see Figure 3.4). The gap
between primary surfaces requires entities to specify the form of the surfaces in
contact (see Figure 3.4a). The gap between secondary or tertiary surfaces imposes a
specification orientation with respect to the primary reference (see Figure 3.4b).

In contrast, the joints composed of fitting features (i.e. hole and shaft) necessitate
control of the minimum clearance or both the maximum and minimum interferences.
The clearance or interference of a primary adjustment entity imposes part diameters
along with the corresponding envelope requirement (see Figure 3.4c). The clearance
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of a secondary or tertiary adjustment entity makes it necessary to specify diameters
of the virtual maximum material (see Figure 3.4d).

a) Maximal distance between b) Maximal distance between surfaces
surfaces in contact in contact
- 2|
5 o
i & : [L]ee[p]
5
A i
] >
tle +tls < gap maxi 2p + t2e < gap maxi
Sum of form tolerances Sum of orientation tolerances
’ ¢) Clearance or interference ‘ d) C?earance between C;)
° @ maximum material state 3
» i | Mz=ob)
£ 57 ®F = % S
L H g & —
S 5l IR
—g Q| - = ENES
= —5 =8
£ S gl
EX 1 8=
Clearance g @ (
sl - el - (tIst+tle)/2 > minimal clearance S n A
4
Interference &
el - sl + (tls+tle)/2 < maxi interference 8
el - sl - (tls+tle)/2 > mini interference s2 - €2 - (t2s/2+t3s+t2¢/2+t3¢) = minimal clearance

Figure 3.4. Generation of positioning requirements

In choosing the positioning surface specification, Maeda [MAE 95] proposed a
model to express the behavior of a toleranced feature by using the degree of freedom
for this feature. TTRS (Technologically and Topologically-Related Surfaces) theory
models surface associations and, based on these models, proposes standardized
tolerancing [CLE 94]. Salomons used this same method with minor changes [SAL
96]. For assembly requirements however, it is possible to impose a specification to
achieve optimal compliance.

Figure 3.5 contains patterns for each type of positioning feature and for the
primary, secondary and tertiary cases as well. The corresponding pattern must be
copied onto the definition drawing by adapting the datum names defined in the
positioning table. The maximum material modifier should be introduced on either
the toleranced surface or a datum surface should the interface be clearance.

To simplify Figure 3.5, perpendicularity implies that the pattern corresponds to
an orientation specification (perpendicularity or angularity), and localization
corresponds to a position specification (localization or symmetry). The specification
choice then depends on the relative position and orientation between toleranced
surfaces and datum.
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Special tolerancing patterns have proposed two solutions: orientation or position
for any features (plane, coplanar planes, cylinder, coaxial cylinders, symmetrical
parallel planes, and threading). Most of these cases require orientation specification,
yet position specification must be applied if a dimension can be defined between the
toleranced surface and datum. In Figure 3.6, the secondary feature B demands
simple perpendicularity with respect to the primary datum; and tertiary datum C
needs to control a dimension between B and C in order to ensure potential assembly,
given that parallelism is not sufficient.

>t /| ot@|A|BW

Orientation does not
guarantee the assembly

Pal+2a2 @ /
@a2=t4a2(E)
(] [#]os @[ A] BO)

i
i
|
i
g
!
i
i
|
1

Figure 3.6. Orientation or position specification

To formalize the specification for these features within the QUICK GPS system,
TTRS theory is employed to identify all possible cases. The classic features belong
to two TTRS classes: plane surfaces, which in accordance with TTRS encompass
planes, coplanar planes and symmetrical parallel planes; and cylindrical surfaces,
which account for cylinders, coaxial cylinders and threading. Table 3.1 sets out the
specifications to be applied to these features, depending on the toleranced surface
and datum. The toleranced surface is a secondary or tertiary feature, while datum is
either primary or a data system composed of both primary and secondary data.
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In Table 3.1, a star indicates that this case is impossible for positioning
specifications. The reclassification result for both toleranced surface and datum
should not be in the same class as the datum.

Planar Cylindrical Prismatic Surface of Spherical | Any
Datum surface surface surface revolution surface | surface
—>
- ; v % Dr v Dra v Cr
olerance % ( 27
\4
surface  [] PIr @ ® X
u.vzt1 Dre PIt u.v=0 u.vt1 Cre PIt
Planar surface| ‘$(>9 — $(>9 $ @
u.v=0 —
u.v=0 $ u.vt1 Dre PIt
&
i;, 1 u.vt1 1 = Else
Pit Else Else Else
Else Q}
va / va &
Dte PIr Dt=Dr u.vt1 Dt=Dr Cre Dt
o = | O®wino $(>9 @(j?ith -
C};lmrfircl:al without & u.vt1 u.vt1l —
ui . —
u.v=0 $ without & with & $’ without &
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Else $ without & L without &
L q} Ise with & Else ithout &
with & without & $ without &

Table 3.1. Specifications according to TTRS cases
Figure 3.7 presents results of the body specification for positioning requirements.
Tolerance values are by default set at 0.1 and must be adjusted by the designer.

A, B and C represent the main reference frame (R1b) of the body to be located in
the outside world. D, E and F constitute the auxiliary reference frame for the flange,
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denoted Alf. G is a portion of the auxiliary primary datum of the shaft and, along
with H, constitutes the datum reference frame named Als. The pairs (J,K), (L,M)
and (N,P) correspond to auxiliary reference frames (Aln, A2n, A3n).

L-0.1 L
COMMON ZONE - [ Jo.1]N]
- = ] M
8] @ @ M1gxt sH-s»-D M10x1,6H-6H N
2l 2 ’ J | Mox1,6H-
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| — — — 0.1
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—[00.1®
S
© © ©
N N :
2 2 s
| o 5
@ ~ ]‘ ®10
c s 3x M6x1,6H-6H
: : Go1

Figure 3.7. Results for positioning requirement specifications

When the primary datum is partial, it becomes impossible to specify secondary
datum with regard to the primary reference; hence in this case, surface H is not

specified.

3.4. Relative position of reference frames

3.4.1. Links between reference frames

To complete the body specification, it is necessary to take into account the other
functional requirements. For each functional requirement, the CLIC method
determines the loop of contacts linking functional surfaces, in addition to generating
both functional specifications for influential surfaces and the relationship between
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the tolerances for these specifications [ANS 06]. In this manner, the 3D tolerancing
chain creates links between different datum reference frames of each part.

The designer assigned responsibility for a part must apply another method to
complete the tolerancing step, meaning that the designer must know mechanism
operations and determine the set of useful functional requirements.

The designer must systematically study whether a deviation in each surface of all
auxiliary reference frames causes failure for the assembly or for product functioning.
This failure would call for a functional requirement to be defined between the
functional surfaces. One such surface sometimes lies directly on the studied part.

Loop of contacts

Requirement

Non-influential parts

Studied part
4
Functional / /
surface Influential
) reference
frames

Figure 3.8. Search for links

In order to identify influential parts on this requirement, two methods will now
be proposed:

— According to Figure 3.8, designers must find the loop of contacts that links
functional surfaces. This loop actually links the influential reference frames of the
studied part.
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— The designer can virtually delete all parts that do not modify the relative
position of functional surfaces. The reference frames of the studied part in contact
with remaining parts are all influential.

Each surface of each influential auxiliary reference frame and each isolated
functional surface must then be located with respect to one other influential
reference frame (whether main or auxiliary). A set of similar systems can sometimes
be combined. Figure 3.9 and Table 3.3 illustrate links on the body considered for all
requirements of the studied control.

This search for links may proceed using the graphical approach [BAL 99,
DAN 05].

3.4.2. Specification corresponding to links

Figure 3.9 shows the links established between the datum reference frames
created in Figure 3.7. The cylinder denoted “piston” is an isolated functional surface
that ensures clearance and air tightness between the body and piston. Alf is chosen
to close the loop presented in Figure 3.8. The link Als/Alf completes the loop for
this requirement. The links Als/R1 and A1f/R1 are established to guarantee the
position of the shaft relative to the shift fork. The group Gl is created and positioned
relative to R1 to ensure the accessibility of the nipples for the outside world.

N

R1 - L i

Alf

Als

Figure 3.9. Links between datum reference frames
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For each link presented in Figure 3.9, all surfaces of the specified frame must be
located and/or oriented with respect to the reference frame. For each specification,
the algorithm summarized in Figure 3.10 enables us to determine whether one, two
or three references are needed.

<Studled Speciﬁcation Usefull speciﬁcation
] [alB[c]
[l

A is enough? Yes > E-
|
AB is enough? Yes o @] |A] B]
[
ABC is enough? Yes @] NEE
’ Free ddlI of system ‘
]

Figure 3.10. Test of datum frame combinations

Table 3.2 describes in detail the condition employed to determine whether the
reference frame is indeed sufficient. This frame is associated with a TTRS to be
calculated by means of reclassification [CLE 94].

The choice of specification symbol has been presented in Table 3.1. The symbol
used for features composed of many surfaces is the same as symbol shown in Figure
3.5. If the toleranced surface or datum is a fitting feature with clearance, it becomes
necessary to add a minimum material modifier.

Figure 3.11 indicates the result of tolerancing obtained by the links defined in
Figure 3.9. This specification may be excessive. For example, the localization
(denoted with a star in Figure 3.11) of the group of three holes proves useless in our
case. However, such a localization step would have been necessary if a hole in the
flange had been positioned in front of a hole of the body in order to pass air through
the flange.

The designer must therefore analyze the pertinence of the proposed
specifications and eventually delete some of them. Experience demonstrates that this
case is quite rare.
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Datum = | Planar |Cylindrical Prismatic Revolu;e Spherical| Complex
Toleranced surface %’J % A > @ ) X
i v g 2| ©
Planar
! u=tv no u.v=0| wu=tv no yes
Cylindrical u=tv u=tv
D no and u=tv and no yes
u D=A D=A
Prismatic
2 u u.v=0 no u=tv no no yes
Reyolute u=tv
u u=tv no no and no yes
0 D=A
Spherical
® F no no no Fe A F=0 yes
Complex no 1o no no no yes
X5

Table 3.2. Datum system test for positioning
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Figure 3.11. Positioning specification results for the body
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3.5. VBA application
3.5.1. General structure

The Quick GPS tolerancing method has been implemented within a CATIA
VBA environment (Dassault Systémes). Data are stored in a simple Excel
spreadsheet. The application comprises 3 steps, the first of which enables an
interactive dialog between the designer and the computer-aided tool. The designer
selects the primary, secondary and tertiary features using the CATIA interface, with
surface characteristics stored in the Excel spreadsheets. This step summarizes the
concept of positioning part table. During the second step, the application generates
data tolerancing, in accordance with the previous set of tolerancing rules. Finally in
step 3, the application reproduces the tolerancing in 3D annotation with the FTA
(Functional Tolerancing Annotations) interface (see Figure 3.12).

CATIA MODEL OF PART EXCEL SHEETS

3

Selection of
contact surfaces

m

= B [
H [
. [

secondare [PLS

Generation of l
tolerancing

B
:

Generation of
annotations

Figure 3.12. Interface with the CAD system

Figure 3.13 details these various application steps.
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The designer describes the joint :
Primary, Secondary, Tertiary
In detailing the interface (contact, clearance or interference) 1

|

QUICK GPS checks the coherence of the joint |
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Datum and specifications

The designer completes the matrix in order to link datum > 2
reference frames

QUICK GPS completes part tolerancing according to the

matrix )
Tolerancing is reproduced using the numerical model | } 3

Figure 3.13. Synopsis of the Quick GPS application

3.5.2. Data acquisition and verification

In the CAD system, the designer proceeds with a step-by-step selection of
contact surfaces between each pair of parts. Figure 3.14 lays out the interactive
selection showing flange positioning on the body. A dialog box enables the designer
to detail the interface between the various contact surfaces (clearance, interference,
etc.). Armillotta [ARM 07] proposed a method for automatically recognizing these
contact surfaces on the CAD assembly model.

For each selection, VBA CATIA procedures recognize the elementary geometry
(plane, cylinder, sphere, cone, torus). Geometrical characteristics can then be
extracted from this specific geometry (point, vector, radius, etc.) (see Figure 3.15).

If the entity is composed of several elementary surfaces, the combinations
between geometrical characteristics would enable us to determine the type of feature
in order to differentiate coaxial cylinders from, for example, a set of parallel
cylinders. Moreover, each positioning feature is associated with a TTRS class so as
to apply the set of rules listed above.
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Primary plane ’ Secondary cylinder ‘ ’ Tertiary set of threads

Figure 3.14. Selection of positioning surfaces

ELEMENTARY ENTITIES KNOWN BY CATIA:

Plane Cylinder Sphere Cone Torus
ENTITY IDENTIFICATION:

= s T
=E

Coaxial cylinders Set of cylinders Parallel planes

[D(D ﬁﬁ L

Figure 3.15. Entity identification

During each step, these rules serve to verify junction coherence. The first rule is
based on TTRS theory to ensure that each datum reference frame created is indeed
coherent. To illustrate this Figure 3.16 shows an incoherent system.
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A
{TAT5]
Class A =PLANE

Class B=PLANE
Class AB=PLANE

Figure 3.16. Example of an incoherent reference frame

The primary plane is a planar surface for TTRS theory, and the secondary plane
is a planar surface as well. The reclassification of these parallel surfaces would thus
also be a planar surface. The secondary datum does not, in fact, suppress any new
degree of freedom.

The second rule performs a datum quality test. For example, if a primary
cylinder is too short (Length < 0.5 x Diameter), a warning is displayed. The short
cylinder is not correctly blocking two rotations, which need to be suppressed by a
primary datum.

In addition, the designer selects one surface to be assigned a specification for
general tolerancing of all part surfaces.

3.5.3. Tolerancing process
The tolerancing process is composed of four phases.

The first phase creates all datum reference frames and their corresponding
specifications, as represented in Figure 3.7 with respect to the method presented in
section 3.3.

During the second phase, a dialog box asks the designer to define a group of
frames such that Group G1 is composed of Aln, A2n, A3n. This solution represents
an alternative which is the most appropriate in some cases when the surfaces are
similar, like coaxial cylinders or a set of cylinders. This avoids favoring one
reference frame, like Alf for the requirement of clearance between the piston and
the body.

The third phase displays the matrix (Table 3.3). The designer must now place the
letter “P” to indicate a frame or a function with respect to a datum reference frame.
However, if there are only two datum reference frames (a main and an auxiliary) in
the part, the auxiliary references are automatically positioned relative to the main
reference frame and the designer need not complete this table.
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R1
Alf
Als
Aln
A2n
A3n

References or functional surfaces to position

R1
(A’B’C)

Alf | Als |Aln| A2n | A3n Gl Cylinder piston tol gen: 20
(D.E.F)|(G,H)| 1.K) [ (L.M)|[(N,P) PLS 5 '
P P P P
P P
Gl | Gl
Gl Gl
Gl | Gl

Table 3.3. Relative position between datum reference frames

The fourth phase generates the tolerancing corresponding to these links, in
accordance with section 3.4.

Each specification listed in an Excel spreadsheet can be modified or suppressed
and tolerances can be adjusted.

In this last phase of the application, all ISO functional specifications are
transferred into the CAD model with VBA and CAA procedures, using the FTA
semantic language. Figure 3.17 shows the exact, automatically-obtained captures
and annotations.
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Figure 3.17. Tolerancing exported to CATIA
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3.6. Conclusion

This chapter has shown that coherent tolerancing of a single part may be
achieved with knowledge of the positioning tables and the matrix detailing the links
between the various contact surfaces. This method provides an efficient solution for
numerous industries, in cases where each designer is responsible for just a single
part. The positioning part table offers a way to specify all joints in order to respect
the positioning requirements. The table of the position between datum reference
frames summarizes all links into the part and serves as an alternative to the classic
3D chain transfer approach for the contextual study of a single part.

This method has now been implemented within a VBA environment in
interaction with the CATIA environment. This module has proven to be very
effective: the selection of set-up surfaces takes just 5 min, and body tolerancing only
needs 20 s.

This approach is not sufficient for tolerance optimization, a process that requires
tolerance chains and a complex equation system. This result can still be studied with
other commercial software, such as 3D CS and MECAmaster, to determine the
effect of these tolerances on functional characteristics.

The automation of this work necessitates a complete view of the mechanism, as
available in the CLIC system [ANS 06].

As opposed to Armillotta’s findings [ARM 07], contact surfaces are not detected
automatically, yet the subsequent goal of this application is to enhance the assembly
method on a CAD model by integrating the positioning table concept. This new
version is being created by CATIA CAA and will enable modifying tolerancing
reproduction, which presents several shortcomings in the VBA language.
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Chapter 4

Synthesis and Statistical Analysis
for 3D Tolerancing

This chapter presents a general method for determining the dimensional and
geometric tolerances of the various parts of a mechanism. The nominal geometry is
known and the functional requirements are defined by tolerance zones. This method
has three main stages: the first one is to decompose the functional tolerance into
tolerance zones attached to each functional feature of the parts. The second stage
draws from the ASME or ISO standards of possible specifications that correspond
most closely to the outcome of the first stage. The third stage is an analysis in the
worst case or has statistical assumptions to determine the numerical values that
complement the determination of tolerances. In this presentation the statistical
approach is developed and an example is presented.

4.1. Introduction

Nowadays, the optimization of geometrical tolerances is generally carried out
empirically in most mechanical industries. Compromises are made between the
functional requirements in the design process and the manufacturing step. A rational
method and computer-aided tolerancing systems are particularly necessary for new
products in the context of rigorous lifecycle management that takes into account the
design and the manufacturing data simultaneously.

In this chapter, a method for allocating geometrical and dimensional tolerances is
presented. This method is composed of three main stages. First a tolerance zone is
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defined for each functional feature of the assembly. The second draws the tolerance
specifications from the ASME or ISO standards. These two stages consist of a
tolerance synthesis. Starting from a functional requirement, they give the tolerances
in the qualitative form. The third stage is a quantitative analysis and it allows us to
determine the optimum values for each specification that satisfied the functional
requirement. Some manufacturing data are taken into account, in particular, process
capability indices depending on the manufacturing process.

The outline of the chapter is as follows. The general problem is discussed,
followed by a literature review with a presentation of the main mathematical tools in
section 4.1. In section 4.2 the method is applied to stack-up tolerances. In section
4.3, the clearance is taken into account. In section 4.4, the method is applied to more
complex mechanical structures: the parallel structure and what we call the
“reducible” structure. In section 4.5 the statistical analysis method for general
reducible structure is presented and a simulation example is given with more details
to show the efficiency of the procedure.

4.1.1. Literature review

Different approaches for computer-aided tolerancing have been developed. The
most common consists of considering a functional requirement “y”, function of
parameters xi describing the geometry of parts: y=f(xi). From this function we can
determine the variation of the characteristic y as a function of the variation of xi.
This problem can be solved in the worst case or more commonly by the statistical
approach. For example, Nigam and Turner presented a review of the statistical
approaches for the tolerance analysis starting from this parameterized form
[NIG 95]. Huang and Ceglarek proposed a very efficient algorithm adapted for non-
linear relations [HUA 04]. Unfortunately for the application to mechanical
structures, this method is not compatible with geometrical tolerances defined in the
ISO or ASME standards. On the other hand, the interfaces between the parts
(clearance, gaps) have a different behavior compared to the deviation between the
features of a part and are therefore difficult to be taken into account with this model.

The small displacement torsor, also called screw operator or screw, is widely
used to represent the deviation between two faces of a part or the clearance in a joint
between two parts. First used for metrology by Bourdet and Clément [BOU 88], it is
also a very well suited tool for tolerance analysis and synthesis in a 3D context. For
a stack-up of tolerances the calculation of the torsor associated to the requirement is
a simple sum of the torsors associated to each functional deviation.

Desrochers uses the term of Jacobian-torsor because a transformation matrix is
needed for the computation of the sum of the torsors [DES 03]. The torsors must be
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projected in the same frame. In the general case, depending on the mechanical
structure, it is possible to write the relation between the different small displacement
torsors [BAL 95]. However, this is not sufficient for the tolerance analysis: one must
translate each standardized specification into limits on the torsor components.
Desrochers proposes to extend the Jacobian-torsor model to a tolerance zone model
using an interval formulation [DES 03]. But in our opinion this model is not very
close to the standard.

Davidson and Shah used a geometrical representation for the limits of the
deviations with the concept of T-Map [DAV 02], this model presents some
similarities compared to the model of domains we developed for example in
[GIO 01] and will use hereafter.

4.1.2. The domain model

In this chapter, the small displacement torsor model can represent either a
deviation of one feature compared to another or compared to datum; in this case the
torsor is noted with letter D. The displacement torsor model can also represent a
deviation in a joint between two parts, in this case the torsor is represented by the
letter J. A domain is a set of deviation torsors and is a model for any standardized
specification, either a tolerance zone or a dimensional tolerance [GIO 01]. The
concept of a joint domain is also used and will be defined in the following section.

The representation by graphs for mechanical structures or assemblies is useful to
enable distinction of the different types of structures. In these graphs, each vertex is
a Cartesian frame attached either to an elementary functional feature (generally
simple face) or to a datum frame built from different features.

Each edge of the graph represents a small displacement between two frames
compared to their relative nominal location. It may represent a functional
requirement or a geometrical deviation, or a gap or a clearance between the faces. If
the two vertices of the edge belong to the same part, then it is represented by a thin
line, otherwise it is a thick line. The part is represented by an ellipse in a dotted line
(see Figure 4.1a).

4.2. Stack-up tolerance synthesis

4.2.1. Serial mechanisms

The mechanical assembly is composed of parts arranged one after the other
following the graphic and schematic representation of Figures 4.1a and 4.1b. Two
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functional features belong to each part. We assume that each feature is a face such as
a plane, cylinder, spherical, conical surface, etc. A geometrical or dimensional
tolerance gives the limits of the deviations between the two surfaces in comparison
with their theoretical relative position. The actual face is substituted by a theoretical
surface called the surface of substitution. The least square criterion is usually used to
determine this theoretical face from the actual one. In this model, it is assumed that
each geometrical tolerance means that the substituted face must be inside the
tolerance zone.

Figure 4.1. Serial mechanism: graphical (a) and schematical representation (b) and
tolerance zone attached to each part (c)

The deviation of the toleranced face is characterized by a small displacement
torsor. We call the set of inequalities between the components of the deviation torsor
according to a tolerance the deviation domain. A domain can also be represented by
a geometrical figure in the multidimensional space of the small displacement. The
domain can be defined by a set of linear inequalities, the figure is then a polytope.
When the domain is defined by non-linear inequalities, quadratic for example, the
figure is a convex hull.

Figure 4.2 shows four cases of tolerances for rectangular planar faces and for
cylinders. The components of the deviation torsor are given and the inequalities of
the deviation domain correspond to the tolerance. We observe that the components
depend on the toleranced face but also on the datum. The deviation torsor is denoted
D while the deviation domain is denoted [D].
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Figure 4.2. Four cases for the deviation torsor and deviation domain

4.2.2. Analysis for worst case stack-up tolerances

For a serial mechanism (Figure 4.1a) with a perfect geometrical contact between
the parts, the deviation between the faces A and B is given by the torsor:

Dag=2D; (i=0 to N) [4.1]

Therefore, the torsors Ji are assumed to be equal to the null torsor. The
components of the deviation torsors must be calculated in the same frame. Let Oi,
xi, yi, zi be the frame (i) attached to the face (i). It is the local frame where the
deviation torsor is Dii:(rxi, ryi, rzi, txi, tyi, tzi): three components for the small
angular deviation and three components for the small displacement of the point Oi.

We note D; a torsor and Dij the six components of the torsor D; in the frame (Oj,
Xj, ¥i, Z)-

The new components of the same torsor but for the new frame (0) are given by:

DiO:T()] Dii [4.2]



64  Product Lifecycle Management

Ty is the transformation matrix (6x6). It depends on the relative position of the
two frames. Stack-up tolerance analysis consists of determining the limits of the
resulting deviation torsor Dag when the limits of each deviation D; are known. In
other words, if the deviation domains [D;] are known, the problem is to determine
the resulting domain [D4g]. A solution in the worst case is given by Minkowski sum
of the domain [Di]. The resulting domain is then:

[Dag] =2[D;] [4.3]
In other words, starting from the inequalities corresponding to each tolerance, it
is possible to calculate the set of inequalities that define the limits of the resulting
torsor.
In the very simple particular case in which all the domains are homothetic, the
sum of Minkowski is also homothetic to other domains. Two domains are
homothetic if one is obtained from the other only by changing the scale.

4.2.3. Analysis with the statistical approach

In the statistical approach, it is assumed that the components of the deviation
torsor are random variables.

In the general case, it is also assumed that they are independent for the local
frame (i). If the components must be calculated in another frame, the mean values
and the covariance matrix are changed by the following relations:

Dm,"=Ty Dm;’ [4.4]
A=To " A Tor [4.5]

Dm is the torsor for which components are the mean value of the random
components, and A is the covariance matrix (6x6) of the components. Ty, ' is the
transposed matrix of the matrix T;.

For stack-up tolerances we then have:

Dm,p = ZDm;’ [4.6]

And assuming the deviation torsors are independent random variables:

Aap=Z A [4.7]
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Then, when the statistical data of each deviation torsor are known (density of
probability, mean values and standard deviations), we can calculate the statistical
characteristics of the resulting functional requirement. Two methods can be used to
achieve this: the analytical method requires complex computation; the Monte Carlo
algorithm is the most commonly used but is very time-consuming to obtain good
accuracy [NIG 95], [HUA 04], [SHA 99].

4.2.4. Synthesis for stack-up tolerances

It is assumed that the functional requirement is given by a tolerance zone. The
real value tf is the size of this tolerance zone. The same tolerance zone is then put
into effect for each functional face of the parts, as shown in Figure 4.1c. If t; is the
size of these zones, then in the worst case we must have tf=Xt;, where the sum is
extended to the number of toleranced faces. This relation is due to the property of
homothetic deviation domains presented above. In this case, if the analysis is done,
then all the deviation domains are homothetic and the Minkowski sum is also
homothetic representing the functional requirement. The first stage of the method is
then very simple. We call the corresponding domain the functional tolerance zone
and the functional deviation domain.

Figure 4.3. Example of a serial assembly

The second stage is more complex because it is not always possible to find the
standardized specification corresponding to the given tolerance zone. Generally, the
tolerance zone determined by this method is not located in the toleranced
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geometrical feature. The projected tolerance allows us to build this type of tolerance
zone, however the standard is only adapted for some particular cases and this type of
specification is difficult to achieve in the manufacturing process. In this case a
transfer of the tolerance is necessary. This consists of defining specifications so that
the corresponding deviation domain can be inside the functional domain. The
functional domain corresponds to the functional zone.

A very simple example in Figure 4.3 shows the method. Two shafts are linked by
a conical fitting. The tolerance zone is first affected to the two parts (first stage) so
that tf=t1+t2. Then the specifications are such that in the worst case, the associated
domain is inside the functional domain (second stage):

tl=t+2t ahb

4.3. Serial mechanisms with non-perfect contacts

Assuming the non-interference of the solids, inequalities can be written between
the bounded components of the joint torsor. These comprise the joint domain.

Figure 4.4 gives the joint torsor in the local frame, and the joint domain for a
round planar face and a cylindrical surface. For a planar joint, if a clearance is
possible between the two planar faces (floating contact) there are three bounded
components (rx, ry, tz). For a round planar face, the non-interference is represented
by the quadratic inequalities defining the joint domain.

The graph of the serial system is represented in Figure 4.1. The functional
deviation torsor is:

EAB: D0+J1+ D1+J2+. .t JN+DN [48]

The sum of torsors is commutative and associative; this property allows us to
write:

Eag=Dag *+Jap [4.9]
with

Dag= Dg+...+Dy
and

JAB: J1+...+JN [410]
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The composition of displacement is not commutative, so the assumption of small
displacements is necessary.

J=(rx, ry, lwz, tx, ty, vz)

tx - h/2 ry)2 + (ty+h/2 rx)2 < (J/2) 2 —
Etx +h/2 ryy))2 +((t{/ -h/2 r)Z)Z <((J/2)) 2} NI |J=(rx, ry, wz, vx, vy, tz) rx2+ry2<(2tz /D)2

Figure 4.4. Joint torsor and joint domain

4.3.1. Analysis in the worst case

In the worst case, Minkowski sums give two resulting domains: one [Dag]
represents the set of deviations between features A and B when all the joints are in
their nominal configuration (contact for planar faces, coaxial axes for cylinders); and
the other [J] represents the set of small displacements enabled thanks to the degrees
of freedom and the clearance in the joints.

The functional requirement may be expressed on different forms depending on
how these two domains are associated. For example, Minkowski sum gives the set
of all the possible deviations for all the parts and all the configurations enabled by
the clearances in the joints.

4.3.2. Analysis with the statistical approach

For a given assembly, each part has deviations characterized by deviation
torsors. We call “shifted joint domain” the set of displacements allowed by the
degrees of freedom and the clearances in the joints.

[S]=0]1+D

D is a torsor and it is assumed that the components are random variables. [J] is a
domain the limits of which depend on the sizes of the joint features, the diameter for
cylindrical faces for example. They are also random variables.
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Then, for a sample of assemblies, statistical characteristics can be calculated both
for the resulting deviation torsor, as we did for simple stack-up tolerances, and for
the resulting joint domain bounded by random variables.

4.3.3. Synthesis for a serial mechanical system

The functional requirement may be defined by two types of data, the resulting
tolerance zone as it was done in the case of perfect joints, and some limits for the
resulting joint domain. The previous synthesis method can be applied for the
qualitative allocations of the tolerances by considering only the functional resulting
deviation domain.

4.4. “Reducible” structure

4.4.1. Parallel mechanical structure

The basic parallel structure consists of two parts linked by several contact faces.
Figure 4.5 shows the graph of the general case. A frame is built from the different
features. It is a datum reference frame for the tolerance of features A and B.

It is assumed that the functional requirement is defined by a tolerance zone
between A and B. One of the two features can be the datum and the other the
toleranced feature, or the two features can be in a common tolerance zone.

Dys =D, + D + Dy [4.11]
D=D+J;+D” =..=D’+]J+D” =..=D’y+ Iy + D™ [4.12]
We set: D; =D’;+ D”;
ThenD = D;+J; i=l1toN

For a given assembly, for each joint (i) a shifted joint domain can be built:
[S1=Di+[Ji]

The feasible assembly check is the existence of the intersection of the N shifted
joint domains.

In the worst case this intersection exists in the following case. For each joint the
clearance between the faces of the two parts is a zone transformed into a tolerance
zone allocated to the two faces. If the faces are perfectly connected without any
clearance, the tolerance is zero and the face is a primary datum.
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Figure 4.5. A parallel structure

The method for allocating geometrical tolerances to a qualitative view consists
first of transforming the clearances of the joints into tolerance zones. The zones are
ordered depending on technological data (relative dimensions, type of contact,
clearance, etc.), some joints can be at the same level. In the second stage, the
standardized specifications that correspond more closely to the tolerance zone and to
the ordered faces are allocated. A simple example is presented in Figure 4.6.

Once the qualitative tolerance is defined, it is possible to analyze the functional
requirement for given values of the tolerances. The statistical analysis for three
dimensional tolerances has been done for a serial mechanism. Several works exist
for parallel structures. Anselmetti proposes to decompose complex requirements into
several minimum or maximum distance between two parts. This approach requires
the determination of this kind of relation case by case [ANS 06].
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Figure 4.6. Example of a parallel structure
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The particular case of an assembly made by two pins and holes is investigated by
Shan, Roth and Wilson [SHA 99]. Any angular deviation of the holes is taken into
account in their model and the inequalities that express the feasibility of the
assembly are specific to the example.

4.4.2. Introduction to “reducible” structure

We call a graph with two vertices linked by one or two edges an elementary
graph. We call a reducible graph, a graph that can be transformed into an elementary
graph by two types of simplifications:

— Serial simplification: (Figure 4.7a) A set of parts arranged one after the other is
replaced by a single edge between two vertices. In the worst case analysis, the sum
of Minkowski gives the resulting deviation domain and the resulting joint domain.
In the case of the statistical analysis, the Monte Carlo algorithm needs to calculate
the sum of random torsors using equations [4.1] and [4.2]. The analytical method
can be achieved by equations [4.4], [4.5], [4.6] and [4.7].

— Parallel simplifications: (Figure 4.7b) A set of joints between two parts is
replaced by a single joint represented on the graph by an edge. In the worst case
analysis the condition for the assembly is checked. For a statistical analysis we only
use the Monte Carlo method to check if the assembly is possible and to calculate the
resulting deviation torsor and joint torsor, once the parts are linked together. The
following section details the computation.

Figure 4.7. Serial and parallel simplification

By applying these two types of simplifications, it gradually transforms the
complex structure into a simple system whose graph is elementary and corresponds
to the functional condition. Figure 4.8 shows a reducible graph. The graph in Figure
4.9 is not reducible.
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Figure 4.9. Non-reducible graph

4.4.3. Algorithm and computational method

The main originality of this work is the tolerance analysis for the parallel
structures, so in the following is a description of the general algorithm for this
computation. Three types of data are necessary:

— the nominal geometry: including the topological structure, the relative location
of the functional faces and the bounds of these faces;

— technological data: type of joint, dimensional tolerance for cylinder or
spherical surfaces;

— manufacturing data: such as capability indices, covariance, or probability
density function or histogram.

The general algorithm for a parallel structure is the following:

For each joint (i=1 to N)
Generate the random deviation torsors Dii
Generate the random variables defining the joint domains [Ji]

Starting from the nominal geometry, define the transformation matrices Tjo
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End For

For each assembly of the sample

Find a torsor S so that J; =Tj, S - Dii (i=1 to N) is inside all the joint domain
[Ji] (i=1 to N), (the inequalities must be checked)

if S exists the assembly is feasible
End For

For each feasible assembly compute a random configuration D so that all the
torsors J; are on the bounds of their domain.

Finally the resulting deviation torsor between the two datum frames is obtained,
and the deviation torsor D,p for the functional requirement is computed.

4.5. Example of the pin-hole assembly
4.5.1. Main data

The mechanical system is presented in Figure 4.10. Once the parts are
assembled, screws that are not represented on the figure fix the parts together. The
functional requirement is that the two cylinders F and G must be on the same axis
with a limited deviation. The tolerances relative to the parts are given. Thus, the aim
is to compute statistical characteristics of the deviations. First the tolerances must be
allocated on a qualitative point of view. The graph is drawn in Figure 4.8.

K~ S

1z

=
[l

Figure 4.10. Two pins and two holes assembly
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The planar contact is without clearance so this face is a primary datum. The two
holes have a symmetrical technological function so they are at the same level and
are toleranced together.

For each part (1) and (2) in Figure 4.10, the tolerance zones are attached to each
functional face (see Figure 4.11). The geometrical tolerances in accordance with ISO
standard are represented in Figure 4.11b. The two parts (1) and (2) have the same
specifications. Since the parts must be fitted for the assembly, the maximal material
condition is involved. For the functional requirement, the axes of each cylinder D
and E belong to a cylindrical tolerance zone. So the tolerance for this cylinder is a
location with the datum frame constituted by the planar face (primary datum A) and
the two holes (secondary datum B). Since the deviation between the two frames (1)
and (2) is due to the clearance at the pin and hole assembly, the minimum material
may be involved for datum B.

The algorithm presented in the previous section is implemented in an oriented
object program. The inequalities associated with joint domains are programmed on a
generic form. The analytical method is applied for the serial composition of the
deviation torsors.

The Monte Carlo simulation is implemented for the fitting condition. The mean
hypotheses are the following: the sample consists of 105 assemblies; the capability
indicator is equal to 1 for each component of the deviation torsor; the deviation
torsors are independent and the components of a deviation torsor are independent in
the local frame attached at the center of the toleranced face; the tolerances for
diameters of the two pin holes and the geometrical tolerances are given in Table 4.1.
The random variables have normal distribution, but others laws may be easily
considered.

Diameters Tolerances
Pins Holes Location of the | Location of the
Qh7 Q18 two holes functional cyl.
7.9925+0.0075 8.011 £0.011 ,=0.02 t=0.03

Table 4.1. Tolerance data

The assembly is possible if at least one configuration with the two pins in their
holes exists without material deformation. The angular and linear deviations of the
holes, the variation of their sizes and the size of the pins are randomly considered.
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Figure 4.11. Qualitative tolerances for two pins and two holes assembly

4.5.2. Major results

In the worst case the assembly is not possible, but for normal distribution of the
independent variables only 210 assemblies are not feasible (and 99,790 are feasible).
Figure 4.12 gives the histogram of the deviation between two frames (1) and (2)
attached to each part for a simulation. If 2a is the nominal distance between the two
holes, this conventional deviation is calculated as follows:

d=sqrt(Tx*+(Ty+a Rz)*)

The torsor D;,=(0,0,Rz,Tx,Ty,0) describes the deviation between (1) and (2)
once the assembly is complete.

It is assumed that when the screws are tightened the joint torsor reaches a
random point of the bound of the joint domain. This is the reason why the histogram
is not symmetrical and decentered to the high values.

Figure 4.12a gives the histogram of the resulting deviation between the two
cylinders F and G. The resulting deviation torsor has the following form:

DFG = (m9rY>OthatY5O)

The minimum diameter df of the common cylinder including the axes of the two
cylinders F and G is calculated from this torsor. The histogram of the resulting
random variable df is shown in Figure 4.12b.



Synthesis and Statististical Analysis 75

Number/class Number/class
flene) o0
mean=0.0119 mean=0.0128

st standard dev.=0.0028 standard dev.=0.006
T £

£ oK 100 classes 100 classes

Normal = Rayleigh

2m ] distribution distribution
X0

00 4=

(@) -
1500 4
1000+ ;‘i \ e
al
S0 ".-. : s
o soniFHiT] i'l||||| |: {4081 01108 L A00 10 11 £ 084 04
onos

i d o 1 .
oo o015 o= mn am om oot onz oo mMm

Figure 4.12. Histogram of the deviation assembly and resulting deviation

4.6. Conclusion and discussion
4.6.1. Conclusion

In this chapter the basis for a general method of allocating geometrical and
dimensional tolerances in a qualitative aspect are presented. This step is essential for
a coherent analysis. This method leads to consistent tolerances that enable a
quantitative analysis. The statistical analysis of a toleranced assembly is carried out
by a mixed method, analytic and Monte Carlo algorithm. The method can be
generalized to any mechanical structure for which the graph is reducible. The
deviations of the feature, including the angular deviations and the clearances at the
joint are taken into account.

4.6.2. Discussion and future works

The method, however, needs to be improved. Generalization to any mechanism
needs complementary studies, for non-reducible graphs for example. The generation
of standardized tolerances starting from the tolerance zones is not automatic yet. The
inequalities translating the behavior of the joints are difficult to generate in the
general case. Nevertheless this method allows the designer to deal with a great
number of current assemblies.
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Chapter 5

Reliability Analysis of the Functional
Specification Applied to a
Helicopter Gas Turbine

5.1. Introduction

The objective of this chapter is to set up an analytical model which enables
performance quantification of a high pressure turbine of a helicopter engine. The
principle of these kinds of turboshaft engines is to transform the air flow coming
from the input of the motor into mechanical energy to the rotor. This mechanical
energy is produced by the air flow passing through the rotor blades. An important
part of the fluid does not work due to the clearance between the tips of the blades
and the stator. Thus, it is important to find a compromise between the maximal and
the minimal values of clearance:

— a value of clearance that is too high decreases the performances of the engine;

— a value of clearance that is too low increases the risk of damage to the engine
by contact between the rotor and the stator (this could lead to the destruction of the
engine).

First, an analytical model of the clearance is made according to the architecture,
the various parts and the connecting elements constituting the turbine. The turbine
architecture is analyzed in order to obtain a tolerancing model of clearance. The
worst case is applied and allows us to compute the extreme variations of clearance.

Chapter written by Yann LEDOUX, Denis TEISSANDIER and Samir SID-AHMED.
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An influence analysis of every parameter of the tolerancing model is proposed and
allows us to identify their contributions on the clearance.

Second, a reliability analysis is performed. According to the two risk types
presented previously (characterized by the maximal and minimal values of
clearance), two limit state functions are defined respectively and correspond to both
different failure zones. There is assumed to be a Gaussian distribution for each
geometrical tolerance value where the average is the nominal value and the six times
of the standard deviation correspond to the tolerance value. An estimation of the
failure probability is then calculated directly by a stochastic simulation (Monte
Carlo simulation).

The most probable point of failure for each limit state function is assessed by
Form technique (first order method). The advantage of this approach is the
sensitivity analysis. This calculation allows us to quantify the influence of the
statistic modes (averages, standard deviations) on the failure probability. These
different results are used to aid the designer in the attribution of nominal dimensions
and geometrical tolerances in order to increase the performance of the high pressure
turbine and to decrease the risk of interference between rotor and stator.

5.2. Studied case

A simplified architecture of the turbine studied is proposed in Figure 5.1. We
assume the following hypotheses ([BOU 95], [CLO 01], [CLE 88] and [BAL 99]):

—no deformable part and non-local strains in contact surfaces;

— no form defaults in the real surface.

3 Jas 4 Jas 5

Figure 5.1. Simplified representation of a turbine and the
associated graph of joints with influent cycles on FC
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Let us consider the joints Jy;, J34, J46 and J4s (Figure 5.1). All these mechanical
joints are constituted by a ball and cylinder pair along x and a planar pair along x.
The mechanical joint Jj, is considered as a spherical pair at point A and the
mechanical joint J,¢ is considered as a ball and cylinder pair at point B along x.

5.2.1. Tolerancing model

Let us consider a general joint J; defined in point Cy, it is defined by two
different displacement vectors:

— €y ij corresponding to translation of part i with respect to part j in point;

— pjj corresponding to rotation of part i with respect to part j.

The 2D modeling of this turbine in the plane (O,x,y) allows us to write [5.1]:

€ck,ij = Uk-X + V.Y [51]

Pij = Yk-Z

where:

—u, and vy represent the geometrical deviations of translation at the point Cy,
respectively along the x-axis and the y-axis between part i and j;

— Yy represents the geometrical deviation of rotation along the z-axis between part
iandj.

These geometrical deviations are due to manufacturing defects of the contact
surfaces between part i and j and clearance of the mechanical joints. This model has

been proposed by [BOU 95] and [CLO 01].

By using the small displacement theory (in fact by assuming an angular
linearization), it is possible to write [CLE 88]:

€0,ij = Eck,j T OCk X pjj [5.2]
With OCy = Ly.x, it is possible to write:

Uo = Uck — Lk X Yk [5.3]
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The different geometrical deviations of the joints J; are listed in Table 5.1 and
illustrated in Figure 5.1.

Joint Definition point Small displacement parameters
Jin A OA=L,x Ua, Va, I'a
I Cy, OCy=Lrx Uy, V2, Y2
T3y C4, OCy = Lyx Uy, Vi, V4
Jus Cs, OCg = L¢.X Ug, Ve, Yo
Jus Cs, OCg = Lg.x Ug, Vs, Vs
Jis B,OB=Lzx Ug, Vg, I'p

Table 5.1. Small displacement parameters of joints

The parameters 'y and I'y represent the degrees of freedom respectively of J,
and J,5 along the z-axis [BOU 95]. The functional condition FC on the clearance ¢
can be defined as follows:

FC: Cmin <c< Cmax [54]

Moreover, according to [5.3]:

C=E€r15y
and finally,
C=€0,15.Y [55]

Taking into account the functional condition involves taking into account two
different 3D dimension-chains DC; and DC, (also called influential cycles, [BAL
99]). This is shown in Figure 5.1. Then, both 3D dimension-chains are:
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=p1, Py T Paut
DC :{Pls P12TP23 P34 Pys }
1 €015~ €012 T€023 T€0 34 T€0 45
[5.6]
DC2 :{p15:p16+p64+p45 }

€015 €016 T€064 T€04s

According to relation [5.6], it is possible to write relations [5.7] with [5.3] and
[5.5]:

DC {YISZFA+YZ+Y4+Y8 }
"le=v,-L, T, +v,-L,y,+v, - Ly, + v, — L., (5.7]
{YIS =l +v,+Y }
DC,
c=vy—LyI'y+v =Ly, +vy—Lgy,

Finally, it is possible to deduce from equation [1.7] the following equations:

Ly =T =Y, =V, 7
v, =V +(L, =L )y, = v, +(L,-L, )y, vy +ve+ (L +L, )y, [5.8]
LB_LA

I,=

Relations [1.8] are used to calculate the clearance c:

c=K,.v, +Ky.vp +K,,.v, +K,, .y, +K,,.v, + K7, + K v + Ky + K v K, v
[5.9]

The 10 parameters K,, Kp, K;; and Kp with i € {2,4,6,8} are considered as
coefficients of influence respectively of the parameters v,, v, v; and y; on the
clearance ¢ ([BOU 95], [CLO 01]). Table 5.2 indicates the value of the 10
coefficients of influence for every joint constituting the turbine.
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Coefficients of influence Values
L
Tiz Ka=1—7T 0.137
B A
-L
Tis Koy=r—7 0.863
B A
L, 0.137
J 21 LB _ LA
23 . ~LaLs—LoL, 15.605
22 LB _ LA
1
K, = L, 0.137
J LB - LA
3“ < Lals—L.Ly 37.098
42 LB _ LA
-L 0.137
Ke = L /i
J B~ A
46
K. = -L,L,-LL, 44.382
62 LB _ LA
J Ky =1 1
45 K L 48

82 ~ g

Table 5.2. Coefficients of influence and associated values

Table 5.3 lists the different variations of every small displacement parameter of
the ¢ model.

Small displacement parameters Interval values: v; (mm) ; y; (rad)
Va [-0.00165;0.00165]
VB [-0.025;0.025]
v [-0.012;0.012]
V4 [-0.008;0.008]
Ve [-0.01525;0.01525]
Vg [-0.0065;0.0065]
Y2 [-0.00005482;0.00005482]
Y4 [-0.00010964;0.00010964]
Y6 [-0.00008054;0.00008054]
Ys [-0.00327;0.00327]

Table 5.3. List of the small displacement variations
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5.3. Deterministic approach

According to the design tolerancing allocation, reported in any part drawings, it
is possible to estimate the final possible variation of the clearance ¢ between the
rotor and the stator of the turboshaft engine.

c
characteristics

Parameters

—»| Geometrical model —

.. Deterministic value
Determinist value

Figure 5.2. lllustration of the deterministic approach

The calculation made done according to the worst case calculation. As a function
of the different value for every parameter (Table 5.2, 5.3 and equation [5.9]), it is
possible to quantify the ¢ value according to the worst case.

The variation of the ¢ value is:

Ac=0.210 mm.

With this value, the clearance between the blade and the stator of the turbine
engine can vary as shown in equation [5.10].

Crominal = Ac < € < Crominal T Ac [5.10]
We assumed that cpomina = 0, consequently,

-0.21<c<0.21
The FC requirement imposes a variation of ¢ in the following range:

[-0.16 mm, 0.1 mm], (ie ¢pip = -0.16 mm, ¢,,,,=0.1 mm)

With the value of ¢ calculated, the value of the clearance can vary between -0.21
and 0.21 mm. The value of c,;,; is too low compared to the risk of contact between
the blade and the stator (mini value imposed -0.16 mm). Moreover, the maximum
value of ¢ is too significant 0.21 mm, whereas, according to the requirements on the
efficiency of the turboshaft engine, the clearance ¢ does not exceed 0.1 mm. The
results show, with the specification on the different tolerancing parameter, that it is
possible to have a no conform turbine to compare to the initial requirements. On the
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other hand, with the worst case approach, it is impossible to quantify the risk of no
conform turbine.

5.3.1. Sensitivity and elasticity analysis

According to the analytical model of ¢ (equation [5.9]), it is possible to quantify
the sensitivity s,; of each small displacement parameter on the clearance value.
Classically, a initial approach consists of estimating the calculation of the partial
derivatives around the extreme geometrical values. This computation is done using
equation [5.11].

dc
= X

sx_& e

[5.11]

where, x corresponds to the vector constituted of the different parameters listed in
Table 5.3. x, is the extreme value of every parameter.

This computation is representative of the influence of every parameter on the c
value. It is interesting “to normalize” all these contributions to compare the
influence of one to each others on the ¢ value. Thus, the calculation of elasticity is
introduced (equation [5.12]), [SRI 99], [SKO 97]. All the different contributions are
done in Table 5.4.

e, =%, [5.12]
Ac

Sensibility Elasticity
Vs 48 0.7485
Vg 0.863 0.1029
Ve 0.863 0.0628
\ 1 0.031
Ya 37.098 0.0194
Y6 44.882 0.0172
V2 0.137 7.83E-03
\2 0.137 5.22E-03
Y2 15.605 4.08E-03
Va 0.137 1.08E-03

Table 5.4. Values of sensitivity and elasticity of the geometrical model (decreasing order)



Reliability Analysis of the Functional Specification 85

The different elasticities are represented in Figure 5.3. The data are sorted
according to their elasticity values in decreasing order. Note that the defect related to
Ys and vg corresponding to the mechanical joint J45 represent more than 85% of the c
value. The second most influential joint corresponds to the bearing in point B, Jg
(close to the blade) with an effect of around 10%. These different contributions are
represented in Figure 5.4. The other parameters of ¢ clearance condition have a
quasi-null effect according to the elasticity analysis.

0.8 T

0.7 -

0.6~ -

o5 - - -1 -

o4 - - - -

0.3

0.2

Yo Vg Ve Vg Y4 Yo Vo V4 Y2 Va

Figure 5.3. Elasticity value of every geometrical parameter (sorted in decreasing order)

2% 1%
8%
e Ja

<1% (not reprensented)

10%

Figure 5.4. Influences of mechanical joints on ¢ value



86  Product Lifecycle Management

Thus, if we want to decrease the value of c, it is imperative to decrease the value
of yg. It is possible to determine the contribution of each mechanical joint of the
turbine on the ¢ value. The link between the parameter y; and v; and the different
joints is realized with the use of equation [5.9] and Table 5.2. Figure 5.4 illustrates
the different joint contributions.

5.3.2. Discussion about the determinist results

The deterministic approach allows us to calculate the extreme variation of the
clearance ¢ according to the worst case criterion. With this approach, if all parts are
in conformity with the geometrical specifications of the detailed drawings, after the
assembly process, it is impossible to obtain a ¢ value outside of the functional
requirements (defined in equation [5.4]). On the other hand, it is shown that the
variation values of the ¢ clearance are too significant compared to the requirements
on the turboshaft engine. It was highlighted that there were two kind of risk:

— due to an insufficient ¢ value, a contact between the blade and stator is
possible;

— an excessive ¢ value, induces a loss of mechanical efficiency.

According to the elasticity calculation, it is possible to identify the most
influential parameters in the turbine and to deduce the leading actions in the aim to
decrease the c range, or the action for redesigning the geometrical accuracy of the
joint specified in all parts of the turbine. With the following deterministic approach,
it is possible to see that some products could not be conformed to the customer
requirement but, it is impossible to quantify the probability of non-conforming
products. In section 5.4, a a probabilistic approach is proposed making it possible to
quantify the risk of blade-stator contact, or loss of efficiency, by realizing the
assumption on the geometrical defect distribution.

5.4. Probabilistic approach

In the second part of this chapter, we propose a probabilistic approach to the ¢
value. This calculation allows us to estimate:

— the ¢ variation according to statistical criterion;

— the probability of taking into account the customer specification on c.

Different recent studies are proposed using a statistical approach coupling

probabilistic aspects [GER 07], [BAL 08] and [DAN 08]. Initially, it is necessary to
define in the ¢ model the parameters which have:
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— deterministic behavior, a constant value defines their level,

— statistical behavior, different statistical modes define their levels (mean,
standard deviation, skewness, etc.).

For the second category of parameters, it is necessary to know precisely the
statistical modes of the populations. This information is obtained in general by
statements of measurements on manufactured part batches or according to the
knowledge of experts on the production process. In the second time, scenarios of
failure have to be defined. In our case, two different scenarios are possible:

— the clearance between the blade and stator is too small;

— the clearance between blade and stator is too great.

Estimation of the failure probability can be carried out according to various
approaches. The most traditional approach is to make a Monte Carlo simulation.
This approach consists of realizing random simulated turbines according to the
statistical characteristics of every parameter. A ratio between a non-conforming
turbine and an all-simulated turbine defines the probability of obtaining a non-
conforming turbine, with these statistical parameter characteristics. This calculation
is illustrated in Figure 5.5A with a statistical approach.

c
characteristics

|:> Geometrical model

Parameters

Determinist value

A : Statistical
approach

Statistical value

Fiabilist
results

(::| Geometrical model <:|

characteristics

Extremal admissible
value of ¢ limit

Failure probability

B : Fiabilist approach

Sensitivity analysis

Figure 5.5. lllustration of the statistical (4) and fiabilist (B)

Other approaches exist to carry out this estimation. We can note the form or
sorm method (first-order or second-order reliability methods). The estimation of the
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failure probability is carried out by a local approximation of the most probable point
in the iso-probabilistic space [BRE 88], [LEM 05] and [MAD 86]. With this
approach, the probability of failure estimation is faster (less simulation is needed).
Moreover, it is possible to quantify the effect of statistical characteristics of every
parameter on the failure probability. Thus, a designer can identify most influent
parameters in the failure probability value, and then, define the action to decrease it.
Figure 5.5 represents the proposed approach for this fiabilistic analysis (Figure
5.5B).

5.4.1. Definition of the state functions

The reliability calculation consists of defining a failure function. This approach
has been developed by [LEM 05] and is implemented in the commercial software
Phimeca® [PHI 03]. This method is commonly used in civil engineering and for
mechanical structure analysis [LEM 05] and [NIA 07]. In the case of tolerancing
analysis, the limit state corresponds to the ¢ value limit. The considered limits are
-0.16 mm and 0.1 mm respectively for lower and upper bound. By definition, the
failure zone is obtained if the limit state function (named G) has null or negative
value. This approach is illustrated in Figure 5.6 for the lower bound:

7 G=0

7

~ Failure ; Safe

; domain | domain

Figure 5.6. Definition of the limit state function G

Min bound " Max bound
Ginf= -(-0.16) + ¢ Gsup=0.1-¢ |

Figure 5.7. Definition of failure functions Ginf and Gsup
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According to the required specifications for c, it is possible to explain two
different limit state functions for every bound as follows:

For lower bound: Gi,e=—-(-0.16 mm) + ¢ [5.13]
For upper bound: Ggy,=0.1 mm—c [5.14]
Figure 5.7 illustrates the limit states around the distribution of ¢ clearance.

In the following sections, all different statistical and fiabilistic calculations are
realized using phimeca® software [PHI 03].

5.4.2. Determination of the statistical parameters from the tolerancing model

The ¢ model is related to two types of parameters:

— the coefficients of influence linked to the architecture of the turbine (assumed
to be deterministic values; values available in Table 5.2);

— the coefficients linked to the geometrical specifications of every part
constituting the turbine.

This last category is assumed to be statistical. It is assumed that there is no
interaction between the different statistical parameters of the tolerancing model (no
correlation).

For these parameters, a Gaussian distribution is used. In order to characterize this
kind of statistical distribution, the first two statistical modes are necessary, i.e. the
mean and the standard deviation. A truncated distribution is imposed with the aim of
avoiding the extreme value outside of the geometrical specification. The statistical
modes are defined as follows:

— Mean: m, = 0, that is mean that the tolerance zone ti is centered around the
nominal value of the dimension L; (between entity ent; and ent;).
— Standard deviation: o; = (ti/6), with a Gaussian distribution, 99.73% of

individuals are taken into account.

This correspondence between a drawing part and the statistical modes are
illustrated in Figure 5.8, in the case of location specification.
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Where p; corresponds to parameters v; or y;.
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Figure 5.8. Relation between geometrical specifications and statistical values

Calculation of the statistical modes of the ¢ clearance is approximated according
to stochastic simulation (called Monte Carlo simulation MCS). It is then possible to
calculate these values:

¢ =-1.37e¢-005 mm;c, =0.0524 mm.

The distributions of ¢ as well as both functions of limit state (G, and Gy,p) are
represented in Figure 5.7. Note that the ¢ value has a Gaussian distribution. This
observation is confirmed by the additive model of the c clearance.

5.4.3. Failure rate estimation

Two probabilities of failure are calculated for both failure functions. The
probability to obtain a clearance value inside the interval [-0.16 mm, 0.1]
COlTespondS to: Pc €[-0.16 mm ;0.1 mm] =1- (Pf ¢<-0.16 mm + Pf c20.1 mm)

Different approaches are used to estimate the failure probability. The classic
approach consists of realizing a Monte Carlo simulation. It is possible to calculate
the confidence interval (CI) of the estimated failure probability according to
equation [5.15], [SHO 68]:

CI(%) = [5.15]

where Pf corresponds to estimated probability and n the number of simulations.
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This CI corresponds to a probability of 95% that the exact value of Pf is included
in the interval:

Pf e Pf.(CI) [5.16]

The different probability and associated confidence intervals displayed in Table
5.5. The FORM line of Table 5.5 corresponds to the values found by an
approximation method (first order method). This approximation allows us to
estimate the probability of failure quickly by limiting the number of random
individuals to trial and to have a quantitative analysis of the influence of the
parameters on the analytical model and on the failure probability. As Form
probability comes from approximation of the most probable failure point, it is
important to compare its value to the one found with MCS technique. Here, both
values are very closed and validate the approximate results.

Pf c= -0.16mm Pf. = 0.1mm P.e [-0.16mm. 0.1mm]
Monte Carlo (MC) 2.47 X107 % 2.84 % 97.14%
Error on the Pt +6.4% +0.6% +4.9x107 %
estimation by MC
simulation
FORM 3.72 X107 % 2.86 % 97.10%

Table 5.5. Failure probability results by MCS and Form approximation, the number of
individuals tested for MCS correspond to 10°

5.4.4. Influence of the tolerancing parameters on the failure probability

The probability analysis of the most probable failure point is called x,. x, is a
vector for which its components correspond to the tolerancing parameters. This
calculation is carried out thanks to a space transformation from natural variable into
iso-probabilistic space [LEM 05]. In order to determine the influence of each
parameter on the point x,, it is necessary to calculate the coordinates of this point in
this iso-probabilistic space. These values are given in Figures 5.10 and 5.11,
respectively for the limit state functions Giyr and Gyyp.

According to these calculations, it is possible to link parameters to the failure
probability. Then, the most influential parameters are located in Figure 5.11.

In Figures 5.9 and 5.10, only the parameters which have an influence greater
than 1% are represented. It is possible to see for both limit state functions that the
most influential parameter on the failure probability corresponds to ys. The next most
influential parameter is vg, corresponding to the defect located in the bearing B. For
the Gy function, the same influential parameters are listed added to vs which
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corresponds to joint J4. Consequently, if we want to decrease the probability of
failure, it is necessary to modify the value of the Y3 parameter.

3% Parameter Influence (%)
v, ¥2 0.01
12 0.31

¥6 0.25

bzl 86.52

V2 0 05

7 0.02

Ve 3 28

Vg 0.80

Va 0.00

Vs 7 8.75

Figure 5.9. Contribution analysis of the tolerancing parameters of G,

Parameter Influence (%)
72 0.00

Va 0.07

Y6 0.05

78 96.99

V2 0.01

Vs 0.01

Ve 0.73

Vg 0.18

Va 0.00

s 2 1.96

Figure 5.10. Contribution analysis of the tolerancing parameters of G,

\aey | o
Jiz \IJ W\hs

Figure 5.11. Localization of most influent joints (in gray color) on the failure probability
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This predominance of ys in the contribution on the failure probability could be
explained by a particular geometrical configuration: at the end of the dimension
chains DC, and DC, (see Figure 5.1) and a significant value of the defect of the
connection due to the difficulty of manufacturing this connecting surface.

5.4.5. Sensibility analysis on the failure probability

The previous results allow us to make a hierarchy of the most influential
parameters on the failure probability. But, we haven’t any idea about the trends and
the action to realize in the aim to improve the reliability of the turbine. We propose
to calculate the sensitivity of the mean and standard deviation of every parameter on
the failure probability (called the reliability sensitivity, equation [5.17], [LEM 05]).

X [5.17]

where x, corresponds to the most probable failure point.

In Figure 5.12, the sensitivity values are normalized to compare to the norm of
every contribution s (corresponding to vector of sensitivity). The normalized
sensitivities are achieved according to equation [5.18].

1 9G(x)

S . =—
lized
_ normalize« "S” aX

X, [5.18]

The norm of s is respectively:
— for Ginf: SGinf— 209,
— for Gyyp: Sgsup = 79.55.

All of the standard deviations of the parameters increase the failure probability
of the two limit state functions Gj,rand Gy,p. This result confirms that an increase of
the dimensions of tolerance zones and consequently, the values of standard
deviations of parameters, increases the standard deviation of the clearance c; and
thus increase the failure rate. Concerning the effect of the mean values of every
parameter, their effects are signed and have opposite effects on the limit state
functions. For example, a rise of means decreases the failure probability of Gy, but
increase Gyyp. This phenomenon is explained by the definition of the failure function,
¢ has an opposite sign in the two state functions.
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Figure 5.12. Normalized sensitivity of every parameter on the failure probability

The most influential parameter in this reliability analysis is always parameter s,
for which the influence of the average and the standard deviation have the same
effect on the failure probability. The standard deviations of the other parameters are
negligible. That means that variation of the tolerance value have a second order
effect to compare to the variation of the nominal position of the toleranced surface.

It is possible to observe that an increase of vy, Y4, Ys, Ys mean values:

— decreases the failure probability for Gy,

— increases the failure probability for Ggyp.

Thus, the nominal position effects of these parameters have an antagonist effect.
It will be necessary, with this geometrical configuration, to find a compromise

between the risk of contact between the rotor and the stator and the loss of engine
efficiency.

5.4.6. Parametric analysis of the y; parameter

The objective is to quantify the effect of the mean and standard deviation
variation of the yg parameter on the failure probability. It consists of a parametric
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analysis. The variations of the statistical parameters of ys are made in equations
[5.19] and [5.20]:

For standard deviation values:

AGYy 1, = (5,5 x(1+i%)) with i€ [-50%,50%] [5.19]
For the mean value:

AV, 1, =Ts +(0y X (1+1%)) with i€ [-50%,50%] [5.20]

Figure 5.13 represents the effect of the average and standard deviation variation
of s for the two functions Gy and Ggyy.

It is possible to see that the evolution of the failure probability is not linear
according to the regular variation of the parameters. If we wish to decrease the risk
of contact between the rotor and the stator (Gjy), it is possible to increase the
average of yg (in fact increases the nominal value) or to decrease the standard
deviation by vs (i.e. the value of the dimensions of tolerance zones).

10

—B—GinfStddev. g 7 | | | | | |
Gsup Stddev._g 7| | | | | | |
81 —&— Ginf Mean_g_7 I B e R A
—}— Gsup Mean_g_7
T T T

Pfevolution (%)

50%

Figure 5.13. Parametric study of ys on failure probability
(mean and standard deviation variation)

Concerning the Gy, probability (related to the engine efficiency), it is possible to
decrease the average of ys or to decrease the value of the standard deviation of vs.
Due to antagonist effect, the modification of the average seems to be a bad choice. It
is more efficient to decrease the standard deviation of yg. For example, a decrease of
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10% of the initial value of oYyg improves the reliability of the turboshaft engine by
around 2% (from the initial value 92.54% to 94.5%).

5.5. Conclusion

This chapter proposes a reliable analysis of a high pressure turbine of a
helicopter engine. First, a tolerancing model of the turbine is set up. A classic
analysis, according to the worst case is undertaken. The extreme variation of the
functional condition corresponding to the clearance between the rotor and the stator
at the tip of the blades is calculated. The coefficient of influence is calculated by
computing a local derivate of c. Thanks to these results, it is possible to identify
most contributing parameters in the variation of the clearance value. On this kind of
turbine, there are two kinds of requirements:

— a minimal value of the clearance with the aim of avoiding the contact between
the blade and the stator;

— a maximal clearance value, with the aim of ensuring an acceptable turbine
efficiency.

The determinist approach allows us to quantify the ¢ value, and it is shown that
the maximal allowed value is exceeded. However, with this kind of approach, it is
impossible to quantify the risk and thus, the probability of an unacceptable turbine.
Then, a statistical approach is proposed. This consists of making a correspondence
between the geometrical specifications and an estimation of statistical modes of each
parameter. It is then possible to quantify the rate of non-conforming turbines
(clearance value over the requirements). The calculation of the reliability sensitivity
informs on the influence of the mean and the standard deviation on the failure
probability. A parametric analysis is carried out on the most influential parameter on
the failure probability. In the studied case, the modification of the nominal value is
not a good choice because it has an antagonistic effect on the failure probability.
Thus, the best way consists of modifying the tolerance value of vs. Indeed, a
reduction of 10% of the dimension of the tolerance zone leads an improvement in
the reliability of the engine of around 2%. These parametric results allow us to guide
the designer in the design decision with the aim of improving the reliability of the
turbine.
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Chapter 6

Inertial Tolerancing According
to ISO GPS

6.1. Introduction

In order to solve a dimensioning problem, two tolerancing approaches are
applied by the designer:

— worst case tolerancing;

— statistical tolerancing [GIL 51], [EVA 74], [EVA 75].

The first has been characterized by a high cost, induced by the tight tolerances
which are difficult to get during the run. The cost of inspection rejects and
reworking increases as does the choice of a more sophisticated production method.
However, the main advantage of this approach is the respect of the functional
requirement (demand) at the final stage of the assembly. The second approach
“statistical tolerancing” is developed by considering the low probability of having
simultaneous components (elementary characteristics) within the tolerance limit.
The basic assumption is the centering of all elementary characteristics on the target.
This leads to a larger tolerance zone compared to the worst case tolerancing.
However, this basic assumption is rarely respected by the run. Consequently, a batch
of assembled parts cannot respect the functional characteristic in spite of the fact that
every component is included within the tolerancing zone [GRA 00], [PIL 04].
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A new tolerancing approach, called inertial tolerancing [PIL 04], is introduced.
This method consists of tolerancing the mean square deviation in relation to the
target in function of the standard deviation, contrary to the traditional formulation
which presents the tolerancing in the form of a bi-limit. To our knowledge, this new
tolerancing approach allows one to eliminate the ambiguities of the traditional
tolerancing approach and the traditional process capability indices [ISO 06].

Until now, the designer has had three methods at his disposal to solve a
dimensioning problem. But only the ASME standard [ASM 04] allows us to specify
the name of the approach (worst case and statistical case) used by the designer. As
we have seen, this information is important to the manufacturing process which
must adapt the run monitoring and the process control depending of the tolerancing
approach used.

Furthermore, lots of scientific approaches about the geometrical product
specification tolerance (GPS) synthesis and analysis have been published but none
are standardized [HON 02], [NGO 98].

Nevertheless, this chapter introduces the inertial tolerancing case as applied to
the GPS Standard.

Indeed, the Geometrical Product Specification (GPS) Standard defines a useful
specification when all measured points from a face are in the tolerance zone.
Therefore, the decision accept is binary (“accept or do not accept”) resulting from
the controlling operation.

However, with the inertial case applied to the GPS Standard, it is necessary to
determine the geometrical variation compared to the “target geometry” according to
the geometrical product specification standard.

6.2. Tolerance synthesis

Tolerance synthesis is based on the small displacement torsors (SDT) introduced
into a metrological context by Bourdet [BOU 87] and used by Giordano [GIO 93]
and Germain [GER 07] using an approach based on 3D tolerance analysis, called the
domain approach (DA).

Tolerance synthesis is introduced using the above approach. The principle
consists of considering the positions and orientations of a frame (of an associated
face). Consequently, the influence of the form defects of a face is not taken into
account.
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In this part, the definition of the functional requirement domain is presented then
the quantitative synthesis approach is introduced.

6.2.1. Definition of the functional requirement domain (FRD) applied to
localization specification

In this chapter, the functional requirement is expressed by a domain in the space
of small displacements that represents all the variations permitted by the tolerance
[GIO 93], [GER 07].

In Figure 6.1, a stack of parts (Pi) is illustrated. The functional requirement (FR)
is defined by the localization specification between two faces. The geometrical
deviation between a face and a reference frame compared to their nominal position
is represented by a deviation torsor. The components of this torsor are the small
translations and small rotations which must be carried out in order for one of the
faces to pass from its theoretical position to its real position. In the case of
localization specification, the deviation torsor, called small displacement torsor SDT,
is composed of one translation in z (#z) and two rotations in x and y (rx and ry).

The literature about inertial tolerancing introduces three definitions for 3D
inertial tolerancing according to the GPS Standard [PIL 05], [ADR 07], [NFX 09].

This chapter introduces a tolerance synthesis adapted to a stack of parts and
based on the small displacement torsor [BOU 87]. The second part of this chapter,
following section 6.2.5, presents the risks of using 3D statistical tolerancing and
introduces the three definitions of 3D inertial tolerancing according to the GPS
Standard. This chapter closes by opening out onto the conformity of a batch defined
using 3D inertial definitions (section 6.3.1).

B=T7] - z
—1—F, ¢

— P,
P,
P,

il

Target
S Ee—
<

Figure 6.1. Small displacements
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The part is defined by four extreme points. As the SDT of the face and the
extreme points are known, a group of inequalities, which delimits an n-polytope
(Figure 6.2) with n the dimension of the polytope, can be defined. The dimension n
is defined by the number of components of the SDT which is necessary in order to
go from the theoretical position to the real position. This n-polytope is called
functional requirement domain (FRD) (Figure 6.2).

t.s’oc: a b tioc
IR Vo chl i VR i e S
2 2 2 2
t.s’oc a b thC
- SlZ——1y+—o1xs-—
FRD — 2 2 2 2
t 7] b t r)( '
e e
2 2 2 2
t a b t
— e Sz ——py——jx< =
2 2 2 2

Figure 6.2. Inequalities and the representation of a 3D domain

The parameters a,b in Figure 6.2 correspond to the dimension of the face and the
parameters ¢, which is the value of the specification. The values allocated to ¢, a,
bare 0.1, 5, 5 respectively.

The notion of conformity is summarized by:

“The sum of the SDT components of every part (P;) must verify the inequalities
of the FRD”.

{TRJ }e FRD [6.1]

M»

i=1

with Tpp;; being the SDT of face j of part P;.

So, if the assembly is composed of three parts and there is only one face
variation (j=0) per part, we can deduce that:
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6.2.2. Tolerance synthesis of a stack of parts

After the description of FRD, it is necessary to determine the tolerance for every
part (face). Indeed, the FRD is defined by a domain and the result of the assembly of
each part must be included.

Traditionally, designers authorize a quantity of assemblies outside the domain

(the number of parts per million (ppm)) so as to reduce the requirements on the parts
and the cost of the run.

In addition, the result of assembling the parts leads to a multivariate normal

distribution, if two assumptions are verified (central limit theorem (CLT)) [KAL
971:

—every SDT component is independent;
—every SDT component distribution has a similar range.
The purpose is to deduce, the parameters of the multivariate normal distribution

(MND) which give the smallest requirement on each part from the FRD. The
multivariate probability density is given by relation [6.3]:

100 =t o] = (= Y 2 (0 ) [6.3]

(27)V" (det 2) 2
with X a random vector with N dimension equal to the FRD dimension, and X the

covariance matrix of the SDT components.

In addition, the isodensity of an MND corresponds to a hyper ellipsoid (HE)
using the following equation:
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t -1 Y ¥
(X-ux) 7 (X-px)=M [6.4]

of which, M is the Mahanalobis distance [MAH 36], Me R*, whose value is
generally equal to 1.

Consequently, the aim is to search for the largest hyper-volume of the HE
included in the FRD (Figure 6.3).

Iy

Statistical distribution of an
assembly batch

% "

— t.

Projected View

Figure 6.3. Schematic representation of inertial tolerance synthesis

To determine the slopes of the HE, some considerations must be taken into
account:

— the HE is centered on the FRD barycenter;
— the HE is tangent to the FRD plans.
The expression of the HE volume is given by [HOL 03]:

N/2
Ve = gyJDetz) and gy =m [6.5]

With N the dimension of the FRD vector and I" the gamma function
r(v)= _[OertN_le_tdt when ]%e Z* = T(N)=(N 1) !with Z", the set of positive

integers.
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For HE to be tangent to the FRD, it is necessary for the sum of the quadratic
product of the plan and HE parameters to be equal to zero.

{Plan}fv {HE}?V —ConstPlan =0 [6.6]

with {Plan}?v and {HE}?\, being the slopes of the N-dimension plan and the HE

parameters of N-dimension HE respectively, the unknown values are the HE
parameters. From [6.5] and [6.6], we deduce a function HVy with N-1 parameters.
From this last function, the extrema (vector solution) are determined by solving the
gradient of HV;z[6.7]:

V(HV;z)=0 [6.7]

The relative maximum is given by the signature matrix of the quadratic
derivative matrix.

VA (HV (%)) <0 [6.8]
with x, the solution vector of equation [6.7].

From these, the parameters of the HE with the largest hyper volume included in
the FRD are obtained.

Once the parameters of the HE are known, those of the centered multivariate
normal distribution must be established.

The solution proposed is as follows. The parameters of the HE; are equal to
3*standard deviation of the centered normal distribution and applied to the
dimension i of the FRD.

In our case, we consider that /;=HE/3 with HE slopes i" and the statistical
interval 7 equal to 2*HE,.

6.2.3. Example of tolerance synthesis

The problem studied is presented in Figures 6.1 and 6.2.

The FRD dimensions are equal to 3 and the SDT components are composed of
one translation (#z) and two rotations (rx, ry).
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From [6.4], the equation of the ellipsoid is:

2 2 2
iz rx ry
—t 5+t - =0 [6.9]
a. b. c;

The volume of the ellipsoid is deduced from relation [6.5]:

4
Vellipsoid = 5 T Ay, 'brx “Cry [6.10]
Equation [6.6] gives:
A*a +B’b) +C*c}, -D* =0 [6.11]

with 4, B, C being the slope of the plan and a.., b,., c,, the slope of the ellipsoid.

The slopes of the plan are deduced from relation [6.12], quoted from [6.2]:
a b tl .
Z+—ry+—rx——2=0 6.12
2 7 2 2 [6.12]

Thus, A=1, B=b/2, C=a/2 and D=tloc/2. a and b are the part dimensions.

From [6.10], [6.11], we deduce:

t 2 b2 2 a2 2
T @ (5

and thus, the volume is defined by [6.13] and Figure 6.2.

v,

_4 we ¥ _[(BY, 2. (_a} , [6.14]
ellipsoid_g'” e e b~ + ) by .

Figure 6.4 represents the evolution of V. in function of the ellipsoid slopes
(brx,cry) (with tloc=0.1, a=5, b=95).
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Figure 6.4. Representation of the function Veyisoia

After solving equations [6.7] and [6.8], we obtain the following solution:

a.) (0.0289
Sol =| b, |=]0.0115 [6.15]
¢, | 10.0115

Figure 6.5 illustrates a transversal cross-section of the FRD and the ellipsoid.

Figure 6.5. 2D cross-section of the FRD and ellipsoid

Now the parameters of the HE are known, it is necessary to determine from
[6.15] the SDT standard deviations of part i. Therefore, we define a quality level
(Cprro; [6.21]) for the SDT component i of the FRD. The tolerance interval of the

component i (ITggp;) is given by:

Tp, | (24, (0.0578
Sol =| ITypy, | =| 2, |=| 0.023 [6.16]
Tygp,, | |26, ) | 0.023
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The coefficient a,, b, c,, from [6.9] correspond to half of the range of the HE
(symmetry of the HE).

From [6.18] and [6.21], we can determine the standard deviation for a given
Cprrp, and thus determine the standard deviation of every part i [6.17] of the
assembly.

o 0015
0 l 3CPFRD,.X \/;
o = 0 vy, =205 [6.17]
0.0289 3Cpap N1
otz; =————— ry
3CpFRD,Z \/; 0

with i being the number of the part, n the number of parts in the assembly and
Cprrp; We can specify a quality level on the FRD. In this chapter, these Cpggp; are
equal to 1. From [6.19], we can determine the statistical tolerance [6.18].

*
IniSrx, = 2*0.0115
0 CPFRD,.X\/;
IntS, = 0 Inisry, = 2200115 [6.18]
2%0.0289 Cprpp. N
IntStz; = == ry
CpFRth\/; 0

with i" as the number of the part and /ntS corresponding to the statistical interval,
Cprrpiallows us to specify a quality level on the FRD.

Usually the quality level of a batch of assembled parts is specified by a number
of ppm. The analytic calculation of this index consists of determining the number of
assemblies outside the FRD [6.2] and in considering the resulting probability
distribution of the assembly.

P((tx,..., tz, rx...rz)e FRD) =1- J fx (lx,..., rzﬁtx...drz [6.19]
D

In order to reduce the calculation time, the number of ppm [6.19] is calculated
using the Monte Carlo approach. The dimension of each simulation is equal to 10°.
The confidence interval using the Monte Carlo approach to predict an assembly
parameter may be estimated by means of the binomial distribution [SHA 81]. For
example, the reject rate is expressed in ppm. The standard deviation predicted in
ppm rejects may be calculated from [6.20].
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6 —
N [6.20)

with ppm as the estimated number of ppm rejected, o;,,, (one-sigma) expresses the
degree of uncertainty in calculating the number of predicted rejects.

The next section introduces process capability indices as applied to SDT.

6.2.4. Process capability indices applied to SDT

The Cp and Cpk indices [ISO 06] are often contractual values between the
customer and the supplier. Nevertheless, the first assumption in order to use these
indices is that the geometrical specifications have a normal distribution. This
assumption is not really verified when we consider a distance between two points.
Nevertheless, in the case presented, only the components of the SDT are calculated
from the reference face A so the distribution of these components is normal.

In the present case, the traditional process capability indices are fitted to the SDT
approach.

The Cp indices are calculated for every component of the SDT:

P 5o,
i

[6.21]

with i a component of the SDT, and o the standard deviation of the component i of
the SDT andj the part.

The Cpk indices are calculated using the relation:

e (o
Min| ===ty My ==
Cpk;; = [6.22]

30'17-

with 7 a component of the SDT, oj; the standard deviation and ; the mean of the
component i of the SDT and j the part.

In this chapter, indices [6.21] and [6.22] are used to determine the off-centering
[6.22] and the standard deviation [6.21] of every SDT component.
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Other capability indices are introduced in scientific literature [KAR 94, CHA 91,
WAN 00] which, until now, were unknown to industry. In this chapter, some
adaptations of these indices are also proposed.

In the next section, the statistical tolerancing risk is presented using the SDT
approach.
6.2.5. Statistical tolerancing risk

In this section, two cases are considered. The first case is an assembly of 4 parts
of which the Cp=2.5 and the Cpk=2 on every SDT component of part j.

Cp,, =25 0
Cp,=25 0 [6.23]
0 Cp.=25],

Cp;=

If the worst case is taken into account, the decentering of every SDT component
is in the same direction, and the result on the HE functional domain is equal to
16,039 ppm (6,,m=125.6) and if we consider the FRD Domain the number of ppm is
equal to 10,150 ppm (Gpp,m=100.2).
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Figure 6.6. Cp=2.5 and Cpk=2 on every SDT component (projected view)

The second case is an assembly of 4 parts of which the Cp=2.5 and the Cpk=1.5
on every SDT components of the part j. If the worst case is taken into account, the
decentering of every SDT component is in the same direction, and the result on the
HE functional domain is equal to 998,732 ppm (6,,,=35.6) and if we consider the
FRD domain, the number of ppm is equal to 998,074 ppm (G,,m=43.8).
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Figure 6.7. Cp=2.5 and Cpk=1.5 on every SDT component (projected view)

To conclude, 3D statistical tolerancing does not eliminate the customer risk
which corresponds to the risk of accepting a batch of conform components and yet
producing a non-conform assembly. In the one-dimensional case, the inertial
tolerancing approach resolves this problem. In the next section, we propose to give a
reminder of inertial tolerancing and then to take these configurations and to see the
impact on the functional requirement domain.

6.2.6. Inertial tolerancing: short reminder

In the case of the robust design, if all elementary characteristics are on the target,
the quality of the assembled product is optimal. Nevertheless, the performance of the
assembled product decreases proportionally to the increase of the off-center of every
characteristic. This effect of off-centering every characteristic on the assembled
product is characterized using the function of financial loss by Taguchi [TAG 87]. In
this function, the financial loss on the batch (L ) is related to the standard deviation
o and the distance between the mean and the target (nominal) of the batch, &

L=klo?+8) [6.24]

According to a proportional value of Taguchi’s lost function, the inertia is
formulated on every elementary characteristic. This inertia is defined by:

I gaen =NS* +07 [6.25]

in which, Iz, represents the inertia batch, o is the standard deviation and ¢ is the
mean deviation compared to the target of the batch.

0=Xg—-X [6.26]

in which X is the mean of the batch and X, is the target.
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The quantification of the batch quality is specified by two process capability
indices Cp, Cpi. The first corresponds to the process capability indices considering a
center process:

1
Cp — ~Max

Osr [6.27]
in which, /, is the inertia customer which corresponds to the maximum accepted
inertia and Ggr is the short term standard deviation. The second (Cpi) corresponds to
the short term capability process indice for an off-center process

Cpi = Lar [6.28]
IBatch

We can notice that Cp and Cpi can be assimilated to Cp and Cpk [ISO 06]. In
this chapter, indices [6.27] and [6.28] are used to determine the off-centering [6.28]
and the standard deviation [6.27] of every SDT component.

6.2.7. Inertial tolerancing with stack-up problem

In the same way as in part 6.2.5, the inertia on every SDT component is
specified. Thus, in the first example (Cp=2.5 and Cpi=2), and if the unfavorable case
is taken into account, then the off-centering of every SDT component is in the same
direction, and the result on the HE functional domain is equal to 0 ppm (Gppm=0). If
we consider the FRD domain, the number of ppm is equal to 0 ppm (G,pm=0).

r = I

-004 -002 000 002 004 -004 -002 000 002 004 -0.0z

Figure 6.8. Cp=2.5 and Cpi=2 on every SDT component (projected view)

In the second example (Cp=2.5 and Cpi=1.5), the result on the HE functional
domain (Figure 6.8) is equal to 3,284 ppm (0p,m=>57.2) and if we consider the FRD
domain the number of ppm is equal to 1,841 ppm (6,,m=42.8).
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Figure 6.9. Cp=2.5 and Cpi=1.5 on every SDT component (projected view)

Table 6.1 presents the result of assembly simulation in the unfavorable case
considering every SDT component as having a Cp equal to 2 and a Cpi which is
variable. In this case, the off-centering, &, is simulated by a law of uniform
distribution.

PPMgRrp Gppm
Cpi=2 0 0
Cpi = 27 5
1.75
Cpi = 1841 42.
1.5 8
Cpi=I. 64
25 333 2453
Cpi=1 662
752 472.7

Table 6.1. Results of simulation for different Cpi imposed on every
SDT component of the assembly (Cp=2)

From Table 6.1, we can observe the ppm evolution as a function of the Cpi
index. The values, which are given in Table 6.1, correspond to an extreme position
(unfavorable case) where all SDT components are off-centre in the same direction. If
we consider a real situation, then the ppmggp is less than ppmggp in the unfavorable
case. Figure 6.10 illustrates the ppmgrp of a simulation of 500 assemblies of which
every SDT component of the parts respects a Cpi of 1 and a Cp of 2. We can
observe that mean ppmgrp on 500 simulations is equal to 53.26.
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Figure 6.10. Cp=2 and Cpi=1 on every SDT components

From Figure 6.10, the most important ppmgrp concerns the simulation 182
(ppmgrp= 5,837 and G,pm=76.77). Nevertheless, most of the simulations (98.8%) are
less than 1,000 ppm and 93% are less than 100 ppm.

A proposition of 3D inertia using SDT components has been introduced.

Previous scientific works have introduced some different ways of defining 3D
inertial tolerancing.

In the next part, a reminder of the different 3D inertia definitions is given and the
definitions are compared.

6.3. 3D inertia

The scientific literature differentiates between three expressions of 3D inertial
tolerancing.

6.3.1. 3D inertia definitions and comparison

6.3.1.1. 3D inertia the first definition

The first definition was introduced by Pillet [PIL 05] and the purpose of which is
to define the overall level of quality of a surface including all defaults related to
shape and positioning. It is defined by measuring a number of predefined points Xj;
on the face (Figure 6.11).
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Figure 6.11. Example of the inertia using the first approach

Concerning the face i, the inertia is calculated using this relation:

[6.29]
with:
X;  :jmeasurement of the part i
o1 :standard deviation of the measurement on the part i
T  :specification target
: number of parts
n : number of measurements per part
I;  :calculated inertia on the n points of the part i
I :overall inertia on the set of points measured (kn)
Iy, : maximal admissible inertia
and proposes an expression of the inertia for a batch:
k
2 _ 1 2
I’ = ;Zl : [6.30]
i=l

6.3.1.2. 3D adjusted inertia — the second definition

The second approach, 3D adjusted inertia, was introduced by Adragna
[ADR 07]. It consists of defining one of the part’s faces using the inertia of measure:

Lpuen = Max(1;) [6.31]

in which / is a scalar which presents 3D adjusted inertia, and /j the j measurement.
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Thus the inertia of a batch is defined by one measured point which has the
maximum inertia. The definition of the inertia of a face is similar to the third
definition of the approach [6.32].

N ~ )
7 . ./'. . _s Lo = MaxlT, —%

D]

1, =Mar{x, 7)) =
(a) (b)

Figure 6.12. Example of the inertia following the second approach (a) concerning a face of a
part (b) concerning a batch

6.3.1.3. 3D standard inertia — the third definition

The third approach is suggested using the standard [NFX 09] and proposed to
define the inertia of a face by the maximum deviation:

I :MaxQXij —T‘)=Maxq5j‘) [6.32]

with ¢ being the maximum deviation of measurement on the face i of the part.

And we deduce the inertia concerning a batch.

[6.33]

The asset of the first approach is to include both form and orientation defects.
This definition is therefore similar to the definition of positional tolerancing in the
GPS standard [ISO 98].

6.3.1.4. 3D SDT inertia — the fourth definition

In addition to the inertia literature we propose a fourth approach. The latter is
based on the small displacement theory introduced by P. Bourdet and A. Clément
[BOU 76]. This approach consists of determining the inertia of the components of
the Small Displacement Torsor (SDT) from the nominal surface and the least square
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surface. In this case of a batch, every element of the SDT is expressed in terms of
inertia.

Mg
Z /
,,,,,,, . Y

Hg

X

Figure 6.13. Example of the inertia using the fourth approach

In Figure 6.13, we can see that the plan’s orientation is presented by the normal
vector n and that the coefficient of the vector corresponds to the degree of freedom
(rx, ry) of the plan. Regarding a batch, the coefficient rx, ry and ¢z of the SDT are
defined by a mean and a variance, and can thus be formulated by an inertia.

Four approaches have been presented; the purpose of the next part is a
comparison between the approaches.
6.3.2. 3D inertia definitions comparison

The comparison is made using Figure 6.14. The aim is to simulate the geometric

defects of a face, to calculate the inertia using the definitions presented and to see if
there are similarities between these definitions.

Figure 6.14. Plan defined by 3 points



118  Product Lifecycle Management

In this case, the geometric specification is the location of a plan compared to a
reference plan (A). The reference plan is considered ideal (with no form or
geometric defect). The localized plan is qualified by three points in which a normal
distribution is allocated. This variation translates the geometric defect of the plan
[GIL 88].

The size of the simulation is 40,000 batches of 25 parts. Each inertial definition
has been calculated according to of the definition presented in the last part.

First, the parameters of the law of normal distribution of every point are
independent but centered with a standard deviation equal to 0.3.

Definitions Mean Standard deviation Inertia
1 3D inertia 0.0997 0.008123 0.100
, 3D adjusted 0.112 0.011056 0.1123
1nertia
3 3Dstandard 50, 0.0126 0.1455
1nertia

Table 6.2. Results of the simulations

At first sight, the data (Table 6.2) have the same order of magnitude. We notice
that the 3D inertia has the smallest value when we consider the mean and the
standard deviation.

The observation of the correlation (Corr;j) between the approaches allows us to

verify the similarities between the definitions. The first line introduces the compared
approaches (1 versus 2 -> 3D inertia versus 3D adjusted inertia (Table 6.2)).

1vs2 2vs3 1vs3

Corr,=0.827 Corry;=0.817 Corr3=0.936

Figure 6.15. Correlation between the approaches
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Figure 6.15 underlines the correlation between the 3D inertia and 3D standard
inertia (1 versus 3). Nevertheless, the definition of 3D adjusted inertia is correlated
but the set of data is not homogeneous (caused by the difference in the distribution
law). A priori, definitions 1 and 3 are related to a mathematical function.

6.3.3. 3D inertia in the industrial context

In the next part, the notions of tolerance synthesis and 3D inertia are introduced.
Using the tolerance synthesis, we can determine the value of the 3D inertia in
relation to the three 3D inertia definitions introduced.

From relation [6.17], the SDT is considered on every face for an assembly
composed by 4 parts:

0  Irx; =0.0019
I = 0 Iry; =0.0019 [6.34]
Itz; =0.0048 0

If all the SDT components are centered and a Cpi=l is respected, then the
ppmgrp Will be equal to §,300.

From the example in Figure 6.14, the face is defined by three points P, Py, Ps3;,
which have the following coordinates:

a _a
3 3 0
b b b
R;= 3 Py = 3 By = -3 ; [6.35]
Target +e Target +e Target +e

With a and b being the size of the part (a=b=35); Target corresponds to the Target
(Target=5) and e corresponds to a variation generated using a law of normal
distribution.

In the first case, the normal law distribution e is considered centered on the target
with a standard deviation equal to 0.0048. The results of the FRD obtained by
simulation (dimension=100,000 assemblies), are ppm=5,750 G,,,m=75.14, the correlation
coefficients between the dimensions are equal to zero (Figure 6.16).
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Figure 6.16. Cpi=1 inertia on every SDT component (projected view) centered

Table 6.3 sums up the different definitions of the 3D inertia and presents their
values considering a batch of 400,000 parts. In this example, the value of 0.0048
was the maximal inertia for the measured points.

3D adjusted 3D standard

SDT inertia 3D inertia inertia inertia
Itz= 0.0027

Irx=0.0020 0.00479 0.00480 0.00696
Iry=0.0017

Table 6.3. Calculation of the 3D inertia of a batch composed by 400,000 parts
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Figure 6.17. Inertia on every SDT component (projected view)
centered with off-centering of the measured points

In the second case, the normal law distribution e is considered with an off-
centering of 0.0034 and a standard deviation equal to 0.00336. The results of the
FRD obtained by simulation (dimension=100,000 assemblies) are ppm=1,950
G,pm=44, the correlation coefficients between the dimensions are null.
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Table 6.4 sums up the different definitions of the 3D inertia and presents their
values considering a batch of 400,000 parts. In this example, the value of 0.0048
was the maximal inertia of the measured points.

SDT inertial 3D inertia 3D adjusted 3D standard
mertia inertia
Itz= 0.0039
rx=0.0014 0.0048 0.00480 0.0067
Iry=0.0012

Table 6.4. Calculation of the 3D inertia of a batch composed by 400,000 parts (off-centering)

From Tables 6.3 and 6.4, we can observe that the value of the 3D inertia and 3D
adjusted inertia is similar. The 3D standard inertia decreases the real level of quality
of the batch compared to the others. However, with SDT inertia, it is possible to
observe the difference between every batch. The impact on the translation and
rotation is visible because off-centering was applied. Potentially, we observe that the
inertia authorized by the SDT inertia is not attained. Thus it is necessary to find an
optimal compromise between these definitions.

6.3.4. 3D inertia - conclusions

In section 6.3.2, we have seen that definitions 1 (3D inertia) and 3 (3D inertia
standard) were correlated and concluded that, potentially, a mathematical relation
can be established in this case study.

Yet, in section 6.3.3, comparisons of inertial definitions were made from a
geometric defect simulation obtained by the deviation of three points. In this part, a
centered deviation and an off-centered deviation of these points were considered. As
a function of this deviation, inertial definitions were calculated and it was underlined
that the respect of the 3D inertia of a batch seemed to guarantee the ppmggrp defined
(here 8,300) regardless of the definition of 3D inertia chosen in the case study.

6.4. Conclusions

In this chapter, the notion of tolerance synthesis applied to a stack of parts and
based on the SDT has been presented. In the first part, the 3D statistical tolerancing
risk used with common process capability indices Cp and Cpk, was identified. The
3D statistical tolerancing risk does not eliminate the customer’s risk which
corresponds to the risk of accepting a batch of conform components and yet being
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able to produce a non-conform assembly. Therefore, 3D inertia tolerancing in the
SDT context has been presented and has shown that it limits the customer’s risk.

In coming works, we will generalize this approach by including the notion of
covariance matrix and propose a synthesis including a gap or a clearance in an
assembly.

Other 3D inertia definitions have been introduced from previous works. The
main purpose of this chapter is to make a comparison between the definitions and
underline the first similarity. Thus, an important correlation has been presented
between 3D inertia and 3D standard inertia. Furthermore, the definitions of 3D
adjusted inertia and 3D standard inertia do not use all the potential that SDT inertia
allows.

In coming works, an approach to determine the 3D inertia representative of the
SDT inertia will propose mathematical relations between the definition of the 3D
inertia and that of 3D standard inertia. We also propose a general approach to
determine the maximal point inertia to be taken into account in order to guarantee
the functional requirement.
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Chapter 7

Tolerance Analysis Based on Quantified
Constraint Satisfaction Problems

This chapter presents a mathematical formulation of tolerance analysis which
simulates the influence of geometric deviations on the geometrical behavior of the
mechanism and integrates the notion of quantifier (universal quantifier “V” and
existential quantifier “3”). This model takes into account, the influence of
geometrical deviations as well as the influence of type of contacts on the
geometrical behavior modeled with the help of convex hulls defined in parametric
space. With the help of these convex hulls, the quantifier notion is integrated into the
model for admissible deviations of parts. To compute this mathematical formulation,
an approach based on the quantified constraint satisfaction problem (QCSP) and the
Monte Carlo simulation is proposed and tested.

7.1. Introduction

Mechanical product reliability is an important product quality factor and is
dependent on different parameters among which tolerance design is an important
activity. Proper tolerance design enables complex mechanical assemblies consisting
of numerous parts to assemble and work together in a proper manner so that they
fulfill their design objectives. As technology increases and performance
requirements continually tighten, the cost and the required precision of assemblies
increase as well. There is a strong need for increased attention to tolerance design in
order to enable high-precision assemblies to be manufactured at lower costs. To do
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so, a substantial amount of research has been devoted to the development of
tolerance analysis. It can be either worst-case or statistical [CHA 91], [HON 02],
[NIG 95], [ROY 99].

The tolerance analysis methods are divided into two distinct categories based on
the type of accumulation input: displacement accumulation or tolerance
accumulation.

The aim of displacement accumulation is to simulate the influences of deviations
on the geometrical behavior of the mechanism. Usually, tolerance analysis uses a
relationship of the form [NIG 95]:

y=f(x)Y=f) [7.1]

where Y is the response (characteristic such as gap or functional characteristics) of
the assembly and x={x1,x2,..xn} are the values of some characteristics (such as

situation deviations or/and intrinsic deviations) of the individual parts or
subassemblies making up the assembly. The part deviations could be represented by
kinematic formulation, small displacement torsor (SDT), matrix representation,
vectorial tolerancing, etc. The function f is the assembly response function which
represents the deviation accumulation. The relationship can exist in any form for
which it is possible to compute a value for y given values of x={x1,x2,.xn}. It

could be an explicit analytic expression or an implicit analytic expression. In a
particular relative configuration of parts of an assembly consisting of gaps without
interference between parts, the composition relations of displacements in some
topological loops of the assembly enable us to determine the function f. For
hyperstatic assembly, determination of function f is very complex, whereas this
determination is easy for an open kinematic chain.

For statistical tolerance analysis, the input variables x={xl,x2,..xn} are

continuous random variables which enable us to represent tolerances. In general,
they could be mutually dependent. A variety of methods and techniques (linear
propagation (root sum of squares), non-linear propagation (extended Taylor series),
numerical integration (quadrature technique), Monte Carlo simulation, etc.) are
available for estimation of the probability distribution of y and the probability P(T)

P(T) with respect to the geometrical requirement [NIG 95].

The aim of tolerance accumulation is to simulate the composition of tolerances,
i.e. linear tolerance accumulation, 3D tolerance accumulation. Based on the
displacement models, several vector space models map all possible manufacturing
variations (geometrical displacements between manufacturing surfaces or between
manufacturing surface and nominal surface) into a region of hypothetical parametric
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space. The geometrical tolerances or the dimensioning tolerances are represented by
deviation [GIO 93], [GIO 05], T-Map® [DAV 03] or specification hull [DAN 02],
[DAN 05]. These three concepts are a hypothetical Euclidean volume which
represents all possible deviations in size, orientation and position of features.

For tolerance analysis, this mathematical representation of tolerances allows
calculation of the accumulation of tolerances using the Minkowsky sum of deviation
and clearance domains [GIO 93], [TEI 99]; to calculate the intersection of domains
for parallel kinematic chain; and to verify the inclusion of a domain inside another
domain. The methods based on this mathematical representation of tolerances are
very efficient for the tolerance analysis.

However, these two approaches do not take into account the quantifier notion.
This notion translates the concept that a functional requirement must be respected in
at least one acceptable configuration of gaps (existential quantifier “there exists”), or
that a functional requirement must be respected in all acceptable configurations of
gaps (universal quantifier “for all”’) [DAN 05], [DAN 03]. A configuration is a
particular relative position of parts of an assembly consisting of gaps without
interference between parts.

The quantifier notion impacts the result of the tolerance analysis [DAN 03],
[DAN 05]. Therefore, we propose a mathematical formulation of tolerance analysis
which simulates the influences of geometrical deviations on the geometrical
behavior of the mechanism, and integrates the quantifier notion.

7.2. Quantifier notion and mathematical formulation of tolerance synthesis

In this section, the quantifier notion is illustrated with geometrical requirement
and assembly requirement.

7.2.1. Quantifier notion for geometrical product requirement

A mechanism is a set of parts with joints. Most joints have a functional gap.
These gaps induce displacements between parts. Each relative position defines a
configuration of the joint. A configuration is a particular relative position of parts of
an assembly consisting of gaps without interference between parts. The product
geometrical requirement limits the variation between two surfaces of the
mechanism, which are in functional relation. This requirement is a condition on the
functional characteristic between these surfaces. For any given mechanism with
gaps [DAN 02], [DAN 05], the relative orientation or position of these surfaces
depends on the configuration, which is not single. Therefore, the value of the
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functional characteristic depends on the configuration of the mechanism. There is an
ambiguity in the expression of the requirement because the considered configuration
is not described. In order to address this problem, it is necessary to specify in which
configuration, the condition of the geometrical requirement must be checked. The
expression of the geometrical product requirement is not univocal [DAN 03].

So, to define a univocal expression of the condition corresponding to a
geometrical product requirement, this expression is completed by a quantifier (3 or
V). The quantifier translates the concept that the condition must be respected in at
least one configuration of the mechanism (3), or that the condition must be
respected in all configurations of the mechanism (V):

— In the case of the quantifier (3), if there exists one configuration of the
mechanism such as the value of the functional characteristic is less than or equal to
the tolerance, then the geometrical product requirement is respected.

— In the case of the quantifier (), if for all configurations of the mechanism, the
value of the functional characteristic is less than or equal to the tolerance, then the
geometrical product requirement is respected.

7.2.2. Mathematical formulation of tolerance analysis for geometrical product
requirement

The approach used in this chapter is a parameterization of deviations from
theoretical geometry; the real geometry of parts is apprehended by a variation of the
nominal geometry. The substitute surfaces model these real surfaces. This
parameterization of variations is detailed in the following section, and it enables us
to define a variations parametric space, in which each coordinate system axis
represents a parametric variable.

The mathematical formulation of tolerance synthesis takes into account not only
the influence of geometrical deviations on the geometrical behavior of the
mechanism and on the geometrical product requirements, but also the influence of
the types of contacts on the geometrical behavior; all these physical phenomena are
modeled by convex hulls (compatibility hull, interface hull and functional hull);
these convex hulls are detailed in the following sections which are defined in the
variations parametric space. A convex hull or a convex polytope [BIS 94], [ZIE 94]
may be defined as a finite set of points, as the intersection of a set of half-spaces, or
as a region of n-dimensional space enclosed by hyperplanes.

With this description by convex hulls, a mathematical expression of the
admissible deviations of parts is detailed in the section relations between convex
hulls (section 7.2.2.3).
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7.2.2.1. Geometrical description by variations parametric space

The geometrical behavior model needs to be aware of the surface deviations of
each part (situation deviations and intrinsic deviations) and relative displacements
between parts according to the gap (gaps and functional characteristics). Compared
with the nominal model, each substitute surface has position variations, orientation
variations and intrinsic variations:

— Situation deviations define the orientation and position variations between a
substitute surface and the nominal surface.

— Intrinsic deviations of substitute surface are specific to their type. They define
the surface variations. For instance, the intrinsic variation of a substitute cylinder is
radius variation between the substitute cylinder and the nominal cylinder, also two
types of relative displacements between parts.

— Gaps define the orientation and position variations between two substitute
surfaces in contact.

— Functional characteristics define the orientation and position variations
between two substitute surfaces in a functional relation.

The deviation of part surfaces, the gaps between parts and the functional
characteristics between parts are described by parameters. Thereafter, the
geometrical behavior of parts will be defined in space such that each coordinate axis
corresponds to a parameter that is the variations parametric space. Four types of
subspace corresponding to the four types of parameters are displayed in Table 7.1
[DAN 02].

Subspace name | Column vector Designation

Situation s space of all situation deviations of parts

Intrinsic i space of all intrinsic deviations of parts

Gap g space of all gaps between parts

Functional space of all functional characteristics between parts
characteristic fe

Table 7.1. Subspace description

7.2.2.2. Geometrical behavior description using convex hulls

The tolerance synthesis model is based on the expression of the geometrical
behavior of the mechanism; various hulls modeling the geometrical behavior of the
mechanism are defined for 1D and 3D applications.
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Relationships between small displacements of surfaces of parts lead to the
Compatlblhty hull (Dcompalibility)

Composition relations of displacements in the various topological loops express
the geometrical behavior of the mechanism [DAN 02], [DAN 05], [ZIE 94]. The
composition relations define compatibility equations between the situation
deviations and the gaps. The set of compatibility equations, obtained by the
application of composition relation to the various cycles, makes a system of linear
equations. So that the system of linear equations admits a solution, it is a
requirement that compatibility equations be checked. These compatibility equations
characterize some hyperplanes in the Situation X Gap X Functional characteristic
space.

Constraints of contacts between parts surfaces nominally in contact lead to the
interface hull (Djperface)

Interface constraints limit the geometrical behavior of the mechanism and
characterize non-interference or association between substitute surfaces, which are
nominally in contact [DAN 02], [GIO 93], [ROY 99]. These interface constraints
limit the gaps between substitute surfaces. These constraints define the interface hull
in Gap X Intrinsic space. In the case of floating contact, the relative positions of
substitute surfaces are constrained technologically by the non-interference, the
interface constraints result in in-equations defined in Gap X Intrinsic space. In the
case of slipping and fixed contact, the relative positions of substitute surfaces are
constrained technologically in a given configuration by a mechanical action. An
association models this type of contact; the interface constraints result in equations
defined in Gap X Intrinsic space.

Functional constraints between part surfaces in functional relation lead to the
functional hull (Dgynctionar)

The functional requirement limits the orientation and the location between
surfaces, which are in functional relation. This requirement is a condition on the
relative displacements between these surfaces. This condition could be expressed by
constraints, which are in-equations. These constraints define the functional hull in
Functional characteristic X Intrinsic space.

7.2.2.3. Relations between convex hulls

The objective of this mathematical formulation is to define the necessary and
optimal constraints on deviations of each part, i.e. the vectors s and i. The previous
geometrical behavior description and the quantifier expression enable us to define
the admissible deviations of parts such that the functional requirement is respected.
These admissible deviations form a hull in this situation and intrinsic spaces called a
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specification hull. To define it, we formalize a textual relation and a mathematical
relation between various hulls [DAN 02], [DAN 05].

In the case of the quantifier 3, the specification hull is defined as:

“The deviations are admissible” is equivalent to “there exists an
admissible gap configuration of the mechanism and a functional

characteristic such as the geometrical behavior and the functional
requirement are respected”.

The mathematical expression of this equivalence is:

(S, i) € Dspecification

< 3 g {g € Gap : (5' g, i) € Dcompatibility n Dinterface}'
3 fc € Functional characteristic,

: (S' g i' fC) € Dcompatibility n Dinterface n Dfunctional
(s.i)e Dyspecification

& 3Jge {ge Gap: (5>g’i)€ Deompativitity N Dint erface}’

(fe (Functional characteristic,

[7.2]

: (S’ g,i,fC) (Dicompatibility N Diinterface a Difunctional)

In the case of the quantifier V, the specification hull is defined as:

“The deviations are admissible” is equivalent to “for all admissible
gap configurations of the mechanism, there exists a functional

characteristic such as the geometrical behavior and the functional
requirements are respected”.

The mathematical expression of this equivalence is:

(S, i) € Dspecification

sV ge {g € Gap : (S, g i)E Dcompatibility M Dinterface },

3 fc e Functional characteristic,

: (S' g i fC) € Dcompatibility M Dinterface meunctional [7‘3]

For assembly requirement, the quantifier is . The specification hull is defined as:

“The deviations are admissible” is equivalent to “there exists an
admissible gap configuration of the mechanism such as the
geometrical behavior and the assembly requirement (interface
constraints) are respected”.
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(S: i) € Dspecification
<13 g€ Gap : (S, 9, i)e Dcompatibility M Dinterface
(S > i) € Dspec(ﬁcation

. [7.4]
< Elg(Gap : (S’g’l)(Dicompatibility )(Diinterface

This quantifier notion enables us to formalize the relationship between hulls
(compatibility hull, interface hull and functional hull) and specification hull. These
relations are a theoretical formulation of tolerance synthesis.

7.3. Worst case tolerance analysis based on quantified constraint satisfaction
problems

In this section, we consider the more general framework of quantified constraint
satisfaction problems, which are defined as follows, and we illustrate its application
for worse case tolerance analysis.

7.3.1. OCSP

The QCSP is an extension of the constraint satisfaction problem (CSP) in which
variables are totally ordered and quantified either existentially or universally [BOR
02]. QCSP provides a better expressiveness for modeling problems. The goal in a
QCSP can be either to determine satisfiability or to find a consistent instantiation of
the existential variables for all instantiations of the universal ones. The QCSP can be
used to model PSPACE-complete decision problems from areas such as planning
under uncertainty, adversary game playing, and model checking. For tolerancing
application, the QCSP is used to check the model.

In standard CSPs all variables are existentially quantified whereas QCSPs are
more expressive than CSPs in the sense that they allow universally quantified
variables. They enable the formulation of problems where all contingencies must be
allowed for.

A quantified constraint satisfaction problem (QCSP) is a formula of the form QC
where QO is a sequence of quantifiers Qyx;...0,0x, Q1%; ... Q,Qx,, where each Q;

quantifies (33 or V) a variable x; and each variable occurs exactly once in the

sequence. C is a conjunction of constraints (¢; ... ¢,) where each ¢; involves some
variables among x, . . ., X,,.
Example:

{Vx,3x ; Dxy)=[0,1], D(x)=[0,1] ; c;:x;=x;} [7.4]
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Bordeaux and Monfroy extend the definition of arc consistency to QCSPs [BOR
02]. When applying AC on a constraint ¢, the filtering achieved depends on the
type of quantification for variables x;, x; and on the order in which the variables
appear in the quantification formula. For a binary constraint there are four possible
orders. AC for a constraint ¢; uses the following general rules; one for each order of
quantification:

—dx; 3 x; : this is the case for standard CSPs. Constraint ¢; is AC if each value
a € D(x;) is supported by at least one value b € D(x;). If a value a € D(x;) has no
support in D(x;) then AC will remove a from D(x;). If D(x;) becomes empty then the
problem is unsatisfiable.

— V x; V x; : constraint ¢; is AC if each value a € D(x;) is supported by all values
in D(x;). If a value a € D(x;) is not supported by all values in D(x;) then the problem
is unsatisfiable.

— V x; 3 x; : constraint ¢; is AC if each value a € D(x;) is supported by at least
one value in D(x;). If a value a € D(x;) has no support in D(x;) then the problem is
unsatisfiable.

—3x; V x; : constraint ¢;; is AC if each value a € D(x;) is supported by all values
in D(x)). If a value a € D(x;) is not supported by all values in D(x;) then AC will
remove a from D(x;). If D(x;) becomes empty then the problem is unsatisfiable.

The algorithm takes a QCSP with a set X of existentially or universally
quantified variables in a given order, and computes the arc consistent sub-domains
in case the problem is arc consistent or returns FALSE in case the problem is not arc
consistent.

7.3.2. New mathematical formulation of tolerance analysis for QCSP solver
In this section we propose a new method which enables us to solve a tolerancing
problem while utilizing and integrating the notion of QCSP. To do so, we need to
transform the mathematical expression of tolerance analysis for assembly
requirement:
VX1,VX0, VX3,.... , VXy, IXpt1e e eny IXins
D(x1), D(x5), D(x3),.... , D(X4), D(Xq+1)s- - -,D(Xm);

ClyeeesCp [7.5]
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— Xy, X3, ..., X, are the variables which represent each part deviation (s,i),
— Xu+1, .-, Xp are the variables which represent each gap between parts (g),

— the mathematical representation of geometrical specifications is a
set of intervals which limit each part deviation like vectorial tolerancing:
x;eD(x;) with x; a part deviation and D(x;) its tolerance interval,
D(X]) X...X D(X,,) = D.vpeczﬁcation:

— the mathematical representation of interface constraints is a set of
inequations which limit each gap: x;€D(x;) with x; a gap and D(x): x; = 0,
D(xn+1) X...X D(xm) = Dinterface’

— the mathematical representation of the compatibility equations is a set of
constraints: ¢/, ...., cp.

Therefore, the mathematical expression of tolerance analysis for assembly
requirement is: “for all acceptable deviations (deviations which are inside
tolerances), there exists a gap configuration such as the assembly requirement
(interface constraints) and the compatibility equations are verified”.

The expressive power of QCSP integrates the notion of quantifier in the
expression of the mathematical expression for tolerance and allows us to model the
mathematical formulation of tolerance analysis for assembly requirement with a
vectorial tolerancing model.

However, there remains limitations in the QCSP expression power that need to
be addressed in terms of implicit universal quantification of the variables which do
not have the direct property of projectability. The lack of ability of universal
quantification of variables which do not possess the property of projectabililty
means that other means need to be adopted to circumvent this limitation. An
instance of this problem occurs during the universal quantification of the gaps
depending upon s and i.

7.4. Statistical tolerance analysis based on constraint satisfaction problems and
Monte Carlo simulation

In order to ensure the robustness of design, it is necessary to simulate and study
the affect of variations on assembly due to variation in manufacturing. Variations
may take place in any random pattern concurrently in the concerned dimension and
may affect the assemblability and function of the assembly. In the following section,
the approach discussed above will be modified and integrated with the Monte Carlo
simulation tool to obtain an algorithm which performs the tolerance analysis of a
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mechanical assembly from a sample population of components generated by Monte
Carlo simulation.

The tolerance analysis method adopted in this report is based on using Monte
Carlo simulation and quantifier notion to a solution of a CSP in order to calculate
the probability of assembly and functioning of a given assembly. The application of
this approach to 1D and 3D tolerance analysis will be discussed.

7.4.1. Algorithm for statistical tolerance analysis by Monte Carlo simulation and
CSP technique

A new algorithm has been developed which integrates the QCSP for tolerance
analysis. This algorithm has been developed and tested in Mathematica® and
validated for a number of different example assemblies. The algorithm is based on
the statistical sampling power of the Monte Carlo simulation and the main
calculation engine uses the quantifier notion built in the QCSP for tolerance analysis
problem resolution.

The following section details the general description of the algorithm. In order to
apply the notion, we need to transform the following into mathematical expressions:

— For assembly requirement, the mathematical expression is:

“For each sample (Monte Carlo simulation) of acceptable
deviations (deviations which are inside tolerance limit), there exists a
gap configuration such as the assembly requirement (interface
constraints) and the compatibility equations are verified”.

— For functional requirement, the mathematical expression is:

“For each sample (Monte Carlo simulation) of acceptable
deviations (deviations which are inside tolerances), the worst case of
functional characteristics must be respected, the functional
requirements such as the interface constraints and the compatibility
equations are verified”.

A general flow chart describing the module for tolerance analysis is shown in
Figure 7.1. The main principle behind the algorithm is to simulate and evaluate the
influence of the manufacturing deviations on the nominal dimensions of an
assembly.
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In order to achieve this, the Monte Carlo simulation and quantifier notion are
used to simulate the deviations and to quantify the variables in the CSP respectively.
This process is repeated recursively for a large sample of deviations to establish a
resultant distribution of assembly probability in order to perform the tolerance
analysis of any given assembly consisting of sub components.

START

Define the Assembly Mathematical
Model in terms of
Dcompatibility,Dmlerface and Diuncﬁona/

A 4
Assign tolerance intervals and
distributions to the variables

#*4
Use Monte Carlo Simulation to
generate deviations in model from
probability distribution

v

Using “There Exists” Quantifier,
evaluate the assemblability of the
components

NO

Successful
solution

YES

Evaluate the respect of the
Functional Requirements by
optimisation or interval analysis

Successful
solution

Register into counter

NO

Total no of trials

Present the compatibility and
assemblability data

END

Figure 7.1. General scheme of Tolerance analysis with the Monte Carlo simulation
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A mathematical model of the assembly is expressed in the form of the
compatibility, interference and functional hulls, it is defined by a set of variables
and a set of constraints on subsets of the variables:

Constraints describing the compatibility hull generally formulated as:

C(5.8/0)=0 & (8,8, f¢) € Deomparibitiny [7.6]
Constraints describing the interface hull:

C(i,g)<0and C(i,g) =0 & (I, 2) € Dineruce [7.7]
Constraints describing the functional hull:

Clifc) <0 & (i, fo) € Dynciionat [7.8]

The part deviations (s,i) are then evaluated recursively within the algorithm.
Monte Carlo simulation is used to generate random variables simulating the part
deviations with all the generated deviations within the Dy,ecificarion. A sample of part
deviations is noted:

ST=L S8 0 oSy = sy )

For any given instance of iteration, the part deviations generated by the Monte
Carlo simulation should satisfy the set of constraints:

) )
(s',0) e Dspecification

To evaluate the assemblability of each sample (instance of part deviations), we
verify if there exists an admissible gap configuration of the mechanism such as the
assembly requirement (interface constraints) and the compatibility equations are
verified:

)
(S L 'g) € Dcompatibility n Dinterface

This check is performed with help of translation of relation [7.4]. In the
algorithm, for an instance of iteration, its mathematical form becomes

3g: (s\i,g) e Dcompatibility n Dinterface [7.9]
Depending on this decision process it may be desirable to determine whether a

solution exists (verify the consistency of the constraint satisfaction problem), to find
one solution, to compute the space of all solutions of the constraint satisfaction
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problem, or to find an optimal solution relative to a given cost function which
respects all constraints (C, and C;).

In our case, the goal is not to find a particular solution. It is possible to check the
existence of the solution using the inbuilt Mathematica® function “Exists”. The
result of this step effectively establishes if the individual parts with the simulated
deviations would be able to be assembled.

Moreover, the check of the solution existence could be made by a hull-
consistency algorithm, the key idea is to generalize constraint-consistency [BOR 02]
criterion to a higher level where the set of all constraints is seen as a single global
constraint. Hence, it must guarantee arc-consistency at the bounds of the variable
domains for this single global constraint.

To evaluate the respect of the functional requirements of each sample (instance
of part deviations) that assembles, we verify whether for all admissible gap

configuration of the mechanism there exists functional characteristics such as the
functional requirements which are verified:

(S', i" g, fC) € Dcompatibility n Dinterface n Dfunctional [7'10]

This check is performed with help of translation of equation [7.3]. In the
algorithm, for an instance of iteration, its mathematical form becomes:

Vge{g eGap: (s,g,i)e Dcompatibility M Dinterface

El]CCEDfunctional
: (S': l", g, fC) € Dcompatibility n Dinterface n Dfunctional
Vg ({g (Gap : (S’g’i)(Dchompatibility (Dl«inteifface
ch (Difunctional [7.11]

: (S 1,8 fC) (Dicompatibilily a D\Linterﬁzce a D\Lﬁmctional

Depending on this decision process it may be desirable to determine the space of
all solutions of the constraint satisfaction problem, or to find an optimal solution
relative to a given cost function which respects all constraints (C, ,C; and Cy).

For examples pertaining to elementary levels, the check of the solution is made
possible by using the inbuilt Mathematica® function “For All”. However, with an
increase in complexity of the assembly usage of the built in Mathematica® function
becomes time consuming.
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Two alternative approaches to translating relation [7.3] have been formalized
which are (a) optimization of worst-case values, (b) interval propagation with help
of interval arithmetic to reduce the domain of the wvariables (functional
characteristics).

We use the optimization approach to find the worst case values of the functional
characteristics:

fcmax: Max(fc(g,s i ’))

S.T.

Ce(s’.gfc)=0

Cyi’g) <0and Cyi’\g) =0

Cfi’fe) <0
Jemin=Min(fc(g,s,i7))

S.T.

Ce(s’.gfc)=0

Ci(i’g) <0and Cy(i’g) =0

Ci'fe) <0

fcmax € Dfunctional and fcmin € Dfunctional [7 1 3]

The result of this step evaluates if the individual parts with the simulated
deviations would be able to assemble as well as if the resultant assembly would
respect the functional requirements.

7.5. Applications

The approach developed for the tolerance analysis for 1D and 3D mechanical
assemblies has been applied and validated over different models with and without
GD & T specifications. For the sake of brevity and clarity of application, in this
chapter, a simple mechanical assembly as shown in Figures 7.2 and 7.3 is taken as
an example.

Figure 7.3 shows a simplified cross-section of an IC-engine. The simplified
assembly consists of 5 individual components:

1. engine block;

2. piston;

3. connecting rod;

4. crank shaft;

5. gudgeon pin.
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The functional requirement to be taken into account in this example is the
minimum and maximum piston-head clearance (Figure 7.2). The tolerance analysis
of the assembly shown in the figure was performed using normal distribution, for
each component, with a mean at zero and dimension specific standard deviations
derived from specified tolerance. The program also calculated the worst case values
of the gaps “g” for which the assembly conditions and functional requirements were

respected.
Maximum
[ Functional
Minimum I %,- ----- i : Requirement

Functional i (femax)
Requirement ‘
(fcmin)

Figure 7.3. IC engine assembly
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The results were validated against the tolerance values based on a worst case
analysis provided with the drawings. The results obtained were in accordance with
the tolerancing specified on the drawings. In addition to this, the program was tested
for tolerance values varying away from the worst case values and the results were
noted. The results displayed the varying assembly assemblability probability values
confirming the functionality of the program.

7.6. Discussion

In this chapter, we introduce a discussion about tolerance analysis, and we
compare this tolerance analysis approach with the mathematical approaches
developed by Davidson and Shah [DAV 03], Giordano [GIO 05], Teissandier [TEI
99]. In these approaches, the geometrical tolerances, the dimensioning tolerances or
the contact constraints are represented by deviation domain/clearance domain or T-
Map ®. These three concepts are a hypothetical Euclidean volume which represents
all possible deviations in size, orientation and position of features. For tolerance
analysis, this mathematical representation of tolerances allows us to calculate the
composition of tolerances: using the Minkowsky sum of deviation and clearance
domains to calculate the intersection of domains for parallel kinematic chain, and to
verify the inclusion of a domain inside other one. The methods are very efficient for
the tolerance analysis, but the computational cost depends on the number of
Minkowsky sums.

In the proposed approach, we use the same mathematical representation, and we
add the compatibility domain which represents the composition relations of
displacements in the various topological loops, and the mathematical formulation
based on the quantifier notion. Therefore, we do not use the Minkowsky sum for the
resolution, we use the QCSP technique. This QCSP technique coupled with the
Monte Carlo simulation allows resolution for worst case analysis or statistical
analysis.

Mathematical formulation of tolerance analysis with integration of the Quantifier
notion is a new technique that uses the notion of the universal quantifiers, and which
provides a univocal expression of the condition corresponding to a geometrical
product requirement. The application of tolerance analysis developed in this work
relies upon QCSP and uses the integrated concept of quantifiers to quantify, control
and verify the respect of the required functional requirement (quantifier) as well as
the geometrical product requirement (quantifier). This addition adds a qualitative
and quantitative nature to the tolerance analysis process allowing the user to specify
the control elements in a model as well providing the necessary tools for validation
via worst case scenario application or probability based statistical analysis.
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The algorithm developed in this chapter addresses 1D and 3D application of
tolerance analysis. The fundamental steps of the algorithm however remains the
same for all the applications, i.e.:

— the definition of the product parametric model with the help of variation
parametric space in either 1D or 3D using convex hulls;

— using quantifiers in the case of worst case tolerance analysis to define the
deviation tolerance interval;

— use of the Monte Carlo simulation in case of statistical tolerance analysis;

— application of “There Exists” quantifier to ascertain that the model with
generated deviations conforms to different convex hulls, i.e. respect of compatibility
hull, interface hull and functional hull;

— displaying results of calculation regarding the conformity of the assembly with
respect to the individual hulls.

In the statistical tolerance analysis module, Monte Carlo simulation has been
used in conjunction with the QCSP to calculate the probability of the functional
operation of an assembly.

The geometrical modeling approach is based on modeling by the
parameterization of the component. Instead of an explicit model, the model is based
on a set of equations and inequations which provide for the necessary constraints for
product functioning and part compatibility. The resulting model is dependent not
only on the nominal dimensions of the assembly but also on taking into account the
required functional characteristic as well as the gaps.

Another unique area of application for this algorithm has been in the field of
tolerance synthesis where it has been successfully applied to the tolerance synthesis
of a mechanical assembly in conjunction with a genetic algorithm. Currently the
scope of QCSP has also been expanded to include the domain of robust design of
mechanical systems.
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Chapter 8

Tolerance Analysis in Manufacturing Using
the MMP, Comparison and Evaluation of
Three Different Approaches

In previous works, we have developed the model of manufactured part (MMP)
[VIL 05], a method for modeling the different geometrical deviation impacts on the
part produced (error stack-up) in a multi-stage machining process. They also
proposed different solution techniques to identify the worst case for the purpose of
tolerance analysis. The first proposed solution technique consists of optimization
techniques such as sequential quadratic programming (SQP) or genetic algorithms
(GA) [KAM 08a]. The second solution combines the MMP and the Jacobian-torsor
model [GHI 03] [KAM 08b] that benefits from the interval arithmetic advantages to
solve the worst case searching problem. The last technique uses the Monte Carlo
simulation to generate a population of virtually manufactured parts representative of
the real produced parts [VIG 08].

This chapter first reviews the MMP model and the different solution techniques.
The different strategies to simulate the deviation parameters of the model are then
discussed. For each of the three proposed solution techniques, its convenience and
inconvenience is explored in detail. The solution technique performances are
compared from different points of view (i.e. rapidity, convergence to the global
minimum, analyzed case, etc.) and some perspectives are presented.
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8.1. Introduction

Today, manufacturing engineers are faced with the problem of selecting the
appropriate process plan (machining processes and production equipment) to ensure
that design specifications are satisfied. Developing a suitable process plan for
release to production is complicated and time-consuming. Currently, trial runs or
very simple simulation models (1D tolerance charts for example [WHY 90]) are
used to check the quality criterion. The trial runs are very costly and, on the other
hand, the accuracy of simulation fails to meet today’s requirements. These problems
can be overstepped by developing accurate models and methodologies for
simulating the manufacturing process and predicting geometrical variations in the
parts produced. More accurate models will make it possible to evaluate the process
plan, determine the tolerance values in terms of manufacturing capabilities during
the design phase, and define the manufacturing tolerances to be checked for each
setup. In the literature available on this subject, the evaluation of a process plan in
terms of functional tolerances is called the tolerance analysis. In this chapter the
model of manufactured part (MMP) is used for simulating the manufacturing
process and then the worst case technique and statistical approach are used for the
aim of tolerance analysis.

In this chapter we shall focus on tolerance analysis relating to error propagation
in a multi-stage machining process. Huang et al. [HUA 03] propose a state space
model to describe part error propagation in successive machining operations.
Surface deviation is expressed in terms of deviation from nominal orientation,
location and dimensions. The error sources in machining operations are classified as
fixture errors, datum errors and machine tool errors. A part’s deviation is expressed
in terms of the deviation of its surfaces and is stored in a state vector x(k). This

vector is then modified by moving from operation £ tok +1. Zhou et al. [ZOU 03]
use the same state model but the surface deviation compared with the nominal state
is expressed using a differential motion vector. However, these two models require
specific fixture setups (e.g. an orthogonal 3-2-1 fixture layout). More recently,
Loose et al. [LOO 07] used the same state space model with a differential motion
vector but including general fixture layouts. Although a general fixture layout is
considered, the error calculation of a fixture is based on its locator deviations (a
locator is a punctual connection). Hence, positioning cases with plane/plane contact
or cylinder/cylinder floating contact are not envisaged.

Huang et al. [HUA 04] propose a simulation-based tolerance stack-up analysis.
Manufacturing errors are classified as follows: work holding errors (i.e. fixture
errors, datum errors and raw part errors), machine tool errors and cutting tool errors.
A surface is modeled using uniformly distributed sample points (point cloud), which
is a basic technique applied in CMM type inspections. By putting the part through
different machining setups, the coordinates of these points in the local part
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coordinate system are changed due to manufacturing errors. The Monte Carlo
method is used to perform the simulation. The different possible errors are
considered in this simulation but part/fixture interaction is not studied and it is
assumed that part/fixture contact is perfect.

This chapter firstly recalls the MMP [VIL 05], [GHI 03], [VIL 07]; a method for
modeling the different geometrical deviation impacts on the part produced (error
stack-up) in a multi-stage machining process. Previously, the same authors presented
a generic formulation for tolerance analysis based on searching for the worst case
using the MMP. This chapter discusses the different numerical solution technique
for performing the worst case based tolerance analysis. Worst case technique then
will be compared with statistical tolerance analysis. The statistical approach uses the
Monte Carlo Simulation. The convenience and inconvenience of each technique will
then be discussed.

8.2. MMP

[VIL 05], [VIG 07] and [VIL 07] propose a method for modeling successive
machining processes that takes into account the geometrical and dimensional
deviations produced with each machining setup and the influence of these deviations
on further setups. In the MMP, the errors generated by a manufacturing process are
considered to be the result of two independent phenomena: positioning and
machining. These deviations are accumulated over the successive setups (see Figure
8.1). The result is expressed in terms of deviation of the actual surfaces compared
with those of the nominal part. In order to capture the error stacks, an intermediate
virtual part (MWP) is put through the different setups. In setup k, the machined
surface deviation is the combination of positioning errors and machining errors.
Positioning errors are caused by surface deviations from a previous setup (datum
errors) and fixture surface deviations in setup k. Machining errors are machined
surface deviations compared with the nominal position in the machine tool in setup
k. These errors stem from multiple and various sources ranging from machine
geometry and control to cutting deformations.

At the end of the modeling process, a virtual manufactured part (MMP) is
created. This MMP stores data about the deviations generated (combination of
parameters and range of variation) during the full machining process; see Figure 8.1.

The MMP not only represents a model of one manufactured part containing a
description of the process in terms of geometrical deviations and accumulated
defects. In fact, because it indicates the variation range of the generated defects it
also represents the series of parts produced. The model describes the defects,
classifies them and indicates their variation range.
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Small Displacement Torsors (SDT) describe the MMP surface deviations, i.e. the
MMP parameters, which can be classified according to four categories:

— machining deviations DM, (rx;,ry;,z; ...);
— fixture surface deviations DH, (”xiSjs gy >+ s
— link parameters LHP, (lrxiSj altxiGj o)

— actual surface deviations relative to the nominal part (rxp p; »7vp pjs---)-

Setup 0

Figure 8.1. Tolerance stack-up model

The DM are limited by constraints (CM) representing machine and tool
capabilities. The DH parameters are limited by constraints (CH) representing the
fixture quality.

Due to the type of connection (floating or slipping), the LHP values are
determined by a specific algorithm (CHP) including constraints and, in certain cases,
a positioning function.

For each MWP surface made, the positioning and machining deviations are
added. The deviation relative to the nominal part is determined and expressed as
Tp p; for surface i of the MWP; see Figure 8.1. This Torsor will be kept in the MWP
data for possible further use in another setup for an assembling procedure or for the
purposes of tolerance analysis. In the example of Figure 8.1, surface deviations
relative to the nominal part regarding surface 3 are expressed as equation [8.1].
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mppy 0
T, P,P3 = 0 0 Where :
0 Zpp3]icss

tZp p3 = 7.07 Irx g, + 0.7 (-ltz g, + 1tz,,) -7.07
X +7.07rX g, + 0.7 (-tz,- tz, g+ tz, + t2,4,) + tz4

[8.1]

8.3. Tolerance analysis and virtual gauge

Two techniques have been used in tolerance analysis: worst case analyzing and
statistical analyzing. In worst case tolerance analyzing (WC), it is assumed that all
deviations could simultaneously occur at their worst limits. The extreme value of a
functional tolerance under any possible variations caused by deviations is
determined. In statistical tolerance analysis, it is assumed that individual deviations
are independent and have some frequency distribution, which allows us to compute
the probability that the product can be found at the end of machining and will
function under given individual tolerances, often by Monte Carlo methods.

In this chapter, both of the above mentioned tolerance analysis techniques will be
applied with the MMP. First of all, we introduce how we check the conformity of an
individual part with the functional tolerances by means of a virtual gauge. Secondly
the worst case search and statistical tolerance analysis will follow. Because of the
different nature of WC tolerance analysis and statistical analysis, they will be
presented in two separate sections.

In this chapter, functional tolerance compliance is checked using a virtual gauge.
Each tolerance is modeled by a virtual gauge according to the standard concerned. A
virtual gauge is a nominal part made up of positioning surfaces and tolerance zones
(see Figure 8.1). This gauge is assembled with the MMP according to the chosen
standard rules (usually ISO or ASME). The gauge and MMP assembling process is
based on a set of hierarchically organized elementary connections. The gauge/MMP
assembly link parameter values (LGP) are determined by a specific algorithm (CGP)
similar to the CHP algorithm used to calculate the MWP/Fixture assembly link
parameters. Once the gauge and MMP assembly is finished, functional tolerance
compliance is verified by the GapGP; signed distance measured between the virtual
gauge modeling the tolerance and the MMP surfaces concerned. This distance is
measured at the necessary points along the boundary of the toleranced surface. The
distance with the positive sign represents a point inside the tolerance zone and a
distance with a negative sign represents a point outside of tolerance zone.
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8.4. Worst case searching

If the worst part in a series of manufactured parts complies with the functional
tolerance, it is logical to conclude that all of the parts manufactured will comply.
This technique is a little far from reality. It means that even if the worst part in a
series of manufactured parts does not comply with the functional tolerance, the
majority of manufactured parts could be acceptable. However this technique is
largely used in the manufacturing of high precision parts like for plane engines and
the army. We developed two techniques for worst case searching associated with
MMP: the optimization technique and the combined approach.

8.4.1. Optimization technique

A generic formulation of the worst case searching problem, as proposed by
Villeneuve et al [VIL 05], consists of solving the following objective functions:

CM,CH,CHP CGP

min (max (GapGPyin))) [8.2]
DM ,DH,LHP LGP

These functions express the search for the worst case in terms of the functional
tolerance under analysis. A process plan is considered able to satisfy the functional
tolerance if the value determined in equation [8.2] remains positive or zero while the
MMP parameters vary in their limited variation domain. As previously underlined,
functional tolerance compliance is verified by the signed distance GapGPy. For a
given problem, the critical distance is the minimum distance denoted by GapGP,y,
as developed in [8.3].

GapGpyin = min (GapGFy)
i [8.3]

The Gauge/MMP assembly is not always complete and some limited relative
displacements remain possible due to the material condition modifiers, incomplete
datum frames or the type of tolerance (i.e. orientation tolerance). These
displacements may correspond to the degrees of freedom (LGPpor) of the
Gauge/MMP assembly or to the parameters of a floating contact (LGPy).

In the second case, the displacements are described by the link parameters and
their limits by the positioning algorithm CGP (generally non-penetration condition)
complying with the chosen tolerancing standard (ISO, ASME). Within the limits of
these displacements, the most favorable position for the virtual gauge relative to the
MMP can thus be found. In this position, the GapGP,;, has a maximum value. In
other words, the virtual gauge will be displaced by an optimization algorithm that
explores possible displacements until the best position with respect to the MMP is
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found. In this position, all the GapGPy will be measured for functional tolerance
verification. This procedure is expressed by [8.4].

cGpP

max (--)) [8.4]

LGP

The GapGP* solution provided by [8.4] is also interpreted as a virtual
measurement of an individual part. As previously stated, the method presented in
this study for analyzing functional tolerance consists of finding the worst case
(minimum value of the GapGP*). The search for the worst case is an optimization
task that can be expressed as shown below, [8.5]. The objective function in this
optimization is the GapGP*. The variables are the CM, CH, and LHP. The limits of
these variables are expressed by constraints (CM and CH) and the positioning
algorithm (CHP).

CM ,CH,CHP
min () [8.5]

DM ,DH ,LHP

8.4.1.1. Technique used in the solution

[8.2] is a multi-layer constrained optimization problem. It checks whether a
process plan is able to satisfy functional tolerance requirements. In order to provide
a clearer mathematical representation of [8.2], a new formulation for worst case
identification shall be put forward in this section. Secondly, a technique for solving
the worst case search issue shall be discussed.

To simplify the technique adopted, the problem is broken down into two sub
problems, [8.6] and [8.7], and variable substitution is applied [KAM 08a].

f : function expressing the GapGP equation
g and & : positioning functions for MWP/fixture and gauge/MMP assemblies
respectively
m: number of elementary MWP/fixture connections
n: number of elementary gauge/MMP connections
x= {DM,DH, LHPf,LHPDOF}, y=LHP,, z= {LGPf,LGPDOF},
w= LGP,
where LHPpop , LHP; and LHP; are the DOF, slipping and floating LHP parameters
respectively
and LGPpor, LGE; and LGPy are the DOF, slipping and floating LGP parameters

respectively
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Sub I:

Worst case value = min F(x, y)
X

Subjectto: c(x,y)=0
Where: y ={y, 5, ¥} [8.6]
With : Vi€ [I,m],y; = Solution of: max g;(y;)

Vi

Subject to : ¢(x,y)=0
Sub II:

F(x,y)= mjxr{l}il}l{ﬁ(x,y,z, w))

Subjectto: c(x,y,z,w)=0
Where: w={ny,w»,....w; } [8.7]
With : Vi€ [1,n],w; =Solution of: max /; (w;)
W,

i

Subject to : c(x,y,z,w) =0

The task in Sub I is to find the worst possible part produced in a multi-stage
machining process in relation to the tolerance being analyzed. The task in Sub II is
to perform a virtual measurement of one individual part. In Sub II, the value of
F(x,y) is calculated and supplied to Sub I. To be able to solve the positioning

algorithms (CHP and CGP), each sub problem is broken down into different layers.
Readers should refer to [KAM 08a] for more information and details on Sub
problems and the layers concerned.

8.4.1.2. Solution strategy

Based on the constraints associated with DM and DH, the proper optimization
algorithm should be applied. One iteration in the Sub I level follows with many
iterations in Sub II and its layers. If the gradient optimization method is used for Sub
I, the initial gauss plays a very important role. If the wrong gauss is chosen, there is
a high risk of reaching a local minimum (instead of a global minimum).

Stochastic methods such as genetic algorithms can be applied as well. The
advantage of this kind of algorithm is that, by creating a big enough population, the
probability of finding the global minimum point is higher. The drawback is the time
needed to run such an algorithm.
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8.4.1.3. Quality constraints

The machined surface deviation torsor parameters, known as machining
deviation parameters (DM), are limited by constraints (CM) stemming from the
machine tool capabilities. The parameters of the fixture surface deviation torsor
(DH) are also limited by constraints (CH) arising from the fixture quality. These
constraints limit either one or a set of parameters. There are 3 main strategies for
defining these constraints.

Using the measurement results

In this strategy, a sufficient number of parts have to be produced and measured.
The manufacturing conditions (temperature, machine tool, etc.) should be the same
as for the simulation. The machined surface or positioning surface deviation ranges
are obtained from the measurement data. Readers can refer to [TIC 07] for more
details about how the measurements are performed. In this strategy, the
measurement results will be modeled, assuming that the deviation parameters are not
independent. Based on the measurement results obtained, the co-relation between
the parameters is then sought (see Figure 8.6). This strategy is very close to reality,
but it is complicated to express the co-relation between the parameters.

ry x10 (rad)

. X 104 (rad)

Figure 8.2. Co-relation between deviations parameters (rx, ry) [GER 07]

With this strategy, the constraints obtained for the deviation parameters can be
expressed as [8.8].

a-x>+b-ry’ +emxory<d [8.8]

Using the measurement results (independent parameters)

As explained for the previous strategy, the parameter deviation ranges are
obtained by measurements. As opposed to the previous strategy, the parameters here
are assumed to be independent variables (for the purposes of simplification) with a
normal distribution that varies in the interval defined by [-30 +3c]. With this
strategy, the constraints obtained will as shown in equation [8.9], the case of a plane
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SDT. The deviation variation range obtained is close to reality but considering
independent parameters imply that these they can simultaneously attain their
extreme limits. This is highly improbable in reality.

<rx<rx

I3

[8.9]

3|

1y <ry<

<uzLZ1i1z

~

Considering a variation zone with dependent parameters

In this strategy, a standard variation zone is used to represent the deviation range
of a surface or its feature (axis, center, etc.). Desrochers [DES 99] proposes a 3D
representation of the variation zones. A variation zone can be used in its generic
form to present the potential variations along and about all the three Cartesian axes.
The proposed representation comprises all standard variation zones, along with their
corresponding SDT representation and geometrical constraints. The SDT parameter
variations must be bound by the limits of the 3D variation zones they represent.
These boundary areas are hyper-surfaces of the space spanned by the six small
displacement variables (rx, ry, 1z, tx, ty, tz). lllustrated below is the case of a planar
variation zone showing how such constraints can be handled. In Figure 8.3, the
variation zone is defined as the volume ranging between two parallel planes with a
distance e between them. The ideal associated plane (shaded in Figure 8.3) must
therefore lie inside this zone. The boundary points will be used to ensure that the
associated surface remains within the variation zone. If four boundary points (A, B,
C and D) are used on the associated plane with reference point O at the barycenter, it
is possible to express their projection on the limiting planes, yielding to the linear set
of inequalities in equation [8.10], where a, b and e are known.

Figure 8.3. Planar variation zone
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8.5. Combined approach

The second approach for worst case searching is the combined approach. We
built this combined approach on two existing models (the MMP and the Jacobian-
Torsor model) for tolerance analysis in successive machining operations. It should
be mentioned that the notation of the MMP and Jacobian-Torsor model has been
homogenized in this chapter for better understanding. This approach combined the
benefits of the Jacobian and torsor approaches developed for tolerancing. The
proposed approach is formulated using interval-based arithmetic [KAM 08b].

This section presents the combined approach and a worst case based analysis of
the functional tolerances. Firstly the functional elements will be introduced and then
the formulation will be presented.

8.5.1. The combined approach functional elements

Basically we consider three types of uncertainties as functional element (FE)
deviations: machined surface deviation, fixture surface deviation and link. In other
words every active surface which takes part in machining operation and the links are
the functional elements. The possible deviations concerning the functional elements
are expressed by small displacement torsors (SDT) with interval.

8.5.1.1. Surface deviation representation by SDT with intervals

The SDT of a functional element reflects the deviation of the associated surface
compared with its nominal position and is expressed in the local coordinate system
of the FE concerned. This torsor will be used to express the machined surface
deviations (machining errors) and the fixture surface deviations. The SDT can be

represented by intervals where (rx,ry,rz, tx,ty,tz)and (rx,ry,rz,tx,ty,tz) signify the

lower and upper limits of the small displacements rx, ry, rz, tx, ty and tz
accordingly.
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[8.11] shows the SDT with intervals for the i functional element:
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8.5.1.2. Link representation by SDT with interval

The scope of variation of the link parameters can be expressed using intervals.
To obtain the variation interval of the link parameters, it is necessary to identify the
different possible contacts for a link. Here, we have used the method proposed by
Villeneuve et al. [VIL 07]. This expresses the variation interval of the link
parameters using an optimization problem. If the link parameters are considered as
independent variables, their extreme bounds can be defined as shown in [8.12],
[8.13].

Case of MWP/Fixture:
__ CH,CM,CHP CH,CM,CHP
I*= Max (I¥), I*x= Min (I%) [8.12]
DH,DM,LHP DH,DM,LHP

where /+ is the considered link parameter and

*E {r XpeSj s TV kS) > VZ kS » EX 1S » EX S » EX S }

Case of Gauge/MMP
_  CM,CGP CM,CGP
l#= Max (I¥), I*= Min (I*) [8.13]

DM,LGP DM,LGP
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where 7+ is the considered link parameter and
*e {rkaj”yij’erGj’txkgj’tkaj’tkaj}

k = surface number and j = setup number.

The link lower limit and upper limit values obtained will then be replaced in the
link torsor as shown in [8.14].

As previously underlined, according to the type of connection (floating or
slipping), the link parameter values (LHP) are determined by a specific algorithm
(CHP) that takes into account the constraints and, in certain cases, a positioning
function.
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8.5.1.3. Tolerance analysis with the combined approach

By applying some modifications to the Jacobian-torsor model and combining it
with the MMP a new method for tolerance analysis of manufactured parts has been
developed. The defects are accumulated on the virtual manufactured part (MMP)
and the compliance of the MMP and the functional tolerance can be checked by the
GapGPy that can be calculated by equation [8.15].

[GapGP]= [A] [FEs] [8.15]

where:

[GapGP]: signed distance between virtual gauge and MMP, measured relative to
the boundary of the tolerance zone;

[FEs]: functional elements SDT or link torsor;
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[A]: coefficient matrix expressing the geometrical relation between [GapGP] and
[FEs].

[8.15] is obtained from the virtual assembly of the MMP and the virtual gauge.
Matrix A expresses the contribution of FE deviation into the GapGP distances.
Concerning the column of FE in the right hand side of equation [8.15], the machined
surfaces deviation (machining errors) and fixture surfaces deviation can be obtained
for the specific machines and fixtures and should be kept in a database for use in the
combined approach. The variation interval of link elements could be calculated by
[8.12] and [8.13].

It is possible to check the compliance of the parts to the functional tolerances
using the sign of the extreme values of the GapGPy intervals. The process
compliance condition for manufacturing good parts can be expressed as:

For i=1 to number of verification point
sup{GapGPF,} 20 and inf{GapGP,} >0

More details and information concerning the combined approach is available in
[KAM 08b].

8.6. Monte Carlo simulation

The method associated with Monte Carlo consists of producing a sufficient
number of parts to check whether they all comply with the functional tolerance. The
parts are virtually produced according to the defects generation procedure. The
defects generation procedure should be compatible with the chosen quality
constraints.

Actually in Sub I, the DM, DH and LHP;parameters, which are represented by x,
are generated randomly within the domain limited by the CM, CH and CHP. The
random generation of the parameters is established in such a way that their
distribution be uniform on the defined variation scope.

As we have seen in section 8.4.1.3, there are different possibilities for defining
the constraints associated with DM and DH. Based on the chosen type of
constraints, the DM and DH parameters should be generated for Monte Carlo
simulation. For example if we consider the variation zone with dependent
parameters, the DM and DH parameters cannot be generated directly using a random
generator. Two different strategies are thus applied depending on the type of
variation zone. For the cylindrical zone, a variable substitution is applied to be able
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to generate the 4 variables with independent variances according to [8.16]. The 4
defect parameters describing the cylinder’s “real” position are then calculated using
[8.17], [VIG 08].

0<x < Tyariation zone >
probability density F,(x)=| ———

Tyariation zone

0<x < Tvariation zone

2
I=9r o . X

probability density F,(x) = [—j [8.16]

Tyariation zone

2r

gh z{x
91={x

rx =—ry sin(@y,) + r; sin(6; )

0<x <27 with probability density Fy(x) = (ij }

0<x <27 with probability density F,(x) = (Zi] }
T

ry =1y, cos(8y,) — r; cos(6y)

oy = 71 €08(B)) + 1 cos(6)) [8.17]
2

= y Sil’l(@h) +7 sin(ﬁl)
2

For the planar variation zone as illustrated in Figure 8.3 each nominal vertex (A,
B, C or D) of the nominal plane is randomly displaced to create a “real” vertex. The
direction of the displacement is normal to the nominal plane and the value of the
displacement is randomly generated between —e/2 and e/2 with a uniform density.
Conversely, 4 random value between —e/2 and e/2 will be generated (called X, X,
Xjand Xy4). A “real” plane is then positioned from the “real” vertices using a mean
square root criteria. The 3 defect parameters rx, ry and tz are then calculated from
the “real” plane characteristics.

For determining the link parameters (LHP) in a same way it should be
considered that they have to respect the positioning algorithm (CHP). The second
requirement, for the determination of the link values, is that their density has to be
uniform in the variation scope allowed by CHP.

More information regarding Monte Carlo associated with the MMP is available
in [VIG 08].
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8.7. Example and comparison

In this section, the three aforementioned techniques will be applied to a 3D
example and their characteristics will be explored.

In the first section the quality constraints with independent parameters will be
studied and in the second section the quality constraints with dependent parameters
will be discussed. Actually, quality constraints with independent parameters can be
treated by all the aforementioned techniques, but the quality constraints with
dependent parameters can only be treated by the optimization technique and Monte
Carlo. The part illustrated in Figure 8.4 will be used to perform a tolerance analysis
of the double inclined machined plane with the aforementioned techniques.

Setup 1 of the process plan consists of preparing the raw blocks via a sawing
operation. This results in the MWP that will go through setup 2. In setup 2, plane 4
is machined on a milling machine.

Setupl:

Raw part preparation by a
sawing operation

Setup 2:
Positioning by: surface 1, 2 & 3
Milling surface 4

*GCS: Global Coordinate system
*LCS: Local Coordinate system

Figure 8.4. Definition of a 3D example

8.7.1. First section

8.7.1.1. Combined approach

The approach is nonetheless limited by the fact that it considers the parameters
independently. In other word, today we cannot consider the dependent DM and DH
parameters with the combined approach.

3

So in this section the quality constraints “using the measurement results
(independent parameters)” are considered and the MWP positioning surface
deviation range, the machining errors and the fixture surface deviation range are
obtained from a database created over the measurement results (the ranges are
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available in Table 8.6). This section will not describe how to create the database
(details about database creation can be found in [TIC 07]).

Optimization Combined
SQP GA Approach

GapGPy;, (mm) | 001 | 0024 | [0.010.30]

Results

Table 8.1. Results for the first section

In the MWP/Fixture assembly in setup 2, the positioning surfaces of the MWP
are plane 1, plane 2 and plane 3, and the positioning surfaces of the fixture are plane
1S2, plane 2S2 and plane 3S2. The assembling procedure for the MWP/Fixture
assembly comprises three hierarchical slipping connections. The link parameters
(LHP) and positioning algorithm (CHP) are given in Table 8.2 for each elementary
connection. Then, the MMP is obtained by simulation of the manufacturing process.

A virtual gauge is then created based on the functional tolerance. The gauge and
the MMP are assembled to check that the functional tolerance is satisfied. The links
between the MMP and the Gauge are formed of three hierarchical slipping
connections. The MMP positioning surfaces are plane 1, plane 2 and plane 3 and the
related surfaces of the Gauge are plane 1Gl, plane 2G1 and plane 3Gl. The
assembling process is similar to that of the MWP/fixture process so further details
shall not be given here.

Machined plane 4 is measured by means of 3 verification points that lead to 6
GapGP distances. The final objective in this step is to find the coefficient matrices
[A] (the obtained coefficient matrices are given in Table 8.6). In this step the
extreme bounds of the link parameters related to the MWP/fixture and gauge/MMP
assembly are calculated using [8.12], [8.13]. In the last step, the 6 GapGPy variation
intervals are calculated using [8.15]. See Table 8.3.

8.7.1.2. Optimization techniques

The quality constraints for defining the MWP positioning surface deviation
range, the machining errors and the fixture surface deviation range in setup 2, have
already been presented (Table 8.6) by “using the measurement results (independent
parameters)” the assembling process of MWP/fixture and those of Gauge/MMP are
explained just before.

To be able to validate the process plan for satisfying the localization tolerance of
plane 4, the worst case is sought. In Sub II, there is no degree of freedom or floating
link for the Gauge/MMP assembly.
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The MATLAB software was used for programming with a Pentium®, 3.2 GHz.
Both optimization algorithms (GA and SQP) were applied to minimize Sub 1. Figure
8.6 represents the results obtained using the GA and Figure 8.5 represents those
obtained using SQP.
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Figure 8.5. Optimization by SQP, first section
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Figure 8.6. Optimization by GA, first section

8.7.1.3. Discussion

The GA is very sensitive to parameter settings such as crossover rate, mutation
rate and population size (in this example, we used a population size of 200, a
crossover rate of 0.8 and a Gaussian mutation rate). If these parameters are correctly
adjusted, sufficient population is created and random phenomena are used, the point
obtained is almost sure to be a global minimum.

SQP does not always converge towards a global minimum. The end result
depends highly on the initial guess point. If the initial point is correctly defined, the
SQP is able to reach the minimum quickly.

In the case of the “double inclined plane”, the results obtained confirm that the
process plan is valid in terms of satisfying the functional tolerance. There is a small
difference between the results obtained from these two different methods. So, in
both approaches, there is no proof that the point obtained is the global minimum.
The time required for the GA to find this point is nearly 30 times greater than the
time required using SQP.
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Setup2
Fixture Part (MWP)
Surface Surface Constraints Surface Surface Constraints
deviation (DH) (CH) deviation (DM) (CM)
Plane X152, Y182, 1Z152 Plane 1 X, 1yy, 12
1S2
P
lane X252, Y282, 12052 Plane 2 X, 1y, 12,
282
P
lane X352, Y382, 1Z352 Plane 3 IX3, 1y3, 123
382
Part/Fixture assembly
® Positioning algorithm (CHP)
= | 3 =
< —~ = 0 o
e £ A e g =
8 ETL | S |E§ : iy
S g2 g | = Non-penetration condition
= 5| & 58
E 25
Irx 20 225 Irxygp + 25 Irysp + 1tz15, >0
g | 152 g lt; -25 lrxlsz -25 ll’ylsz"" ltlezz 0
E lZlSZ § 215 25 lI'X]sz -25 lry|32+ 1tZ1322 0
182 25 lrxlsz+ 25 lry152+ ltzlszz 0
25 er152+25 lry252+ltZ252-25 rx1
+25 1X155125 1X,-25 1X55, >0
o o 25 h’Xlsz -25 lry252+ ltZzsz-ZS rx1
é lry252 a ltz- +25 rX152+25 rX2-25 X752 > 0
% 1tZzsz ,§ 223 -25 lrx152-25 lry252+lt2252+25 rx1
n -25 l’Xlsz-ZS I'X2+25 X752 >0
-25 er152+25 lry252+lt2252+25 rx1
-25 l’Xlsz-ZS I'X2+25 X752 >0
(-25 lry152—25 ll’y2$2+1tZ332+25 I'X3+25 X352~
25 1y1-25 1915225 1y2-25 1y25-25 1y3125 1y352 )= 0
> o (25 1ry152-25 1ry252+ltz352+25 1’X3+25 X350+
£ |y £ ltz- 25 1y 25 1y152-25 1225 Ty2s2t25 1y3-25 1y352 )2 0
E S (25 Iyt 25 IryasHzsss25 1xs-25 msst
25 ry 425 1y150t25 1ys+25 1y25:t25 1y3-25 1y352) 20
(-25 1I'y152+25 lry252+ltz352-25 rx3-25 X352~
25 1y1-25 1y15025 1y2+25 1y250-25 1y31+25 1y35, ) 20

Table 8.2. Part/fixture assembly procedure
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The combined approach converges to the global minimum if all the defect
parameters (DM and DH) and the links (LHP and LGP) are assumed to be
independent variables.

As can be found from Table 8.1, the obtained value from the combined approach
and optimization techniques are the same in the case of such quality constraints.
When using the quality constraints type ‘“using the measurement results
(independent parameters)” it is more meaningful to use the combined approach
because it faster compared with the optimization techniques (in the case of the
current example the elapsed time is less than 1 second). It can quickly give the

process planner an initial idea about the quality of manufactured parts with the
chosen process plan.

Machined Verification
: Results (mm)
surface points
< GapGP, =[0.11 0.38]
1 50, 50, 0
g (50,50, 0) GapGP, =[0.02 0.29]
= GapGP; = [0.03 0.28]
3 2
£ (0, 50,50) GapGP, = [0.12 0.37]
=)
S GapGPs = [0.01 0.30]
3 50, 0, 50
= (50,0,50) GapGPs =[0.10 0.39]

Table 8.3. Results obtained by combined approach

8.7.2. Second section

In the first section the combined approach and optimization techniques are
compared when dealing with independent quality constraints. In this section we will
explain how we can treat the dependent quality constraints. In this section the same
process plan will be treated but the variation range of DM and DH parameters are
defined by the variation zones as indicated in Table 8.4.

The defect parameters variations, as mentioned in section 8.4.1.3, must be bound
by the limits of the 3D variation zones they represent. The MATLAB software was
used for programming with a Pentium®, 3.2 GHz.

Both optimization algorithms (GA and SQP) were applied to minimize Sub I.
Figure 8.8 represents the results obtained using the GA and Figure 8.7 represents
those obtained using SQP.
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Figure 8.8. Optimization by GA, second section

For MC, one million parts are produced virtually according to the defect
generation described in Table 8.4. The next step is to check the proportion of them
that meet the functional tolerance. The GapGP are virtually measured between the
part and the tolerance zone. The GapGP,y;, is then selected and will be retained as a
result of the control. The distribution of the GapGP,;, values obtained for the
100,000 parts is represented by the histogram Figure 8.9.

5000
Worst: 0.169

3000 |

Tirage

1000 |

0.16 GapGP (mm)0-18 02 021

Figure 8.9. MC results
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Setup 1
Machining
Plane 1 Xy, 1yy, tz; Planar variation zone 0.01 (mm)
Plane 2 Xy, Yy, tZ, Planar variation zone 0.01 (mm)
Plane 3 X3, Y3, tz3 Planar variation zone 0.01 (mm)
Setup 2
Positioning
Plane 1S2 X152, IY1s2, tZ152 Planar variation zone 0.02 (mm)
Plane 2S2 X252, Y252, tZ2gp Planar variation zone 0.02 (mm)
Plane 3S2 X352, Y352, tZ357 Planar variation zone 0.02 (mm)
Machining
Plane 4 rx4, ry4, tz4 Planar variation zone 0.006 (mm)

Table 8.4. Deviation range for a “double inclined plane” manufacturing process

Results Opfimization MC simulation
SQP GA
GapGP,;, (mm) 0.15 0.16 0.17

Table 8.5. Results for second section
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. Coefficient matrix Defects
Functional elements
[A] range
[1-0.0005 0.0005]]
Plane 1 [~0.0003 0.0003]
0
X, Iy [0hix6 0
tz 0

| [-0.0051 0.0051]|

[[-0.0005 0.0005]]

Plane 2 [-0.0003 0.0003]
0
X3, Iy> [0]3><6 0
,tz) 0

| [-0.0051 0.0051]|

[=0.0005 0.0005]]
[-0.0003  0.0003]

Prepared Surfaces by sawing

Plane 3 [0] 0
3x6 0
X3, 1y3,tZ3 .
| [-0.0051 0.0051]
[[-0.0013 0.0013]]
Plane 182 2887 2887 0 0 0 058 [-0.0007 0.0007]
) 0
X2, TY152 [ 0 —288700 0 0.5% o
2887 0 000 -058 0
1Z1s2

| [-o.015 0.015] |

[[-0.0013 0.0013]]
[~0.0007 0.0007]

Plane 252 0 0 000 -058 o

X252, IY2s2 0 -2887 0 0 0 —058 o
0 2887 0 0 0 —058

Fixture Surface Deviations

tz 0
282 | [Foo1s o015] |
[[-0.0013 0.0013]]
Plane 352 00000 -058 [0.0007 0.0007]
X352, 00000 -058 3
tz 00000 —-058 0
TY3s2,12352 | [Fo.015 0.015] |
- [-0.0003 0.0003]]
O © [-0.0003  0.0003]
£ 8 Plane 4 40.82 0 0001 o
s < -2041 3536 0 0 0 1 0
§ t% IX4, IY4,tZ4 -2041 -3536 0 0 0 1 0
| [-0.0031 0.0031]]
2 o +o
= Primary o +o]
»® oo link -28.87 2887 0 0 0 -0.58 0
= 'é 0 -2887 0 0 0 -058
g S| 1erSZ, 28.87 0 00 0 -058 g
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0
Secondary 0 0 0 0 0 -0.58 [0 0+ OJ
link 0 -2887 0 0 0 -0.58 0
0 2887 0 0 0 -0.58
Irysso, Itzpgs 0
[[o 0.0901]]
0
Tertiary 00000 -058 0
link 00000 —058 g
00000 —058
1tZ332 0
o 0.1201
L 1]
Primary o +0
llnk 2887 2887 0 0 0 0.58 [0 0+0]
lrx 0 2887 0 0 0 0.58
1G1 —28.87 -2887 0 0 0 0.58 0
" Iry i1, 0
[0 +0]
‘é 1tZ101
8 -
o Secondary [ 0 |
S link 0 0 00 0 058 0 0"0
S 0 2887 0 0 0 058 .
?0 Irysar, 0 -2887 0 0 0 058 0
= 1tzoG1 Lo 0.0251]]
o 0
Tertiary 00000 058 0
link {0 0000 0.58} g
0000 0 058
ltZSGl 0
[[o 0.0351]]

Table 8.6. Functional elements (FE) and their related coefficient matrices
and Torsors with intervals

8.7.3. Discussion

The first point is that the values obtained in section 2 by means of optimization
techniques are more than those obtained in section 1. This is because of the fact that
in section 1 all the defect parameters of a plane could have their extreme value
simultaneously but in the case of section 2 they are limited by the bounds of a 3D
variation zone and thus cannot have their extreme value simultaneously. Actually
the 3D bounded variation zone is closer to the tolerance standard. The value
obtained by MC, accurately reflects the real production. From Figure 8.9 we see that
the worst value obtained for GapGP,;, is a little far from those obtained by
optimization techniques. This stems from the fact that in real production the worst
part might never be produced.
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When using the optimization technique, the worst part is searched but with the
Monte Carlo simulation the defects are generated randomly so the probability of
finding the worst part is very low.

The difference between the Monte Carlo result and those of optimization (see
Table 8.5) depends on the number of GapGP equation parameters. In fact this
difference increases with the number of parameters.

8.8. Conclusion

This chapter presented three different solution techniques for searching the worst
part within a process plan from a geometrical point of view for the aims of tolerance
analysis in multi stage machining operations.

These techniques are compared using a 3D example and their characteristics are
discussed.

Actually the optimization techniques and the Monte Carlo simulation can deal
with all types of quality constraints. The combined approach can deal with quality
constraints with independent parameters.

From the elapsed time point-of-view, the combined approach is very fast. The
optimization techniques need much more time and based on the complexity of the
problem the time could become long. The MC need much more time compared with
optimization techniques. The defects are generated randomly, therefore for good
coverage of the variation scope the number of virtual produced part should be
sufficiently large (more than 100,000 parts, see [GER 07]). This leads to a long
calculation time (30 minutes in the current example).

From a convergence point of view, when dealing with quality constraints with
independent parameters, it is possible to check the results obtained by optimization
techniques with those of the combined approach to make sure that the obtained point
is the global minimum.

When dealing with quality constraints with dependent parameters, in both
optimization approaches (GA and SQP), there is no proof that the point obtained is
the global minimum. The time required for the GA to find the optimum point is
much more than the time required using SQP. However, this time advantage for
SQP is offset by the time needed to locate a suitable initial point.

As was previously highlighted, the value obtained by Monte Carlo simulation is
a little far from optimization, this could be avoided by using a more efficient random
generator for good coverage of the variation scope.
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PARTII

Simulation of Assemblies



Chapter 9

A Chronological Framework for Virtual Sheet
Metal Assembly Design

9.1. Introduction

The quality and sales price of a product are obviously decisive factors in
attracting the customer. Geometric quality has a significant influence on the
fulfillment of functional and aesthetic quality requirements. Equipment utilization is
highly influential on plant investment and throughput, and thus also on break-even
sales price. These two central characteristics can be significantly influenced in the
product and process design.

In any product development project, the cost of design change increases
exponentially with project time [BER 02]. Furthermore, the degree of design
freedom decreases exponentially with project time.

Thus, to reduce cost and avoid suboptimal or even ad hoc design, design
parameters that influence geometric quality and equipment utilization need to be
analytically defined at the earliest project stage possible.

Furthermore, geometric quality and equipment utilization are coupled, as shown
in [XIE 02] and [SEG 09]. Thus, to avoid suboptimal design, influential parameters
need to be analytically treated together.

Chapter written by Johan SEGEBORN, Anders CARLSSON, Johan S. CARLSON and
Rikard SODERBERG.
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Automotive analysis and verification have gradually moved from a physical to a
virtual engineering environment. Today, virtual models of products and processes
are developed long before physical prototypes are built. Thus, analysis and
verification, such as for instance assembly variation simulation and robotic assembly
motion planning, can be initiated at earlier stages of a product development project.
However, this relatively new opportunity is not yet fully utilized. Automotive sheet
metal assembly design is still to a large extent based on experience. The challenge is
to ensure that the gradual locking of design freedom is based on analytically or
numerically obtained facts and not on assumptions, however well founded, or driven
by time pressures or imperfect organizational structures.

Therefore, in this chapter, a chronological framework for virtual sheet metal
assembly design parameter treatment is suggested. The framework conveys the
order in which the parameters need to be introduced to ensure that each parameter is
analytically determined. The introduction order is significant as design parameters
are usually prerequisite to start the analysis of subsequent design parameters.

Moreover, project stages, at which product and process design will especially
benefit from simultaneous design parameter and characteristics treatment, are
identified.

A generic product development process is utilized as a chronological framework.

9.1.1. A generic product development process

Generic product development processes have been proposed by [ULR 04], [PAH
07], and [ULL 03]. The process suggested in [ULR 04] targets engineered products
and is divided into six fundamental, within themselves, iterative phases, where the
output of each phase is prerequisite to start the subsequent phase; see Figure 9.1.
The fundamentals of each phase are briefly reproduced below:

1. Planning: The project mission statement is formulated. The planning phase,
which actually precedes project approval, is the link to advanced research and
technology development.

2. Concept development. Alternative concepts, in terms of functions, for
example, features and styling are generated and evaluated against, for instance,
competitor products, estimated manufacturing cost and production feasibility. One
or more concepts are selected for further development along with an economical
justification of the project.

3. System-level design: The product is decomposed into an architecture of
subsystems, each entailed with its own set of functional requirements. Moreover, the
logic factory flow is defined.
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4. Detail design: Complete specifications of product and process geometries and
materials are obtained, among other things in terms of CAD models. Detailed
process plans for fabrication and assembly of the product are completed.

5. Testing and refinement: Various physical product prototypes are constructed
for evaluation and requirement verification.

6. Production ramp-up: The product is built using the intended production
system with a gradual transition to ongoing production.

Figure 9.1. The six chronological phases of the generic product development process,
suggested in [ULR 04]

9.1.2. Automotive sheet metal assembly

Typically, an automotive body-in-white (BiW) consists of about 300 steel sheet
metal parts, joined by about 4,000 spot welds, which is the predominant and
preferred type of joint. The workload is usually distributed to about 80 stations,
which are mainly organized in production lines [DAH 03]. Other joining methods
used in sheet metal assembly are for instance: arc welding, stud welding, gluing and
riveting. Figure 9.2 depicts the styling sheet metal parts as well as the underlying
body structure of a body-in-white.

The form of physical instances of sheet metal parts, which is usually obtained by
stamping, differs from the nominal form, specified in the CAD models. The elastic
spring-back that occurs when the part is released from the stamping tool leads to
dimensional variation between the stamped instances of the part. As sheet metal
parts are assembled, the variation of the various parts also propagates to the
assembly.

Geometric quality can be defined as the level of dimensional requirement
fulfillment and the robustness of design [SOD 02]. Robust design suppresses the
effect that the variation of individual parts has on the variation of the resulting
assembly. Geometric quality has a significant influence on total product quality due
to its influence on functional, aesthetic and assembly requirements. Many results
have been reported regarding geometric quality. The parameters that influence the
geometric quality of a sheet metal assembly have been identified in [DAH 03].
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Figure 9.2. Body-in-white

The takt time of a factory is given by: customer demand, the number of working
shifts and some overall factory reliability. If the entire production system is
constituted by a single coupled production line, then all station cycle times would
equal takt time. However, depending on, for instance, flow parallelization, allowed
station cycle times, in order to meet takt time, can vary along the flow. When the
flow is physically realized within required cycle times, the need for investment can
be optimized with respect to equipment utilization and equipment reliability.
Equipment utilization can be defined as executed workload per equipment invested.
Equipment reliability can be defined as the fraction of time that the equipment is
operational.

This work focuses on parameters that influence equipment utilization and
geometrical quality in sheet metal assembly.

Project deliveries in automotive product development systems are secured by
analysis and verification of geometrical quality and equipment utilization with
respect to the following parameters:

— Product parameters: product architecture, number of parts, product part joints,
locating scheme positioning, product part geometry, weld positions and number of
welds.

— Production process parameters: logical process flow, concept factory layout,
assembly sequence, support point positions, number of support points, fixture
geometry, weld gun geometry and welding sequence.
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These parameters are furthermore corroborated by earlier work, for instance in
[DAH 03] and [SEG 09]. To secure equipment utilization, an additional number of
station process layout parameters are analyzed and verified: number and sequence of
station assembly steps, number of robots, robotic travel and station equipment
(geometry, spatial positioning and reachability).

9.2. Proposed framework

The design parameters that influence geometric quality and equipment utilization
were listed in section 9.1.2. In this section, the order in which these parameters need
to be introduced to ensure that each parameter can be analytically determined is
identified.

The generic product development phases suggested in [ULR 04] are used as a
chronological framework; see Figure 9.1. However, in this chapter, the
chronological level of detail is increased by further subdivision of the framework
phases. The system-level and detail design phases are further subdivided using a
discrete representation of the product and production process in increasing degrees
of completion, such that each step is prerequisite to develop the subsequent step.
The principle of subdivision is that the evolution of the product/factory concept as
well as individual station concepts moves from the architecture of elements and
functional couplings, via some detailed interface designs, to eventually end up with
a detailed or complete design; see Figure 9.3.

An absolute deadline for all virtual product and process designs is when physical
equipment manufacturing is initiated, which coincides with phase 5: testing and
refinement. For instance, the stamping tools used to manufacture sheet metal parts
are very expensive and manufacturing lead time is very long. Thus, only the first
four phases suggested by [ULR 04] describe virtual design.

In the following sections, the proposed chronological framework, presented in
Figure 9.3 and Table 9.1 will be argued for in detail. For each degree of product and
process completion, possible parameter analysis and verification are listed in Table
9.1. Note that the result is presented up front and then argued for throughout the rest
of the paper. Figure 9.3 and Table 9.1 will be continuously referred to.

To facilitate reading comprehension and cross references between figures and
textual sections, in the rest of this chapter the degrees of product and process
completion, presented in Figure 9.3, as well as the design parameters, presented in
Table 9.1, and synonymous terms, will at all instances be denoted in italics.
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Figure 9.3. The proposed chronological framework for virtual sheet metal assembly design

Table 9.1. The design parameters that affect geometrical quality and equipment utilization,
listed in section 1.1.2, are presented in the order that they can be initiated. The framework
presented in Figure 9.3 is used as a chronological reference
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9.2.1. Planning

In the planning phase, which precedes the project mission statement and
approval, advanced research and technology development are accessed for project
application. Quality and time assured standard product and process solutions,
containing up to full representations of the parameters listed in section 1.1.2 are
packaged in an ongoing work separate from the car development projects, and held
ready for project application, since car development projects are pressed for time.

However, it is important to note that whereas various parameters may be known
at this early stage, all chronological steps of parameter analysis, described in Figure
9.3 and Table 9.1, are needed to fully verify any specific parameter, since
parameters as well as characteristics requirements are coupled.

In the automotive industry today, product platforms can span models from
several brands. To utilize large-scale advantages, product and process development
within the individual companies need to be coordinated. Therefore, a standard
product architecture with a corresponding standard assembly sequence convey how
the body-in-white by default should be broken down. Moreover, process standards
prescribe for instance how joining concepts relate to various conceptual choices of
product architecture.

The planning phase results in a project mission statement establishing the type of
vehicle along with its technical content and corresponding manufacturing
prerequisites.

9.2.2. Concept development

In the concept phase, alternative product concepts, in terms of function, features
and styling, are generated and evaluated against current products, current industrial
structure, standard requirements, competitor products, estimated manufacturing cost
and production process feasibility.

Geometrically represented styling alternatives, i.e. the parts of the body-in-white
visible to the customer, are presented. Split lines that divide the styling surfaces into
individual sheet metal parts are however not introduced until the system-level design
phase, as this needs to be done in parallel with the product architecture of the upper
body structure on which the styling surfaces are attached; see Figure 9.2.

Conceptual body structure issues are for instance: choice of framing concept,
type of under-body and body side structures. At this point, body structure
geometries, if any, exist in a highly conceptual form. Whereas the styling concept
geometries are designed independently of assembly concept, the body structure
concept is highly dependent on assembly feasibility and efficiency.
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A given product concept indicates a fundamental, very rough, non-geometrical
product architecture and a corresponding process such as for instance the type of
framing process or degree of possible flow parallelization.

In addition to prescriptive standard requirements, additional requirements on the
concept are formulated. There are functional, aesthetic and legal requirements to
consider. For instance, at Volvo Cars the rigorous safety requirements have far-
reaching implications on body-in-white structural strength and structural
deformation characteristics, and thus a significant influence on possible product
concepts.

As a part of concept evaluation, decisions are made whether to carry over
solutions from running production in the current industrial structure or to redesign;
see Figure 9.3. For projects setting out from existing product platforms, product and
process solutions will to a large extent be re-used or carried over. Within a certain
product platform, it is for instance customary to carry over large parts of the under-
body structure and its related production process investments. For instance, the
three-piece under-body structures in Volvo S80, V70 and XC60 are shared within
the product platform. Whereas the front and rear floor are basically identical, the
models differ in the length of the central floor. Parts visible to the customer are on
the other hand re-used less often in subsequent projects. Hence the upper body is
usually redesigned. It is however significantly influenced by the styling language of
the platform.

Furthermore, the factory, in which to build the car, is identified. With knowledge
of customer demand previously acquired in the planning phase, the required takt
time can then be determined.

Principle phase output consists of one or more product and feasible production
concepts selected for further development along with an economical justification of
the project, as illustrated in Figure 9.3.

9.2.3. System-level design

Principle input to the system-level design phase consists of one or more product
concepts (BiWs) selected for further development along with corresponding feasible
production concepts and cost estimates.

A conventional body-in-white can obviously not be manufactured in one piece.
Thus, it needs to be broken down into a product architecture of parts to ensure
manufacturability. The sheet metal stamping process limits the shapes and forms
that technically can be stamped within feasible tolerances.
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In parallel, all requirements on the overall body-in-white concept are broken
down to part level such that each part contributes to the fulfillment of the overall
requirements. The requirements are in turn broken down into functional
specifications. In system-level design the number of parts can be estimated.

Whereas the division into sheet metal parts of the body structure are highly
influenced by logic factory flow feasibility, the design and the split lines of the
styling sheet metal parts, which are visible to the customer, are foremost determined
on aesthetic grounds. The effect of styling sheet metal parts on assembly sequence as
well as cycle time is limited due to hang-on assembly.

In dividing the body-in-white concept into individual sheet metal parts, joining
method need to be taken into consideration, as for instance, spot welding needs
access from both sides of the sheet metal assembly. Joining methods need
furthermore to be known to determine a logic factory flow, within the cost frame
previously specified in the concept development phase. This can for instance be
addressed by flow simulation of material and equipment. The logic factory flow can
be represented by two parameters: concept factory layout and logical process flow.

The concept factory layout describes the physical floor space required to realize
the concept. For instance it includes material supply and transportation. The logical
process flow is a rough flow simulation model on some higher assembly level,
including degree of parallelization and major buffers.

Later in the system-level design phase, when the product part joints are
developed, this model can be extended or revised to address the part level, i.e. an
assembly sequence with required buffers is obtained; see Figure 9.4. The assembly
sequence is furthermore to some extent implicitly given by the product architecture,
as parts that are built in into subassemblies, need to be assembled first.

Figure 9.4. Example of an assembly order at a coarse level of detail.
Parallel sub assemblies supply the main line
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However, some level of detail in the geometrical interfaces (detailed product
interfaces) between the sheet metal parts is needed to fully verify the assembly
sequence. Product part joint design addresses split line location as well as type of
joint (butt, lap and butt-lap).

To ensure the robustness of each assembly and ultimately the geometric quality
of the overall body-in-white, locating schemes for each assembly step need to be
developed in parallel with the product part joints. A locating scheme is a set of 6
locating points, later in the project physically realized by the fixture, that
deterministically locates a part at a defined position in space [SOD 06]. In other
words, it locks the six positional degrees of freedom of the part; see Figure 9.5.
Locating scheme positioning influences required part tolerances, to ensure the
fulfillment of functional, assembly and aesthetic requirements. A locating scheme
that suppresses locating point variation propagation is said to be robust [SOD 02].
Spreading the locating points increases robustness. Locating scheme positioning
determines how part variation at the locating points propagates to the assembly.

Figure 9.5. The locating scheme of a body side sheet metal part including supporting points,
along with its physical realization

We need to know in which area of a sheet metal part that the locating scheme
needs to be robust, i.e. where to suppress propagated variation with respect to the
requirements, and where not to. Thus, dimensional requirements on the overall
body-in-white need to be broken down and cascaded to each assembly. The
positioning of the locating points of a certain assembly might need to satisfy
requirements originating from parts at numerous steps in the assembly sequence.
Thus, if one locating scheme is changed, then it most likely will affect other locating
schemes. Many results have been reported regarding locating scheme positioning. It
is for instance treated in [SOD 02], [CAI 97] and [SOD 99].
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Besides the interfaces between the sheet metal parts, the interfaces to all other
parts that makes up the car, for instance the chassis and the interior parts like pedals
and seats needs to be designed to ensure robust attachment to the body-in-white.

In conclusion, detailed product interfaces, locating schemes and assembly
sequences need to be developed simultaneously.

9.2.4. Detail design

Principle input into the detail design phase consists of detailed product
interfaces, locating schemes and an assembly sequence. In the system-level design
phase, the product part joints were designed in detail. Having secured the packing of
the parts, detailed product design in general can proceed.

Obviously the product part joints, i.e. the surfaces or flanges that are joined,
need to be designed before any actual weld positions can be determined. Moreover,
to minimize spring-back, welds are positioned with respect to the locating scheme.
Thus product part joints as well as locating schemes are needed to determine
effective weld positions. Furthermore, virtual crash testing on FEM data, which
requires detailed product design of some maturity, is needed to analytically
determine the required number of welds and the weld positions of the product
Jjoining model.

Having obtained a detailed product design in terms of detailed part geometries
along with related product joining models, detailed process design can then start. In
the system-level design phase, six locating points that lock the six positional degrees
of freedom of the part were determined for each assembly. In detail design the
locating points are physically realized in the form of fixtures and mating parts.
However, the large surfaces and thin geometry sections of compliant sheet metal
parts usually require additional supporting points to withstand gravity, handling, and
welding forces; see Figure 9.5. Many results have been reported regarding
supporting points. Supporting point positions and quantity are for instance treated in
[REA 93] and [CAI 96]. To define supporting points, detailed product design is
needed to determine the stiffness of the sheet metal parts. Furthermore, the product
Jjoining model is needed to know where fixture supports need to compensate for
robot welding forces. Moreover, station process layout is needed to know how the
assembly is, for instance, spatially tilted to determine how to support for gravity.

Station process layout design requires knowledge of the assembly order and the
product joining model, to populate the station with consecutive parts and related
workload. An initial number of parts, robots and welds are allocated to each station,
based on non-geometrical estimates in the logic factory flow and standard time
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allocations for different types of welds. Furthermore, detailed product geometries
are needed for detailed descriptions of the station assembly steps.

To distribute parts and welds to stations, we need to be make sure that, in each
station, the ingoing sheet metal parts can be joined with enough spot welds to give
the outgoing assembly the sufficient structural integrity or strength to be transported
to the subsequent stations without deformation, assuming that the fixture clamps
need to be loosened in inter-station transport. The rest of the welds, whose purpose
is to reinforce the assembly to meet operational use requirements, can be executed
anywhere along the production line. The reinforcement type of welds, re-spot welds
(see Figure 9.4) can be distributed along the product line to optimize equipment
utilization.

With knowledge of locating scheme support, station process layout and the
detailed product design, then detailed geometry design of the process equipment can
proceed. Assuming that a considered part of the product is redesigned (as opposed to
carried-over) and that there is limited process carry-over to relate to, then the
product is the primary driver for process design. Thus, product-near detailed process
geometry design should be initiated first.

The locating schemes and support points are physically realized as fixtures and
the weld guns are designed or chosen from standard tooling and consequentially
statically packaged, against the fixtures and the product geometries at the various
welds, i.e. collision-free access is ensured, as illustrated in Figure 9.6.

Figure 9.6. Product-near process design

One factor when distributing welds to stations is to be able to minimize the
number of weld gun types. The reinforcement type of welds previously mentioned in
this section can be distributed along the production lines. However, as previously
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described, some welds need to be executed at specific stations in the flow to ensure
dimensional integrity during inter-station transport. Weld guns that execute such
welds are more likely to be specifically designed. When weld gun and fixture design
exists, packaged against the product, then factory-near detailed process design, i.e.
the station equipment design, can be initiated; see Figure 9.7. The remaining process
geometries such as palettes and turntables for instance are designed or selected, and
spatially positioned. Furthermore, robots are positioned to optimize reachability to
the welds distributed to the station.

Figure 9.7. Factory-near process design

Upon completed factory-near detailed process design, complete geometrical
representations of the stations are obtained. However, the parts, robots and welds
allocated to each station are, as previously described, based on non-geometrical
estimates in the logic factory flow and standard time allocations for different types
of welds. Having complete geometrical representations of the stations, these initial
allocations can now be optimized and revised using: robot path planning and
optimization, station weld load balancing, robot coordination for simultaneous
operation and ultimately line weld load balancing. Robotic motion, in terms of paths
and welding sequences are planned such that robotic travel is minimized and
geometrical quality is maximized. The station weld workload is balanced between
the robots which furthermore are coordinated for simultaneous operation within each
other’s envelopes. Finally a sequence of station assembly steps is established.

The activities within each phase are, as illustrated in Figure 9.3, iterated.
However emergency iterations which revisit design activities of previous phases are
extraordinary. For instance, if changes in product interfaces, locating schemes and
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assembly sequence are required in the detail design phase, it is difficult to overlook
the required product and process re-optimization.

An absolute deadline for all product as well as process design changes is when
physical equipment manufacturing is initiated.

9.3. Summary and future work

In this chapter a chronological framework for virtual sheet metal assembly
design, described in Figure 9.3 and Table 9.1, has been proposed and argued for
throughout section 9.2. The framework conveys the order, in which design
parameters, which influence geometric quality and equipment utilization, need to be
introduced to ensure that each design parameter is analytically determined. The
order is significant, as design parameters are usually prerequisite to start analysis of
subsequent design parameters.

Recent progress within product lifecycle management (PLM) and the advent of
efficient analysis tools targeting most of the influential design parameters makes a
holistic approach to sheet metal assembly design feasible. The chronological
framework provides a roadmap in this effort.

The chronological framework applies to multi-station robotic sheet metal
assembly in general. The terminology is however largely that of the automotive
industry. In parts the framework may apply to assembly in general, including
manual assembly and parts other than sheet metal parts. That is however not within
the scope of this study.

We will conclude this chapter with an outline of future work. Whereas product
and process design can run concurrently in the planning, concept development and
system-level design phases, the information content to describe products and
processes rapidly increases in the detail design phase. As a result, concurrent
detailed product and process design is partially impeded. To ensure that all detailed
process requirements can be fed back to detailed product design and station process
layout design in time to be considered and preferably also iterated, then all four
phases of detailed process design need to be rendered more efficient or even be
automated. Today, there are efficient analysis methods and tools targeting most of
the influential design parameters, and an effective corresponding PLM information
infrastructure. One of the most qualifying prerequisites is recent scientific progress
within the area of automatic path planning and optimization of industrial robots,
which have conveyed a significant decrease in path planning and optimization times
[LAV 99], [BOH 00]. In future work an automated process for detailed sheet metal
assembly process design will be proposed.
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Chapter 10

A Method to Optimize Geometric
Quality and Motion Feasibility
of Assembly Sequences

10.1. Introduction
10.1.1. Problem motivation

In today’s market, diversifying a product in several product families and creating
a new concept from zero requires very fast realization times and, above all,
necessitates design and manufacturing processes of extremely high quality. Both
time and quality are vital for a product in order to dominate, become successful, or
in the worst case survive the worldwide competition.

Often, in the industry, designing a product and its realization belong to two
distinct phases, separated not only because different people are responsible for each
one, but even distinct in time. Of course a product is manufactured after its design,
but there is the possibility to integrate these two phases in virtual environments, due
to the fact that they may be strictly related. Indeed, one reason that makes them
coupled is that the designer may have created a product that is impossible to realize
due to manufacturing infeasibility. Another reason is that a product design may have
different quality measures, depending on how it is manufactured.

Chapter written by Domenico SPENSIERI, Johan S. CARLSON, Lars LINDKVIST, Robert BOHLIN
and Rikard SODERBERG.
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Assembling a product consisting of several parts is a typical process at the
borderline between design and manufacturing and is very crucial in the success of
the product itself.

Planning how to assemble a product is often done manually by industrial
engineers. Although they can be very experienced, their working procedure can
result in being time consuming and error prone. Furthermore, small changes in
design may require the entire re-thinking of the assembling procedure.

Quality is highly influenced by the assembly design. Managing variations, in
fact, often depends on the order in which parts are assembled together and on the
fixtures that are used. A bad design, from the geometrical quality point of view, can
lead to tighten part tolerances, and probably to more expensive production
processes.

On the other side, a design requiring certain assembling sequences may be
completely impossible to produce. Discovering this very late, at the manufacturing
stage, is also very expensive.

“Design For Assembly” (DFA) methodologies have been proposed over recent
decades. They help in formalizing commonly used concepts and extend and improve
important aspects. Introducing formalism in such areas also eases the creation of
totally or partially automatic procedures, which can be transformed and
implemented in very useful supporting tools for engineers.

These tools are often well separated among distinct phases of product realization.
They often depend on each other, therefore, assembling needs a very frequent
exchange of information between, for example, design and manufacturing
simulations. Iterative working procedures, jumping from one simulation to the other,
or integrated simulation environments would be very helpful in shortening setup
times.

10.1.2. Related work

A great attempt to formalize a theory for designing assemblies has been made by
Whitney and Mantripragada, see [MAN 98] and [WHI 99]. In these works the
“Datum Flow Chain” (DFC) is introduced as a way to model assemblies. In this
model, the Key Characteristics of the assembly are highlighted and so are the
kinematic constraints between the parts. At a more abstract level, the DFC can be
represented as a graph where connections between parts (nodes in the graph) are
represented by directed and undirected edges. Many of the ideas described in this



A Method to Optimize Geometric Quality 193

chapter come from that theory, which has mainly inspired the way assemblies are
modeled here.

Other approaches use a contact-based representation of an assembly. Among the
pioneers, there is the work of Bourjault, see [BOU 84]. Since then, several articles
have been written about how to generate assembly sequences. In [DEF 87], a
contact-based state space is described to generate feasible assembly sequences,
partly based on the interaction with a user. In [HOM 90] the AND/OR graph is
introduced for modeling subassemblies decomposition. The main advantage of this
method is decreasing the number of states necessary to represent the assembling and
disassembling process. However, path planning issues are not present here.

A lot of work has been done based on the assumption that assembling is the
reverse of disassembling: AND/OR graphs, thus, become a great way of modeling
and path planning techniques can be successfully applied to decide the order of
assembling, because often planning from a cluttered start configuration is easier than
the reverse operation. Big steps in this direction have been done by [WIL 92] and
[HAL 00]: here, the motion space approach is elaborated and great results are
shown, which exploit local directions of motion for assemblies consisting of a large
number of parts. Here, geometric quality and assembly design are not considered.

In many of these works, the assembling operations are binary, see [WIL 92],
meaning that two subassemblies at a time are brought together. This is made in order
to manage the complexity in describing the possible assembling sequences.
Recently, [WAN 05] and [WAN 07] have been striving towards a way to obtain k-
ary operations and they also couple the assembling sequences to the quality of the
final assembly, inspired by the DFC theory. The main investigation area is a multi-
station assembly system with compliant parts. However, in contrast to this article, no
path planning is performed there, to check for the feasibility of motion and an
exhaustive search is done in order to choose the best assembling sequence.

Quality of the assembly, in terms of geometrical variations and sensitivity, is
addressed in several papers. The one used in this chapter is described in [SOD 99].

Strictly related to assembling theory is disassembly planning. They share many
common aspects, mainly regarding the sequencing point of view and the geometric
paths that bring one part in its final configuration in the assembly. However, some
rules that help limit the search space are valid specifically in the assembly case.
Also, variation analysis is a typical issue in the design of an assembly, not directly
related to disassembling.

In this chapter we focus on assembling products.
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10.2. Modeling and algorithms
10.2.1. Modeling connections

The modeling of assemblies requires first of all an analysis of the basic
properties we want to capture. One way to start is to model only contacts among
parts, and represent the assembly as an undirected graph, where, for example, nodes
model single parts and edges model contacts between parts. Often, this static way of
describing assemblies results in poor information for the designer. The kinematic
connection between two parts is not modeled at all, the locating responsibility is not
highlighted either. Without these elements, it is not possible to deduce if there are
any under or over constrained parts, or to evaluate the assembly from a geometric
quality point of view. Theories for modeling assemblies have been proposed in the
past, which catch the kinematic constraints among components, and which define
the key characteristics of the product; see [WHI 99].

Moreover, once the quality of the assembly has been evaluated, it would be good
to state if assembling all the parts together will be feasible at the manufacturing
stage.

Here, we present a method to generate an assembling plan for a product,
considering both geometric quality and geometric feasibility.

The product to be assembled is represented by its CAD model and by the
kinematics constraints between parts. One way to do this is to use the theory
presented in [CAR 00].

For example, in Figure 10.1, there is an assembly consisting of three parts, which
we will name parts A, B and C, for simplicity. This example, with some
modifications and at different levels of abstraction, is often used in the literature to
illustrate the theory for designing assemblies (see [WHI 99]) and will be the pilot
test case throughout this work.

Figure 10.1. Test assembly consisting of 3 parts: A, B, C
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Parts A and B are mated together in such a way that one part locates the other in
all the six degrees of freedom (dofs). Part A has two holes, while part B has one slot
and one hole. The slot allows the assembly of the two parts to be feasible even in the
presence of variations. The screws finalize the assembly AB.

Parts B and C are constrained by each other through a contact surface. They are
also coupled through two holes on B, and two holes on C, these being smaller than
the ones on B. These joints provide the parts with a way to be fastened together.
From a kinematic point of view, this means that part B (resp. C) locates C (resp. B)
by three dofs: Tz, Ry, Ry, respectively translation along Z-axis, rotation around the
X-axis, and rotation around Y-axis. This situation may be represented through an
undirected graph; see Figure 10.2.

S Cas CB Cpe g

Figure 10.2. Contact graph for assembly in Figure 10.1

In the theory concerning the Datum Flow Chain, see [MAN 98], undirected
edges are used to represent contacts between parts, in contrast to mates, which
instead perform locator function and transfer variation. In order to not create
confusion, we may use a double directed edge instead of an undirected edge, i.e. one
of the two possibilities has to be chosen; see Figure 10.3.

6 ¢ eABI g Cae

Figure 10.3. Directed graph representation of the assembly

In our model, actually, the graph is augmented with spatial information regarding
the dofs involved in the features. This may be represented, see [CAR 00], by a
locating scheme matrix J,

T
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The contact points, p;, and their relative constraint vectors, n;, form a 6X6
matrix. When the locating scheme is deterministic, the matrix J has maximum rank.
A typical six-point locating scheme, often referred to as 3-2-1, is illustrated in
Figure 10.4.

Target

Figure 10.4. 3-2-1 locating scheme

In reality, these points correspond to planes, holes and slots.

At this point it may seem that our assembly is completed. However, many
choices remain, which have a great impact on the product quality, on manufacturing,
and costs. In the graph above, it is not specified if part A should locate part B, or
vice versa. No locating responsibility is established about the three dofs locked
when joining together the surfaces between parts B and C. Common sense would
suggest that a fixture would be positioned under the three parts. Thus, part B should
partially locate part C, since the other way, i.e. assembling part B under C, would be
quite impractical, after C has been positioned. Anyway, this does not emerge by just
having a direct look at the graph above. The locating responsibility may be easily
modeled by a directed edge in the graph, as in the DFC, see [MAN 98]. Thus, for the
driving test case in Figure 10.1, four alternatives should be considered, illustrated in
Figure 10.5.

Note that not all possibilities are consistent. A first analysis can be carried out by
analyzing the sum of the number of dofs that each node has on its incoming edges.
A sufficient condition stating that a part is over constrained is when this sum is
greater than six.
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Then, parts constraining themselves should also be avoided: this case is a cycle
in the graph.

From Figure 10.5 it is possible to note how, in the locating scheme d, the above
sufficiency condition is satisfied for part B, thus making the design of the assembly
not acceptable in our framework. Indeed, part B is constrained by A with 6 dofs and
by C with 3.

5 eABI CB Cse '8 Cia Crc

a) b)

c) d)

Figure 10.5. Four possible locating scheme graphs for assembly in Figure 10.3

It is important to highlight here that the number of all possible choices for such
graphs can grow exponentially with the number of bi-directed edges. For small
assemblies, however, and when many precedence relations are already locked, we
can keep the computational burden at a reasonable level.

Fixtures

Under constrained parts can emerge, but in this case we assume that their
missing dofs can be constrained by a fixture system. Once the part is located, the
joints relative to the under constrained part are fastened. Another assumption in this
work is that fastening parts is performed exactly after the parts involved are fully
located and before placing other parts.

Applying these considerations to the assembly considered so far, we can fill up
each locating scheme graph in Figure 10.5 with a node representing the fixture; see
Figure 10.6.

Note that no change is made to the information regarding the dofs constrained by
the features between parts (excluding the fixture). In order to generate the resulting
graphs in Figure 10.6, it is enough to consider the level of abstraction of the locating
scheme graph. In any graph in Figure 10.5, just add a directed edge from the base
fixture node to each node representing an under constrained part.
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Figure 10.6. Locating scheme graphs with fixtures

We assume that a proper fixture system is available for any choice of a graph.
Possible fixtures can look like those shown in Figure 10.7.

Figure 10.7. Two possible fixtures for the assembly in Figure 10.1, according to the locating
scheme graphs in Figure 10.6
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10.2.2. Stability and variation analysis

The stability analysis, see [LIN 03], evaluates the sensitivity of a concept to
locators’ variations. By varying each locating point with a small increment, Adinput,
one at a time, doutput/Ainput may be determined in several directions separately for
a number of output points representing the geometry. For each point of the
geometry, a value can be determined and shown in color-coding: this value is
coupled to the square sum of variations caused by displacements in the six locating
points. Figure 10.8 shows a stability analysis for the three locating scheme graphs
described in the previous section. The color-coding shows how variations will
propagate from the locators (the inputs) to critical areas of the part or assembly. The
bottom of the legend represents the stable area, with a sensitivity of 1.0, with almost
no variations amplification at all, whilst the top area corresponds to a larger
amplification of around 10.0.

Note that the second locating scheme graph looks much better than the other
two, having no area coded with a color close to the critical red zone.

However, if a particular critical dimension is more relevant than others, a
variation analysis can be performed. The purpose of the variation analysis is to
determine the expected variations in one or several critical output points,
corresponding to a certain set of input variations, i.e. tolerances in locating points. In
this example, Monte Carlo simulation is used to predict the output variation of the
overall length of the assembly along the Y-axis. The result is that the first design has
less variance than the other two on that dimension.

Based on these analyses, a trade-off naturally arises between global sensitivity

(best in design 2) and variations of an important dimension of the assembly, the
length along Y (best in design 1).

Figure 10.8a. Stability analysis for the assembly as modeled in Figure 10.6a
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Figure 10.8b. Stability analysis for the assembly as modeled in Figure 10.6b

Figure 10.8¢c. Stability analysis for the assembly as modeled in Figure 10.6¢

10.2.3. Assembly sequences

Let us analyze in more detail how it is possible to model different sequences,
which are coherent with the locating scheme graphs given in Figure 10.6.

When generating assembling sequences, we consider only binary operations and
generate subassemblies which correspond to connected sub-graphs in the undirected
locating scheme graph. Moreover, we assume that a part is always fully located in
all its six degrees of freedom before assembling other parts.

As in [MAN 98], subassemblies with under constrained parts are not allowed,
except for one base node, thus subassemblies with multiple root nodes are not
allowed.
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One way to generate feasible sequences is to consider the state space given by
the liaisons that are performed during the assembling process, and apply the rules as
in [MAN 98]. See also [SPE 08] for a more detailed analysis of the Assembly
Planner.

A gy B Eac c A By B Eac c A By B Eca C
Ot— Ot—
Era Ere Era Brg Erg Ere
F F F
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E5n [Eac Esa [Eac E s [Foc Eas |2 ac Eas [Eca Eaa [Eca
Ern (Ere Een [Bre Era (Cec Era [Ere Era [Erc Eea |Erc
Eg (Eac Eas [Coc o [Eac Eas [Eca Ea [Eca
Eea [Bre B Bro Era e Eea [Brc Ers Erc
v
E s [Fac Egs [Eac En [Foa
B [Ere Era [Bre Era [Ere

a) ) o)

Figure 10.9. Possible locating scheme graphs and their related liaison-based
and part-based assembly sequences

Case a

In this way, by considering the constraints imposed by the graph in Figure 10.9a,
we can generate two different sequences for the pilot test case we are analyzing:
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L1. e, €ra, €rc, €BC

L2. era, €aB, €Fc, €BC

Note that the liaisons epc, egc are assumed to be done at the same time; thus it
does not matter in this model which of the two connections happens first.

The sequences in the part-based state space, see [HOM 90], can be described by
reversing the disassembling of the whole assembly {FABC}:

PL. {F}{AJ{B}{C}, {F} {AB}{C}, {FAB}{C}, {FABC}
P2. {F}{AJ{B}{C}, {FA}{B} {C}, {FAB}{C}, {FABC;}

Case b

The second locating scheme alternative gives the sequences given in Figure
10.9b.

Case c

The third case is illustrated in Figure 10.9c. Here, we have three sequences
modeled in the liaison-based case:

L1. ega, €rc, €rB, €cB
L2. egc, €pa, €rs, €cB

L3. ekc, €rB, €cB, €BA

In the part-based space:

P1. {F}{A}{B}{C}, {FC}{AB}, {FABC}

P2. {F}{A}{B}{C}, {FC}{A}{B}, {FBC}{A}, {FABC}

Note that the cost of the connector joining {FC} and {AB} together does not
differ if subassembly {AB} is done before {FC}, or vice versa. This implies that
only two sequences can actually be modeled, in contrast to the three L1, L2, L3.

Has information been lost? It depends on what we look at:

— from the geometric quality point of view there is no difference between
sequence L1 and L2, since they both lead to the same variations (and so does L3);

— from the path planning point of view, note that the two subassemblies are
disconnected, thus they do not interfere with each other geometrically.
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In other words, no collision is possible, independently of the order in which
{AB} and {FC} are assembled together. We conclude that, for our purposes,
modeling sequences in the part-based space is sufficient and allows us to save
memory, due to fewer states being created; see [HOM 90].

Optimization

The space of all possible assembly sequences can be searched for an optimal one
through the AO* algorithm, see [MAR 73] and [NIL 80]. When the graph is
generated, each node expansion requires a feasibility check through the path planner.
This well fits with the implicit search in AO*. Furthermore, a node expansion
requires the satisfaction of the necessary criteria that subassemblies should fulfill.
Note that geometric feasibility, relative to the path planner, is much more
computationally expensive than the verification of the logic constraints and
dominates the total time and space complexity of the overall algorithm.

Several cost measures can be used. If we want to minimize rotations, we let the
path planner module return the total rotation angle needed. Other possible measures
may be the length of the disassembling path or the computing time. This last
measure is indeed a useful motion complexity indicator. In fact, we can consider as a
“complex” motion a disassembling motion where several translations and rotations
are necessary, and where clearance is often small. The latter gives a finer sampling
of the configuration space, and the former requires a large number of node
expansions, thus both aspects increase running time.

10.2.4. Path planning

This module checks for the existence of a collision-free way of assembling parts
together. No operator or tool is modeled. The advantages of producing a
disassembling plan have been highlighted in previous literature. The path planner
also benefits from this approach, since producing a collision free path from a more
cluttered environment than the goal configuration is easier than trying to go in the
converse direction.

A path for a rigid body may be defined as a continuous function:
1. [0, 1] — SE(3)
where 1(0) is the initial configuration, t(1) is the final one, and SE(3) is the special

Euclidean group. For an overview of path planning algorithms, see [LAT 91] and
[LAV 06].
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Note that in our case the goal configuration is not determined uniquely, but is a
configuration where the distance between the part and the rest of the environment is
greater than a predefined value.

This module generates states in the configuration space SE(3), by a sampling-
based method. It tries to find a collision-free sequence of states from 1(0) to a goal
state, through an A*-based search algorithm. Collision tests are performed in a lazy
fashion (see [BOH 00]) through a hierarchical-based collision checker.

10.3. Assembly planning
Resuming what has been explained so far, the overall method may be described
by the following steps:

— Given a model of the assembly, create all possible locating scheme graphs,
discarding unfeasible ones.

— For any graph computed at 1, generate models for feasible fixtures, providing
the parts with the missing constraints.

— Evaluate each possible assembly design, generated so far, with respect to given
quality measures.

— For each locating scheme graph, use the Assembly Planner to generate an
optimal assembling sequence of operations.

10.4. Industrial test case

This case is adapted from an industrial environment. The assembly actually
consists of compliant parts, but we treat them as rigid bodies, as a verification
instance for the method presented. In any case, this could be used to analyze the
level of approximation of the method with others, which refer to design strategies
for compliant parts.

Four parts constitute the assembly, see Figure 10.10:

— longitudinal rear;

— reinforcement suspension;

— gusset;

— panel.
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Figure 10.10. Assembly

The connections among them are illustrated in Figure 10.11.

2L
N

Figure 10.11. Directed graph representation of the assembly

Note that some edges do not have double directions. This happens because the
rear is considered a base part, with the possibilities of acting as fixture.

The four locating scheme graphs for the assembly are shown in Figure 10.12,
with their relative stability analysis.

Looking at Figure 10.12, the smoothest design seems to be the one in a). Also we
can see that assembling part B after part C (cases b) and d)), leads to poor quality for
part B, with large high sensitivity areas (top of legend).

After running the Assembly Planner for the best design, we obtain a feasible
collision-free assembling plan, which results in a linear assembly sequence:

{A}{B}{C}{Dj}, {AB}{C}{D}, {ABD} {C}, {ABCD}.
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We have also run the Assembly Planner for the other three equivalence classes,
and collision-free paths have been found for all, except the last one d). Indeed design
constraints require us to assemble part B after parts C and D: this is not possible
(just look at Figure 10.10).

i A

A A

) 0

Figure 10.12. Locating scheme graphs with relative stability analysis

10.5. Conclusions and future work

The new method presented in this work seems to catch the most important
aspects of designing assemblies: modeling the assembly in an abstract way,
geometric quality, variation and stability analysis, sequence optimization, and
geometric feasibility. The pilot test case, a common thread throughout this chapter,
shows computational results that mirror what we would expect theoretically. Most of
the modeling theory is based on the articles [MAN 98] and [WHI 99].

Further work can be done. A deeper analysis can be carried out to improve the
complexity of the generation of possible locating scheme graphs. It may be possible
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to design a lazy algorithm implicitly detecting schemes with poor geometric quality.
Another direction might be the relaxation of some of the hypotheses, as the binary
operation assumption. This would require modeling time in the path planning
algorithms.
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Chapter 11

Modeling and Simulation of Assembly
Constraints in Tolerance Analysis of Rigid
Part Assemblies

During recent years, variational models for tolerance analysis, both for rigid and
compliant assemblies, have been implemented into CAT (Computer-Aided
Tolerancing) systems to verify the fulfillment of functional requirements,
performing virtual product validation from a dimensional and geometric point of
view. In this chapter, starting from a numerical methodology, proposed by the same
authors, that allows us to simulate variational features, assembly constraints among
parts are modeled and simulated. During assembly operations, an “object” part has
to be moved to satisfy constraints of “target” parts. To do this, an assembly
transformation matrix is calculated. By using geometric entities such as point, line
and plane and their combinations, kinematic joints are modeled; then, a numerical
procedure is proposed to solve fully- and over-constrained assemblies. Therefore,
the proposed model allows us to take into account different assembly sequences.
The best fit alignment among mating features is performed using optimization
algorithms. Finally, two case studies are described and analyzed.

11.1. Introduction
Assembly design and analysis are quite important in product development and in
many application fields such as kinematic and dynamic analysis, assembly sequence

generation and assembly-based design [WHI 04]. The assembly model is obtained
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by specifying assembly joints and then solving the specified assembly constraints to
find out the relative positions of parts [KIM 04a], [KIM 04b], [KIM 05].

Several methods have been proposed to analyze assembly constraint problems.
The modified Newton-Raphson method or the Levenberg-Marquardt method allows
us to solve non-linear assembly equations in a simultaneous way by using an
iterative algorithm. Other approaches are based on algebraic procedures, in which
each assembly constraint is subdivided into a sequence of rotation and translation
operations by using a reduction of Degrees of Freedom (DoFs) [TAN 92], [TUR
92].

Specific software, such as Working Model® and Adams®, provide a joint
mating method that uses joint mating constraints to define relations between
components and solve constraint equations [KRA 92]. Nowadays, modern CAD
systems integrate “motion-based solvers” to perform assembly motion analyses,
mainly based on an assembly constraint solver.

All the above methods are based on the main hypothesis of ideal-rigid parts. Part
deformation and part-to-part contact may be accounted for in the FEM-based
approaches. The mechanical contact problem of a deformable assembly is typically
performed by means of the Lagrange multiplier method or the penalty method [WRI
02]. Generally speaking, non-linear contact problems are solved in an iterative way.

In the tolerance analysis field, evaluating geometric feature variations, for given
assembly constraint sets, is of interest. Over recent years, several Computer-Aided
Tolerancing tools (CAT) for 3D tolerance analysis have been developed, such as
Vis-VSA® (by Siemens), eM-TolMate® (by Siemens), CETOL 6o® (by Sigmetrix
LLC.), 3DCS® (by Dimensional Systems Inc.), Mechanical Advantage® (by
Cognition Co.) and Sigmund® (by Varatech Co.).

Many methodologies have been proposed to perform the analysis of 3D tolerance
chains. Proposed methods may be separated into one-dimensional tolerance charts,
parametric tolerance analysis, vector loop-based tolerance analysis and tolerance
domain analysis [SHE 05]. A matrix approach is proposed in [WHI 04] by using 4x4
homogeneous matrices and multivariate joint probability density function. In [JIA
05] and [SHA 07] the Tolerance-Map (T-Map) model is presented. T-map is a
domain, whose size and shape describe all variants for a variational feature. The
domain approach is also used in [GIO 05] and [GER 07], where a numerical method
to accomplish tolerance analysis, by using small displacement torsors and
Minkowski sum operator, is presented.

In this chapter, starting from the methodology, proposed by the same authors
[FRA 08] and called SVA-TOL (Statistical Variation Analysis for Tolerancing),
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assembly constraints among variational features of mating parts are modeled. The
focus is on the analysis of alignment-based constraints. A numerical solution for the
assembly constraint problem is provided, by using iterative algorithms, which give
the best fit configuration among elementary geometric entities (such as points, lines
and planes).

The chapter is arranged as follows: in section 11.2 SVA-TOL methodology for
variational features is summarized; section 11.3 describes the proposed methodology
to model assembly constraints among variational features; two case studies are
described in sections 11.4 and 11.5; finally, section 11.6 draws conclusions.

11.2. SVA-TOL methodology overview

SVA-TOL methodology allows us to simulate variational features of mechanical
rigid-part assemblies. Tolerance specifications are modeled for each part being
assembled, according to ISO [ISO 04] or ANSI-ASME [ASM 94], [ASM 04]
specifications.

—— Nominal Feature
----- Actual Feature

—--— Derived Feature
Figure 11.1. Variational feature modeling [FRA 08]
This is done by using 4x4 transformation matrices. The general matrix

variational model, stated in [11.1], expresses the transformation of any point
belonging to the “j-th” variational feature into the assembly reference frame Q
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(Figure 11.1). This mathematical formulation takes into account the tolerance

specification, related to the analyzed feature “j”, and datum reference frame
constraints.

hALRWQO=[NﬂQf%QO'DALLJAQJ'bAD]éaﬁgi'bdkhr9Qi'

M -M_1 =
Mplo o, -MIMe-0, [11.1]

Relationship [11.1] has to be calculated for any feature of any part being
assembled. In this way, the assembly is modeled as a set of parameterized
variational features.

Equation [11.2] includes the feature variational parameters; {Ar}={Ar, Ay, Az}
and {Or}={oFr, Pr, yr} are vectors of small displacements and small rotations,
respectively.

1 -vg Br EAXF
[11.2]

Generally speaking, parameters {Ar} and {®p} are dependent on each other
[WHI 04]. Then, for each tolerance zone, variational parameter constraints are
derived, and the R" parametric space of all sources of variation — the so-called
hyper-polyhedron — is introduced. Given this domain, variational features may be
calculated in a closed form by using the general matrix relationship [11.1].

Once all features have been parameterized, the assembly can be made up by
defining constraints among parts. In this contest, assembly modeling is
accomplished in two main steps. In the first step, DoF analysis is performed. In the
second step, assembly constraints among parts are introduced, accordingly.

The following sections give details of the proposed methodology to model and
simulate assembly constraints among variational features.
11.3. Assembly constraint modeling

In the mechanical assembly field, three main types of assemblies may be

introduced: under-, fully- and over-constrained. In the first case, the assembly is a
mechanism with several degrees of freedom; fully-constrained are those assemblies
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with the classic 3-2-1 location assembly scheme [MEA 97]; instead, in the third
case, the location scheme is 3-2-(Noct1), where “Ngc” is the number of over-
constraints.

Generally speaking, during assembly operations an Object Part (OP) has to be
moved to satisfy constraints of Target Parts (TP).

The relative location of the object part, with respect to the target one, is
represented by a 4x4 transformation matrix, as in equation [11.3], where
[M]QOP 50, is the assembly transformation matrix, and [R] and {T} are the

rotational matrix and the translational vector, respectively.

Ry Rpp R13iTxa
Ml q =[R2t B2 R il {[R] {T}T} [11.3]
oo 1IR3 Ry Ryz (T, | [{o} 1
00 011

This matrix is initially unknown and depends on the six rigid motion parameters
(three rotations and three translations).

DoFs allowed for each joint are assumed to be invariants and, thus, they are not
considered in the assembly simulation. This is made by DoF analysis allowing us to
determine DoFs removed by assembly constraints. The “reduction constraint”
method described in [TAN 92] or Screw Theory [WHI 04] could be adopted, but in
our approach this is still a manual task.

In the small displacement hypothesis, equation [11.3] can be rearranged as in

equation [11.4], where {Ax}={Axa, Aya, Aza} and {@}={aya, Pa, Ya} are vectors of
small translational and small rotational assembly parameters, respectively.

1 -ya Ba EAXA

YA I -op iAyA _ [Ra]l {an)T 114
[ ]Q()P—>QTP _?é___({é____l__:_A_Z_A_ |: {O} 1 [ ' ]
0 0 0 11

Each constraint may be considered to be a combination of elementary geometric
entities (points, lines and planes) as proposed in TTRS theory [CLE 98]. The
original TTRS theory proposed seven basic surfaces. In this chapter, two particular
cases are considered: cylindrical and planar surfaces.

Plane: (PP, ) N, =0 [11.5]
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A planar surface is parameterized through the following data: N, vector, P, point,
L, length, and W, width (see Figure 11.2.a). In this way the mathematical
representation of a planar surface (“plane” entity) may be expressed as in [11.5],
where P is any point belonging to the planar surface.

— Bounding rectangle Planar surface

Figure 11.2a. Planar surface parameterization

Generally speaking, for planar surface with irregular boundaries the relative
bounding rectangle is calculated. The bounding rectangle of a given planar geometry
is the smallest rectangle which completely includes the geometry [LEN 03].
Principal Component Analysis (PCA) is used here to calculate this rectangle, by
evaluating the eigenvectors of the statistical covariance matrix, related to the
vertices of the planar geometry. In the following, each planar surface will be
assumed to be a rectangular plane.

Figure 11.2b. Cylindrical surface parameterization

A cylindrical surface is defined by the following data: N, vector, P, point, and H,
height (see Figure 11.2.b).

Line: P(t) =P, +t- N, [11.6]
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The cylindrical surface is associated with its axis (“line” entity). This means that
the cylindrical surface diameter is not accounted for in this approach. The parametric
representation of the cylindrical surface is defined in equation [11.6], where “t” is
the axis parameter.

“Against” and “fit” alignments are the two specific assembly joints [KIM 04a]
considered in this work. The “against” condition holds between two planar surfaces
and requires surfaces coming in contact. This condition is accomplished by
constraining the two normal vectors to be opposite each other, and a point of the
object plane to belonging to the target one (Figure 11.3).

Before applying “against” joint After applying “against” joint
Figure 11.3. “Against” assembly joint
The “fit” condition, instead, holds between two cylindrical surfaces. This

constraint is accomplished by imposing that target and object axes are parallel, and a
point on the object axis belongs to the target one (see Figure 11.4).

Before applying “fit” joint After applying “fit” joint

Figure 11.4. “Fit” assembly joint
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All this is true for ideal mating features. If variational features are introduced,
then a contact search algorithm has to be adopted. For example, in Figure 11.5, the
mating joint “against II” (full plane-to-plane constraint) becomes the contact joint
“contact II” (line-to-plane constraint) in the variational assembly.

“against II” “ »
9 contact Il

“against I’ )
“against I’

Ideal mating features Variational mating features

Figure 11.5. Ideal features vs variational features

In this work, in order to automate the assembly constraint solution, a sequential
constraint solver is adopted for fully-constrained assemblies.

Nominal CAD

geometry

Generating
Variational Features

v

%{ Repeating from “1” to “Nj- J%

Performing DoF

I Updating analysis

Is the joint
a “fit’ type?
NO

Performing the Performing the
“against” alignment “fit” alignment

Figure 11.6. Workflow for fully-constrained assembly modeling
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Instead, for over-constrained assemblies, all constraint equations are
simultaneously solved by using a least squares approach. For the latter assemblies,
over-constraints may cause deformation on real parts during assembly phase. This is
especially true for sheet-metal parts. However, the ideal-rigid hypothesis is accepted
here.

11.3.1. Fully-constrained assembly

Figure 11.6 depicts the general workflow adopted to perform the simulation of a
fully-constrained assembly with alignment joints. DoF analysis is performed for
each joint (“N;” is the total number of assembly joints) in order to reduce the DoFs
of the object part with respect to the assembly reference frame, €.

When solving an “against” joint, a contact search algorithm is used. A “best” fit
solution, instead, is adopted to manage a “fit” joint condition.
11.3.1.1. “Against” joint modeling

Looking at Figure 11.7, the aim is to best align the object plane (defined by
means of the normal vector Nop and the point Pop) with respect to the target one
(defined by means of the normal vector Ntp and the point Prp).

Por,

P Pomvl Pre

Target Plane

Figure 11.7. “Against” joint condition

Initially, vector Nop is transformed according to equation [11.7].

I —ya Ba Nopx
Nop =| va I —ap |1 Nopy [11.7]
—Ba ap 1 Nop,
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Planes are best aligned if the relative angle is minimum. Then, the function to be
minimized is:

min (Jagainst (aA 7BA YA ))
OpsBasYa [118]

Tagainst (@A -Ba-va)=Ntp + Nop|

In the “against” joint, target and object vectors are opposite each other. Thus,
equation [11.8] states that the relative angle is minimum when the resultant vector
between Nptp and Npp becomes minimum. The solution to equation [11.8]
corresponds to find the minimum of a scalar function of the three variables, a,, Ba,
Ya. The MatLAB® “fminunc” routine is adopted here.

In the second phase, translational assembly parameters are calculated by
evaluating on the object plane the point Pgpj, which is the closest point to the target
plane.

For this calculation, a mapped mesh is created on the object plane (see Figure
11.8).

target plane object plane

Figure 11.8. Mapped mesh for the evaluation of assembly translational
parameters in the “against” joint condition
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(Prp — Pop, j ) Nep
i1-Ntp

1-Np ZOﬁmaxj(d)
iA =

j

A [11.9]

~ |i-Ngp <0 — min;(d)

Vi=x,y,z,Vj=1,..,N

Each point of this mesh is projected on the target plane along the i-th assembly
coordinate (i=x, y, z). If the point Prp; belongs to the bounding rectangle of the
target plane, then the i-th translation parameter is calculated as stated in relationship
[11.9], where “N” is the total number of points of the mapped mesh belonging to the
target plane, and “d;” is the oriented distance from Pop to Prp;.

It can be pointed out that this procedure assures no intersection between the two
planes. In fact, if planes are initially not intersecting each other (Figure 11.9.a), then
the oriented maximum distance is negative. Instead, for completely or partially
intersecting planes (Figures 11.9.b and 11.9.c, respectively), the oriented maximum
distance corresponds to a positive distance.

(a) No intersection (b) Complete intersection  (c) Partial intersection

Figure 11.9. Target and object planes for different initial configurations

Once both rotational and translational assembly parameters have been calculated,
the assembly transformation matrix is known.

11.3.1.2. “Fit” joint modeling

Now, the aim is to align the object axis on the target one (Figure 11.10). As
proposed for the “against” alignment, rotational assembly parameters can be
calculated by applying relationship [11.10]. Similarly, we can write:
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min (Jﬁt ((XA,BA>YA ))
B oty [11.10]

Tac(oa.Basva)=[Ntp + Nop|

In this case, vectors Nop and Ntp define the object and target axis directions,
respectively.

Target Line

Figure 11.10. “Fit” joint condition

Translational assembly parameters are calculated by evaluating the minimum
distance between two axes. Thus, by using the axis definition given in equation
[11.6], we can write:

{PO=POP +1-Nop (L11]
Pr =Prp +t5-Np
and the distance becomes:

dtine—tine (t1,t2) = [Po = Pr [11.12]

The minimum value of function [11.12] can be found by calculating the partial
derivatives with respect to t; and t,, as proposed in [LEN 03]. Once t; and t, are
calculated, translational assembly parameters become:

Aip =[Po(t;)-Pr(ty)]-i, Vi=x,y.z [11.13]

Equation [11.13] states that translational assembly parameters are the
components, along the global coordinate frame, of the vector Po(t;)-Pr(ty).
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11.3.2. Over-constrained assembly

Over-constrained assemblies may deform during the assembly phase. When
deformation is neglected, all constraint equations can be solved simultaneously. In
this chapter, a non-linear least squares solution is adopted.

The aim is to determine the best assembly configuration of the object part with
respect to all assembly joint constraints. Therefore, an optimization algorithm is
used. The objective function is built up by evaluating the distances of the object
plane and object axis with respect to the target plane and target axis, respectively.

Looking at Figures 11.7 and 11.10, the distances from object and target planes
are:

dist ygainst.i = |(PTP ~Pop,;)- Npp| Vi=1LILILIV [11.14]
whereas, the distances between object and target axes are:
distgy; =|(Prp — Pop i) A Nop| Vi=LII [11.15]

Point Pop; is iteratively updated by means of relationship [11.16].

I -va Ba 1Ay |Popxi
|
1 -ax 'A Popy ;
opi =| A ALCyA | JTORy [11.16]
Pa_oa 1 1A [Popi
0o 0 o0 11 :

Thus, in the least squares sense, the assembly objective function may be written
as in equation [11.17], where “Ng” and “Nyginst” are the number of “fit” and
“against” joint conditions, respectively.

1,1 Nagams&

Jover(aAaBAaYAanAa AyasA zA) Z dfi + Z dZgainst, [11.17]
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It can be highlighted that equation [11.17] simultaneously considers all small
motion parameters. Function “J,.,~ can be minimized by using any non-linear least
squares routine, such as the MatLAB® “lsqnonlin”.

11.4. Case study one: assembly of two-part assembly

The proposed methodology, aimed both at detecting contact between planes and
aligning axes, was tested on the two-part assembly, depicted in Figure 11.11.

|

S

LAy

49

Ideal features Variational features

Figure 11.11. Two parts being assembled

Two assembly sequences, A and B, were analyzed. For the assembly sequence
A, target and object planes are aligned after best fitting axes. Vice versa, in the
second assembly sequence, B, target and object axes are aligned after best fitting
planes.

Figures 11.12 and 11.13 depict assembly configurations both for ideal and
variational features, with respect to the assembly sequence A. Variational features
were generated by applying the numerical procedure summarized in section 11.2 (all
numerical simulations were performed in MatLAB®).

It can be highlighted that plane-to-plane contact becomes a three point contact
(full contact) for ideal features, whereas it degenerates into a two point contact
(partial contact) for variational features. Moreover, after the “fit” joint alignment,
variational planes partially intersect (see Figure 11.13). Only by introducing the
“against” joint is the right-contact between mating planes assured.
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What happens for the assembly sequence B is depicted in Figure 11.14 (only
variational features are depicted). In this case, the “against” joint assures a full
contact between mating planes. Then, the “fit” joint tries to best align the two axes.
However, cylindrical surfaces intersect each other. The proposed model does not
take into account contact between cylindrical surfaces, but allows us to best fit the
related axes. Therefore, for more realistic results, mating part flexibility should be
introduced into the model.

Initial configuration “Fit” joint alignment

Final assembly

B Target part O Object part

Figure 11.12. Assembly of ideal parts (sequence A)
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..

Initial configuration “Fit” joint alignment

-

Final assembly

B Target part O Object part

Figure 11.13. Assembly of variational parts (sequence A)

o o

“Against” joint alignment Final assembly

B Target part O Object part

Figure 11.14. Assembly of variational parts (sequence B)
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11.5. Case study two: industrial application

Figure 11.15 shows a transmission device. The aim is to analyze the functional
distance, D, between features F, and F,, and the functional angle, A,, between
features F; and F, (see Figure 11.16).

Figure 11.15. Industrial application: 1-frame; 2-boss; 3-bushing; 4-gear wheel; 5-pulley;
6-shaft; 7-screw; 8-spring washer; 9-key, 10-washer; 11-screw nut
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bushing gear wheel

Figure 11.16. Tolerance specifications for the gear wheel

Functional requirements, D and A, depend on shaft rotation. In this chapter, the
whole device was analyzed statically; thus, no shaft rotation was taken into account.
Tolerances were assigned for each part. In particular, Figure 11.16 shows tolerance
specifications for the bushing and the gear wheel. Each tolerance was modeled with
a statistical normal distribution. The Monte Carlo method was used to generate
random variational features, according to tolerance ranges The following assembly
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sequence was adopted: frame + boss + bushing + shaft + gear wheel. All parts that
do not influence functional requirements, Dy and A,, were not considered in the
simulation. Table 11.1 shows the joint sequences used to constrain each part.

Parts Joints
Frame + boss (I) “against” + “fit”
Frame + bushing (II) “fit” + “against”
Bushing + shaft (IIT) “fit”
Shaft + gear wheel (IV) | “fit” + “against”

Table 11.1. Joint conditions adopted into analysis

Figure 11.17 shows the histogram of frequencies related to distance D, and
angle A,.

120 |

100 -
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20

Distance, D Angle, A,
Nominal =2.0 p=2.0005 6 =0.3620 Nominal = 0.0 pn=0.0404 ¢=0.0217

Figure 11.17. Histogram of frequencies for functional requirements Dg and A,
Number of Monte Carlo simulations = 1,000

It is of interest to verify assembly functional requirements when changing one of
the joints in Table 11.1. In particular, joint (I) was inverted (now it is assumed as
“fit"+“against”). Figure 11.18 shows the histogram of frequencies related to distance
D, and angle A,, respectively, with respect to this new assembly constraint
condition.
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Figure 11.18. Histogram of frequencies for functional requirements Dy and A,
Number of Monte Carlo simulations = 1,000, inverted joint (I)

11.6. Conclusions

In this chapter a numerical procedure was proposed to simulate assembly
constraints among variational features. “Against” and “fit” joint conditions were
modeled among planar and cylindrical surfaces.

For fully-constrained assemblies a sequential solver is proposed. Each assembly
constraint is solved according to the DoFs of the object part. Best alignment among
object and target parts is performed in two consecutive steps: in the first one,
assembly rotational parameters are calculated by minimizing a scalar function; then,
assembly translational parameters are evaluated by using a linear contact algorithm.

For over-constrained assemblies, all constraint equations are solved by using a
non-linear least squares approach.

Two case studies were analyzed. The first one showed how the proposed
constraint solver allows us to simulate different assembly sequences. More realistic
results can be reached by combining contacts among cylindrical surfaces and FEM-
based simulations into the assembly constraint model. In the second application,
functional requirements among variational features were calculated by combining
Monte Carlo simulation and the constraint solver. Numerical simulations highlighted
that the assembly sequence and order of mating joints strongly influence final
assembly deviations.
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Chapter 12

Tolerance Analysis with Detailed
Part Modeling

12.1. Introduction

Currently most commercial tools for computer-aided tolerance analysis have to
use simplified or abstracted models of part geometry and assembly to handle the
required number of samples for meaningful statistical analysis. For example, planes
remain flat surfaces, they are only tilted although shape deviations are defined. With
these simplifications typically 10,000 to 30,000 samples with random deviation
values are simulated, which allows a reasonable statistical analysis. The simplified
model cannot be used in every case to represent and detect the arising deviations
resulting from form tolerances. To include shape deviations in tolerance analysis,
geometric models of higher detail are required, especially when all possible types of
deviations should be taken into account. This leads to computationally expensive
operations for the simulated assembly of parts. Therefore, detailed part models are
not used for tolerance analysis in commercial CAT systems.

In this chapter a method which allows the analysis of a large number of part
samples with high geometric detail in acceptable runtime is proposed. For the
representation of the parts, triangle meshes of high resolution have been chosen.
This allows the generation of arbitrary deviations within tolerance range by
changing the position of the mesh vertices. In this chapter the simulated parts with
deviations are referred to as non-ideal parts. The calculation of the relative position
between these parts is much more complicated than the positioning of simplified

Chapter written by Tobias STOLL, Stefan WITTMANN and Harald MEERKAMM.

Product Lifecycle Management: Geometric Variations Edited by Max Giordano, Luc Mathieu and Francois Villeneuve
© 2010 ISTE Ltd. Published 2010 by ISTE Ltd.



232 Product Life-cycle Management

contact surfaces, but enables a reasonable integration of shape deviation impacts. To
position the parts an optimization method is used, which consists of defined contact
surfaces without collisions. Brute force collision detection (intersecting every n
triangles of the non-ideal part with all m triangles of its environment) would take n
times m intersection tests. By using hierarchical data structures, so-called kd-trees,
this number is reduced drastically. To generate an assembly the parts are positioned
successively in a given, defined assembly order. To generate x assemblies consisting
of y parts, a large number of positioning steps (x*(y-1)) has to be made. However,
often the positioning steps do not influence each other and therefore can be
performed independently. To assure that one positioning step is independent of the
other steps, a method has been developed to determine the maximum influence
range of each non-ideal part. If the currently analyzed part is never in the range of
the remaining assembly, the part can be independently placed on its contact surface.
This reduces the necessary number of positioning steps significantly. To further
accelerate the developed algorithm, it is parallelized to take advantage of multi-core
processors.

12.2. Related work

When simulating the assembly of deviated parts, the non-ideal part has to be
repositioned dependent on the surrounding parts. This process is called relative
positioning. Several approaches to reposition planar parts can be found, e.g. in
[LI 01] and [OST 05]. Here the parts are deformed by adding small displacement
vectors on the edge vertices of the ideal part. Sodhi and Turner formulated relative
positioning as an optimization problem [SOD 94], limited to planar parts. Based on
[SOD 94], Inui, Miura and Kimura presented a method to calculate optimal
intersection-free positions for non-ideal 2D parts [INU 95], represented by a fine
polygonal representation of the parts’ 2D-surface. Their method limits the search
space to areas where the positioned part lies close to its counterparts. Still, only 2D
problems are handled, which consists of two translational and one rotational degree
of freedom for the positioned part.

In [STO 07] a framework for relative positioning with heuristic optimization is
presented. The framework handles three-dimensional triangle meshes as part models
and allows the modular definition of optimization criteria for the part positions (i.e.
minimum distance, position tolerances).

The search space for three-dimensional rigid assemblies consists of six
dimensions (three translational and three rotational degrees of freedom). The
optimization process tries to find a six-dimensional position which is rated
“positively” by the evaluation functions. These functions represent constraints like
the prevention of part intersections or the minimization of defined distances. As a
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source of non-ideal parts, mesh deformation methods described in [STO 06] are
used; statistical tolerance simulations, manufacturing simulations or measurements
of real parts could also be integrated.

In [PIE 07], Pierce et al. describe a method where parts generated by end-milling
operations are measured. The resulting NURBS-based solid models are positioned
using a mathematical programming formulation. The algorithm takes into account
two criteria:

— minimization of the distance between two adjacent faces;

— avoidance of collisions.

Distance and collisions are calculated by sampling one NURBS-face with a
certain amount of points, and determining the distance of each point to the other
face. If the distance is negative, the two faces collide, and the resulting distance is
multiplied by a large constant. An optimization method is used to iteratively
calculate the position of the non-ideal part.

12.3. The proposed modeling and analysis of toleranced assemblies
This section is an overview about the proposed part modeling and analysis

method. The methods used for simulating part variance and relative positioning are
explained in detail in the following two sections.

I

— =zr

1

|

| Simulation | . o

Figure 12.1. Positioning problems arising from shape deviations

To be able to include shape deviations appropriately into tolerance analysis the
part geometry is simulated without simplification or abstraction. Therefore a fine
triangular mesh with high accuracy is generated. The non-ideal parts are then
generated by moving each vertex of the triangle mesh. The applied method assures
that the resulting parts fulfill the tolerance definition of the product developer, like
parallelism or roundness. Details about the method can be found in the next section.
Thereafter the simulated parts have to be assembled according to the defined
assembly order. For that reason a transformation matrix is calculated which
positions the part appropriately. This is, compared to commonly used tolerance
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analysis methods, much more difficult, since the non-ideal parts may have collisions
or may float (see Figure 12.1).

To calculate the matrices, an optimizer is used which positions the part as close
as possible to the contact surfaces without collisions. A particle swarm optimizer
(PSO) is used to find an acceptable position. Therefore, objective functions have
been defined to integrate collision detection and distance between two surfaces.
When the position matrices are calculated, the results have to be presented to the
user of the software in an appropriate way. With the proposed method it is possible
to define different measurements after the analysis has run, presented as distribution
curves like in other tolerance analysis methods. Additionally, the resulting
assemblies can be visualized. If the positioning of some or all of the generated non-
ideal parts is not possible this is determined without the need for measurements.

12.4. Simulation of non-ideal parts

To simulate non-ideal variants of a part, a triangle mesh is generated out of the
CAD-geometry and the vertices of the mesh are changed inside the defined
tolerances. To apply this method it is important that the utilized mesh generator
fulfills the following properties:

— Low triangulation error: triangle meshes can only approximate curved
surfaces (see Figure 12.2). To assure that the simulation inaccuracy is low, the mesh
should have a small error. The error can be reduced by generating more triangles. In
practice a compromise between computational error and efficiency has to be made.
If no additional accuracy is needed for visualization, good results have been
achieved by setting the triangulation error to 1% of the smallest tolerance range.

Discretization

Figure 12.2. Discretization error of meshes approximating an arc

— Fine mesh: since the non-ideal parts are generated by moving each vertex of
the mesh, and changes of the shape of the parts have to be made, it must be assured
that the mesh is fine. One problem is that most available meshers only generate a
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few triangles for planar surfaces. This problem can be avoided by specifying a
maximum edge length for each triangle.

Sussner [SUS 08] describes different meshing technologies which allow a user to
specify triangulation error and maximum edge length. Additional properties, which
are important for high quality visualizations (e.g. edge neighborhood), are also
discussed in his work.

To generate a part with deviations from the triangle mesh, it is not sufficient to
simply scale a part. A scaled part would not exhaust the whole tolerance range for
arbitrary geometry. Therefore, the following method is used (see [STO 06] for
details):

— the ideal part is divided into different intervals. In each interval a function f(x,
y,z) 2 (X’,y’, 2) is defined, which assigns a new coordinate for each vertex inside
the interval. To increase the height of the part (as shown in Figure 12.3), in the
upper interval a function adds a value in the z direction, while a function in the
lower interval decreases the value in the z direction. To avoid big triangles at the
border of the intervals, in the middle interval a function interpolates between the
changes in the z direction between upper and lower interval.

1 1 1 1

upper

middle

lower

! | | |

Figure 12.3. Changing the height of a part using the described interval method

12.5. Relative positioning

The developed relative positioning algorithm is described in this section. As
illustrated in [PIE 07] and [STO 05] the position is calculated by minimizing
summed up objective functions with an optimizer (see Figure 12.4).

The objective function presented in section 1.5.1 represents constraints like the
prevention of part intersections and the locating scheme. Section 1.5.2 describes the
optimizer used followed by several approaches to speed up the computation.
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Figure 12.4. The relative positioning framework

12.5.1. Defined objective functions

The resulting objective function is a weighted sum of two different functions: the
binary collision detection function and the distance function.

12.5.1.1. Binary collision detection

Since collisions between the parts must be avoided, a collision detection
algorithm is used to determine if a position which is evaluated by the optimizer
causes an interference between parts. To detect the collisions, the PQP library is
used, which is based on [GOT 96]. Brute force collision detection (testing each
triangle of one mesh for collisions with each triangle of the environment) would be
computationally expensive. Instead hierarchical data structures are used for both
meshes to reduce the number of triangle-triangle intersection tests. The algorithm
used is binary, which means that it only detects if collisions occur, but no
quantitative value is returned on how deep the parts are interfering.

12.5.1.2. Distance function

To define the position of a part clearly, a locating scheme is used. Soderberg et.
al describe different locating schemes in [SOD 06]. In the case of detailed part
modeling the locating scheme is represented by the distance of each vertex of one
non-ideal surface to a datum plane.

To calculate the distance between a triangle mesh and a datum plane, each point
p of the triangle mesh is inserted into the plane equation (n is the normal vector of
the plane, d, is the distance of the plane to the origin):

d(p)=p*n-d, [12.1]
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If at least one point results in a negative value of d, a part of the mesh lies on the
wrong side of the plane. A high constant value is returned as the result of the
objective function in this case. Otherwise the sum of all distances of all points is
returned. To reduce the error generated by the summation of a very large amount of
floating point values which are in about the same range, the following recursive
algorithm for summing a floating point array d (reaching from start to end) is used:

sum(float[ ] d, int start, int end) {
if (start==end) return d[start];
mid = (start+end)/2;
return sum(d, start, mid)
+ sum(d, mid+1l, end);

If the sum can be calculated by simply adding all distances in one variable, the
error resulting from floating point operations is significantly higher (see [MAL 71]).

To position the part it is often necessary to use more than one plane. In the
example presented in section 12.7, three different datum planes were used to
position each part. The result of this method is comparable to other existing locating
schemes, like the 3-2-1 locating scheme and can handle shape deviations.

12.5.2. Particle swarm optimization

The approach of finding a good position for a non-ideal part by systematic
sampling of the search space is computationally expensive: a relatively coarse
sampling of 100 values per dimension would produce 100° position evaluations.
Therefore, heuristic methods have been used to find solutions in acceptable time.
Particle swarm optimization (PSO) is a relatively new heuristic optimization
approach which was developed by Kennedy and Eberhart [KEN 95]. The algorithm
imitates the behavior of individuals (called particles) in a swarm. Transferred to the
relative positioning problem, each particle has a six-dimensional position, which
represents the part’s translation and rotation vector. Each particle moves through the
6D search space with a certain velocity and is attracted by the best found solution of
particles in its neighborhood.

A neighborhood topology defines which particles can communicate directly, for
example the whole swarm is connected or only adjacent swarm members are
connected; see [MEN 03] for details. Additionally, each particle remembers the
position of the best position it has reached so far. In each iteration step, the position
and velocity of all particles is updated, taking into account the previous velocity, the
position of the best neighbor and the own best found solution. For the studied
positioning problem, the PSO showed the best and most robust performance,
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compared to other tested heuristic approaches like evolutionary strategy, simulated
annealing and problem-specific approaches.

12.5.3. Independence of the positioning steps

To calculate one final part position the optimizer has to evaluate the objective
function about 5,000 times or even more. This is, contrary to commonly used
tolerance analysis methods, very time consuming. If an assembly with y parts is
used for tolerance analysis, and x samples have to be generated x*(y-1) positioning
steps have to be made (assuming that the first part is not positioned).

In some cases the positioning of one part is only dependent on the contact
surface on which it is positioned. It is not possible that it has collisions with other
surrounding geometry (for example, chip 2 in Figure 12.5). The positioning is only
dependent on the surface where it has to be placed. If the same non-ideal part has to
be positioned on the same non-ideal surface in another of the samples it is possible
to use the matrix that has already been calculated. In the Monte Carlo simulation a
different non-ideal part is chosen for every assembly. The proposed acceleration
cannot be used in this case. If instead a number of non-ideal parts are created at the
beginning of the simulation, the desired amount of assemblies can be simulated by
combining all non-ideal parts with each other. This method reduces the number of
part variants drastically, but enables us to take advantage of the independence. If for
example 10,000 samples of an assembly with five parts have to be calculated, and
three parts are independent, the number of positioning steps is reduced from 40,000
to 300 (assuming, that 10 non-ideal part variants are generated). Because the number
of generated parts is reduced, the method will not be as accurate as a Monte Carlo
simulation, but the results can be generated much faster.

To determine automatically if a part is independent, a sphere which enclosing the
part is generated. Afterwards an offset is added to the radius of the sphere,
depending how big the search space for the relative positioning of the part is. Then
an intersection test between the sphere and all other parts is made to determine
which parts are inside the sphere. If more than one part is inside the sphere, the part
is not independent.

12.5.4. Parallelization

When parallelizing the relative positioning, there are several approaches of
different granularity. The tasks distributed over the available processors can be:

— the complete positioning of one part;
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— the evaluation of a single position of a part in search space;
— the evaluation of one component of the summed up objective function;

— the evaluation of a portion of an objective function.

To be able to speed up the process even if a single part is positioned, option 2
was chosen. The parallelization was implemented as an asynchronous master slave
scheme that can be found in [VEN 05]: the master process distributes the evaluation
of particle positions to free processors, until the complete swarm is evaluated and
the next iteration can start. First results were encouraging: on a heterogeneous
cluster of three PCs, the measured speedup factor was 2.1; on a Dual-Core PC, the
speedup factor was 1.7. Therefore, the parallelization has significant effects on the
relative positioning computation time; the benefit will even increase due to current
processor developments (i.e. systems with two QuadCore CPUs).

12.6. Analysis of the positioned assemblies

In commonly used CAT systems, results of the simulation are presented as
distribution curves and statistical properties. Because the proposed method applies
changes to triangle meshes of the parts it is possible to generate visualizations of the
resulting assemblies (see Figure 12.6). The user can, e.g. visualize the assemblies
with high deviations and will get an impression of the effect of the specified
tolerances very fast. Aesthetic as well as functional properties of the assemblies can
be revealed. By defining measurements between part features it is also possible to
calculate distribution curves. Since the geometry of each non-ideal assembly is
generated by the method, measurements can be calculated for each assembly and
then summarized to obtain the distribution curve.

The results of the positioning can also be included in standard CAT-tools, which
do not simulate the positioning effects of shape deviations (see Figure 12.7). The
calculated transformation matrices of parts where shape deviations have a great
impact can be used as input for the Monte Carlo simulation. This produces a
compromise between standard CAT-simulation and the presented computationally
expensive method.

12.7. Example
As an example, two chips and one capacitor are positioned on a circuit board,

then the resulting assembly is put into a casing (see Figure 12.5). All surfaces of the
circuit board are toleranced with a flatness of 1.0 mm, the surfaces of the chips and
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the capacitor have a flatness of 0.5 mm. Exaggerated values have been used to
generate visible defects.

Figure 12.5. Ideal circuit board and casing

For the chips, the capacitor and the circuit board different non-ideal part variants
with waviness have been generated within the tolerance limits. After this, the
relative positioning algorithm has been applied. A visualization of a possible non-
ideal assembly scenario with deviations is shown in Figure 12.6.

Figure 12.6. Positioned non-ideal circuit board and electronic devices

In commonly used tolerance analysis tools, the ideal plane of the circuit board
would only be tilted. This would lead to a much smaller slope of the electronic
devices compared to the above example; see Figure 12.7 for a comparison.
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Figure 12.7. Comparison between different deviation types

Another advantage of the method is the integrated collision detection. If for
example different capacitors or casings can be used, and this results in a collision
between the capacitor and the upper surface of the casing, the algorithm presented
detects the collision without the need of defining any measurements. This can
prevent errors when design changes are made, and tolerance definitions are adopted
from the previous design.

Regardless of the method used for positioning, a Monte Carlo analysis of an
assembly has the run-time complexity m*n*c, where m is the number of generated
assemblies, n the number of positioning steps and c is the computation time for one
part positioning.

In the example presented the algorithm needs about 30 seconds for the
positioning of one part (=c), depending on size and mesh quality of the parts.
Compared to the standard tolerance analysis method, where only some matrix
multiplications are performed (c<10ms), this is extremely long. Nevertheless, the
presented acceleration methods were able to significantly speed up the computation
compared to [STO 07] and [PIE 07] where ¢ = 10 minutes.

12.8. Summary

This chapter presents a method which simulates different non-ideal parts with
high geometric detail and positions them in an assembly. The approach can be used
intuitively, because the inspected geometry is represented completely, and does not
have to be simplified or abstracted. All collisions between parts are automatically
detected and the generated assemblies can be analyzed with visualization techniques.
After the positioning simulation the user can define arbitrary measurements.
Corresponding distribution curves can be calculated afterwards. The detailed
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geometric modeling increases the computational effort. For this reason different
accelerations have been suggested. Hierarchical collision detection, parallelization
and independence checks drastically reduce the computation time. Therefore, the
presented method can already be used for practical tolerance analysis. It has also
been illustrated how the results of the methods can be integrated into existing
tolerance analysis tools.
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Chapter 13

Assembly Method Comparison
Including Form Defect

13.1. Introduction
13.1.1. Topic

The technological challenge that represents a relevant geometric specification of
the mechanical system is, nowadays, a major issue for the control of a product’s
quality and cost. Mainly, for the past ten years, tolerance methodologies have not
accounted for any form defect of the surfaces of the various parts of an assembly.
Furthermore, assemblies generated on Computer-Aided Design (CAD) software are
based on nominal geometry. With this kind of geometrical modeling, assemblies of
parts are realized isostatically and surfaces in contact are modeled without form
defects. The next step of geometric computer modeling for mechanical systems will
be to generate a more realistic model. This advance will make it possible to simulate
hyperstatic assemblies as well as the form defects of their components. To meet this
challenge, new optimization and modeling methods must be developed. The aim of
this chapter is to show the different modeling strategies of the contact between parts
with form defects and multiple configurations of the assembly. This research work is
part of a bigger picture trying to assess the relative positions of adjoining
components, with defects, in a mechanical system. In this chapter, different aspects
such as virtual contact sensor, criteria for optimization and parameterization for the
complete assembly, will be detailed. Firstly, we will need to discuss and propose
various solutions for the parameterization of the relative position between surfaces.
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Secondly, different optimizing criteria or objective functions (minimax, least
squares, algebraic norm, Chebyshev criteria, etc.) will be tested on typical
assemblies. Thirdly, a number of ways for defining and building contact sensors will
be shown (point to point distance, elementary volume collision). A comparative
study of the various methods will be done. The evaluation criteria shown will be:
the generic aspect of the method, implementation and computing times, accuracy
and reliability of results obtained. These comparisons will rely on case studies.

13.1.2. Actual lack of CAD

Real surface form defects are, usually, described by four defect orders (ISO
1302:2002). The first order characterizes geometry and form defects. Other orders
describe undulation and roughness. Actual CAD software is able to model parts
without form defect. This nominal modeling made it possible to create complex
systems and specified design characteristics [BAL 01a] (space required, kinematic),
but the lack of information of the surface part defects limits the model representation
level. In this chapter, we propose a method to describe first order defects in CAD
software. This model allows us to model geometry and form defects of parts. To
realize this improvement, we had to work on a new description of a part to include
form defects and on a new way to assemble these parts.

geometrical defect improvement geometrical defect
dia  — d: a+form defect

Figure 13.1. Improvement of the CAD

13.1.3. State of the art and proposal

Figure 13.2 describes the four principal points required to obtain an assembly
with form defect: the part model, the form defect model, the geometric defect model
and the assembly model. CAD software use their own native databases to store
designed parts, but it can also save these design parts on exchange formats. A native
database is usable only in the CAD software which designed the part. This major



Assembly Method Comparison Including Form Defect 247

disadvantage directed us to an exchange format to model each part of the assembly.
STEP format is an exchange format based on the oriented object description of the
part. This type of description is not well adapted to complex surface modeling. STL
format has been developed for stereolithography and accurately describes the
surface geometry of a 3D object. We therefore started with this type of part
description, since it is sufficient to define our simple geometries and well adapted to
model form defects. To work on a geometric defect model, the TTRS approach
[CLE 97] makes it possible to describe the relative situation of surfaces.

PartModel Assembly Model

STLassembly MMP Modeling
— = =7 —_— I

STEP assembly PACV Modeling

Native data base Ballot & Bourdet

Modeling
C.A.D assembly
with form defegt
Modalform defect TTRS
Fourier series form /. Homogenous coordinates
defect matrix
Polynomialform Smallscrew

defect displacement

Formdefectmodel Geometrical defect
Model

Figure 13.2. Ways to improve the CAD mode

Classical mathematical modeling of geometrical defects (small screw
displacement [BOU 88] or homogeneous matrix transformation) can be used in our
assembly model to describe the relative position of the surface part to simulate
geometric defects. Form defects can be described by different mathematical models
like the Fourier series, modal decomposition [FOR 05] or polynomial surface fitting.
New part modeling involves a new assembly modeling. Several assembly methods
based on clearance volume [TEI 99], manufactured model part [VIG 05] or small
screw displacement [BAL 01b] have been developed. To realize CAD assembly
with form defects, we work on two assembly models based firstly on distance
minimization and secondly on volume minimization.
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13.2. Geometric model for simulation

This section develops the geometric model used to realize an assembly with form
defects. First, the creation of parts with form defects is explained. Then an assembly
method is presented. Finally, the optimization functions and constraints are detailed.

13.2.1. Part with form defects

STL format describes the geometry of a part through simplex surfaces. Working
on CATIA™ CAD software to design nominal parts enabled us to get initial STL
representations. The form and geometry defects are applied by simplex node
displacement on the initial part.

Figure 13.3. Form defect implementation

To keep part topology, node movement must not split surface contact. This
constraint imposes that nodes belonging to multiple surfaces have displacement
restrictions. All parts of the assembly studied in this chapter are half cubes; the form
defects are applied on face mesh nodes. They have been designed with CATIA™.
The STL nodes have been moved through a VB.net™ program.

Polynomial form defects have been fitted on each surface of the part with
particular care on limit surface nodes. To simulate form defects, displacements have
been applied on an initial node position defined by the initial STL CAD part. Each
node is moved in the direction normal to its surface. In our case, the parts are
specified with a local reference frame (X, Y, Z). The initial position of a node is
defined by its coordinates (X0, YO0, Z0). AX,AY,AZ are the displacements added
to the initial coordinates. The values of these displacements are calculated by these
equations:
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AX(y,z)=a+by+cy?’+d+ez+f.z?
AY(x,z)=g+hx+ix?>+j+kz+Lz? [13.1]

AZ(x,y)=m+nx+px?+q+r.y+s.y?

Figure 13.4 represents a surface with from defect and a half cube with form
defect. Node 1 belongs to plane X,Y with form defect, node 2 belongs to planes X,Y
and Y,Z and node 3 fits in planes X,Y , Y,Z and X,Z.

M

Figure 13.4. Form defect modeled by a polynomial description

The coordinates of node 1 belonging face X, Y are:

X0

13.2

- [13.2]
Z0+AZ(X0,Y0)

The coordinates of node 2 belonging to two faces X, Y and Y, Z are:
X0+AX(Y0,20) [13.3]

YO0
Z0+AZ(X0,Y0)

The coordinates of node 3 belonging to three faces X, Y; Y, Z and Z, X are:

X0+AX(Y0,Z0)
Y0+AY(X0,Z0)
Z0+AZ(X0,Y0)

[13.4]
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13.2.2. Assembly process

The assembly process of nominal parts is controlled nowadays. However,
creating an assembly with form defects involves finding a new method connecting
these parts. This method needs an initial parameterized assembly. This assembly is
composed of parts with form defects localized via local reference frames positioned
by three angles and three distances on a global reference frame. The assembly is
actualized by the minimization under the constraint of an objective function that will
be detailed in following section.

| Parameterization |

Y

Initial assembly
with form defect

Y

Optimization
under constraint

l

Assembly with contact
and form defect

Figure 13.5. Assembly process

13.2.3. Function for optimization

In this chapter two different optimization functions are developed: the first is
based on the description of the volume between the two initial parts and the second
relies on the calculus of one-on-one face distances. To define volumes, Gram
determinants have been used. This mathematical tool enables us to obtain the signed
volume of an elementary mesh. The elementary mesh is composed of 3 tetrahedrons.
The creation of their geometric entities is made by fitting three tetrahedrons on a
couple of one on one STL triangles. The result of the Gram determinant (three
oriented vectors pointing on a vertex) is the signed volume of this 3D simplex.
Determination of the sum of the three volumes of each elementary mesh gives the
elementary mesh volume.

To characterize an assembly, the volume between the one-on-one face of every
part of the assembly is decomposed into elementary mesh volumes. The
optimization function is the sum of each elementary mesh signed volume.
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One on one faces

Elementary mesh

One on one faces mesh

Figure 13.6. Volume sensor

To build the optimization function based on one-on-one faces, six scalars have
been calculated by pairs of STL triangles.

S

Face parameterization by distance

Figure 13.7. Distance sensor
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The normalized normal vector of each triangle has been defined by the cross
product of two vectors defined by the vertex of the STL. Once these unit vectors
have been calculated, the scalar products of three vectors (a;a,, bib,, cic,) are
realized to get the distances between each STL triangle on the opposite face plane.
Each couple of STL triangles is characterized by six scalars. The optimization
function is the sum of all scalars calculated on the STL assembly.

13.2.4. Constraints

To solve an optimization problem, the definition of this problem must contain a
function to minimize, stop criteria, and constraints to enable solver convergence. We
have just defined two optimization functions; the stop criterion will be detailed in
the next sections. The definition of constraints in this modeling symbolizes the
condition of no inter-penetration of assembly parts. Two constraints have been
developed, based on the tools explained in previous section, the characterization of
volumes and one-on-one distances. The criterion for the constraint based on volumes
obliges all signed volumes of each elementary mesh to stay positive. The principle
of constraint based on one on one distance is to force all scalars to be positive.

13.3. Experimentation

The topic of this chapter is to realize an assembly method comparison including
form defects. The previous section explained the context, presented the assembly
method and detailed the different optimization functions and constraints for the
assembly. This section introduces the studied case and simulation setup.

13.3.1. Case study

To compare the assembly methods, a two part model has been realized. An initial
assembly without form defect has been designed on CAD CATIA™ software in
STL format. Polynomial form defects have then been applied on the STL coordinate
nodes. Then, the optimization problem has been solved. Finally, the upgraded
geometric assembly has been displayed. Figure 13.8 represents the realized initial
assembly. It is composed of two half cubes (one part male, one part female), with
polynomial form defects applied, remote of definite value. The goal of this
experience is to analyze the final contact configuration of the parts in the assembly.
Different polynomial defects have been tested to simulate assemblies with different
part shapes (convex or concave).
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Figure 13.8. Assembly studied case

Six objective functions have been tested with the two types of constraints
previously defined; positive minimum distance or positive minimum volume. This
leads to 12 optimization criteria for each of the four simulated cases. The distance
gaps between the three one-on-one faces have been summarized, for each criterion,
in the tables that follow.

13.3.2. Simulation setup

The simulation setup contains information on the geometry and the solver
parameters of the model. The magnitude of the form defects have been chosen in
respect to the usual tolerances of general mechanics.

The initial half cubes have 100 millimeter sides and the absolutes values of the
polynomial coefficients are 0 for the constant, 0.002 for the first degree parameter
and 0.001 for the second one.

13.4. Result discussion

13.4.1. Case 1

Part 1
Part 2

Figure 13.9. Contact configuration 1
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This configuration represents an assembly composed of a convex female part
(part 2) and a concave male part (part 1).The results obtained after optimization are
equivalent for all the 12 criteria. Minimal and maximal gap distances are close and
of the order of magnitude of the maximum solver precision (10™®). The difference
between minimal and maximal distances is due to the solver precision; the contact is
reached with an inaccuracy of 10™® mm. This value corresponds to the numerical
zero. In this case, all optimization methods can be used to realize the contact
between the parts.

" 3::;:::‘* Constraln | PImaxi | Pimini | P2maxi | Pzmini | P3maxi | P3mini Optimisation method

1 \ 6,94E-18 | -5,6E-18 | 6,94E-18 | -5,6E-18 | 6,94E-18 | -6,9E-18 Newton (Right tangent)
2 \'a 6,94E-18 | -5,6E-18 | 6,94E-18 | -5,6E-18 | 6,94E-18 | -6,9E-18 Quadratic gradient

3 MAX V Distance >0 6,94E-18 | -5,6E-18 | 6,94E-18 | -5,6E-18 | 6,94E-18 | -6,9E-18 ] Newton {Centred tangent)
4 D 6,94E-18 | -5,6E-18 | 6,94E-18 | -5,6E-18 | 6,94E-18 | -6,9E-18 Newton (Right tangent)
5 D* 6,94E-18 | -5,6E-18 | 6,94E-18 | -5,6E-18 | 6,94E-18 | -6,9E-18 Quadratic gradient

6 MAX D 6,94E-18 | -5,6E-18 | 6,94E-18 | -5,6E-18 | 6,94E-18 | -6,9E-18 | Newton {Centred tangent)
7 \' 6,94E-18 | -5,6E-18 | 6,94E-18 | -5,6E-18 | 6,94E-18 | -6,9E-18 Newton (Right tangent)
8 \'a 6,94E-18 | -5,6E-18 | 6,94E-18 | -5,6E-18 | 6,94E-18 | -6,9E-18 Quadratic gradient

9 MAX V Volume >0 6,94E-18 | -5,6E-18 | 6,94E-18 | -5,6E-18 | 6,94E-18 | -6,9E-18 | Newton {Centred tangent)
10 D 6,94E-18 | -5,6E-18 | 6,94E-18 | -5,6E-18 | 6,94E-18 | -6,9E-18 Newton (Right tangent)
11 D* 6,94E-18 | -5,6E-18 | 6,94E-18 | -5,6E-18 | 6,94E-18 | -6,9E-18 Quadratic gradient

12 MAX D 6,94E-18 | -5,6E-18 | 6,94E-18 | -5,6E-18 | 6,94E-18 | -6,9E-18 | Newton {Centred tangent)

Table 13.1. Calculation results of case 1

13.4.2. Case 2

This configuration represents an assembly composed of a concave female part
(part 2) and a convex male part (part 1). The optimization results of this
configuration are similar to case 1. The assembly is obtained with the maximum
solver precision. Table 13.2 is an abstract of all the results which are identical to
Table 13.1. The conclusion in this case is the same as the previous one.

Part 1
Part 2

Figure 13.10. Contact configuration 2

Pimaxi | PAmini | P2maxi | P2mini | P3maxi | P3mini

6,94E-18 | -5,6E-18 | 6,94E-18 | -5,6E-18 | 6,94E-18 | -6,9E-18

Table 13.2. Calculation results of case 2
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13.4.3. Case 3

The case 3 configuration represents an assembly composed of a convex female
part (part 2) and a convex male part (part 1). This configuration is problematic for
the solver. Even for real assemblies, it presents geometric instability, since there are
multiple configurations which minimize the objective functions. The constraint
based on signed volume does not converge as efficiently as the distance constraint.
Criteria 1 and 4 need much less calculus time than criteria 2, 3, 5 and 6. Criteria 5
and 6 give a minimal distance smaller than for criteria 1 and 4, subjected to the fact
that the results are near the numerical zero.

Part 1

Part 2

Figure 13.11. Contact configuration 3

n® Objecf:lve Constrain Plmaxi | Plmini | P2Zmaxi | P2mini | P3maxi | P3mini Optimisation method
function
1 \' 0,246377] -1,6E-16 | 0,246377| -1,6E-16 | 0,246377 [¢] Newton {Right tangent)
2 Vs 0,266378| 2,28E-14 | 0,256944| 1,39E-17 | 0,287778| 0,021474 Quadratic gradient
3 MAXV Distance >0 0,247263| 3,44E-07 | 0,254813 | 0,007919] 0,246836 | 3,18E-15] Newton (Centred tangent)
1 D 0,246377| -1,3E-16 | 0,246377| -1,3E-16 | 0,246377| 2,78E-17 Newton (Right tangent)
5 D? 0,246377| 2,08E-17 | 0,246377| 2,08E-17 | 0,246377| 1,39E-17 Quadratic gradient
6 MAX D 0,246377| 2,08E-17 | 0,246377| 2,08E-17 | 0,246377| 1,39E-17] Newton (Centred tangent)
7 \ 0,221609] -0,02005 | 0,221609 | -0,02005 | 0,221609 | -0,02005 Newton (Right tangent)
8 \'a 0,221609] -0,02005 | 0,221614 | -0,02005 | 0,221608 | -0,02005 Quadratic gradient
9 MAX V Volume >0 0,339935| -0,02166 | 0,330178| -0,0259 | 1,264921|1,005352] Newton (Centred tangent)
10, 0,221609] -0,02005 | 0,221609 | -0,02005 | 0,221609 | -0,02005 Newton (Right tangent)
11 D? 0,221609] -0,02005 | 0,221609| -0,02005 | 0,221609 | -0,02005 Quadratic gradient
12 MAX D 0,221609| -0,02005 | 0,221609 | -0,02005 | 0,221609| -0,02005] Newton (Centred tangent)

Table 13.3. Calculation results of case 3

13.4.4. Case 4

Case 4 represents an assembly composed of a convex female part (part 2) and a
convex male part (part 1). The constraint based on signed volume does not converge
as efficiently as the distance constraint. Criteria 1 and 4 need much less calculus
time than criteria 2, 3, 5 and 6. Criteria 5 and 6 give a minimal distance smaller than
for criteria 1 and 4 subjected to the fact that the results are near the numerical zero.
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n° (::::::: Constrain Plmaxi | Plmini | P2Zmaxi | P2mini | P3maxi | P3mini Optimisation method
1 \'J 0,246377] -1,6E-16 | 0,246377] -1,6E-16 | 0,246377] -1,6E-16 Newton (Right tangent)
2 \a 0,246379] 1,75E-08 ] 0,246379| 1,75E-08 ] 0,246379] 1,75E-08 Quadratic gradient
3 | MAXV Distance >0 0,247031] 5,86E-08 | 0,247031] 5,86E-08 | 0,247031] 5,86E-08 | Newton (Centred tangent)
4 D 0,246377] -1,3E-16 | 0,246377] -1,3E-16 ] 0,246377] -1,3E-16 Newton (Right tangent)
5 D* 0,246377] 2,08E-17 | 0,246377] 2,08E-17 | 0,246377| 2,08E-17 Quadratic gradient
6 | MAXD 0,246377| 2,08E-17 | 0,246377| 2,08E-17 | 0,246377] 2,08E-17 | Newton (Centred tangent)
7 \ 0,221609 | -0,02005 | 0,221609 | -0,02005 | 0,221609 | -0,02005 Newton {Right tangent)
8 V2 0,221609] -0,02005 | 0,221600] -0,02005 | 0,221609] -0,02005 Quadratic gradient
9] maxv |\ o eso [0:221609] -0,02005 J0,221609] -0,02005 | 0,221609] -0,02005 | Newton (Centred tangent)
10 D 0,221609 | -0,02005 | 0,221609 | -0,02005 | 0,221609 | -0,02005 Newton {Right tangent)
11 D* 0,221609 | -0,02005 | 0,221609 | -0,02005 | 0,221609 -0,02005 Quadratic gradient
12| MAXD 0,221609 | -0,02005 | 0,221609 | -0,02005 | 0,221609] -0,02005 | Newton (Centred tangent)

Table 13.4. Calculation results of case 4

Figure 13.12. Contact configuration 4

13.5. Summary

This chapter introduced a method to realize simple assemblies with form defects.
This method is based on the optimization under constraints of the part positions,
moving the elements from the initial configuration to a final assembly with contacts.
For that purpose, the form defects are described by polynomials which are applied to
shift the nodes of a STL model which represents each part of the assembly. Different
objective function and constraints have then been tested to simulate the assembly.
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Chapter 14

Influence of Geometric Defects
on Service Life

14.1. Introduction
14.1.1. Topic

In the aeronautical industry, the mechanical performance of mechanisms is
obtained principally by the weight reduction and relevant geometric design of
mechanical parts. A light material (housing made of aluminum or magnesium
material, transmission part made of titanium material) and a decrease in the number
of parts enables us to obtain this performance in helicopter gear boxes (Figure 14.1).

In particular, in the rotational guidance of rolling elements, the weight reduction
is obtained by using raceways directly integrated into the shafts or the housings of
the gear boxes.

These new mechanical parts make it possible to reduce, considerably, the weight
of the helicopter gear boxes, but the manufacturing cost of these parts is very high.
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Figure 14.1. Studied mechanisms

The origin of this cost is principally the complexity of the geometry and the high
geometric quality of such parts (geometric specifications with tight tolerance
interval). With mechanical parts having high geometric quality, the assembling
requirement is always respected. In opposite, the requirement of operating
performance is more critical than the assembling requirement. The choice of values
of the functional condition linked with the service life is, generally, based on the
industrial background. The modification of functional condition values induces
potential risks on the reliability of service, particularly in the aeronautic industry.

14.1.2. Service life functional requirements

The aim of this chapter is to study the effect of geometric errors on the operation
performance of a mechanism. For aeronautical rolling bearings, the first source of
failure is pitting of rolling elements or raceways. The second damage is the cracking
in the cage. A typical pitting failure is represented in Figure 14.2. It occurs as a
result of normal fatigue in current use of rolling bearings.

Figure 14.2. Flaking
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This fatigue is created by successive rolling contacts during the rotation. These
contacts induce stress in the raceways and the rolling elements. In our mechanisms,
this phenomenon is a functional requirement, since it limits the service life of the
helicopter gear box. The second limit for the service life is a breaking of the cage. In
our applications, this failure exists only on ball bearings. In such bearings, which are
subjected to severe distortion of the raceway, the fatigue strength of the cage is also
affected by the spreading of the rotational speed of the rolling elements.

Figure 14.3. Crack in the cage

Indeed, during one revolution of the bearing, if all the balls do not rotate at the
speed of the cage, it may also occur that some balls compensate for the cavity
backlash (clearance between the cage and the ball). Such kinematic incompatibility
may generate stresses in the cage, or sliding at the contact between the balls at
weakest load, and the raceways. This kinematic incompatibility of the orbital speed
is chosen as a functional requirement.

14.1.3. State of the art

In this section, we aim to expose the different methods used to calculate the two
previous functional requirements. Their calculations have needed to control the load
distribution in the rolling bearing, the evaluation of the contact pressure and the
modeling of geometric defects.

Analytical method
Loads
distribution

in the rolling
bearing

FEM

Figure 14.4. Load distribution in rolling bearing
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For the first aspect, two methods are used: analytical and FEM tools. The
analytical method proposed by Harris [HAR 01] is based on the assumption that
displacements in a bearing are caused exclusively by the clearances and local
deformation in the contact zones. This assumption is no longer valid if the bearing
raceways are of low thickness, and even more so if the raceways are integrated with
the shaft or the housing. This is the case for aircraft bearings. In the contribution by
Harris and Jones [JON 63], the classical Harris method was modified by introducing
flexibility coefficients which account for the deformation of the outer raceway of an
idler gear. This raceway is incorporated into the idler gear immediately beneath the
gear teeth. Zupan and Prebil [ZUP 01] generalized this approach using the finite
element method (FEM) to calculate the flexibility matrix of the structure in order to
account for the overall deformation of the structure. The calculation of the flexibility
matrix is however limited by the structure size because the inversion of the stiffness
matrix requires long computing times. To overcome this problem, Hauswald and
Houpert [HAU 00] used a matrix condensation technique (condensation of the
stiffness matrix at the link nodes).

For the FEM methods, Bourdon et al. [BOU 99] developed a hybrid model to
account for the overall deformation, whereby the mechanism is meshed by classical
elements and the rollers or balls of each bearing are replaced by non-linear elements
attached to the two rings. In the work by Lovell ef al. [LOV 96], the contact between
a ball and two parallel plates was modeled by FEM. The results were found to be
close to those obtained by Hertz theory. Zhao [ZHA 98] used 2D contact FEM to
calculate the load distribution in a bearing subjected to a radial load. Kang et al.
[KAN 06] propose a modification to Hertz contact law based on the modeling of the
local contact by FEM. A similar approach was also used by Ludwik [LUD 06] to
characterize the contact behavior between the roller and the raceways. From these
results, Ludwik modeled a slewing bearing by replacing the contacts with elements
exhibiting non-linear behavior.

| Elastic Contacts |

Hertz theory FEM

Potential theory
—_—

Contact
pressure
EHD contact Rough contacts
_—
Indentation

FEM with
thirteen parts

Fluid contact | | Contact with defects

Figure 14.5. Contact pressure methods
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The methods described in this section do not enable us to directly calculate the
functional requirements (pressure and orbital speed) versus the surface and
geometric defects. With the load distribution in the bearing, it is possible to calculate
each contact pressure. Figure 14.5 describes the existing methods to calculate the
contact pressure for various types of contact. The Hertz theory of elastic contact has
been used in our study. The influences of oil, roughness and indentation are not
taken into account. Now, the effect of the form and geometry defects can be
introduced into our model. The existing methods used for this purpose are shown in
Figure 14.6. The small displacement screw approach and Fourier series are used to
model the defects.

Localization and orientation defects

\ Small screw
displacement
Matrix )
EEE—— Metric tensor
Defect
modeling

Eigen shape
_—
Defect Database
Bézier and b-

spline Fourier series, polynome

/
Shape defects |

Figure 14.6. Model of geometric defects

In this chapter, the influence of geometric defects on the service life (orbital
speed and contact pressure) of the rolling bearing is studied. The first part focuses
on the calculation methodology. The method of introducing the geometric defects
will be explained. In the second part, the obtained simulation results are then
presented and discussed. These results can be used to modify the value of tolerance
intervals of the geometric specifications without impacting the service life of this
mechanism.

14.2. Calculation methodology of contact pressure and orbital speed variation

In this part, we describe the method used to calculate the contact pressure
calculation and the orbital speed of bearing balls. This methodology can be applied
to helicopter mechanisms. The modeling of the gearbox is achieved by FEM. The
various parts of the gearbox are connected together through mechanical links. To
simulate the behavior of the mechanism, these links must thus be modeled. In the
case of rolling element links, a model that accounts for the non-linear behavior and
the load distribution of each rolling element has been established. Contact conditions
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between the raceways and the rolling elements are replaced by substitution features
(spring oriented element; see Figure 14.8). The bearing is simply represented by its
outer ring, these substitution elements and the inner raceway integrated with the
shaft. This modeling enables us to calculate the internal equilibrium of a bearing
accounting for its internal geometry, the deformability of its contacts, the bearing
raceways, the shaft and the housing.

The methodology presented does not account for the dynamic loads and the
friction forces. In the context of studied gearboxes, these effects can be neglected.
The effects of lubrication are also neglected. In this chapter, the micro-geometric
defects (surface roughness, indentation, etc.) are not taken into account. Only the
macro-geometric defects (position, misalignment and undulation) are studied. The
modeling of the mechanism is performed in the steady-state condition (constant
temperature). Thermal expansion is taken into account, in order to deduce the
operating clearances of the bearings. The preloads are introduced by the boundary
conditions in the FEM, either through the displacement, or through the loads on the
bearings. The method presented has been integrated in the CATIA V5 FEM module.
This enables us to maintain the link with the geometric model of the mechanism.

|  cADmodel |
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l Shape
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Contact pressure
Orbital speed

Figure 14.7. Flow-chart of the method
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14.2.1. Schedule of the methodology

The global behavior of the mechanism is treated by FEM. The local behavior of
the contact is described by analytical approaches. These two procedures are also
coupled in this calculation.

The calculation procedure is detailed in the flow chart of Figure 14.8. At each
iteration, the FEM calculation with its substitution elements is performed. The
variables of the substitution elements (stiffness, orientation) are recalculated at each
iteration. Convergence is assumed to be achieved when the variation of the stiffness
of the substitution element is less than 0.1% between two successive steps. The
analytical method for calculating the substitution elements is based on the Harris
equations in [HAR 01]. The characteristics of the elements are controlled by a VB
macro in CATIA V5. At each iteration, the input data of the analytical calculations
are, for each substitution element, the relative displacements between attachment
zones and sustained loads. Moreover, geometric defects (position, orientation, form
and undulation) of the bearings may be added. From these data, the local contact
displacement and the orientation of the load may be determined. The analytical
module and substitution elements are different if the bearing contains balls or
rollers. Figure 14.6 shows the feature modeling for a ball bearing.
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Figure 14.8. Substitution feature modeling

14.2.2. Introduction of geometric defects in FEM

At the first iteration, the substitution elements gain their initial orientation and
stiffness. For subsequent iterations, the orientation and stiffness of each substitution
element are then recalculated. The relative displacements and the load for each
substitution element are obtained using the FEM calculations. At this step, the
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geometric defects of the bearing can be added to previous re