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Preface 

Computer-aided tolerancing (CAT) is an important topic in the field of 
mechanical design and production manufacturing. 

Every two years, since 1981, the CIRP (International Institution for Production 
Engineering Research) has organized a seminar on “CAT”. In 2009, this CAT 
seminar became the CAT Conference. Control of the geometric quality is essential 
in the whole product lifecycle management (PLM), from the expression of 
functional requirements to recycling. The necessity of optimizing design and 
manufacturing processes, saving materials and energy, guaranteeing safety, always 
respecting more numerous functional constraints, imposes an increased rigor in the 
control process of the product geometric quality. 

Previous research in the field of tolerancing is particularly focused on the 
modeling for the calculation assessment of 3D specifications, or on the processes of 
production and inspection. We should not forget that these various aspects are 
connected and impose a global vision of the “chain of the geometric quality” in the 
PLM.  

The previous conferences made it possible to show the advances in these various 
domains and their applications for systems of CAT. This 2009 CAT conference tried 
to extend those preoccupations to the entire global product life cycle. 

The subject of the present book Product Lifecycle Management focuses on the 
importance of geometric product quality interconnected in design, production 
manufacturing and inspection processes. In any design project development, the cost 
of design change increases with project time quasi-exponentially. To reduce costs, 
design parameters that influence the geometric quality must be defined and their 
influence must be known. 
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Increasingly realistic simulation software must be used with the best parameters 
and coherent data for all the process stages of design, manufacturing, assembly and 
inspection. 

This book is an excellent resource for anyone interested in CAT, and it is 
intended for a wide audience, including: 

– researchers in the fields of product design, computer-aided process planning, 
precision engineering, inspection, quality, inspection and dimensional and geometric 
tolerancing; 

– teachers, instructors and students of design courses that are offered either for 
degrees by universities and technical schools, or for professional development 
through commercial short-courses; 

– practitioners of design, design engineers, manufacturing engineers, staff in 
R&D and production departments at industries that make mechanical components 
and machines; 

– software developers for CAD/CAM/CAX and CAT application packages; 

– technicians and engineers of standardization, who are interested in the 
evolving ISO standards for tolerancing in mechanical design, manufacturing, and 
inspection; 

– individuals interested in design, assembly, manufacturing, precision 
engineering, inspection, and CAD/CAM. 

Following the editor’s preface, the book is organized into 4 parts: 

– tolerance analysis and synthesis; 

– simulation of assemblies; 

– measurement; 

– tolerancing in the PLM. 

Although some chapters cover far more than one topic, due to the general theme 
of the conference, we have chosen the most representative topics to include in this 
book. These have been classified according to the most representative themes. 

Part I focuses on the more general problems of tolerance analysis and synthesis, 
for tolerancing in mechanical design and manufacturing processes, including 
statistical tolerancing approaches, for the management of the quality connected to 
manufacturing. A large number of papers were presented on this important topic, 
only the most representative have been selected for this book. 
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Part II specifically highlights the simulation of assemblies with defects, and the 
influence of tolerances on the quality of the assembly. Several cases are considered 
such as the case of non-rigid parts or assemblies of parts taking into account the 
form defects. 

Part III deals with measurement aspects, which are, of course, crucial to quality 
control throughout the lifecycle. Different measurement technologies and methods 
for estimating uncertainty are considered.  

In Part IV, different aspects of tolerancing and their interactions are explored, 
from the definition of functional requirement to measurement processes in a PLM 
approach. 

As editors, we wish to express our sincere gratitude to the authors for their 
contributions; the members of the international program committee and the 
organizing committee; the additional reviewers and our colleagues from the French 
Research Group in Tolerancing (GRT) for their efforts in getting this book 
published. 

Max GIORDANO 
University of Savoy 

François VILLENEUVE 
Grenoble University 

Luc MATHIEU 
ENS Cachan, University of Paris XI 

 

August 2010 
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Tolerance Analysis and Synthesis 
 



Chapter 1 

A New Method of Expressing Functional 
Requirements and How to Allocate  

Tolerance to Parts  

This chapter proposes a new approach for expressing the functional requirement, 
based on the non-quality cost that can be non-symmetrical if necessary. This is very 
realistic from the point-of-view of functional requirements. Then a link between 
mean and variance of the functional dimension is identified for a chosen loss cost. 
Specifications on parts are expressed in a system of inequalities that link the means 
and variances of the functional dimensions. It is then possible to allocate the 
functional requirements on parts. To illustrate the concept, the case of application 
with unidirectional tolerancing is presented. The results are compared to the usual 
tolerancing approaches.  

1.1. Introduction 

When dealing with assembly tolerance synthesis, several key points can be 
identified such as the expression of the functional requirements, the identification of 
the dimension chains and then the allocation of the component tolerances. In this 
chapter, it is assumed that the dimension chains are identified, hence two key points 
are focused upon: the expression of the assembly functional requirements and the 
allocation of the tolerances for the assembly components.  

                         
Chapter written by Pierre-Antoine ADRAGNA and Pascal HERNANDEZ. 

Product Lifecycle Management: Geometric Variations           Edited by Max Giordano, Luc Mathieu and François Villeneuve
© 2010 ISTE Ltd.  Published 2010 by ISTE Ltd.
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The first part of this chapter is a short review of some existing statistical 
tolerancing methods. Two approaches are presented, traditional statistical 
tolerancing using tolerance interval, and inertial tolerancing. For each approach, 
their capability indices and several tolerancing methods are presented. In order to 
compare the different tolerancing methods, statistical tolerance zones and their 
composition are used. The case of application is also presented. It is based on a five 
component stack up, for which the functional requirement is a unidirectional 
combination of the component dimensions.  

The second part of this chapter presents a new approach to the expression of the 
functional requirements and how to allocate component tolerances. The first key 
point concerning the functional requirement is presented. The functional 
requirements can either be symmetrical as usual or asymmetrical if necessary. 
Depending on the assumption of the assembly resultant distribution, the functional 
requirement can be transcribed into inequalities on the assembly resultant mean and 
variance. The second key point dealing with the allocation of the functional 
requirement on the assembly components is also presented in this first part. The only 
strategy presented here aims to maximize the variances of components.  

The case of application illustrates all the presented tolerancing methods in the 
first and the second part, and performance indices are presented to compare the 
efficiency of the methods. The chapter then ends with a short discussion. 

1.2. Brief review 

This section presents the case of application and the statistical tolerance zone 
that are used to compare the different tolerancing approaches. The section then deals 
with some existing methods of statistical tolerancing with tolerance intervals. 

1.2.1. How to compare 

The following presents the application to which the tolerancing methods are 
applied, and a technique for tolerance analysis that enables us to qualify the 
efficiency of the tolerancing method. 
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1.2.1.1. The case of application 

 

Minimum gap (LSL): 100µm 
Maximum gap (USL) : 500µm

X1

X2    X3   X4X5

 

Figure 1.1. The case of application 

To illustrate the proposed method, a five component stack up is chosen as an 
application case. This mechanical example also enables us to apply and compare the 
existing tolerancing approaches briefly presented in this part. The functional 
requirement of the assembly mechanism is composed of two limits: 

– a minimum gap of 100 µm, to allow the free rotation of the inner parts, then 
the good working condition of the mechanism; 

– a maximum gap of 500 µm, to minimize the free translation of the inner parts, 
thus to minimize the noise while shaking the mechanism. 

1.2.1.2. Statistical tolerance zones 

In order to graphically compare the tolerance allocation results of the different 
tolerancing methods, the statistical tolerance zones (STZ) and their composition are 
used. This technique proposed by [SRI 97] allows us to describe each tolerance by a 
domain in the (μ, σ) plane. Within the (μ, σ²) plane, it is possible to convolute the 
domain of the possible deviation of the assembly resultant given the tolerance 
domain of the components. The assembly resultant domain can then be compared to 
its functional requirement domain. This method is used in this chapter to compute 
the assembly resultant domain for each tolerancing method.  
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This technique allows us to graphically compare each tolerancing method result 
to the functional requirement, and it is more interesting to compare one to the other. 
Two indices are introduced to qualify the efficiency of the tolerancing methods: 

– RNC, the ratio of the non-conforming area, that compares the area of the 
assembly resultant domain out of the functional requirement domain to the 
functional requirement domain area. 

– Rexp, the exploitation ratio that compares the area of the assembly resultant 
domain inside the functional requirement domain to the functional requirement 
domain. 

If the RNC index equals 0, this means that the tolerancing approach offers no non-
conforming configuration, thus it is a no-risk tolerancing method. If the Rexp index 
equals 1, this means that the entire assembly functional requirement domain is 
exploited by the tolerancing method. If the index RNC equals 0 and Rexp equals 1, the 
result of the tolerancing approach perfectly fits the functional requirement domain. 

1.2.2. Statistical tolerancing methods 

The statistical tolerancing methods presented in this second section are applied to 
the symmetrical functional requirement. The functional requirement is expressed to 
take into account a non-conformity rate on each functional limit. The chosen 
maximum rate is NCRMax = 1,350 ppm on each limit. Considering a normal 
distribution of the assembly resultant, this is the equivalent of taking into account a 
capability index CpkFR = 1. 

1.2.2.1. Traditional statistical tolerancing 

This is the most common approach, where the statistical tolerances of 
components are expressed by tolerance intervals. 

1.2.2.1.1. Capability indices 

In the case of traditional tolerancing, we can identify three main capability 
indices [KOT 93]: 

– the Cp index that compares the variance of the batch to the tolerance interval: 

σ.6
LSLUSLCp −=  [1.1] 
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– the Cpk index that indicates the rate of the batch that lies within the tolerance 
interval, but does not indicate the centering of the batch: 

⎟
⎠
⎞

⎜
⎝
⎛ −−=

σ
μ

σ
μ

.3
;

.3
USLLSLMinCpk  [1.2] 

– the Cpm index, also called the Taguchi capability index, that indicates the 
centering of the batch within the tolerance interval: 

2
26.

2

−=
+⎛ ⎞− +⎜ ⎟

⎝ ⎠

USL LSLCpm
USL LSLμ σ

 [1.3] 

1.2.2.1.2. Tolerancing methods 

Let us consider the following notation: 

– ITFR, the tolerance interval of the functional requirement, 

LSLUSLITFR −=   [1.4] 

– n, the number of component in the dimension chain. 

The three main traditional statistical tolerancing approaches are: 

– classic statistical tolerancing [EVA 75]: 

n
IT

IT FR
i =   [1.5] 

– inflated statistical tolerancing, where f is a constant value around 1.5 to 1.6 
[GRA 01] and [GIL 51]: 

nf
IT

IT FR
i .

=   [1.6] 

– “semi-quadratic” tolerancing where the component characteristics (μ, σ) are 
independently toleranced: 1/4 and 3/4 of a tolerance interval respectively [ANS 03]: 

n
IT

IT FR
i =   [1.7] 
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1.2.2.2. Inertial tolerancing 

[PIL 04] proposes a single criterion I that combines the batch characteristics  
(μ, σ) based on the Taguchi loss function and the batch inertia: 

2
2

2
σμ +⎟

⎠
⎞

⎜
⎝
⎛ +−= LSLUSLI   [1.8] 

Thus, the inertial criterion qualifies the batch centering.  

1.2.2.2.1. Capability indices 

Two capability indices are defined: 

– the Cp index that, similarly to the traditional Cp index, compares the batch 
standard deviation to the tolerance: 

σ
ICp =   [1.9] 

– the Cpi index that compares the batch off-centering to the inertial tolerance: 

2
2

2
σμ +⎟

⎠
⎞

⎜
⎝
⎛ +−

=
LSLUSL

ICpi   [1.10] 

Functional 
requirement domain 

Assembly 
resultant domain Component 

tolerance  domain 

a) Component tolerance domain b) Tolerance analysis  

Figure 1.2. Tolerance analysis of the classic statistical tolerancing,  
RNC = 1.83 and Rexp = 1 
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Fun ction al requirem en t 
dom ain Assemb ly resultant 

dom ain 

Com pon ent 
tole ran ce   dom ain 

a) Component tolerance domain b) Tolerance analysis  

Figure 1.3. Tolerance analysis of the inflated statistical tolerancing,  
RNC = 0 and Rexp = 0.56 

Functional 
r equiremen t domain 

Assembly 
resu ltant domain  

Com pon ent 
toleran ce  dom ain 

a) Component tolerance domain b) Tolerance analysis  

Figure 1.4. Tolerance analysis of the “semi-quadratic” tolerancing,  
RNC = 0 and Rexp = 0.57 

Fun ct iona l 
req uirem ent  dom ain Assembly 

resu lta nt  dom ain  
C omp onent  

tolerance  d oma in 

a) Component to lerance domain b) Tolerance analysis  

Figure 1.5. Tolerance analysis of the classic inertial tolerancing,  
RNC = 0.24 and Rexp = 0.92 
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Functional requirement 
domain Assembly resultant 

domain 
Component 

tolerance  domain 

a) Component tolerance domain b) Tolerance analysis  

Figure 1.6. Tolerance analysis of the adjusted inertial tolerancing, 
 RNC = 0 and Rexp = 0.75 

1.2.2.2.2. Capability indices 

Two main inertial tolerancing methods are proposed: 

– classic inertial tolerancing: 

n
ITI FR

i .6
=   [1.11] 

– adjusted inertial tolerancing, where IC depends on the functional requirement 
expressed by a tolerance interval and a CpkFR index [ADR 06], or a non-conformity-
rate NCRFR [ADR 07]: 

nI
ITI

C

FR
i ..6

=   [1.12] 

1.3. Proposed method 

This section presents the new approach for the expression of the functional 
requirements and a strategy to allocate the functional requirements on the 
components of the assembly dimension chains. 
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1.3.1. Functional requirements 

1.3.1.1. Expression of the functional requirement 

Generally, the functional requirement is specified by a bilateral tolerance. The 
quality of the assembly product is considered as acceptable if the assembly 
characteristic lies within the functional tolerance. In the common case, the bilateral 
tolerance is characterized by a target and a tolerance interval around this target. This 
implies that the target, corresponding to the middle of the bilateral tolerance, is the 
optimal value assembly resultant. 

Here another point-of-view is presented. Instead of identifying the target value of 
the functional requirement, our approach consists of identifying the limits of the 
functional requirement. The limits of the functional requirement are given by the 
function of the assembly product, for instance: a minimum or a maximum limit on a 
gap. A non-conformity loss cost is associated with the functional limit. In the case of 
bilateral limits, loss costs can either be equal or not, depending on how critical the 
limit is. For instance, we can imagine three critical levels: 

– the first level, with the lower loss cost, corresponds to a performance loss but 
the assembly mechanism still works; 

– the second level, with a higher loss cost, corresponds to a non-working or non-
assembling mechanism; 

– the third and most critical level, with the highest loss cost, corresponds to a 
safety limit that guarantees the safety of the product user. 

Of course, these levels are just examples and we can identify others. Once the 
levels have been identified, the designer has to set the financial loss corresponding 
to each level. An example is given with the case of application. 

Let us define the cost associated with a single non-conforming product LNC in the 
case of a symmetrical functional requirement. The cost of a single non-conforming 
product is LNC,LSL if the LSL is not taken into account, otherwise LNC,USL. The average 
loss of a functional limit is the cost of non-conforming product times the probability 
of making non-conforming product. 

Figure 1.7 shows the two functional loss costs: 

– a symmetrical loss cost of the less critical level, both LNC,i = 1; 

– an asymmetrical loss cost, LNC,LSL = 1 is the lowest critical level, and  
LNC,USL = 5 corresponds to the second critical level. 



12     Product Lifecycle Management 

In the general case of an asymmetrical functional requirement, the average losses 
are: 

( )LSLYPLL LSLNCLSLNC <= .,,
 [1.13] 

( )USLYPLL USLNCUSLNC >= .,,
 [1.14] 

The main approach while dealing with loss costs is to evaluate the global average 
loss that is the combination of all average losses [DEN 06]. Our approach consists of 
considering each average loss independently in order to respect each functional 
requirement limit. Moreover, this approach enables us to avoid dependence between 
cost losses of the functional requirement. 

LSL loss function 

a) Symmetrical functional requirement b) Asymmetrical functional requirement 

USL loss function 
LSL loss function 

USL loss function 

 

Figure 1.7. a) Symmetrical loss function, b) asymmetrical loss function 

LSL loss function 

a) Symmetrical average losses b) Asymmetrical average losses 

USL loss function 

LSL average 
losses 

USL average 
losses 

Global average loss 
for Cp=1 

Cp=1 

Cp=1.33 

Cp=1 
Cp=1.33 

 

Figure 1.8. The average and global losses for Cp=1 and Cp=1.33 
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Figure 1.9. Domain of the functional requirement characteristics for  
the given budget loss 

1.3.1.2. Functional requirement and statistics 

Dealing with statistical tolerancing, the distribution law of the assembly resultant 
has to be estimated. Let us make the assumption of a normal distribution on the 
assembly functional dimension. This assumption may not be far from reality: 

– if the components of the assembly are normally distributed, then the assembly 
resultant is normally distributed; 

– if the dimension chain contains several components of the same range of 
dispersion, and given the central limit theorem, the assembly resultant is normally 
distributed.  

Hence, given the statistical characteristics of the assembly resultant, it is possible 
to evaluate the average loss cost on each functional requirement limit. Figure 1.8 
[GRA 00] shows the variation of the averages loss costs for each functional limit 
depending on the assembly resultant variance, σ  (Cp = 1 and 1.33), and the position 
of the mean dimension, μ. The objective is to identify the (μ, σ) characteristics that 
keep each loss cost below the budget loss LB. Here, the loss budget LB is arbitrarily 
chosen such that the lowest critical level implies 1,350 ppm of NCR. Thus: 

41, 1041.7
1350

−×== NC
B

L
L  [1.15] 

where LNC,1 = 1 is the loss cost of the first critical level. Therefore, the second level 
implies a NCR of 270 ppm, which is five times smaller. 

a) Symmetrical functional requirement b) Asymmetrical functional requirement 

LSL loss limit 

USL loss limit 

LSL loss limit 

USL loss limit 

 

Functional requirement domain Functional requirement domain 
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1.3.1.3. The functional requirement domain 

Given the objective loss budget, it is possible to evaluate the limit in the (μ,σ) 
plane where the loss cost equals the budget. Figure 1.9 illustrates each functional 
requirement limit for the given budget. We can observe the linear relation between 
the functional requirement characteristics. In fact the functional requirement limits 
can be written as: 

USLkUSL ≤+ σμ .  [1.16] 

LSLkLSL ≥− σμ .  [1.17] 

That can also be expressed similarly to the Cpk index as: 

1
.

;
.

≥⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −−
σ

μ
σ

μ
USLLSL k

USL
k

LSLMin   [1.18] 

In the case of normal distribution, the ki constants can be expressed as: 

46.3.21
,

1 =⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−= −

USLNC

B
USL L

LPk  [1.19] 

3.21
,

1 =⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−= −

LSLNC

B
LSL L

LPk  [1.20] 

1.3.2. The tolerancing strategy 

This part considers that the functional requirements are expressed and the 
associated domain is defined. One strategy is presented for the components tolerance 
allocation. The aim is to allocate the maximum variance on the component of the 
dimension chain; two steps can be identified:  

– identification of the optimal target and allocation of the components variances; 

– determination of the components tolerance domains. 
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1.3.2.1. Maximum variance allocation 

The maximum variance of the functional requirement σFR, Max, is found for the 
intersection of the functional requirement limits. This enables us to identify the 
target of the functional requirement.  

– In the case of a symmetrical functional requirement, the target corresponds to 
the middle of the functional tolerance interval: 

µmLSLUSLT 300
2

=+=   [1.21] 

– In the case of an asymmetrical functional requirement, the optimal target is: 

µm
kk

USLkLSLkT
LSLUSL

LSLUSL 286.. =
+
+=   [1.22] 

It is now possible to evaluate the maximum variance of the functional 
requirement σFR;Max. Considering the components in the dimension chain as 
independent, the uniform variance allocation is made as follows: 

n
MaxFR

Maxi
,

,

σ
σ =  [1.23] 

1.3.2.2. The component tolerance domain 

The functional requirement target and maximum variance are identified and 
allocated to components. The big deal now is to identify the component tolerance 
domain. The identification of a component tolerance domain consists of: 

– considering all other components of the dimension chain on their target and at 
their maximum variance; 

– the component tolerance domain is the possible variation domain that respects 
the functional requirement.  

Figure 1.10 illustrates the component tolerance domain. The tolerance domain of 
the ith component can then be expressed as: 
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1
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⎜
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−
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ij
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i

k
USL

k
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σσ
μ

σσ
μ   [1.24] 

 

Figure 1.10. Maximum variance allocation and identification 
 of the component tolerance domain  

Figures 1.11 and 1.12 illustrate the analysis of this tolerancing approach for both 
functional requirements. In both cases, symmetrical or asymmetrical functional 
requirement, the RNC indices are null. This shows that the proposed method 
absolutely takes into account the functional requirement. 

 

Figure 1.11. Tolerance analysis of the proposed tolerancing method in case of symmetrical 
functional requirement, RNC = 0 and Rexp = 0.70 

a) Symmetrical functional requirement b) Asymmetrical functional requirement 
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Figure 1.12. Tolerance analysis of the proposed tolerancing method in case of asymmetrical 
functional requirement, RNC = 0 and Rexp = 0.70 

1.4. Discussion 

This section briefly discusses a demonstration of the efficiency of the proposed 
tolerancing approach, and its comparison to existing tolerancing methods. 

1.4.1. Efficiency of the proposed method 

Here we do not give the demonstration of the efficiency of the method, we just 
give the idea. 

The idea is that all components of the dimension chain take into account the 
tolerance domain, given by [1.24]. Then the assembly resultant of the dimension 
chain automatically accounts for the functional requirement expressed by [1.18]. 
Figures 1.11 and 1.12 illustrate that purpose for two particular cases.  

1.4.2. Comparison to existing approaches 

Two key points will be discussed: the expression of the functional requirement, 
and the expression of the component tolerance domains. Then a general discussion 
about the efficiency will be proposed. 

1.4.2.1. The functional requirement 

The solution proposed here to express the functional requirement by a loss cost 
can be seen as a globalization of the more common method using NCR. As the 
reader may have seen, the loss costs are linked to the NCR. Hence, it may seem 

Functional 
requirement domain 

Assembly 
resultant domain 

Component 
tolerance  domain 

a) Component tolerance domain b) Tolerance analysis 

Functional requirement domain Component tolerance domain 
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simpler to express the functional requirement by NCRs instead of loss cost level. It 
is just a matter of translation. Moreover, the most frequent expression of statistical 
functional requirement is based on NCR. 

1.4.2.2. The tolerance domain 

The component tolerance domain of the proposed method is interesting because 
it links the component characteristics (μi, σi) to the assembly functional requirement 
(kLSL, LSL, kUSL, USL). The tolerancing approach is then logical with the statistical 
tolerance synthesis: 

– the component standard deviations (σI,Max) are allocated from the maximum 
standard deviation of the assembly resultant (σFR,Max); 

– the component tolerance domain is also allocated from the assembly resultant 
functional requirement.  

1.4.2.3. Efficiency comparison 

Illustrated by this case of application, we can note that the classic statistical 
tolerancing without precaution is not appropriate at all [GRA 00]. The classic 
inertial tolerancing offers some non-conforming configurations that can be avoided 
with the use of the Cpi capability index.  

The other tolerancing methods seem to correctly allocate tolerances to 
components in this particular case. However, that is not the case for any dimension 
chain. For some tolerancing methods: 

– with 6 components or more, the inflated statistical tolerancing using f = 1.5 
offers some non-conforming configurations; 

– with 7 components or more, the inflated statistical tolerancing using f = 1.6 
offers some non-conforming configurations; 

– with 9 components or more, the “semi-quadratic” tolerancing offers some non-
conforming configurations. 

On the contrary, the adjusted inertial tolerancing and the proposed tolerancing 
method absolutely takes into account the functional requirements for any number of 
components in the dimension chain.  

Moreover, comparing the Rexp index that indicates how much of the functional 
requirement domain is exploited, we can note that the adjusted inertial tolerancing 
and the proposed method are better than the other method.  
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In order to differentiate these two efficient tolerancing methods, we can say that: 

– the proposed approach perfectly fits the idea of tolerance allocation (allocation 
of component variance and tolerance domain); 

– the adjusted inertial tolerancing modifies the existing components tolerance 
domain with the use of a homothetic transform for which the ratio is based on the 
functional requirement.  

Although the results are similar (functional requirements are perfectly respected 
and highly exploited), the idea is different. 
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Chapter 2 

A Parametric Approach to Determine 
Minimum Clearance in Overconstrained 

Mechanisms  

The need to introduce minimum clearances into an overconstrained mechanism 
in order to make it actually work, results from the observation of a physical effect. 
We will call it the clearance effect. The clearance effect transforms an 
overconstrained model that is perfectly accurate but impracticable, into a realistic, 
but limited accuracy, model. 

We will first present vectorial modeling of a mechanism which enables us to 
generate a set of relations between the dimensional parameters of each part and the 
movement parameters of each joint; this equations system will represent the studied 
mechanism. Next, we will analyze this equations system, making a clear distinction 
between dimension and movement parameters, because we know that movement 
parameters may adjust naturally and instantaneously to slight variations in the 
dimension parameters of the machining parts. 

We propose to explicitly determine the minimum clearance values that are 
absolutely necessary for assembly, or mobility in cases where the mechanism is 
mobile. The method will be illustrated for an instance of a given mechanism (all the 
actual dimensions of manufactured parts are known with a high degree of accuracy). 
For this purpose, two new concepts will be defined: firstly the ideal mechanism and 
secondly the associated mechanism. These two concepts come from metrology and 
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tolerancing languages. In fact, ideal mechanism defines the class of mechanism 
composed of ideal or machining parts and ideal joints (without clearance). The 
associated mechanism defines the closest ideal mechanism associated with the set of 
studied machining parts. It is a similar concept to “associated surfaces” used in the 
metrology field. 

2.1. Introduction 

During the design stage, an engineer wishes to characterize a mechanism using a 
set s  of functional parameters called “specification parameters”. These parameters 

is  are distances or angles between geometric elements, mechanical resistance, 
speed, acceleration, mass or cost, etc. Unfortunately, for several reasons, these is  
specification parameters chosen by the designer do not univocally define the 
required mechanism. There are sometimes too few, in this case the mechanism is not 
fully defined, or too many, in this case the mechanism is functional only when 
parameter values are intercompatible. In other cases, specification parameters appear 
to be independent but are not, and the mechanism cannot, therefore, be constructed 
(throughout this chapter, the word mechanism means a mobile assembly, whereas an 
assembly is simply an association of parts). 

The objective of this chapter is to present a method to assist engineers during the 
tolerancing parameter specification stage. Primarily, the provided assistance 
indicates whether specifications are complete and consistent. In particular, it gives 
the compatibility relations that must exist between one another in overconstrained 
problems. Finally, this method will enable the designer to determine the minimum 
clearance in the joints to ensure interchangeability of the production components. 

Presentation of the method is divided into two parts. The first one shows the 
vectorial modeling of the geometric problem. The second part presents techniques 
used to express compatibility relations between the variations of the specification 
parameters, to allow either the assemblability or the mobility of a studied 
mechanism. The article ends with section 2.3, dedicated to the definition of a 
framework. This is used to calculate the necessary minimum clearance in 
overconstrained and mobile mechanisms. 

Throughout this chapter, the proposed method is illustrated by the Bennett 
linkage (). It is a spatial single degree of freedom mechanism consisting of four bars 
connected by revolute joints. This is an overconstrained mechanism. Although the 
mechanism has been used as a basic module to form large deployable structures for 
aerospace applications, interesting fundamental questions regarding its geometric 
variations still exist. Each of the bars is specified by two geometric parameters: the 
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Note that lengths are positive and angles vary between -180° and 180°. The 
positive sign (negative resp.) of iα  means that the scalar triple product of the three 
direction vectors: 

– the joint axis between bars 1i −  and i , 

– the joint axis between bars i  and 1i + , 

– the common perpendicular (the way is defined from bar 1i −  towards  
bar 1i + ),  

taken in this order, is positive (negative resp.). 

2.2. Compatibility relations between specification parameters 

2.2.1. Modeling the geometric constraints problem 

This method is based on vectorial modeling of geometric elements and 
constraints using a set of modeling parameters q  which, by definition, forms a 
complete, consistent, minimal system. By writing the equivalence of the two sets of 
parameters, s  and q , we will deduce the completeness and consistency of the 
specification as well as the clearance required. 

An equations system (1) of the following type are obtained: 

( ) ( )
( ) ( )q s

q,s 0
q 0

T K
F

B
⎧ =⎪ ⇔ =⎨ =⎪⎩

 [2.1] 

with ( )1 2q , , , nq q q= …  representing the modeling parameters and ( )1 2s , , , ls s s= …  
the specification parameters. 

This vectorial modeling based on the TTRS has already been presented in 
[CLE 97] and [LES 00]. Other models are possible; note, for example, those 
developed in [GIO 03], [BAL 03] and [CHA 97]. 

Analyzing the completeness of a mechanism specification amounts to solving the 
rank r  system below, composed of m  equations and n  modeling parameters. We 
then find situations that mechanical engineers are quite familiar with: when, starting 
from a specified set s , we univocally determine the modeling parameters iq , the 
system is said to be isoconstrained. When starting from s , we are unable to 
univocally determine all the parameters iq . The system is said to be 
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underconstrained when it lacks specifications and overconstrained when certain 
specifications are overabundant or not independent. Certain specification systems 
may be simultaneously under- and overconstrained.  

2.2.2. Compatibility relations for assemblability requirement 

In this study, we are only looking for overconstrained systems and propose a 
method to establish the compatibility relations between specification parameters. 
These relations are often difficult to express in general terms; on the other hand, 
they are simple to determine for a specific position by differentiation and discussion 
of the linear system thus obtained. See [SER 03] and [MHE 07a] for more 
information. 

The equations system [2.1] after differentiation is written: 

0q sJ dq J ds⋅ + ⋅ =  [2.2] 

where 
ij

i
q

j

F
j

q
∂

=
∂

 and 
ij

i
s

j

F
j

s
∂

=
∂

. 

System [2.2] becomes A dq B ds⋅ = ⋅  with A
T

m ni i

j j

T B
q q

×⎛ ⎞∂ ∂
= ∈⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠

\  and 

0
T

m li

j

K
B

s
×⎛ ⎞∂

= ∈⎜ ⎟⎜ ⎟∂⎝ ⎠
\ . 

Analyzing the geometric problem is equivalent to analyzing system [2.2]. The 
developed solution uses the singular value decomposition (SVD) of matrix A . The 
result gives: 

( ) ( )t1
1 2 1 2

0
× × × = ×

0 0
Σ

U U V V dq B ds⎛ ⎞
⎜ ⎟
⎝ ⎠

 [2.3] 

With ( ) ( ) ( )1 2
m m

m r m m rU U U ×
× × −= ∈⎡ ⎤

⎣ ⎦ \  and ( ) ( ) ( )1 2
n n

n r n n rV V V ×
× × −= ∈⎡ ⎤

⎣ ⎦ \  

two unit matrices, and ( )1Σ idiag σ= , 1, ,i r= …  with 1 2 0rσ σ σ> > > >" . 

Passing the U  matrix to the right-hand side of the equals sign, we obtain: 
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( )

t t
1 1 1

n×1 m×l l×1tm-r ×n 2

Σ ×V U
× dq = × B × ds

0 U

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦

 [2.4] 

Compatibility relations for the assemblability requirement between specification 
parameters variations are written by noting that m r−  relations only bring the 
specification parameters into play. These m r−  relations (called CA ) are: 

2
U B s 0t d⋅ ⋅ =  [2.5] 

In this section, we have presented a general method that enables the 
compatibility relations between the variation of specification parameters to be 
expressed, using minimum vectorial modeling. 

The modeling of Bennett linkage is explained in [SER 02] and [MHE 07b]. 
Some results are given here. The geometric problem is represented by eight vectors, 
there are 22 modeling parameters (n=22), nine specification parameters (four lengths 
and four angles of bars and one command angle, named θ , defined between bars 1 
and 2). The system to be resolved contains 25 equations (m=25). Its rank is 22. 
Finally, there are three compatibility relations. 

When the command angle value is 20 degrees, the three compatibility relations 
of the studied Bennett linkage are:  

( )
( )

20 1 2 3 4 1 2 3 4

0
0
0

T
CAM dL dL dL dL d d d d d

θ
α α α α θ

= °

⎛ ⎞
⎜ ⎟⋅ = ⎜ ⎟
⎜ ⎟
⎝ ⎠

 [2.6] 

with  

( )20

-0.03381343 0.013852838 -0.397698
-0.01383742 0.08220959 -0.39041114
0.016208213 -0.10238861 0.38742942
0.024001801 -0.03109344 0.396339703
-0.25337716 0.143837734 0.026668012
-0.2615418 0.087497073 0.0565159

CAM
θ = °

=
32

0.283870296 0.009510719 -0.00888232
0.271706175 -0.03638092 -0.05058737

0 0 0

T
⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

 [2.7] 

This set of relations is called ( )0 20CA θ = ° .  
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When these relations are taken into account, the mechanism may be assembled in 
the neighborhood of the initial position 20θ = ° . Note that, in 

( )200
CAM

θ = °
 matrix, the 

coefficients of dθ  parameter vanish. This proves that the dimensional variations of 
the bars cannot be “corrected” by the variation of the command angle. It is the 
general case of mechanisms with degree of freedom. 

2.2.3. Compatibility relations for mobility requirement 

The aim of this section is to expose a solution allowing us to write the 
compatibility relations between the variations of the specification parameters to 
assure the mobility of a mechanism. These relations are called .CM  

Before continuing, it is useful to clarify some notations. When angles or lengths 
specified by one or several designers concern parts, the parameters are called sp . 
When angles or lengths specified by one or several designers concern joints between 
parts, the parameters are called sm. 

The previous relations CA  are insufficient when the designer wishes to describe 
a mechanism with degrees of freedom. Recall that they only ensure the 
assemblability of a set of parts in a given position. To find the supplementary 
relations that permit the mechanism mobility, it is necessary to take into account that 
geometric dimensions of the parts do not change when the command parameter 
values change. To do that, we use a well-known principle in the kinematic domain 
[PER 03] or [MAV 94]. This consists of writing the compatibility relations for 
assemblability CA  in several positions while imposing that variations of the sp  
parameters are identical for these different positions. The number of positions which 
it is necessary to study depends on the number of kinematic degrees of freedom of 
the mechanism. This solution is in theory applicable for kinematics with one or 
several loops. 

This work being complete, the mathematical study of the new system enables us 
to determine the dependency relations (called CM ) between the variations of the 
sp  parameters  and consequently of the minimal number of parameters which it is 
necessary to impose. 

This principle is applied to the studied Bennet linkage, for which it is sufficient 
to write CA  relations in two different positions. This was realized for the command 
angle values 20θ = °  and 30θ = ° . The compatibility relations ensuring the mobility 
of the mechanism are established by building the following system: 
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( )1 2 3 4 1 2 3 4

0
0
0

T
CMM dL dL dL dL d d d d dα α α α θ

⎛ ⎞
⎜ ⎟⋅ = ⎜ ⎟
⎜ ⎟
⎝ ⎠

 [2.8] 

with 

( )

( )

20

30

CA
CM

CA

M
M

M
θ

θ

= °

= °

⎛ ⎞
⎜ ⎟=
⎜ ⎟
⎝ ⎠

 [2.9] 

And the numeric application gives  

-0.03381343 0.013852838 -0.397698 0.173788535 -0.01914466 -0.32744781
-0.01383742 0.08220959 -0.39041114 0.15423375 -0.12379933 -0.31236936
0.016208213 -0.10238861 0.38742942 -0.13263564 0.148212653 0.315807942
0.0

CMM =

24001801 -0.03109344 0.396339703 -0.17799339 0.049281889 0.319089638
-0.25337716 0.143837734 0.026668012 -0.26432324 -0.0662704 -0.13564255
-0.2615418 0.087497073 0.056515932 -0.27413041 0.026140112 -0.07536524

0.283870296 0.009510719 -0.00888232 0.193044334 -0.15728192 0.155803387
0.271706175 -0.03638092 -0.05058737 0.25037077 -0.10065755 0.082085523

0 0 0 0 0 0

T
⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

 

  [2.10] 

The rank of MCM  matrix is five. It is thus possible to calculate five parameters, 
suitably chosen, from four others. Here, the choice was to calculate the variations of 
the five parameters 3dL , 4dL , 2dα , 3dα  and 4dα , with respect to variations of 
the four parameters 1dL , 2dL , 1dα  and dθ . The result (obtained with Matlab) is as 
follows: 

3
1

4
2

2
1

3

4

1.000000000 0 0 0
0 1.000000000 0 0

1.732050807 -1.000000000 -3.000000000 0
0 0 1.000000000 0

1.732050807 -1.000000000 -3.000000000 0

dL
dL

dL
dL

d
d

d
d

d

α
α

α
θ

α

⎛ ⎞ ⎛ ⎞
⎛ ⎞⎜ ⎟ ⎜ ⎟
⎜ ⎟⎜ ⎟ ⎜ ⎟
⎜ ⎟⎜ ⎟ ⎜ ⎟= ⋅
⎜ ⎟⎜ ⎟ ⎜ ⎟
⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠

 [2.11] 

As expected, variations of the sp  parameters are independent of the variation of 
the command parameter θ  because the last column of the matrix vanishes. The 
second expected result is that the variation of length and angle of two opposite bars 
is identical. However, and to be completely sure that this result is correct, we 
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resumed the formal relations of compatibility ensuring the mobility of the Bennett 
linkage to validate it. These relations, already presented in [SER 02], are attributed 
to [BRI 27]. They are as follows:  

1 3 2 4 1 3 2 4

1 2

1 2

,  ,  and 

sin sin

L L L L
L L

α α α α

α α

= = = =⎧
⎪
⎨ = −⎪
⎩

 [2.12] 

The first four relations are taken into account. The last relation is used to finalize 
the process of validation. For that purpose, it is enough to differentiate the last 
relation. So 

1 2

1 2sin sin
L L

d d
α α

⎛ ⎞ ⎛ ⎞
= −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 [2.13] 

Rewriting the relation gives: 

( )2 1 2 2 1 2 1 1 2 2 1 1
1 2

1 sin sin sin sin cos
cos

d L L dL dL L d
L

α α α α α α α
α

−≈ ⋅ + ⋅ + ⋅ + ⋅ + ⋅ ⋅
⋅

 

and numeric application provides the expected result: 

1 2 13. 3.d dL dL dα α≈ − −  [2.14] 

This validation enables us to prove that compatibility relations calculated with 
the proposed method are identical to those obtained by the formal compatibility 
relations provided by Bricard. The advantage of the proposed method is the 
generality and it is thus useful for various mechanisms. Naturally, it does not enable 
us to obtain the formal relations. It is also necessary to recall that the generated 
relations are valid only in the neighborhood of the nominal mechanism. 

2.3. Framework for minimum clearance determination 

Adding clearance in a mechanism’s joints is useful to allow the 
interchangeability of the manufactured parts, sufficiently respecting the expected 
functional conditions. These two reasons are contradictory. The first incites us to 
define large clearances whereas the second incites us to define small clearances. So 
to assist the designer in his tolerancing task, it is essential to know the biggest value 
of acceptable clearance which ensures the correct functionality of the mechanism. 
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Indeed, this limit quantity imposes the maximal dimensional variations which are 
acceptable for the manufacturing parts. Control of these values is essential during 
the product industrialization phase because the manufacturing cost is strongly linked 
with the desired accuracy [PEZ 06]. 

The aim of this section is to define a “framework” of parametric tolerancing 
simulation for mechanisms with degrees of freedom and for assemblies. The 
objective of this tool is to assist designers during the phase of determining the 
acceptable variations of the manufacturing parts dimensions. This framework is built 
on the results of two functions. First, the vectorial modeling of the parts, assemblies 
and mechanisms; second the determination of the compatibility relations between 
the variations of the specification parameters (results presented in the previous 
section). 

To calculate the minimum clearance, we use a solution inspired by the 
association methods employed in the metrology field. In this domain, to identify the 
characteristics of a real shape, it is necessary to proceed in two stages: firstly, to 
know the global shape (plane, cylinder, spherical, etc.) of the measured element. 
This element is called the “ideal element”. Secondly, to find geometric parameters 
of an ideal element which is closer to the shape built with the measured points on the 
actual surface according to a chosen algorithm. This object is called the “associated 
element”. 

In the proposed approach, an “ideal mechanism” is defined: it is a mechanism 
composed of “ideal” or “associated” parts and “ideal” joints (this means that parts 
are in contact). It possesses the same properties as the nominal mechanism 
(assemblability or mobility). 

Afterwards, only mechanisms with degrees of freedom are studied. 

2.3.1. Nominal and associated mechanism 

An associated mechanism is defined as a mechanism with degrees of freedom 
and without joint clearances. Its dimensions differ slightly from the nominal 
mechanism’s dimensions. Consequently, the variations of the specification 
parameter of an associated mechanism have to take into account the compatibility 
relations CM . 

Before continuing, it is necessary to clarify some notations: the i-th specification 
parameter of the j-th part of the nominal mechanism is called nom

ijsp ; the i-th 

specification parameter of the j-th part of the associated mechanism is called ass
ijsp . 
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These two types of parameters take into account the following relations: 

ass nom nom
ij ij ijsp sp dsp= +  [2.15] 

With nom
ijds  respecting the compatibility relations CM . This is illustrated in 

Figure 2.3. 

 

Figure 2.3. Nominal and associated mechanism 

2.3.2. Actual and associated parts 

The actual part is a model of the manufacturing part. The form defects are not 
taken into account. The dimensions of this part are measured and the gaps with 
regard to the nominal dimensions are determined. This gap between a measured 
dimension and the corresponding nominal dimension is called Δ . Also, the gap of 
the i-th specification parameter of the j-th actual part is called nom

ijspΔ . In the same 

way, the i-th specification parameter of the j-th actual part is called act
ijsp . 

These two parameter types respect the following relations: 

act nom nom
ij ij ijsp sp spΔ= +  [2.16] 

Note that gaps depend on the manufacturing process of parts. They can take 
different values. The possible dependency relations between these gaps result from 
the behavior of the machine-tool used and are not considered here. 

The relative position of the actual parts with regard to the associated parts is 
calculated by one of the association techniques used in the metrology field. We can 
give as an example, the methods using the small displacement torsor [BOU 96] or 
the variations of the specification parameters [CHO 07]. In the proposed method, it 
is possible to choose various association criteria. This is illustrated in Figure 2.4 
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Figure 2.4. Actual and associated parts 

2.3.3. Synthetic scheme 

Remember that clearance exists in the joints of the actual mechanism while the 
parts of the associated mechanism are in contact. 

When the relative position of each of the neighboring actual parts is known, the 
clearance between these parts is determined. To calculate the clearance between 
parts j and k, it is sufficient to calculate the relative position between the actual parts 
and the corresponding associated parts, then to take into account the relative position 
of associated parts in the associated mechanism. This aspect is illustrated in Figure 
2.5. 

 

Figure 2.5. Synthesis diagram of the framework 
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2.4. Application 

The studied mechanism is the Bennett linkage presented previously. The nominal 
dimensions are given in Table 2.1. 

The gaps of actual part specification parameters are as follows. 

Bar 1 1 0.12 L mmΔ =  1 0.5Δα = − °

Bar 2 2 0.18 L mmΔ = − 2 1.2Δα = °  

Bar 3 3 0.09 L mmΔ =  3 0.8Δα = − °

Bar 4 4 0.1 L mmΔ = −  4 0.7Δα = °  

Table 2.2. Gaps of actual parts 

The clearance in a revolute joint is characterized by the parameters of distance 
and angle between the axis of both considered parts. The distance is measured 
according to the common perpendicular; see Figure 2.6. 

 

Figure 2.6. Geometric parameters of revolute joint 

2.4.1. First case 

In this case, variations of the specification parameters for the associated parts are 
those presented in Table 2.3. These values were not optimized, they were chosen 
according to the gaps of the actual parts, to be mean values. Note, the results are 
already encouraging, but we can again hope to improve them by setting up a stage of 
optimization. 
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Bar 1 1 0.1 dL mm=  1 0.35dα = − °  

Bar 2 2 0.15 dL mm= − 2 1.23518287dα = °

Bar 3 3 0.1 dL mm=  3 0.35dα = − °  

Bar 4 4 0.15 dL mm= − 4 1.23518287dα = °

Table 2.3. Variations of associated parts 

Note that these quantities respect the compatibility relations .CM  

Evolution of distance and angle between the axes of the revolute joint according 
to the command angle is drawn on following both figures. For reasons of lightness, 
we have only represented results for the joint between bars 1 and 2 and the joint 
between bars 2 and 3. 

 

Figure 2.7. Evolution of axis/axis distance (first case) 

 

Figure 2.8. Evolution of axis/axis angle (first case) 
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During one cycle, the distance belongs to interval [0; 0.025mm] for joint 1-2 and 
to interval [0; 0.02mm] for joint 2-3, whereas the angle belongs to interval [0.06°; 
0.09°] for joint 1-2 and to interval [0.21°; 0.24°] for joint 2-3. 

These various values give indications to the designer to build a technical solution 
which allows us to obtain the calculated clearance. For example, if the revolute joint 
is realized by two cylinders which fit together, then the diameters of these two 
surfaces should be determined according to these intervals. If this is the case, the 
movement of the actual mechanism is likened to the associated mechanism 
movement. A good approximation of the input-output law is given by the input-
output law of the associated mechanism. 

2.4.2. Second case 

What happens if the associated mechanism is the nominal mechanism? To give 
an answer to this question, the following simulation was realized. This simulation 
consists of imposing that the variations of the parts of the associated mechanism 
vanish. The following figures show the evolution of the previous four values when 
the mechanism makes one cycle. 

 

Figure 2.9. Evolution of axis/axis distance (second case) 

During one cycle, the distance belongs to interval [0.03mm; 0.15mm] for joint 
1-2 and to interval [0.045mm; 0.135mm] for joint 2-3, whereas the angle belongs to 
interval [0.35°; 0.85°] for joint 1-2 and to interval [0.2°; 1°] for joint 2-3. 
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Figure 2.10. Evolution of axis/axis angle (second case) 

Length intervals are approximately five times larger and angle intervals are 
approximately ten times larger than in the first case. This observation has strong 
consequences in practice because using these results would set up excessively large 
clearances in the joints and would unnecessarily degrade the mechanism’s 
movement. 

Keep in mind that the previous study was performed for one instance of a 
mechanism. 

2.5. Conclusion 

The first part of this chapter dealt with the presentation of a generic method to 
calculate the compatibility relations between the variations of the specification 
parameters for mechanisms and for assemblies. These relations are valid in the 
neighborhood of the studied mechanism or assembly. 

The second part was dedicated to the presentation of an assistance framework for 
the determination of the minimal clearance in mechanisms with degree of freedom. 
A solution to calculate the minimum clearance was explained. This solution is based 
on the use of the new concept of associated mechanisms. It is inspired by those used 
in the manufactured parts metrology field. 

It was shown that this technique gives variation intervals smaller than those 
obtained by using the usual method which consists of using the nominal mechanism. 
It also possesses the merit to provide to the designer or metrologist, a model of the 
behavior of the actual mechanism that is closer to reality. These conclusions are 
valid for a single mechanism and must be checked for a series of mechanisms. 
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This work must be continued in two ways. The first is rather conceptual, because 
it is a question of suggesting that the designer more precisely specifies the joint 
parameters that he wishes to control. It is also a question of optimizing some 
associated mechanism parameters to obtain a minimized cost function. The second is 
more experimental and consists of investigating the impact of various association 
criteria in the calculation of the studied values. 
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Chapter 3 

Quick GPS: Tolerancing  
of an Isolated Part  

3.1. Introduction 

In an academic approach to tolerancing, the designer is familiar with the 
mechanism drawing and determines the geometric functional requirements 
according to a functional analysis. For each requirement, the designer must identify 
the influential parts, as well as the dimensional and geometric specifications to be 
imposed on each of these parts; the designer’s role includes establishing 3D 
tolerancing chains in order to analyze and synthesize tolerancing. This approach has 
already been developed by Anselmetti within the CLIC system [ANS 06]. 

In a great number of industries however, a designer is only responsible for a 
single isolated part. Therefore, the aim of this new approach, derived from the CLIC 
system and called Quick GPS, is to formalize a tolerancing method that corresponds 
to this industrial context. Such an approach is expected to guarantee coherent 
tolerancing of the complete mechanism, executed by a team of designers, each of 
whom assumes responsibility for a single part. This method does not enable us to 
generate tolerancing chains and thus cannot optimize tolerances; it merely provides 
a synthesis of specifications. The approach has been illustrated by application to the 
air control of a gearbox in three positions (left, center and right) (see Figure 3.1). 
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Figure 3.1. Right control configuration 

In the industrial context being studied, the designer is responsible for tolerancing 
the body and gains familiarity with the drawing and mechanism operations. To 
ensure coherent tolerancing of the entire mechanism, the team of designers must 
agree on the positioning plan for all mechanism parts. 

This chapter will focus on specification synthesis for a part, in accordance with 
the GPS standards used by industry; it will present a solution for achieving coherent 
tolerancing. Section 3.2 will provide a mechanism assembly description, while 
section 3.3 will develop the tolerancing rules for specifying all contact surfaces 
according to positioning requirements. Section 3.4 will then display a method that 
can be substituted for the classic approach of 3D chain transfers. Section 3.5 will 
demonstrate the application to automatically generate all these specifications using 
the QUICK GPS CAT system. 

3.2. Mechanism definition 

3.2.1. The positioning plan 

The tolerancing of a functional mechanism depends on how parts are set. With 
the Quick GPS method, the team of designers determines the order in which parts 
are set: an initial part, called the “base”, is placed on the workbench. Each 
successive part is then positioned one by one onto the mechanism under 
construction. In principle, each part must be completely set with respect to the 
mechanism being built. It is also possible to assemble a subset, called a “block”, 
along with its proper base. This block is placed on the mechanism under 
construction. Figure 3.2 presents the positioning plan graph, which is similar for the 

Shaft (s)

Body (b)

Piston (p) Flange (f)

Spool (sp)

Probe finger (pf)
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centered and right control configurations. The base lies on the left side of both the 
mechanism and each block. A partial or full block must be set on the surfaces of 
parts located to its left. 

 

Figure 3.2. Control positioning plan 

3.2.2. Description with positioning tables 

The team of designers must proceed with a study of part set-up by taking into 
account the preponderance order of each positioning feature. The primary feature 
should impose the most feasible degree of freedom for the part. Then, the secondary 
and tertiary entities must offer each block at least one degree of freedom. Any 
elementary contact surfaces must be merged into a single composite positioning 
feature (e.g. set of parallel cylinders, coplanar planes). Moreover, the team needs to 
define the names of datum and types of interface between the features of both parts 
in contact. Classic interfaces consist of contact, clearance, blocked clearance or 
interference. During this step, designers are to take the functional context of parts 
into account and make key decisions regarding product quality and potential failure 
in the case of surface deviations. In addition, this approach serves to verify 
compliance of the positioning face dimensions with respect to the preponderance 
order. 

This description of the mechanism differs from the classic approach, which uses 
a graph for each mechanism configuration. Graph nodes represent the parts, while 
arcs represent the links. A more detailed depiction of the component may be 
obtained by displaying component surfaces inside the graph nodes. 

Linares [LIN 01] created functional groups of surfaces that include all 
contributing surfaces at a given joint. These groups are shown inside the nodes 
rather than inside the surfaces. In their work, Ballu and Mathieu [BAL 99] and 
Teissandier [TEI 97] indicated joint type on the arcs (e.g. plane joint, revolute joint). 
Samper [SAM 96] preferred noting the type of contact (e.g. fixed, sliding, floating 
and forbidden), whereas Marguet oriented arcs from the base to their end parts 
[MAR 01]. As for the Quick GPS and CLIC approaches, producing the positioning 
part table for both the studied part and its neighbor parts proves sufficient. 

Body block Shaft block Probe finger

Body Flange Spool Shaft Piston

Body block Shaft block Probe finger

Body Flange Spool Shaft Piston



42     Product Lifecycle Management 

 

Figure 3.3. Positioning part table for the flange 

3.3. Datum system specifications 

3.3.1. Positioning requirements 

In this step, the positioning tables are defined for each part and made available to 
each designer. The positioning tables now enable us to define the positioning 
requirements to ensure part assembly and contact quality (see Figure 3.4). 

3.3.2. Positioning specifications 

The joints that compose surface features in contact require the maximum gap 
between surfaces (the gap is considered to be the maximum distance between 
surfaces lying in contact with one another) to be controlled (see Figure 3.4). The gap 
between primary surfaces requires entities to specify the form of the surfaces in 
contact (see Figure 3.4a). The gap between secondary or tertiary surfaces imposes a 
specification orientation with respect to the primary reference (see Figure 3.4b). 

In contrast, the joints composed of fitting features (i.e. hole and shaft) necessitate 
control of the minimum clearance or both the maximum and minimum interferences. 
The clearance or interference of a primary adjustment entity imposes part diameters 
along with the corresponding envelope requirement (see Figure 3.4c). The clearance 
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of a secondary or tertiary adjustment entity makes it necessary to specify diameters 
of the virtual maximum material (see Figure 3.4d). 

 

Figure 3.4. Generation of positioning requirements 

In choosing the positioning surface specification, Maeda [MAE 95] proposed a 
model to express the behavior of a toleranced feature by using the degree of freedom 
for this feature. TTRS (Technologically and Topologically-Related Surfaces) theory 
models surface associations and, based on these models, proposes standardized 
tolerancing [CLE 94]. Salomons used this same method with minor changes [SAL 
96]. For assembly requirements however, it is possible to impose a specification to 
achieve optimal compliance. 

Figure 3.5 contains patterns for each type of positioning feature and for the 
primary, secondary and tertiary cases as well. The corresponding pattern must be 
copied onto the definition drawing by adapting the datum names defined in the 
positioning table. The maximum material modifier should be introduced on either 
the toleranced surface or a datum surface should the interface be clearance. 

To simplify Figure 3.5, perpendicularity implies that the pattern corresponds to 
an orientation specification (perpendicularity or angularity), and localization 
corresponds to a position specification (localization or symmetry). The specification 
choice then depends on the relative position and orientation between toleranced 
surfaces and datum. 
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Special tolerancing patterns have proposed two solutions: orientation or position 
for any features (plane, coplanar planes, cylinder, coaxial cylinders, symmetrical 
parallel planes, and threading). Most of these cases require orientation specification, 
yet position specification must be applied if a dimension can be defined between the 
toleranced surface and datum. In Figure 3.6, the secondary feature B demands 
simple perpendicularity with respect to the primary datum; and tertiary datum C 
needs to control a dimension between B and C in order to ensure potential assembly, 
given that parallelism is not sufficient. 

 

Figure 3.6. Orientation or position specification 

To formalize the specification for these features within the QUICK GPS system, 
TTRS theory is employed to identify all possible cases. The classic features belong 
to two TTRS classes: plane surfaces, which in accordance with TTRS encompass 
planes, coplanar planes and symmetrical parallel planes; and cylindrical surfaces, 
which account for cylinders, coaxial cylinders and threading. Table 3.1 sets out the 
specifications to be applied to these features, depending on the toleranced surface 
and datum. The toleranced surface is a secondary or tertiary feature, while datum is 
either primary or a data system composed of both primary and secondary data. 
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In Table 3.1, a star indicates that this case is impossible for positioning 
specifications. The reclassification result for both toleranced surface and datum 
should not be in the same class as the datum. 

 

Table 3.1. Specifications according to TTRS cases 

Figure 3.7 presents results of the body specification for positioning requirements. 
Tolerance values are by default set at 0.1 and must be adjusted by the designer. 

A, B and C represent the main reference frame (R1b) of the body to be located in 
the outside world. D, E and F constitute the auxiliary reference frame for the flange, 
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denoted A1f. G is a portion of the auxiliary primary datum of the shaft and, along 
with H, constitutes the datum reference frame named A1s. The pairs (J,K), (L,M) 
and (N,P) correspond to auxiliary reference frames (A1n, A2n, A3n). 

 

Figure 3.7. Results for positioning requirement specifications 

When the primary datum is partial, it becomes impossible to specify secondary 
datum with regard to the primary reference; hence in this case, surface H is not 
specified. 

3.4. Relative position of reference frames 

3.4.1. Links between reference frames 

To complete the body specification, it is necessary to take into account the other 
functional requirements. For each functional requirement, the CLIC method 
determines the loop of contacts linking functional surfaces, in addition to generating 
both functional specifications for influential surfaces and the relationship between 
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the tolerances for these specifications [ANS 06]. In this manner, the 3D tolerancing 
chain creates links between different datum reference frames of each part. 

The designer assigned responsibility for a part must apply another method to 
complete the tolerancing step, meaning that the designer must know mechanism 
operations and determine the set of useful functional requirements. 

The designer must systematically study whether a deviation in each surface of all 
auxiliary reference frames causes failure for the assembly or for product functioning. 
This failure would call for a functional requirement to be defined between the 
functional surfaces. One such surface sometimes lies directly on the studied part. 

 
Figure 3.8. Search for links 

In order to identify influential parts on this requirement, two methods will now 
be proposed: 

– According to Figure 3.8, designers must find the loop of contacts that links 
functional surfaces. This loop actually links the influential reference frames of the 
studied part. 

Influential
reference

frames

Functional
surface

Requirement

Non-influential parts

Loop of contacts

Studied part
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– The designer can virtually delete all parts that do not modify the relative 
position of functional surfaces. The reference frames of the studied part in contact 
with remaining parts are all influential. 

Each surface of each influential auxiliary reference frame and each isolated 
functional surface must then be located with respect to one other influential 
reference frame (whether main or auxiliary). A set of similar systems can sometimes 
be combined. Figure 3.9 and Table 3.3 illustrate links on the body considered for all 
requirements of the studied control. 

This search for links may proceed using the graphical approach [BAL 99,  
DAN 05]. 

3.4.2. Specification corresponding to links 

Figure 3.9 shows the links established between the datum reference frames 
created in Figure 3.7. The cylinder denoted “piston” is an isolated functional surface 
that ensures clearance and air tightness between the body and piston. A1f is chosen 
to close the loop presented in Figure 3.8. The link A1s/A1f completes the loop for 
this requirement. The links A1s/R1 and A1f/R1 are established to guarantee the 
position of the shaft relative to the shift fork. The group G1 is created and positioned 
relative to R1 to ensure the accessibility of the nipples for the outside world. 

 

Figure 3.9. Links between datum reference frames 

G1

R1

A1s

A1n A3n

A1f

A2n

Cylinder piston
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For each link presented in Figure 3.9, all surfaces of the specified frame must be 
located and/or oriented with respect to the reference frame. For each specification, 
the algorithm summarized in Figure 3.10 enables us to determine whether one, two 
or three references are needed. 

 

Figure 3.10. Test of datum frame combinations 

Table 3.2 describes in detail the condition employed to determine whether the 
reference frame is indeed sufficient. This frame is associated with a TTRS to be 
calculated by means of reclassification [CLE 94]. 

The choice of specification symbol has been presented in Table 3.1. The symbol 
used for features composed of many surfaces is the same as symbol shown in Figure 
3.5. If the toleranced surface or datum is a fitting feature with clearance, it becomes 
necessary to add a minimum material modifier. 

Figure 3.11 indicates the result of tolerancing obtained by the links defined in 
Figure 3.9. This specification may be excessive. For example, the localization 
(denoted with a star in Figure 3.11) of the group of three holes proves useless in our 
case. However, such a localization step would have been necessary if a hole in the 
flange had been positioned in front of a hole of the body in order to pass air through 
the flange. 

The designer must therefore analyze the pertinence of the proposed 
specifications and eventually delete some of them. Experience demonstrates that this 
case is quite rare. 
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Table 3.2. Datum system test for positioning 

 
Figure 3.11. Positioning specification results for the body 
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3.5. VBA application 

3.5.1. General structure 

The Quick GPS tolerancing method has been implemented within a CATIA 
VBA environment (Dassault Systèmes). Data are stored in a simple Excel 
spreadsheet. The application comprises 3 steps, the first of which enables an 
interactive dialog between the designer and the computer-aided tool. The designer 
selects the primary, secondary and tertiary features using the CATIA interface, with 
surface characteristics stored in the Excel spreadsheets. This step summarizes the 
concept of positioning part table. During the second step, the application generates 
data tolerancing, in accordance with the previous set of tolerancing rules. Finally in 
step 3, the application reproduces the tolerancing in 3D annotation with the FTA 
(Functional Tolerancing Annotations) interface (see Figure 3.12). 

 

Figure 3.12. Interface with the CAD system 

Figure 3.13 details these various application steps. 

CATIA MODEL OF PART
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2
3
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A B C D E F G H
Tableaux de mise en position
Nom pièce carter flasque arbre tuyau
Nom court carter flasque arbre tuyau
Raccourci c f a t

senum sepiece sepriaux sevois seetat sepst seent sevx
Numéro Nom de la piè Principal Auxi Pièce voisine Etat Ordre Entité de positvx

1 carter.1 Principal 1 primaire PLS 0,000
2 carter.1 Principal 1 secondaire CYC 0,000
3 carter.1 Principal 1 secondaire CYC 0,000
4 carter.1 Principal 1 tertiaire CYG 0,000
5 carter.1 Principal 1 tertiaire CYG 0,000
6 carter.1 Principal 1 tertiaire CYG 0,000
7 carter.1 Principal 1 tertiaire CYG 0,000
8 carter.1 Auxiliaire flasque.1 1 primaire PLS 0,000
9 carter.1 Auxiliaire flasque.1 1 secondaire CYS 0,000

10 carter.1 Auxiliaire flasque.1 1 tertiaire TAG 0,000
11 carter.1 Auxiliaire flasque.1 1 tertiaire TAG 0,000
12 carter.1 Auxiliaire flasque.1 1 tertiaire TAG 0,000
13 carter.1 Auxiliaire arbre.1 1 primaire CYC 0,000
14 carter.1 Auxiliaire arbre.1 1 primaire CYC 0,000
15 carter.1 Auxiliaire tuyau.1 1 primaire TAS 0,000
16 carter.1 Auxiliaire tuyau.1 1 secondaire PLS 0,000
17 carter.1 Auxiliaire tuyau.2 1 primaire TAS 0,000
18 carter.1 Auxiliaire tuyau.2 1 secondaire PLS 0,000
19 carter.1 Auxiliaire tuyau.3 1 primaire TAS 0,000
20 carter.1 Auxiliaire tuyau.3 1 secondaire PLS 0,000
21 carter.1 tol gen 0

EXCEL SHEETS

Selection of
contact surfaces
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27
28
29
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S1 Planéité PLS 1 0,020
S2 Diamètre CYS 2 0,040
S3 Diamètre CYS 3 0,040
S4 Perpendicular CYC 2,3 0,040
S5 Diamètre CYG 4,5,6,7 0,200
S6 Localisation CYG 4,5,6,7 0,200
S7 Planéité PLS 8 0,020
S8 Diamètre CYS 9 0,040
S9 Perpendicular CYS 9 0,040
S10 Taraudage TAG 10,11,12 2,000
S11 Localisation TAG 10,11,12 0,200
S12 Diamètre CYS 13 0,040
S13 Diamètre CYS 14 0,040
S14 Rectitude CYC 13,14 0,020
S15 Taraudage TAS 15 2,000
S16 Perpendicular PLS 16 0,040
S17 Taraudage TAS 17 2,000
S18 Perpendicular PLS 18 0,040
S19 Taraudage TAS 19 2,000
S20 Perpendicular PLS 20 0,040
S21 Localisation PLS 8 0,300
S22 Localisation CYS 9 0,300
S23 Localisation TAG 10,11,12 0,300
S24 Localisation CYC 13,14 0,300
S25 Localisation TAS 15 0,300
S26 Localisation PLS 16 0,300
S27 Localisation TAS 17 0,300
S28 Localisation PLS 18 0,300
S29 Localisation TAS 19 0,300
S30 Localisation PLS 20 0,300
S31 Localisation CYC 13,14 0,300
S32 Position d'une surface quelc 0 1,000

Generation of
tolerancing

Generation of
annotations
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Figure 3.13. Synopsis of the Quick GPS application 

3.5.2. Data acquisition and verification 

In the CAD system, the designer proceeds with a step-by-step selection of 
contact surfaces between each pair of parts. Figure 3.14 lays out the interactive 
selection showing flange positioning on the body. A dialog box enables the designer 
to detail the interface between the various contact surfaces (clearance, interference, 
etc.). Armillotta [ARM 07] proposed a method for automatically recognizing these 
contact surfaces on the CAD assembly model. 

For each selection, VBA CATIA procedures recognize the elementary geometry 
(plane, cylinder, sphere, cone, torus). Geometrical characteristics can then be 
extracted from this specific geometry (point, vector, radius, etc.) (see Figure 3.15). 

If the entity is composed of several elementary surfaces, the combinations 
between geometrical characteristics would enable us to determine the type of feature 
in order to differentiate coaxial cylinders from, for example, a set of parallel 
cylinders. Moreover, each positioning feature is associated with a TTRS class so as 
to apply the set of rules listed above. 
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Figure 3.14. Selection of positioning surfaces 

 

Figure 3.15. Entity identification 

During each step, these rules serve to verify junction coherence. The first rule is 
based on TTRS theory to ensure that each datum reference frame created is indeed 
coherent. To illustrate this Figure 3.16 shows an incoherent system. 

Primary plane Secondary cylinder Tertiary set of threads
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Figure 3.16. Example of an incoherent reference frame 

The primary plane is a planar surface for TTRS theory, and the secondary plane 
is a planar surface as well. The reclassification of these parallel surfaces would thus 
also be a planar surface. The secondary datum does not, in fact, suppress any new 
degree of freedom. 

The second rule performs a datum quality test. For example, if a primary 
cylinder is too short (Length < 0.5 × Diameter), a warning is displayed. The short 
cylinder is not correctly blocking two rotations, which need to be suppressed by a 
primary datum. 

In addition, the designer selects one surface to be assigned a specification for 
general tolerancing of all part surfaces. 

3.5.3. Tolerancing process 

The tolerancing process is composed of four phases. 

The first phase creates all datum reference frames and their corresponding 
specifications, as represented in Figure 3.7 with respect to the method presented in 
section 3.3. 

During the second phase, a dialog box asks the designer to define a group of 
frames such that Group G1 is composed of A1n, A2n, A3n. This solution represents 
an alternative which is the most appropriate in some cases when the surfaces are 
similar, like coaxial cylinders or a set of cylinders. This avoids favoring one 
reference frame, like A1f for the requirement of clearance between the piston and 
the body. 

The third phase displays the matrix (Table 3.3). The designer must now place the 
letter “P” to indicate a frame or a function with respect to a datum reference frame. 
However, if there are only two datum reference frames (a main and an auxiliary) in 
the part, the auxiliary references are automatically positioned relative to the main 
reference frame and the designer need not complete this table. 
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Table 3.3. Relative position between datum reference frames 

The fourth phase generates the tolerancing corresponding to these links, in 
accordance with section 3.4. 

Each specification listed in an Excel spreadsheet can be modified or suppressed 
and tolerances can be adjusted. 

In this last phase of the application, all ISO functional specifications are 
transferred into the CAD model with VBA and CAA procedures, using the FTA 
semantic language. Figure 3.17 shows the exact, automatically-obtained captures 
and annotations. 

 

Figure 3.17. Tolerancing exported to CATIA 
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3.6. Conclusion 

This chapter has shown that coherent tolerancing of a single part may be 
achieved with knowledge of the positioning tables and the matrix detailing the links 
between the various contact surfaces. This method provides an efficient solution for 
numerous industries, in cases where each designer is responsible for just a single 
part. The positioning part table offers a way to specify all joints in order to respect 
the positioning requirements. The table of the position between datum reference 
frames summarizes all links into the part and serves as an alternative to the classic 
3D chain transfer approach for the contextual study of a single part. 

This method has now been implemented within a VBA environment in 
interaction with the CATIA environment. This module has proven to be very 
effective: the selection of set-up surfaces takes just 5 min, and body tolerancing only 
needs 20 s.  

This approach is not sufficient for tolerance optimization, a process that requires 
tolerance chains and a complex equation system. This result can still be studied with 
other commercial software, such as 3D CS and MECAmaster, to determine the 
effect of these tolerances on functional characteristics. 

The automation of this work necessitates a complete view of the mechanism, as 
available in the CLIC system [ANS 06]. 

As opposed to Armillotta’s findings [ARM 07], contact surfaces are not detected 
automatically, yet the subsequent goal of this application is to enhance the assembly 
method on a CAD model by integrating the positioning table concept. This new 
version is being created by CATIA CAA and will enable modifying tolerancing 
reproduction, which presents several shortcomings in the VBA language. 
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Chapter 4 

Synthesis and Statistical Analysis  
for 3D Tolerancing  

This chapter presents a general method for determining the dimensional and 
geometric tolerances of the various parts of a mechanism. The nominal geometry is 
known and the functional requirements are defined by tolerance zones. This method 
has three main stages: the first one is to decompose the functional tolerance into 
tolerance zones attached to each functional feature of the parts. The second stage 
draws from the ASME or ISO standards of possible specifications that correspond 
most closely to the outcome of the first stage. The third stage is an analysis in the 
worst case or has statistical assumptions to determine the numerical values that 
complement the determination of tolerances. In this presentation the statistical 
approach is developed and an example is presented. 

4.1. Introduction 

Nowadays, the optimization of geometrical tolerances is generally carried out 
empirically in most mechanical industries. Compromises are made between the 
functional requirements in the design process and the manufacturing step. A rational 
method and computer-aided tolerancing systems are particularly necessary for new 
products in the context of rigorous lifecycle management that takes into account the 
design and the manufacturing data simultaneously. 

In this chapter, a method for allocating geometrical and dimensional tolerances is 
presented. This method is composed of three main stages. First a tolerance zone is 
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defined for each functional feature of the assembly. The second draws the tolerance 
specifications from the ASME or ISO standards. These two stages consist of a 
tolerance synthesis. Starting from a functional requirement, they give the tolerances 
in the qualitative form. The third stage is a quantitative analysis and it allows us to 
determine the optimum values for each specification that satisfied the functional 
requirement. Some manufacturing data are taken into account, in particular, process 
capability indices depending on the manufacturing process. 

The outline of the chapter is as follows. The general problem is discussed, 
followed by a literature review with a presentation of the main mathematical tools in 
section 4.1. In section 4.2 the method is applied to stack-up tolerances. In section 
4.3, the clearance is taken into account. In section 4.4, the method is applied to more 
complex mechanical structures: the parallel structure and what we call the 
“reducible” structure. In section 4.5 the statistical analysis method for general 
reducible structure is presented and a simulation example is given with more details 
to show the efficiency of the procedure.  

4.1.1. Literature review 

Different approaches for computer-aided tolerancing have been developed. The 
most common consists of considering a functional requirement “y”, function of 
parameters xi describing the geometry of parts: y=f(xi). From this function we can 
determine the variation of the characteristic y as a function of the variation of xi. 
This problem can be solved in the worst case or more commonly by the statistical 
approach. For example, Nigam and Turner presented a review of the statistical 
approaches for the tolerance analysis starting from this parameterized form 
[NIG 95]. Huang and Ceglarek proposed a very efficient algorithm adapted for non-
linear relations [HUA 04]. Unfortunately for the application to mechanical 
structures, this method is not compatible with geometrical tolerances defined in the 
ISO or ASME standards. On the other hand, the interfaces between the parts 
(clearance, gaps) have a different behavior compared to the deviation between the 
features of a part and are therefore difficult to be taken into account with this model. 

The small displacement torsor, also called screw operator or screw, is widely 
used to represent the deviation between two faces of a part or the clearance in a joint 
between two parts. First used for metrology by Bourdet and Clément [BOU 88], it is 
also a very well suited tool for tolerance analysis and synthesis in a 3D context. For 
a stack-up of tolerances the calculation of the torsor associated to the requirement is 
a simple sum of the torsors associated to each functional deviation. 

Desrochers uses the term of Jacobian-torsor because a transformation matrix is 
needed for the computation of the sum of the torsors [DES 03]. The torsors must be 
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projected in the same frame. In the general case, depending on the mechanical 
structure, it is possible to write the relation between the different small displacement 
torsors [BAL 95]. However, this is not sufficient for the tolerance analysis: one must 
translate each standardized specification into limits on the torsor components. 
Desrochers proposes to extend the Jacobian-torsor model to a tolerance zone model 
using an interval formulation [DES 03].  But in our opinion this model is not very 
close to the standard. 

Davidson and Shah used a geometrical representation for the limits of the 
deviations with the concept of T-Map [DAV 02], this model presents some 
similarities compared to the model of domains we developed for example in 
[GIO 01] and  will use hereafter.  

4.1.2. The domain model 

In this chapter, the small displacement torsor model can represent either a 
deviation of one feature compared to another or compared to datum; in this case the 
torsor is noted with letter D. The displacement torsor model can also represent a 
deviation in a joint between two parts, in this case the torsor is represented by the 
letter J. A domain is a set of deviation torsors and is a model for any standardized 
specification, either a tolerance zone or a dimensional tolerance [GIO 01]. The 
concept of a joint domain is also used and will be defined in the following section. 

The representation by graphs for mechanical structures or assemblies is useful to 
enable distinction of the different types of structures. In these graphs, each vertex is 
a Cartesian frame attached either to an elementary functional feature (generally 
simple face) or to a datum frame built from different features. 

Each edge of the graph represents a small displacement between two frames 
compared to their relative nominal location. It may represent a functional 
requirement or a geometrical deviation, or a gap or a clearance between the faces. If 
the two vertices of the edge belong to the same part, then it is represented by a thin 
line, otherwise it is a thick line. The part is represented by an ellipse in a dotted line 
(see Figure 4.1a). 

4.2. Stack-up tolerance synthesis 

4.2.1. Serial mechanisms 

The mechanical assembly is composed of parts arranged one after the other 
following the graphic and schematic representation of Figures 4.1a and 4.1b. Two 
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functional features belong to each part. We assume that each feature is a face such as 
a plane, cylinder, spherical, conical surface, etc. A geometrical or dimensional 
tolerance gives the limits of the deviations between the two surfaces in comparison 
with their theoretical relative position. The actual face is substituted by a theoretical 
surface called the surface of substitution. The least square criterion is usually used to 
determine this theoretical face from the actual one. In this model, it is assumed that 
each geometrical tolerance means that the substituted face must be inside the 
tolerance zone.  

 

Figure 4.1. Serial mechanism: graphical (a) and schematical representation (b) and 
tolerance zone attached to each part (c)  

The deviation of the toleranced face is characterized by a small displacement 
torsor. We call the set of inequalities between the components of the deviation torsor 
according to a tolerance the deviation domain. A domain can also be represented by 
a geometrical figure in the multidimensional space of the small displacement. The 
domain can be defined by a set of linear inequalities, the figure is then a polytope. 
When the domain is defined by non-linear inequalities, quadratic for example, the 
figure is a convex hull.  

Figure 4.2 shows four cases of tolerances for rectangular planar faces and for 
cylinders. The components of the deviation torsor are given and the inequalities of 
the deviation domain correspond to the tolerance. We observe that the components 
depend on the toleranced face but also on the datum.  The deviation torsor is denoted 
D while the deviation domain is denoted [D].  
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Figure 4.2. Four cases for the deviation torsor and deviation domain 

4.2.2. Analysis for worst case stack-up tolerances 

For a serial mechanism (Figure 4.1a) with a perfect geometrical contact between 
the parts, the deviation between the faces A and B is given by the torsor: 

DAB=ΣDi  (i=0 to N) [4.1] 

Therefore, the torsors Ji are assumed to be equal to the null torsor. The 
components of the deviation torsors must be calculated in the same frame. Let Oi, 
xi, yi, zi be the frame (i) attached to the face (i). It is the local frame where the 
deviation torsor is Dii=(rxi, ryi, rzi, txi, tyi, tzi): three components for the small 
angular deviation and three components for the small displacement of the point Oi. 

We note Di a torsor and Di
j the six components of the torsor Di in the frame (Oj, 

xj, yj, zj). 

The new components of the same torsor but for the new frame (0) are given by: 
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i [4.2] 
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T0I is the transformation matrix (6x6). It depends on the relative position of the 
two frames. Stack-up tolerance analysis consists of determining the limits of the 
resulting deviation torsor DAB when the limits of each deviation Di are known. In 
other words, if the deviation domains [Di] are known, the problem is to determine 
the resulting domain [DAB]. A solution in the worst case is given by Minkowski sum 
of the domain [Di]. The resulting domain is then: 

 [DAB] =Σ[Di] [4.3] 

In other words, starting from the inequalities corresponding to each tolerance, it 
is possible to calculate the set of inequalities that define the limits of the resulting 
torsor. 

In the very simple particular case in which all the domains are homothetic, the 
sum of Minkowski is also homothetic to other domains. Two domains are 
homothetic if one is obtained from the other only by changing the scale.  

4.2.3. Analysis with the statistical approach 

In the statistical approach, it is assumed that the components of the deviation 
torsor are random variables. 

In the general case, it is also assumed that they are independent for the local 
frame (i). If the components must be calculated in another frame, the mean values 
and the covariance matrix are changed by the following relations: 

Dmi
0=T0I Dmi

i   [4.4] 

Λi
0=T0I T Λi

i T0I [4.5] 

Dm is the torsor for which components are the mean value of the random 
components, and  Λ is the covariance matrix (6x6) of the components. T0I T is the 
transposed matrix of the matrix T0I. 

For stack-up tolerances we then have: 

DmAB = ΣDmi
0 [4.6] 

And assuming the deviation torsors are independent random variables: 

ΛAB = Σ Λi
0 [4.7] 
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Then, when the statistical data of each deviation torsor are known (density of 
probability, mean values and standard deviations), we can calculate the statistical 
characteristics of the resulting functional requirement. Two methods can be used to 
achieve this: the analytical method requires complex computation; the Monte Carlo 
algorithm is the most commonly used but is very time-consuming to obtain good 
accuracy [NIG 95], [HUA 04], [SHA 99].  

4.2.4. Synthesis for stack-up tolerances 

It is assumed that the functional requirement is given by a tolerance zone. The 
real value tf is the size of this tolerance zone. The same tolerance zone is then put 
into effect for each functional face of the parts, as shown in Figure 4.1c. If ti is the 
size of these zones, then in the worst case we must have tf=Σti, where the sum is 
extended to the number of toleranced faces. This relation is due to the property of 
homothetic deviation domains presented above. In this case, if the analysis is done, 
then all the deviation domains are homothetic and the Minkowski sum is also 
homothetic representing the functional requirement. The first stage of the method is 
then very simple. We call the corresponding domain the functional tolerance zone 
and the functional deviation domain.  

 
Figure 4.3. Example of a serial assembly 
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geometrical feature. The projected tolerance allows us to build this type of tolerance 
zone, however the standard is only adapted for some particular cases and this type of 
specification is difficult to achieve in the manufacturing process. In this case a 
transfer of the tolerance is necessary. This consists of defining specifications so that 
the corresponding deviation domain can be inside the functional domain. The 
functional domain corresponds to the functional zone. 

A very simple example in Figure 4.3 shows the method. Two shafts are linked by 
a conical fitting. The tolerance zone is first affected to the two parts (first stage) so 
that tf=t1+t2. Then the specifications are such that in the worst case, the associated 
domain is inside the functional domain (second stage):  

t1 = t + 2 t’ a/b 

4.3. Serial mechanisms with non-perfect contacts 

Assuming the non-interference of the solids, inequalities can be written between 
the bounded components of the joint torsor.  These comprise the joint domain. 

Figure 4.4 gives the joint torsor in the local frame, and the joint domain for a 
round planar face and a cylindrical surface. For a planar joint, if a clearance is 
possible between the two planar faces (floating contact) there are three bounded 
components (rx, ry, tz). For a round planar face, the non-interference is represented 
by the quadratic inequalities defining the joint domain. 

The graph of the serial system is represented in Figure 4.1. The functional 
deviation torsor is: 

EAB= D0+J1+ D1+J2+… + JN+DN [4.8] 

The sum of torsors is commutative and associative; this property allows us to 
write: 

EAB= DAB + JAB  [4.9] 

with  

DAB=  D0+…+DN 

and 

JAB= J1+…+JN  [4.10] 
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The composition of displacement is not commutative, so the assumption of small 
displacements is necessary. 

 
Figure 4.4. Joint torsor and joint domain 

4.3.1. Analysis in the worst case 

In the worst case, Minkowski sums give two resulting domains: one [DAB] 
represents the set of deviations between features A and B when all the joints are in 
their nominal configuration (contact for planar faces, coaxial axes for cylinders); and 
the other [J] represents the set of small displacements enabled thanks to the degrees 
of freedom and the clearance in the joints.  

The functional requirement may be expressed on different forms depending on 
how these two domains are associated. For example, Minkowski sum gives the set 
of all the possible deviations for all the parts and all the configurations enabled by 
the clearances in the joints. 

4.3.2. Analysis with the statistical approach 

For a given assembly, each part has deviations characterized by deviation 
torsors. We call “shifted joint domain” the set of displacements allowed by the 
degrees of freedom and the clearances in the joints. 

[S] = [J] + D 

D is a torsor and it is assumed that the components are random variables. [J] is a 
domain the limits of which depend on the sizes of the joint features, the diameter for 
cylindrical faces for example. They are also random variables. 
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Then, for a sample of assemblies, statistical characteristics can be calculated both 
for the resulting deviation torsor, as we did for simple stack-up tolerances, and for 
the resulting joint domain bounded by random variables. 

4.3.3. Synthesis for a serial mechanical system 

The functional requirement may be defined by two types of data, the resulting 
tolerance zone as it was done in the case of perfect joints, and some limits for the 
resulting joint domain. The previous synthesis method can be applied for the 
qualitative allocations of the tolerances by considering only the functional resulting 
deviation domain. 

4.4. “Reducible” structure 

4.4.1. Parallel mechanical structure 

The basic parallel structure consists of two parts linked by several contact faces. 
Figure 4.5 shows the graph of the general case. A frame is built from the different 
features. It is a datum reference frame for the tolerance of features A and B. 

It is assumed that the functional requirement is defined by a tolerance zone 
between A and B. One of the two features can be the datum and the other the 
toleranced feature, or the two features can be in a common tolerance zone. 

DAB = DA + D + DB [4.11] 

D = D’1+J1+D”1 =…= D’i+Ji+D”i =…= D’N + JN + D”N  [4.12] 

We set: Di  = D’i + D”i 

Then D =  D i + Ji   i=1 to N 

For a given assembly, for each joint (i) a shifted joint domain can be built:   
[Si] = D i + [Ji ]. 

The feasible assembly check is the existence of the intersection of the N shifted 
joint domains. 

In the worst case this intersection exists in the following case. For each joint the 
clearance between the faces of the two parts is a zone transformed into a tolerance 
zone allocated to the two faces. If the faces are perfectly connected without any 
clearance, the tolerance is zero and the face is a primary datum. 
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Figure 4.5. A parallel structure 

The method for allocating geometrical tolerances to a qualitative view consists 
first of transforming the clearances of the joints into tolerance zones. The zones are 
ordered depending on technological data (relative dimensions, type of contact, 
clearance, etc.), some joints can be at the same level. In the second stage, the 
standardized specifications that correspond more closely to the tolerance zone and to 
the ordered faces are allocated.  A simple example is presented in Figure 4.6. 

Once the qualitative tolerance is defined, it is possible to analyze the functional 
requirement for given values of the tolerances. The statistical analysis for three 
dimensional tolerances has been done for a serial mechanism. Several works exist 
for parallel structures. Anselmetti proposes to decompose complex requirements into 
several minimum or maximum distance between two parts. This approach requires 
the determination of this kind of relation case by case [ANS 06]. 

 

Figure 4.6.  Example of a parallel structure 
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The particular case of an assembly made by two pins and holes is investigated by 
Shan, Roth and Wilson [SHA 99]. Any angular deviation of the holes is taken into 
account in their model and the inequalities that express the feasibility of the 
assembly are specific to the example. 

4.4.2. Introduction to “reducible” structure 

We call a graph with two vertices linked by one or two edges an elementary 
graph. We call a reducible graph, a graph that can be transformed into an elementary 
graph by two types of simplifications: 

− Serial simplification: (Figure 4.7a) A set of parts arranged one after the other is 
replaced by a single edge between two vertices. In the worst case analysis, the sum 
of Minkowski gives the resulting deviation domain and the resulting joint domain. 
In the case of the statistical analysis, the Monte Carlo algorithm needs to calculate 
the sum of random torsors using equations [4.1] and [4.2]. The analytical method 
can be achieved by equations [4.4], [4.5], [4.6] and [4.7]. 

− Parallel simplifications: (Figure 4.7b) A set of joints between two parts is 
replaced by a single joint represented on the graph by an edge. In the worst case 
analysis the condition for the assembly is checked. For a statistical analysis we only 
use the Monte Carlo method to check if the assembly is possible and to calculate the 
resulting deviation torsor and joint torsor, once the parts are linked together. The 
following section details the computation. 

 

Figure 4.7. Serial and parallel simplification 

By applying these two types of simplifications, it gradually transforms the 
complex structure into a simple system whose graph is elementary and corresponds 
to the functional condition. Figure 4.8 shows a reducible graph. The graph in Figure 
4.9 is not reducible. 
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Figure 4.8. Reducible structure (two pins and two holes assembly) 

 

Figure 4.9. Non-reducible graph 
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The main originality of this work is the tolerance analysis for the parallel 
structures, so in the following is a description of the general algorithm for this 
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−  the nominal geometry: including the topological structure, the relative location 
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End For 

For each assembly of the sample  

 Find a torsor S so that Ji =Ti0 S - Di
i  (i=1 to N) is inside all the joint domain 

 [Ji] (i=1 to N), (the inequalities must be checked) 

 if S exists the assembly is feasible 

End For 

For each feasible assembly compute a random configuration D so that all the 
torsors Ji are on the bounds of their domain. 

Finally the resulting deviation torsor between the two datum frames is obtained, 
and the deviation torsor DAB for the functional requirement is computed. 

4.5. Example of the pin-hole assembly  

4.5.1. Main data 

The mechanical system is presented in Figure 4.10. Once the parts are 
assembled, screws that are not represented on the figure fix the parts together. The 
functional requirement is that the two cylinders F and G must be on the same axis 
with a limited deviation. The tolerances relative to the parts are given. Thus, the aim 
is to compute statistical characteristics of the deviations. First the tolerances must be 
allocated on a qualitative point of view. The graph is drawn in Figure 4.8. 

 

Figure 4.10. Two pins and two holes assembly 
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The planar contact is without clearance so this face is a primary datum. The two 
holes have a symmetrical technological function so they are at the same level and 
are toleranced together. 

For each part (1) and (2) in Figure 4.10, the tolerance zones are attached to each 
functional face (see Figure 4.11). The geometrical tolerances in accordance with ISO 
standard are represented in Figure 4.11b. The two parts (1) and (2) have the same 
specifications. Since the parts must be fitted for the assembly, the maximal material 
condition is involved. For the functional requirement, the axes of each cylinder D 
and E belong to a cylindrical tolerance zone. So the tolerance for this cylinder is a 
location with the datum frame constituted by the planar face (primary datum A) and 
the two holes (secondary datum B). Since the deviation between the two frames (1) 
and (2) is due to the clearance at the pin and hole assembly, the minimum material 
may be involved for datum B. 

The algorithm presented in the previous section is implemented in an oriented 
object program. The inequalities associated with joint domains are programmed on a 
generic form. The analytical method is applied for the serial composition of the 
deviation torsors. 

The Monte Carlo simulation is implemented for the fitting condition. The mean 
hypotheses are the following: the sample consists of 105 assemblies; the capability 
indicator is equal to 1 for each component of the deviation torsor; the deviation 
torsors are independent and the components of a deviation torsor are independent in 
the local frame attached at the center of the toleranced face; the tolerances for 
diameters of the two pin holes and the geometrical tolerances are given in Table 4.1. 
The random variables have normal distribution, but others laws may be easily 
considered. 

Diameters Tolerances 

Pins 

8h7 

Holes 

8H8 

Location of the 
two holes 

Location of the 
functional cyl. 

7.9925±0.0075 8.011 ±0.011 t2=0.02 t=0.03 

Table 4.1. Tolerance data 

The assembly is possible if at least one configuration with the two pins in their 
holes exists without material deformation. The angular and linear deviations of the 
holes, the variation of their sizes and the size of the pins are randomly considered. 
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Figure 4.11. Qualitative tolerances for two pins and two holes assembly 

4.5.2. Major results 

In the worst case the assembly is not possible, but for normal distribution of the 
independent variables only 210 assemblies are not feasible (and 99,790 are feasible). 
Figure 4.12 gives the histogram of the deviation between two frames (1) and (2) 
attached to each part for a simulation. If 2a is the nominal distance between the two 
holes, this conventional deviation is calculated as follows: 

d=sqrt(Tx2+(Ty+a Rz)2) 

The torsor D12=(0,0,Rz,Tx,Ty,0) describes the deviation between (1) and (2) 
once the assembly is complete. 

It is assumed that when the screws are tightened the joint torsor reaches a 
random point of the bound of the joint domain. This is the reason why the histogram 
is not symmetrical and decentered to the high values. 

Figure 4.12a gives the histogram of the resulting deviation between the two 
cylinders F and G. The resulting deviation torsor has the following form: 

DFG = (rx,ry,0,tx,ty,0) 

The minimum diameter df of the common cylinder including the axes of the two 
cylinders F and G is calculated from this torsor. The histogram of the resulting 
random variable df is shown in Figure 4.12b. 
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Figure 4.12. Histogram of the deviation assembly and resulting deviation  

4.6. Conclusion and discussion 

4.6.1. Conclusion 

In this chapter the basis for a general method of allocating geometrical and 
dimensional tolerances in a qualitative aspect are presented. This step is essential for 
a coherent analysis. This method leads to consistent tolerances that enable a 
quantitative analysis. The statistical analysis of a toleranced assembly is carried out 
by a mixed method, analytic and Monte Carlo algorithm. The method can be 
generalized to any mechanical structure for which the graph is reducible. The 
deviations of the feature, including the angular deviations and the clearances at the 
joint are taken into account. 

4.6.2. Discussion and future works 

The method, however, needs to be improved. Generalization to any mechanism 
needs complementary studies, for non-reducible graphs for example. The generation 
of standardized tolerances starting from the tolerance zones is not automatic yet. The 
inequalities translating the behavior of the joints are difficult to generate in the 
general case. Nevertheless this method allows the designer to deal with a great 
number of current assemblies. 
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Chapter 5 

Reliability Analysis of the Functional 
Specification Applied to a  
Helicopter Gas Turbine   

5.1. Introduction 

The objective of this chapter is to set up an analytical model which enables 
performance quantification of a high pressure turbine of a helicopter engine. The 
principle of these kinds of turboshaft engines is to transform the air flow coming 
from the input of the motor into mechanical energy to the rotor. This mechanical 
energy is produced by the air flow passing through the rotor blades. An important 
part of the fluid does not work due to the clearance between the tips of the blades 
and the stator. Thus, it is important to find a compromise between the maximal and 
the minimal values of clearance: 

– a value of clearance that is too high decreases the performances of the engine;  

– a value of clearance that is too low increases the risk of damage to the engine 
by contact between the rotor and the stator (this could lead to the destruction of the 
engine). 

First, an analytical model of the clearance is made according to the architecture, 
the various parts and the connecting elements constituting the turbine. The turbine 
architecture is analyzed in order to obtain a tolerancing model of clearance. The 
worst case is applied and allows us to compute the extreme variations of clearance. 
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An influence analysis of every parameter of the tolerancing model is proposed and 
allows us to identify their contributions on the clearance. 

Second, a reliability analysis is performed. According to the two risk types 
presented previously (characterized by the maximal and minimal values of 
clearance), two limit state functions are defined respectively and correspond to both 
different failure zones. There is assumed to be a Gaussian distribution for each 
geometrical tolerance value where the average is the nominal value and the six times 
of the standard deviation correspond to the tolerance value. An estimation of the 
failure probability is then calculated directly by a stochastic simulation (Monte 
Carlo simulation).  

The most probable point of failure for each limit state function is assessed by 
Form technique (first order method). The advantage of this approach is the 
sensitivity analysis. This calculation allows us to quantify the influence of the 
statistic modes (averages, standard deviations) on the failure probability. These 
different results are used to aid the designer in the attribution of nominal dimensions 
and geometrical tolerances in order to increase the performance of the high pressure 
turbine and to decrease the risk of interference between rotor and stator. 

5.2. Studied case 

A simplified architecture of the turbine studied is proposed in Figure 5.1. We 
assume the following hypotheses ([BOU 95], [CLO 01], [CLE 88] and [BAL 99]): 

– no deformable part and non-local strains in contact surfaces; 

– no form defaults in the real surface.  
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Figure 5.1. Simplified representation of a turbine and the  
associated graph of joints with influent cycles on FC 
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Let us consider the joints J23, J34, J46 and J45 (Figure 5.1). All these mechanical 
joints are constituted by a ball and cylinder pair along x and a planar pair along x. 
The mechanical joint J12 is considered as a spherical pair at point A and the 
mechanical joint J16 is considered as a ball and cylinder pair at point B along x. 

5.2.1. Tolerancing model 

Let us consider a general joint Jij defined in point Ck, it is defined by two 
different displacement vectors: 

− εCk,ij corresponding to translation of part i with respect to part j in point; 

− ρij corresponding to rotation of part i with respect to part j. 

The 2D modeling of this turbine in the plane (O,x,y) allows us to write [5.1]: 

εCk,ij = uk.x + vk.y [5.1] 

ρij = γk.z 

where: 

− uk and vk represent the geometrical deviations of translation at the point Ck, 
respectively along the x-axis and the y-axis between part i and j; 

− γk represents the geometrical deviation of rotation along the z-axis between part 
i and j. 

These geometrical deviations are due to manufacturing defects of the contact 
surfaces between part i and j and clearance of the mechanical joints. This model has 
been proposed by [BOU 95] and [CLO 01].  

By using the small displacement theory (in fact by assuming an angular 
linearization), it is possible to write [CLE 88]: 

εO,ij = εCk,ij + OCk × ρij [5.2] 

With OCk = Lk.x, it is possible to write: 

uO = uCk – Lk × γK [5.3] 
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The different geometrical deviations of the joints Jij are listed in Table 5.1 and 
illustrated in Figure 5.1. 

Joint Definition point Small displacement parameters 

J12 A, OA = LA.x uA, vA, ΓA 

J23 C2, OC2 = L2.x u2, v2, γ2 

J34 C4, OC4 = L4.x u4, v4, γ4 

J46 C6, OC6 = L6.x u6, v6, γ6 

J45 C8, OC8 = L8.x u8, v8, γ8 

J16 B, OB = LB.x uB, vB, ΓB 

Table 5.1. Small displacement parameters of joints 

The parameters ΓA and ΓB represent the degrees of freedom respectively of J12 
and J16 along the z-axis [BOU 95]. The functional condition FC on the clearance c 
can be defined as follows: 

FC: cmin ≤ c ≤ cmax [5.4] 

Moreover, according to [5.3]:  

c = εT,15.y  

and finally,  

c = εO,15.y [5.5] 

Taking into account the functional condition involves taking into account two 
different 3D dimension-chains DC1 and DC2 (also called influential cycles, [BAL 
99]). This is shown in Figure 5.1. Then, both 3D dimension-chains are: 
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{ }
{ }

15 12 23 34 45

0,15 0,12 0,23 0,34 0,45

15 16 64 45

0,15 0,16 0,64 0,45

ρ =ρ +ρ +ρ +ρ
1 ε =ε +ε +ε +ε

ρ =ρ +ρ +ρ
2 ε =ε +ε +ε

DC :

DC :
 [5.6] 

According to relation [5.6], it is possible to write relations [5.7] with [5.3] and 
[5.5]: 

15 A 2 4 8
1

A A A 2 2 2 4 4 4 8 8 8

15 B 6 8
2

B B B 6 6 6 8 8 8

DC
c v L . v L . v L . v L .

DC
c v L . v L . v L .

γ = Γ + γ + γ + γ⎧ ⎫
⎨ ⎬= − Γ + − γ + − γ + − γ⎩ ⎭

γ = Γ + γ + γ⎧ ⎫
⎨ ⎬= − Γ + − γ + − γ⎩ ⎭

 [5.7] 

Finally, it is possible to deduce from equation [1.7] the following equations: 

( ) ( ) ( )
A B 2 4 6

A B 2 A 2 4 4 A 4 B 6 6 A 6
B

B A

v v L L . v L L . v v L L .
L L

Γ = Γ − γ − γ + γ
− − + − γ − + − γ − + + − + γ

Γ =
−

  [5.8] 

Relations [1.8] are used to calculate the clearance c: 

A A B B 21 2 22 2 41 4 42 4 61 6 61 6 81 8 82 8c K .v K .v K .v K . K .v K . K .v K . K .v K .= + + + γ + + γ + + γ + + γ
 [5.9] 

The 10 parameters KA, KB, Ki1 and Ki2 with i ∈ {2,4,6,8} are considered as 
coefficients of influence respectively of the parameters vA, vB, vi and γi on the 
clearance c ([BOU 95], [CLO 01]). Table 5.2 indicates the value of the 10 
coefficients of influence for every joint constituting the turbine. 
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 Coefficients of influence Values 
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Table 5.2. Coefficients of influence and associated values 

Table 5.3 lists the different variations of every small displacement parameter of 
the c model. 

Small displacement parameters Interval values: vi (mm) ; γi (rad) 

vA [-0.00165;0.00165] 

vB [-0.025;0.025] 

v2 [-0.012;0.012] 

v4 [-0.008;0.008] 

v6 [-0.01525;0.01525] 

v8 [-0.0065;0.0065] 

γ2 [-0.00005482;0.00005482] 

γ4 [-0.00010964;0.00010964] 

γ6 [-0.00008054;0.00008054] 

γ8 [-0.00327;0.00327] 

Table 5.3. List of the small displacement variations 
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5.3. Deterministic approach 

According to the design tolerancing allocation, reported in any part drawings, it 
is possible to estimate the final possible variation of the clearance c between the 
rotor and the stator of the turboshaft engine.  

 

Parameters Geometrical model c 
 characteristics 

 ⎯ Determinist value  ⎯ Deterministic value  

 

Figure 5.2. Illustration of the deterministic approach 

The calculation made done according to the worst case calculation. As a function 
of the different value for every parameter (Table 5.2, 5.3 and equation [5.9]), it is 
possible to quantify the c value according to the worst case. 

The variation of the c value is: 

ΔC = 0.210 mm. 

With this value, the clearance between the blade and the stator of the turbine 
engine can vary as shown in equation [5.10]. 

cnominal –  ΔC ≤ c ≤ cnominal + ΔC [5.10] 

We assumed that cnominal = 0, consequently, 

-0.21 ≤ c ≤ 0.21 

The FC requirement imposes a variation of c in the following range: 

[-0.16 mm, 0.1 mm], (ie cmin = -0.16 mm, cmax=0.1 mm) 

With the value of c calculated, the value of the clearance can vary between -0.21 
and 0.21 mm. The value of cmini is too low compared to the risk of contact between 
the blade and the stator (mini value imposed -0.16 mm). Moreover, the maximum 
value of c is too significant 0.21 mm, whereas, according to the requirements on the 
efficiency of the turboshaft engine, the clearance c does not exceed 0.1 mm. The 
results show, with the specification on the different tolerancing parameter, that it is 
possible to have a no conform turbine to compare to the initial requirements. On the 
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other hand, with the worst case approach, it is impossible to quantify the risk of no 
conform turbine. 

5.3.1. Sensitivity and elasticity analysis 

According to the analytical model of c (equation [5.9]), it is possible to quantify 
the sensitivity sxi of each small displacement parameter on the clearance value. 
Classically, a initial approach consists of estimating the calculation of the partial 
derivatives around the extreme geometrical values. This computation is done using 
equation [5.11]. 

x e
cs x
x

∂=
∂

 [5.11] 

where, x corresponds to the vector constituted of the different parameters listed in 
Table 5.3. xe is the extreme value of every parameter. 

This computation is representative of the influence of every parameter on the c 
value. It is interesting “to normalize” all these contributions to compare the 
influence of one to each others on the c value. Thus, the calculation of elasticity is 
introduced (equation [5.12]), [SRI 99], [SKO 97]. All the different contributions are 
done in Table 5.4. 

e
x x

x
e s

c
=

Δ
 [5.12] 

 Sensibility Elasticity 
γ8 48 0.7485 
vB 0.863 0.1029 
v6 0.863 0.0628 
v8 1 0.031 
γ4 37.098 0.0194 
γ6 44.882 0.0172 
v2 0.137 7.83E-03 
v4 0.137 5.22E-03 
γ2 15.605 4.08E-03 
vA 0.137 1.08E-03 

Table 5.4. Values of sensitivity and elasticity of the geometrical model (decreasing order) 
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The different elasticities are represented in Figure 5.3. The data are sorted 
according to their elasticity values in decreasing order. Note that the defect related to 
γ8 and v8 corresponding to the mechanical joint J45 represent more than 85% of the c 
value. The second most influential joint corresponds to the bearing in point B, JB 
(close to the blade) with an effect of around 10%. These different contributions are 
represented in Figure 5.4. The other parameters of c clearance condition have a 
quasi-null effect according to the elasticity analysis. 
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Figure 5.3. Elasticity value of every geometrical parameter (sorted in decreasing order) 
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Figure 5.4. Influences of mechanical joints on c value 
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Thus, if we want to decrease the value of c, it is imperative to decrease the value 
of γ8. It is possible to determine the contribution of each mechanical joint of the 
turbine on the c value. The link between the parameter γi and vi and the different 
joints is realized with the use of equation [5.9] and Table 5.2. Figure 5.4 illustrates 
the different joint contributions. 

5.3.2. Discussion about the determinist results 

The deterministic approach allows us to calculate the extreme variation of the 
clearance c according to the worst case criterion. With this approach, if all parts are 
in conformity with the geometrical specifications of the detailed drawings, after the 
assembly process, it is impossible to obtain a c value outside of the functional 
requirements (defined in equation [5.4]). On the other hand, it is shown that the 
variation values of the c clearance are too significant compared to the requirements 
on the turboshaft engine. It was highlighted that there were two kind of risk: 

– due to an insufficient c value, a contact between the blade and stator is 
possible; 

– an excessive c value, induces a loss of mechanical efficiency. 

According to the elasticity calculation, it is possible to identify the most 
influential parameters in the turbine and to deduce the leading actions in the aim to 
decrease the c range, or the action for redesigning the geometrical accuracy of the 
joint specified in all parts of the turbine. With the following deterministic approach, 
it is possible to see that some products could not be conformed to the customer 
requirement but, it is impossible to quantify the probability of non-conforming 
products. In section 5.4, a a probabilistic approach is proposed making it possible to 
quantify the risk of blade-stator contact, or loss of efficiency, by realizing the 
assumption on the geometrical defect distribution. 

5.4. Probabilistic approach 

In the second part of this chapter, we propose a probabilistic approach to the c 
value. This calculation allows us to estimate: 

– the c variation according to statistical criterion; 

– the probability of taking into account the customer specification on c. 

Different recent studies are proposed using a statistical approach coupling 
probabilistic aspects [GER 07], [BAL 08] and [DAN 08]. Initially, it is necessary to 
define in the c model the parameters which have: 
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– deterministic behavior, a constant value defines their level; 

– statistical behavior, different statistical modes define their levels (mean, 
standard deviation, skewness, etc.). 

For the second category of parameters, it is necessary to know precisely the 
statistical modes of the populations. This information is obtained in general by 
statements of measurements on manufactured part batches or according to the 
knowledge of experts on the production process. In the second time, scenarios of 
failure have to be defined. In our case, two different scenarios are possible: 

– the clearance between the blade and stator is too small; 

– the clearance between blade and stator is too great. 

Estimation of the failure probability can be carried out according to various 
approaches. The most traditional approach is to make a Monte Carlo simulation. 
This approach consists of realizing random simulated turbines according to the 
statistical characteristics of every parameter. A ratio between a non-conforming 
turbine and an all-simulated turbine defines the probability of obtaining a non-
conforming turbine, with these statistical parameter characteristics. This calculation 
is illustrated in Figure 5.5A with a statistical approach. 
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Figure 5.5. Illustration of the statistical (A) and fiabilist (B) 

Other approaches exist to carry out this estimation. We can note the form or 
sorm method (first-order or second-order reliability methods). The estimation of the 
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failure probability is carried out by a local approximation of the most probable point 
in the iso-probabilistic space [BRE 88], [LEM 05] and [MAD 86]. With this 
approach, the probability of failure estimation is faster (less simulation is needed). 
Moreover, it is possible to quantify the effect of statistical characteristics of every 
parameter on the failure probability. Thus, a designer can identify most influent 
parameters in the failure probability value, and then, define the action to decrease it. 
Figure 5.5 represents the proposed approach for this fiabilistic analysis (Figure 
5.5B). 

5.4.1. Definition of the state functions  

The reliability calculation consists of defining a failure function. This approach 
has been developed by [LEM 05] and is implemented in the commercial software 
Phimeca® [PHI 03]. This method is commonly used in civil engineering and for 
mechanical structure analysis [LEM 05] and [NIA 07]. In the case of tolerancing 
analysis, the limit state corresponds to the c value limit. The considered limits are  
-0.16 mm and 0.1 mm respectively for lower and upper bound. By definition, the 
failure zone is obtained if the limit state function (named G) has null or negative 
value. This approach is illustrated in Figure 5.6 for the lower bound:  

 G=0 

Safe 
domain 

Failure 
domain

 

Figure 5.6. Definition of the limit state function G 

 

Figure 5.7. Definition of failure functions Ginf and Gsup 
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According to the required specifications for c, it is possible to explain two 
different limit state functions for every bound as follows: 

For lower bound:   Ginf = −(-0.16 mm) + c [5.13] 

For upper bound:   Gsup = 0.1 mm – c [5.14] 

Figure 5.7 illustrates the limit states around the distribution of c clearance.  

In the following sections, all different statistical and fiabilistic calculations are 
realized using phimeca® software [PHI 03]. 

5.4.2. Determination of the statistical parameters from the tolerancing model 

The c model is related to two types of parameters: 

– the coefficients of influence linked to the architecture of the turbine (assumed 
to be deterministic values; values available in Table 5.2); 

– the coefficients linked to the geometrical specifications of every part 
constituting the turbine.  

This last category is assumed to be statistical. It is assumed that there is no 
interaction between the different statistical parameters of the tolerancing model (no 
correlation). 

For these parameters, a Gaussian distribution is used. In order to characterize this 
kind of statistical distribution, the first two statistical modes are necessary, i.e. the 
mean and the standard deviation. A truncated distribution is imposed with the aim of 
avoiding the extreme value outside of the geometrical specification. The statistical 
modes are defined as follows: 

– Mean: mti  = 0, that is mean that the tolerance zone ti is centered around the 
nominal value of the dimension Lij (between entity enti and entj). 

– Standard deviation: σti = (ti/6), with a Gaussian distribution, 99.73% of 
individuals are taken into account.  

This correspondence between a drawing part and the statistical modes are 
illustrated in Figure 5.8, in the case of location specification. 
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Figure 5.8. Relation between geometrical specifications and statistical values 

Calculation of the statistical modes of the c clearance is approximated according 
to stochastic simulation (called Monte Carlo simulation MCS). It is then possible to 
calculate these values: 

cc 1.37e 005 mm; 0.0524 mm.= − − σ =  

The distributions of c as well as both functions of limit state (Ginf and Gsup) are 
represented in Figure 5.7. Note that the c value has a Gaussian distribution. This 
observation is confirmed by the additive model of the c clearance. 

5.4.3. Failure rate estimation 

Two probabilities of failure are calculated for both failure functions. The 
probability to obtain a clearance value inside the interval [-0.16 mm, 0.1] 
corresponds to: Pc ε [-0.16 mm ;0.1 mm] =1 – (Pf c≤ - 0.16 mm + Pf c≥0.1 mm) 

Different approaches are used to estimate the failure probability. The classic 
approach consists of realizing a Monte Carlo simulation. It is possible to calculate 
the confidence interval (CI) of the estimated failure probability according to 
equation [5.15], [SHO 68]: 

( ) 1 PfCI % 200
n.Pf
−=  [5.15] 

where Pf  corresponds to estimated probability and n the number of simulations.  
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This CI corresponds to a probability of 95% that the exact value of Pf is included 
in the interval: 

( )Pf Pf. CI∈  [5.16] 

The different probability and associated confidence intervals displayed in Table 
5.5. The FORM line of Table 5.5 corresponds to the values found by an 
approximation method (first order method). This approximation allows us to 
estimate the probability of failure quickly by limiting the number of random 
individuals to trial and to have a quantitative analysis of the influence of the 
parameters on the analytical model and on the failure probability. As Form 
probability comes from approximation of the most probable failure point, it is 
important to compare its value to the one found with MCS technique. Here, both 
values are very closed and validate the approximate results. 

 

Table 5.5. Failure probability results by MCS and Form approximation, the number of 
individuals tested for MCS correspond to 106 

5.4.4. Influence of the tolerancing parameters on the failure probability 

The probability analysis of the most probable failure point is called xr. xr is a 
vector for which its components correspond to the tolerancing parameters. This 
calculation is carried out thanks to a space transformation from natural variable into 
iso-probabilistic space [LEM 05]. In order to determine the influence of each 
parameter on the point xr, it is necessary to calculate the coordinates of this point in 
this iso-probabilistic space. These values are given in Figures 5.10 and 5.11, 
respectively for the limit state functions Ginf and Gsup. 

According to these calculations, it is possible to link parameters to the failure 
probability. Then, the most influential parameters are located in Figure 5.11.  

In Figures 5.9 and 5.10, only the parameters which have an influence greater 
than 1% are represented. It is possible to see for both limit state functions that the 
most influential parameter on the failure probability corresponds to γ8. The next most 
influential parameter is vB, corresponding to the defect located in the bearing B. For 
the Ginf function, the same influential parameters are listed added to v6 which 
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corresponds to joint J46. Consequently, if we want to decrease the probability of 
failure, it is necessary to modify the value of the γ8 parameter. 

 

Figure 5.9. Contribution analysis of the tolerancing parameters of Ginf 

 

Figure 5.10. Contribution analysis of the tolerancing parameters of Gsup 
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Figure 5.11. Localization of most influent joints (in gray color) on the failure probability 
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This predominance of γ8 in the contribution on the failure probability could be 
explained by a particular geometrical configuration: at the end of the dimension 
chains DC1 and DC2 (see Figure 5.1) and a significant value of the defect of the 
connection due to the difficulty of manufacturing this connecting surface. 

5.4.5. Sensibility analysis on the failure probability 

The previous results allow us to make a hierarchy of the most influential 
parameters on the failure probability. But, we haven’t any idea about the trends and 
the action to realize in the aim to improve the reliability of the turbine. We propose 
to calculate the sensitivity of the mean and standard deviation of every parameter on 
the failure probability (called the reliability sensitivity, equation [5.17], [LEM 05]).  

( )
r

G x
s x

x
∂

=
∂

 [5.17] 

where xr corresponds to the most probable failure point. 

In Figure 5.12, the sensitivity values are normalized to compare to the norm of 
every contribution s (corresponding to vector of sensitivity). The normalized 
sensitivities are achieved according to equation [5.18].  

( )
_ normalized r

G x1s . x
x

∂
=

∂s
 [5.18] 

The norm of s is respectively: 

– for Ginf: sGinf = 2.09; 

– for Gsup: sGsup = 79.55. 

All of the standard deviations of the parameters increase the failure probability 
of the two limit state functions Ginf and Gsup. This result confirms that an increase of 
the dimensions of tolerance zones and consequently, the values of standard 
deviations of parameters, increases the standard deviation of the clearance c; and 
thus increase the failure rate. Concerning the effect of the mean values of every 
parameter, their effects are signed and have opposite effects on the limit state 
functions. For example, a rise of means decreases the failure probability of Ginf but 
increase Gsup. This phenomenon is explained by the definition of the failure function, 
c has an opposite sign in the two state functions. 
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Figure 5.12. Normalized sensitivity of every parameter on the failure probability 

The most influential parameter in this reliability analysis is always parameter γ8, 
for which the influence of the average and the standard deviation have the same 
effect on the failure probability. The standard deviations of the other parameters are 
negligible. That means that variation of the tolerance value have a second order 
effect to compare to the variation of the nominal position of the toleranced surface. 

It is possible to observe that an increase of γ2, γ4, γ6, γ8 mean values: 

– decreases the failure probability for Ginf; 

– increases the failure probability for Gsup. 

Thus, the nominal position effects of these parameters have an antagonist effect. 
It will be necessary, with this geometrical configuration, to find a compromise 
between the risk of contact between the rotor and the stator and the loss of engine 
efficiency. 

5.4.6. Parametric analysis of the γ8 parameter 

The objective is to quantify the effect of the mean and standard deviation 
variation of the γ8 parameter on the failure probability. It consists of a parametric 
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analysis. The variations of the statistical parameters of γ8 are made in equations 
[5.19] and [5.20]: 

For standard deviation values: 

( )( ) [ ]8 _ i% 8s 1 i%  with i 50%,50%γΔσγ = × + ∈ −  [5.19] 

For the mean value: 

( )( ) [ ]8 _ i% 8 8 1 i%  with i 50%,50%Δγ = γ + σγ × + ∈ −  [5.20] 

Figure 5.13 represents the effect of the average and standard deviation variation 
of γ8 for the two functions Ginf and Gsup. 

It is possible to see that the evolution of the failure probability is not linear 
according to the regular variation of the parameters. If we wish to decrease the risk 
of contact between the rotor and the stator (Ginf), it is possible to increase the 
average of γ8 (in fact increases the nominal value) or to decrease the standard 
deviation by γ8 (i.e. the value of the dimensions of tolerance zones). 
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Figure 5.13. Parametric study of γ8 on failure probability  
(mean and standard deviation variation) 

Concerning the Gsup probability (related to the engine efficiency), it is possible to 
decrease the average of γ8 or to decrease the value of the standard deviation of γ8. 
Due to antagonist effect, the modification of the average seems to be a bad choice. It 
is more efficient to decrease the standard deviation of γ8. For example, a decrease of 
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10% of the initial value of σγ8 improves the reliability of the turboshaft engine by 
around 2% (from the initial value 92.54% to 94.5%). 

5.5. Conclusion 

This chapter proposes a reliable analysis of a high pressure turbine of a 
helicopter engine. First, a tolerancing model of the turbine is set up. A classic 
analysis, according to the worst case is undertaken. The extreme variation of the 
functional condition corresponding to the clearance between the rotor and the stator 
at the tip of the blades is calculated. The coefficient of influence is calculated by 
computing a local derivate of c. Thanks to these results, it is possible to identify 
most contributing parameters in the variation of the clearance value. On this kind of 
turbine, there are two kinds of requirements: 

– a minimal value of the clearance with the aim of avoiding the contact between 
the blade and the stator; 

– a maximal clearance value, with the aim of ensuring an acceptable turbine 
efficiency. 

The determinist approach allows us to quantify the c value, and it is shown that 
the maximal allowed value is exceeded. However, with this kind of approach, it is 
impossible to quantify the risk and thus, the probability of an unacceptable turbine. 
Then, a statistical approach is proposed. This consists of making a correspondence 
between the geometrical specifications and an estimation of statistical modes of each 
parameter. It is then possible to quantify the rate of non-conforming turbines 
(clearance value over the requirements). The calculation of the reliability sensitivity 
informs on the influence of the mean and the standard deviation on the failure 
probability. A parametric analysis is carried out on the most influential parameter on 
the failure probability. In the studied case, the modification of the nominal value is 
not a good choice because it has an antagonistic effect on the failure probability. 
Thus, the best way consists of modifying the tolerance value of γ8. Indeed, a 
reduction of 10% of the dimension of the tolerance zone leads an improvement in 
the reliability of the engine of around 2%. These parametric results allow us to guide 
the designer in the design decision with the aim of improving the reliability of the 
turbine. 
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Chapter 6 

Inertial Tolerancing According 
 to ISO GPS   

6.1. Introduction 

In order to solve a dimensioning problem, two tolerancing approaches are 
applied by the designer:  

– worst case tolerancing;  

– statistical tolerancing [GIL 51], [EVA 74], [EVA 75]. 

The first has been characterized by a high cost, induced by the tight tolerances 
which are difficult to get during the run. The cost of inspection rejects and 
reworking increases as does the choice of a more sophisticated production method. 
However, the main advantage of this approach is the respect of the functional 
requirement (demand) at the final stage of the assembly. The second approach 
“statistical tolerancing” is developed by considering the low probability of having 
simultaneous components (elementary characteristics) within the tolerance limit. 
The basic assumption is the centering of all elementary characteristics on the target. 
This leads to a larger tolerance zone compared to the worst case tolerancing. 
However, this basic assumption is rarely respected by the run. Consequently, a batch 
of assembled parts cannot respect the functional characteristic in spite of the fact that 
every component is included within the tolerancing zone [GRA 00], [PIL 04]. 
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A new tolerancing approach, called inertial tolerancing [PIL 04], is introduced. 
This method consists of tolerancing the mean square deviation in relation to the 
target in function of the standard deviation, contrary to the traditional formulation 
which presents the tolerancing in the form of a bi-limit. To our knowledge, this new 
tolerancing approach allows one to eliminate the ambiguities of the traditional 
tolerancing approach and the traditional process capability indices [ISO 06]. 

Until now, the designer has had three methods at his disposal to solve a 
dimensioning problem. But only the ASME standard [ASM 04] allows us to specify 
the name of the approach (worst case and statistical case) used by the designer. As 
we have seen, this information is important to the manufacturing process which 
must adapt the run monitoring and the process control depending of the tolerancing 
approach used. 

Furthermore, lots of scientific approaches about the geometrical product 
specification tolerance (GPS) synthesis and analysis have been published but none 
are standardized [HON 02], [NGO 98]. 

Nevertheless, this chapter introduces the inertial tolerancing case as applied to 
the GPS Standard. 

Indeed, the Geometrical Product Specification (GPS) Standard defines a useful 
specification when all measured points from a face are in the tolerance zone. 
Therefore, the decision accept is binary (“accept or do not accept”) resulting from 
the controlling operation.  

However, with the inertial case applied to the GPS Standard, it is necessary to 
determine the geometrical variation compared to the “target geometry” according to 
the geometrical product specification standard. 

6.2. Tolerance synthesis 

Tolerance synthesis is based on the small displacement torsors (SDT) introduced 
into a metrological context by Bourdet [BOU 87] and used by Giordano [GIO 93] 
and Germain [GER 07] using an approach based on 3D tolerance analysis, called the 
domain approach (DA).  

Tolerance synthesis is introduced using the above approach. The principle 
consists of considering the positions and orientations of a frame (of an associated 
face). Consequently, the influence of the form defects of a face is not taken into 
account. 
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In this part, the definition of the functional requirement domain is presented then 
the quantitative synthesis approach is introduced. 

6.2.1. Definition of the functional requirement domain (FRD) applied to 
localization specification 

In this chapter, the functional requirement is expressed by a domain in the space 
of small displacements that represents all the variations permitted by the tolerance 
[GIO 93], [GER 07]. 

In Figure 6.1, a stack of parts (Pi) is illustrated. The functional requirement (FR) 
is defined by the localization specification between two faces. The geometrical 
deviation between a face and a reference frame compared to their nominal position 
is represented by a deviation torsor. The components of this torsor are the small 
translations and small rotations which must be carried out in order for one of the 
faces to pass from its theoretical position to its real position. In the case of 
localization specification, the deviation torsor, called small displacement torsor SDT, 
is composed of one translation in z (tz) and two rotations in x and y (rx and ry). 

The literature about inertial tolerancing introduces three definitions for 3D 
inertial tolerancing according to the GPS Standard [PIL 05], [ADR 07], [NFX 09]. 

This chapter introduces a tolerance synthesis adapted to a stack of parts and 
based on the small displacement torsor [BOU 87]. The second part of this chapter, 
following section 6.2.5, presents the risks of using 3D statistical tolerancing and 
introduces the three definitions of 3D inertial tolerancing according to the GPS 
Standard. This chapter closes by opening out onto the conformity of a batch defined 
using 3D inertial definitions (section 6.3.1). 

 

Figure 6.1. Small displacements 
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The part is defined by four extreme points. As the SDT of the face and the 
extreme points are known, a group of inequalities, which delimits an n-polytope 
(Figure 6.2) with n the dimension of the polytope, can be defined. The dimension n 
is defined by the number of components of the SDT which is necessary in order to 
go from the theoretical position to the real position. This n-polytope is called 
functional requirement domain (FRD) (Figure 6.2). 

 

Figure 6.2. Inequalities and the representation of a 3D domain 

The parameters a,b in Figure 6.2 correspond to the dimension of the face and the 
parameters tloc, which is the value of the specification. The values allocated to tloc, a, 
b are 0.1, 5, 5 respectively. 

The notion of conformity is summarized by:  

“The sum of the SDT components of every part (Pi) must verify the inequalities 
of the FRD”. 

{ } FRDT
k

i
P ji

∈∑
=1

,
 [6.1] 

with TpPi,j being the SDT of face j of part Pi. 

So, if the assembly is composed of three parts and there is only one face 
variation (j=0) per part, we can deduce that: 



Inertial Tolerancing     103 
 

⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪

⎨

⎧

≤−−≤−

≤−+≤−

≤+−≤−

≤++≤−

∑∑∑

∑∑∑

∑∑∑

∑∑∑

===

===

===

===

2222

2222

2222

 
2222

3

1

3

1

3

1

3

1

3

1

3

1

3

1

3

1

3

1

3

1

3

1

3

1

loc

i
P

i
P

i
P

loc

loc

i
P

i
P

i
P

loc

loc

i
P

i
P

i
P

loc

loc

i
P

i
P

i
P

loc

trxbryatzt

trxbryatzt

trxbryatzt

trxbryatzt

iii

iii

iii

iii

 [6.2] 

6.2.2. Tolerance synthesis of a stack of parts 

After the description of FRD, it is necessary to determine the tolerance for every 
part (face). Indeed, the FRD is defined by a domain and the result of the assembly of 
each part must be included. 

Traditionally, designers authorize a quantity of assemblies outside the domain 
(the number of parts per million (ppm)) so as to reduce the requirements on the parts 
and the cost of the run.  

In addition, the result of assembling the parts leads to a multivariate normal 
distribution, if two assumptions are verified (central limit theorem (CLT)) [KAL 
97]: 

– every SDT component is independent; 

– every SDT component distribution has a similar range.  

The purpose is to deduce, the parameters of the multivariate normal distribution 
(MND) which give the smallest requirement on each part from the FRD. The 
multivariate probability density is given by relation [6.3]: 

( )
( ) ( )

( ) ( )⎟
⎠
⎞

⎜
⎝
⎛ −Σ−−

Σ
= −

X
t

XN XXXf μμ
π

1
2/12/ 2

1exp
 det2

1  [6.3] 

with X a random vector with N dimension equal to the FRD dimension, and Σ the 
covariance matrix of the SDT components.  

In addition, the isodensity of an MND corresponds to a hyper ellipsoid (HE) 
using the following equation: 
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( ) ( )t 1 2
X XX X−− μ Σ − μ = Μ  [6.4] 

of which, Μ is the Mahanalobis distance [MAH 36],  +ℜ∈Μ , whose value is 
generally equal to 1. 

Consequently, the aim is to search for the largest hyper-volume of the HE 
included in the FRD (Figure 6.3). 

 

Figure 6.3. Schematic representation of inertial tolerance synthesis 

To determine the slopes of the HE, some considerations must be taken into 
account:  

– the HE is centered on the FRD barycenter; 

– the HE is tangent to the FRD plans. 

The expression of the HE volume is given by [HOL 03]: 

( ) ( )21

2/

N
gandDetgV

N

NNHE +Γ
=Σ= π  [6.5] 

With N the dimension of the FRD vector and Γ the gamma function 

( ) ∫
+∞ −−=Γ
0

1 dtetN tN  when ( ) ( ) !12 −=Γ⇒Ζ∈ + NNN with Z+, the set of positive 

integers. 
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For HE to be tangent to the FRD, it is necessary for the sum of the quadratic 
product of the plan and HE parameters to be equal to zero.  

{ } { }2 2. 0N NPlan HE ConstPlan− =  [6.6] 

with { }2
NPlan  and { }2

NHE  being the slopes of the N-dimension plan and the HE 
parameters of N-dimension HE respectively, the unknown values are the HE 
parameters. From [6.5] and [6.6], we deduce a function HVHE with N-1 parameters. 
From this last function, the extrema (vector solution) are determined by solving the 
gradient of HVHE [6.7]: 

( ) 0=∇ HEHV  [6.7] 

The relative maximum is given by the signature matrix of the quadratic 
derivative matrix. 

( )( ) 00
2 <∇ xHVHE  [6.8] 

with x0 the solution vector of equation [6.7].  

From these, the parameters of the HE with the largest hyper volume included in 
the FRD are obtained. 

Once the parameters of the HE are known, those of the centered multivariate 
normal distribution must be established.  

The solution proposed is as follows. The parameters of the HEi are equal to 
3*standard deviation of the centered normal distribution and applied to the 
dimension i of the FRD.  

In our case, we consider that Ii=HEi/3 with HE slopes ith and the statistical 
interval i equal to 2*HEi.  

6.2.3. Example of tolerance synthesis 

The problem studied is presented in Figures 6.1 and 6.2.  

The FRD dimensions are equal to 3 and the SDT components are composed of 
one translation (tz) and two rotations (rx, ry).  
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From [6.4], the equation of the ellipsoid is: 

012

2

2

2

2

2
=−++

ryrxtz c
ry

b
rx

a
tz  [6.9] 

The volume of the ellipsoid is deduced from relation [6.5]: 

ryrxtzellipsoid cbaV ⋅⋅⋅⋅= π
3
4  [6.10] 

Equation  [6.6] gives: 

02222222 =−++ DcCbBaA ryrxtz  [6.11] 

with A, B, C being the slope of the plan and atz, brx, cry the slope of the ellipsoid.  

The slopes of the plan are deduced from relation [6.12], quoted from [6.2]: 

0
222

=−++ loctrxbryatz  [6.12] 

Thus, A=1, B=b/2, C=a/2 and D=tloc/2. a and b are the part dimensions. 

From [6.10], [6.11], we deduce: 
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and thus, the volume is defined by [6.13] and Figure 6.2. 

2 2 2
2 24

3 2 2 2
loc

ellipsoid rx ry rx ry
t b aV b c b cπ

⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎜ ⎟= ⋅ − + − ⋅ ⋅⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠
 [6.14] 

Figure 6.4 represents the evolution of Vellipsoid in function of the ellipsoid slopes 
(brx,cry) (with tloc=0.1, a=5, b=5). 
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cry 
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Figure 6.4. Representation of the function Vellipsoid 

After solving equations [6.7] and [6.8], we obtain the following solution: 
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Figure 6.5 illustrates a transversal cross-section of the FRD and the ellipsoid. 

 

Figure 6.5. 2D cross-section of the FRD and ellipsoid 

Now the parameters of the HE are known, it is necessary to determine from 
[6.15] the SDT standard deviations of part i. Therefore, we define a quality level 
(CpFRDj [6.21]) for the SDT component i of the FRD. The tolerance interval of the 
component i (ITFRDi) is given by: 
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The coefficient atz, brx, cry from [6.9] correspond to half of the range of the HE 
(symmetry of the HE). 

From [6.18] and [6.21], we can determine the standard deviation for a given 
CpFRD, and thus determine the standard deviation of every part i [6.17] of the 
assembly.  
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with ith being the number of the part, n the number of parts in the assembly and 
CpFRDi we can specify a quality level on the FRD. In this chapter, these CpFRDi are 
equal to 1. From [6.19], we can determine the statistical tolerance [6.18]. 
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with ith as the number of the part and IntS corresponding to the statistical interval, 
CpFRDi allows us to specify a quality level on the FRD.  

Usually the quality level of a batch of assembled parts is specified by a number 
of ppm. The analytic calculation of this index consists of determining the number of 
assemblies outside the FRD [6.2] and in considering the resulting probability 
distribution of the assembly. 

( )( ) ( ) drzdtxrztxfFRDrzrxtztxP
D

X ...,...,1...,,..., ∫−=∈  [6.19] 

In order to reduce the calculation time, the number of ppm [6.19] is calculated 
using the Monte Carlo approach. The dimension of each simulation is equal to 106. 
The confidence interval using the Monte Carlo approach to predict an assembly 
parameter may be estimated by means of the binomial distribution [SHA 81]. For 
example, the reject rate is expressed in ppm. The standard deviation predicted in 
ppm rejects may be calculated from [6.20].  
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( )
1

106

−
−=

n
ppmppm

ppmσ  [6.20] 

with ppm as the estimated number of ppm rejected, σppm (one-sigma) expresses the 
degree of uncertainty in calculating the number of predicted rejects. 

The next section introduces process capability indices as applied to SDT.  

6.2.4. Process capability indices applied to SDT 

The Cp and Cpk indices [ISO 06] are often contractual values between the 
customer and the supplier. Nevertheless, the first assumption in order to use these 
indices is that the geometrical specifications have a normal distribution. This 
assumption is not really verified when we consider a distance between two points. 
Nevertheless, in the case presented, only the components of the SDT are calculated 
from the reference face A so the distribution of these components is normal.  

In the present case, the traditional process capability indices are fitted to the SDT 
approach. 

The Cp indices are calculated for every component of the SDT: 
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ij
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=  [6.21] 

with i a component of the SDT, and σ  the standard deviation of the component i of 
the SDT and j the part. 

The Cpk indices are calculated using the relation: 
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with i a component of the SDT, σij the standard deviation and μij the mean of the 
component i of the SDT and j the part.  

In this chapter, indices [6.21] and [6.22] are used to determine the off-centering 
[6.22] and the standard deviation [6.21] of every SDT component. 
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Other capability indices are introduced in scientific literature [KAR 94, CHA 91, 
WAN 00] which, until now, were unknown to industry. In this chapter, some 
adaptations of these indices are also proposed.  

In the next section, the statistical tolerancing risk is presented using the SDT 
approach. 

6.2.5. Statistical tolerancing risk 

In this section, two cases are considered. The first case is an assembly of 4 parts 
of which the Cp=2.5 and the Cpk=2 on every SDT component of part j. 
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 [6.23] 

If the worst case is taken into account, the decentering of every SDT component 
is in the same direction, and the result on the HE functional domain is equal to 
16,039 ppm (σppm=125.6) and if we consider the FRD Domain the number of ppm is 
equal to 10,150 ppm (σppm=100.2). 

 

Figure 6.6. Cp=2.5 and Cpk=2 on every SDT component (projected view) 

The second case is an assembly of 4 parts of which the Cp=2.5 and the Cpk=1.5 
on every SDT components of the part j. If the worst case is taken into account, the 
decentering of every SDT component is in the same direction, and the result on the 
HE functional domain is equal to 998,732 ppm (σppm=35.6) and if we consider the 
FRD domain, the number of ppm is equal to 998,074 ppm (σppm=43.8). 
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Figure 6.7. Cp=2.5 and Cpk=1.5 on every SDT component (projected view) 

To conclude, 3D statistical tolerancing does not eliminate the customer risk 
which corresponds to the risk of accepting a batch of conform components and yet 
producing a non-conform assembly. In the one-dimensional case, the inertial 
tolerancing approach resolves this problem. In the next section, we propose to give a 
reminder of inertial tolerancing and then to take these configurations and to see the 
impact on the functional requirement domain. 

6.2.6. Inertial tolerancing: short reminder 

In the case of the robust design, if all elementary characteristics are on the target, 
the quality of the assembled product is optimal. Nevertheless, the performance of the 
assembled product decreases proportionally to the increase of the off-center of every 
characteristic. This effect of off-centering every characteristic on the assembled 
product is characterized using the function of financial loss by Taguchi [TAG 87]. In 
this function, the financial loss on the batch ( L ) is related to the standard deviation 
σ and the distance between the mean and the target (nominal) of the batch, δ: 

( )22 δσ += KL  [6.24] 

According to a proportional value of Taguchi’s lost function, the inertia is 
formulated on every elementary characteristic. This inertia is defined by: 

22 σδ +=BatchI  [6.25] 

in which, IBatch represents the inertia batch, σ is the standard deviation and δ is the 
mean deviation compared to the target of the batch.  

0X Xδ = −  [6.26] 

in which X  is the mean of the batch and X0 is the target. 
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The quantification of the batch quality is specified by two process capability 
indices Cp, Cpi. The first corresponds to the process capability indices considering a 
center process: 

ST

MaxICp
σ

=
 [6.27] 

in which, IMax is the inertia customer which corresponds to the maximum accepted 
inertia and σST is the short term standard deviation. The second (Cpi) corresponds to 
the short term capability process indice for an off-center process 

,
Batch

Max

I
ICpi =  [6.28] 

We can notice that Cp and Cpi can be assimilated to Cp and Cpk [ISO 06]. In 
this chapter, indices [6.27] and [6.28] are used to determine the off-centering [6.28] 
and the standard deviation [6.27] of every SDT component. 

6.2.7. Inertial tolerancing with stack-up problem 

In the same way as in part 6.2.5, the inertia on every SDT component is 
specified. Thus, in the first example (Cp=2.5 and Cpi=2), and if the unfavorable case 
is taken into account, then the off-centering of every SDT component is in the same 
direction, and the result on the HE functional domain is equal to 0 ppm (σppm=0). If 
we consider the FRD domain, the number of ppm is equal to 0 ppm (σppm=0). 

 

Figure 6.8. Cp=2.5 and Cpi=2 on every SDT component (projected view) 

In the second example (Cp=2.5 and Cpi=1.5), the result on the HE functional 
domain (Figure 6.8) is equal to 3,284 ppm (σppm=57.2) and if we consider the FRD 
domain the number of ppm is equal to 1,841 ppm (σppm=42.8). 
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Figure 6.9. Cp=2.5 and Cpi=1.5 on every SDT component (projected view) 

Table 6.1 presents the result of assembly simulation in the unfavorable case 
considering every SDT component as having a Cp equal to 2 and a Cpi which is 
variable. In this case, the off-centering, δ, is simulated by a law of uniform 
distribution.  

 ppmFRD σppm 

Cpi = 2 0 0 
Cpi = 

1.75 
27 5 

Cpi = 
1.5 

1841 42.
8 

Cpi=1.
25 

 64 
333 

 
245.3 

Cpi=1  662 
752 

 
472.7 

Table 6.1. Results of simulation for different Cpi imposed on every  
SDT component of the assembly (Cp=2) 

From Table 6.1, we can observe the ppm evolution as a function of the Cpi 
index. The values, which are given in Table 6.1, correspond to an extreme position 
(unfavorable case) where all SDT components are off-centre in the same direction. If 
we consider a real situation, then the ppmFRD is less than ppmFRD in the unfavorable 
case. Figure 6.10 illustrates the ppmFRD of a simulation of 500 assemblies of which 
every SDT component of the parts respects a Cpi of 1 and a Cp of 2. We can 
observe that mean ppmFRD on 500 simulations is equal to 53.26. 
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Figure 6.10. Cp=2 and Cpi=1 on every SDT components 

From Figure 6.10, the most important ppmFRD concerns the simulation 182 
(ppmFRD= 5,837 and σppm=76.77). Nevertheless, most of the simulations (98.8%) are 
less than 1,000 ppm and 93% are less than 100 ppm.  

A proposition of 3D inertia using SDT components has been introduced.  

Previous scientific works have introduced some different ways of defining 3D 
inertial tolerancing.  

In the next part, a reminder of the different 3D inertia definitions is given and the 
definitions are compared. 

6.3. 3D inertia  

The scientific literature differentiates between three expressions of 3D inertial 
tolerancing.  

6.3.1. 3D inertia definitions and comparison 

6.3.1.1. 3D inertia the first definition 

The first definition was introduced by Pillet [PIL 05] and the purpose of which is 
to define the overall level of quality of a surface including all defaults related to 
shape and positioning. It is defined by measuring a number of predefined points Xij 
on the face (Figure 6.11). 
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(a)                                                                        (b) 

Figure 6.11. Example of the inertia using the first approach 

Concerning the face i, the inertia is calculated using this relation: 

( ) ( )
n 22 2

i ij i i
j 1

1I X T X T
n =

= − = σ + −∑  [6.29] 

with: 
Xij  : j measurement of the part i  

σI : standard deviation of the measurement on the part i 

T  : specification target 

k : number of parts 

n : number of measurements per part 

Ii  : calculated inertia on the n points of the part i 

I  : overall inertia on the set of points measured (kn) 

IMax : maximal admissible inertia 

and proposes an expression of the inertia for a batch: 

∑
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=
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I
k

I
1

22 1
 [6.30] 

6.3.1.2. 3D adjusted inertia − the second definition 

The second approach, 3D adjusted inertia, was introduced by Adragna  
[ADR 07]. It consists of defining one of the part’s faces using the inertia of measure: 

( )jBatch IMaxI =  [6.31] 

in which I is a scalar which presents 3D adjusted inertia, and Ij the j measurement. 
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Thus the inertia of a batch is defined by one measured point which has the 
maximum inertia. The definition of the inertia of a face is similar to the third 
definition of the approach [6.32]. 

 

Figure 6.12. Example of the inertia following the second approach (a) concerning a face of a 
part (b) concerning a batch 

6.3.1.3. 3D standard inertia − the third definition 

The third approach is suggested using the standard [NFX 09] and proposed to 
define the inertia of a face by the maximum deviation: 

( ) ( )jiji MaxTXMaxI δ=−=  [6.32] 

with δj being the maximum deviation of measurement on the face i of the part. 

And we deduce the inertia concerning a batch. 

( )∑
=

=
k

i
iBatch I

k
I

1

21
 [6.33] 

The asset of the first approach is to include both form and orientation defects. 
This definition is therefore similar to the definition of positional tolerancing in the 
GPS standard [ISO 98]. 

6.3.1.4. 3D SDT inertia − the fourth definition 

In addition to the inertia literature we propose a fourth approach. The latter is 
based on the small displacement theory introduced by P. Bourdet and A. Clément 
[BOU 76]. This approach consists of determining the inertia of the components of 
the Small Displacement Torsor (SDT) from the nominal surface and the least square 

 
(a) 

 
                 (b) 
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surface. In this case of a batch, every element of the SDT is expressed in terms of 
inertia. 

 

Figure 6.13. Example of the inertia using the fourth approach 

In Figure 6.13, we can see that the plan’s orientation is presented by the normal 
vector n and that the coefficient of the vector corresponds to the degree of freedom 
(rx, ry) of the plan. Regarding a batch, the coefficient rx, ry and tz of the SDT are 
defined by a mean and a variance, and can thus be formulated by an inertia. 

Four approaches have been presented; the purpose of the next part is a 
comparison between the approaches. 

6.3.2. 3D inertia definitions comparison 

The comparison is made using Figure 6.14. The aim is to simulate the geometric 
defects of a face, to calculate the inertia using the definitions presented and to see if 
there are similarities between these definitions. 

 

Figure 6.14. Plan defined by 3 points  
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In this case, the geometric specification is the location of a plan compared to a 
reference plan (A). The reference plan is considered ideal (with no form or 
geometric defect). The localized plan is qualified by three points in which a normal 
distribution is allocated. This variation translates the geometric defect of the plan 
[GIL 88].  

The size of the simulation is 40,000 batches of 25 parts. Each inertial definition 
has been calculated according to of the definition presented in the last part.  

First, the parameters of the law of normal distribution of every point are 
independent but centered with a standard deviation equal to 0.3. 

 Definitions Mean Standard deviation Inertia 
1 3D inertia 0.0997 0.008123 0.100 

2 3D adjusted 
inertia 0.112 0.011056 0.1123 

3 3D standard 
inertia 0.14502 0.0126 0.1455 

Table 6.2. Results of the simulations 

At first sight, the data (Table 6.2) have the same order of magnitude. We notice 
that the 3D inertia has the smallest value when we consider the mean and the 
standard deviation.  

The observation of the correlation (Corri,j) between the approaches allows us to 
verify the similarities between the definitions. The first line introduces the compared 
approaches (1 versus 2 -> 3D inertia versus 3D adjusted inertia (Table 6.2)).  

 

Figure 6.15. Correlation between the approaches 

1 vs 2 2 vs 3 1 vs 3 

 
Corr12=0.827 Corr23=0.817 

 
Corr13=0.936 
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Figure 6.15 underlines the correlation between the 3D inertia and 3D standard 

inertia (1 versus 3). Nevertheless, the definition of 3D adjusted inertia is correlated 
but the set of data is not homogeneous (caused by the difference in the distribution 
law). A priori, definitions 1 and 3 are related to a mathematical function.  

6.3.3. 3D inertia in the industrial context 

In the next part, the notions of tolerance synthesis and 3D inertia are introduced. 
Using the tolerance synthesis, we can determine the value of the 3D inertia in 
relation to the three 3D inertia definitions introduced.  

From relation [6.17], the SDT is considered on every face for an assembly 
composed by 4 parts: 

i

i i

i

0 Irx 0.0019
I 0 Iry 0.0019

Itz 0.0048 0

=⎧ ⎫
⎪ ⎪= =⎨ ⎬
⎪ ⎪=⎩ ⎭

 [6.34] 

If all the SDT components are centered and a Cpi=1 is respected, then the 
ppmFRD will be equal to 8,300. 

From the example in Figure 6.14, the face is defined by three points P1j, P2j, P3j, 
which have the following coordinates: 

1 2 3

03 3

; ; ;
3 3 3

Target Target Target
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 [6.35] 

With a and b being the size of the part (a=b=5); Target corresponds to the Target 
(Target=5) and e corresponds to a variation generated using a law of normal 
distribution. 

In the first case, the normal law distribution e is considered centered on the target 
with a standard deviation equal to 0.0048. The results of the FRD obtained by 
simulation (dimension=100,000 assemblies), are ppm=5,750 σppm=75.14, the correlation 
coefficients between the dimensions are equal to zero (Figure 6.16). 
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Figure 6.16. Cpi=1 inertia on every SDT component (projected view) centered 

Table 6.3 sums up the different definitions of the 3D inertia and presents their 
values considering a batch of 400,000 parts. In this example, the value of 0.0048 
was the maximal inertia for the measured points.  

SDT inertia 3D inertia 3D adjusted 
inertia 

3D standard 
inertia 

Itz= 0.0027 

0.00479 0.00480 0.00696 Irx= 0.0020 

Iry= 0.0017 

Table 6.3. Calculation of the 3D inertia of a batch composed by 400,000 parts 

 

Figure 6.17. Inertia on every SDT component (projected view)  
centered with off-centering of the measured points 

In the second case, the normal law distribution e is considered with an off-
centering of 0.0034 and a standard deviation equal to 0.00336. The results of the 
FRD obtained by simulation (dimension=100,000 assemblies) are ppm=1,950 
σppm=44, the correlation coefficients between the dimensions are null. 
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Table 6.4 sums up the different definitions of the 3D inertia and presents their 
values considering a batch of 400,000 parts. In this example, the value of 0.0048 
was the maximal inertia of the measured points.  

SDT inertial 3D inertia 3D adjusted 
inertia 

3D standard 
inertia 

Itz= 0.0039 
0.0048 0.00480 0.0067 Irx= 0.0014 

Iry= 0.0012 

Table 6.4. Calculation of the 3D inertia of a batch composed by 400,000 parts (off-centering) 

From Tables 6.3 and 6.4, we can observe that the value of the 3D inertia and 3D 
adjusted inertia is similar. The 3D standard inertia decreases the real level of quality 
of the batch compared to the others. However, with SDT inertia, it is possible to 
observe the difference between every batch. The impact on the translation and 
rotation is visible because off-centering was applied. Potentially, we observe that the 
inertia authorized by the SDT inertia is not attained. Thus it is necessary to find an 
optimal compromise between these definitions.  

6.3.4. 3D inertia - conclusions 

In section 6.3.2, we have seen that definitions 1 (3D inertia) and 3 (3D inertia 
standard) were correlated and concluded that, potentially, a mathematical relation 
can be established in this case study.  

Yet, in section 6.3.3, comparisons of inertial definitions were made from a 
geometric defect simulation obtained by the deviation of three points. In this part, a 
centered deviation and an off-centered deviation of these points were considered. As 
a function of this deviation, inertial definitions were calculated and it was underlined 
that the respect of the 3D inertia of a batch seemed to guarantee the ppmFRD defined 
(here 8,300) regardless of the definition of 3D inertia chosen in the case study. 

6.4. Conclusions 

In this chapter, the notion of tolerance synthesis applied to a stack of parts and 
based on the SDT has been presented. In the first part, the 3D statistical tolerancing 
risk used with common process capability indices Cp and Cpk, was identified. The 
3D statistical tolerancing risk does not eliminate the customer’s risk which 
corresponds to the risk of accepting a batch of conform components and yet being 
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able to produce a non-conform assembly. Therefore, 3D inertia tolerancing in the 
SDT context has been presented and has shown that it limits the customer’s risk.  

In coming works, we will generalize this approach by including the notion of 
covariance matrix and propose a synthesis including a gap or a clearance in an 
assembly. 

Other 3D inertia definitions have been introduced from previous works. The 
main purpose of this chapter is to make a comparison between the definitions and 
underline the first similarity. Thus, an important correlation has been presented 
between 3D inertia and 3D standard inertia. Furthermore, the definitions of 3D 
adjusted inertia and 3D standard inertia do not use all the potential that SDT inertia 
allows.  

In coming works, an approach to determine the 3D inertia representative of the 
SDT inertia will propose mathematical relations between the definition of the 3D 
inertia and that of 3D standard inertia. We also propose a general approach to 
determine the maximal point inertia to be taken into account in order to guarantee 
the functional requirement. 
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Chapter 7 

Tolerance Analysis Based on Quantified 
Constraint Satisfaction Problems  

This chapter presents a mathematical formulation of tolerance analysis which 
simulates the influence of geometric deviations on the geometrical behavior of the 
mechanism and integrates the notion of quantifier (universal quantifier “∀” and 
existential quantifier “∃”). This model takes into account, the influence of 
geometrical deviations as well as the influence of type of contacts on the 
geometrical behavior modeled with the help of convex hulls defined in parametric 
space. With the help of these convex hulls, the quantifier notion is integrated into the 
model for admissible deviations of parts. To compute this mathematical formulation, 
an approach based on the quantified constraint satisfaction problem (QCSP) and the 
Monte Carlo simulation is proposed and tested. 

7.1. Introduction 

Mechanical product reliability is an important product quality factor and is 
dependent on different parameters among which tolerance design is an important 
activity. Proper tolerance design enables complex mechanical assemblies consisting 
of numerous parts to assemble and work together in a proper manner so that they 
fulfill their design objectives. As technology increases and performance 
requirements continually tighten, the cost and the required precision of assemblies 
increase as well. There is a strong need for increased attention to tolerance design in 
order to enable high-precision assemblies to be manufactured at lower costs. To do 
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so, a substantial amount of research has been devoted to the development of 
tolerance analysis. It can be either worst-case or statistical [CHA 91], [HON 02], 
[NIG 95], [ROY 99]. 

The tolerance analysis methods are divided into two distinct categories based on 
the type of accumulation input: displacement accumulation or tolerance 
accumulation.  

The aim of displacement accumulation is to simulate the influences of deviations 
on the geometrical behavior of the mechanism. Usually, tolerance analysis uses a 
relationship of the form [NIG 95]: 

( )y f x= ܻ ൌ ݂ሺݔሻ         [7.1] 

where Y is the response (characteristic such as gap or functional characteristics) of 
the assembly and { }1, 2,...x x x xn=  are the values of some characteristics (such as 
situation deviations or/and intrinsic deviations) of the individual parts or 
subassemblies making up the assembly. The part deviations could be represented by 
kinematic formulation, small displacement torsor (SDT), matrix representation, 
vectorial tolerancing, etc. The function f is the assembly response function which 
represents the deviation accumulation. The relationship can exist in any form for 
which it is possible to compute a value for y given values of { }1, 2,...x x x xn= . It 
could be an explicit analytic expression or an implicit analytic expression. In a 
particular relative configuration of parts of an assembly consisting of gaps without 
interference between parts, the composition relations of displacements in some 
topological loops of the assembly enable us to determine the function f. For 
hyperstatic assembly, determination of function f is very complex, whereas this 
determination is easy for an open kinematic chain. 

For statistical tolerance analysis, the input variables { }1, 2,...x x x xn=  are 
continuous random variables which enable us to represent tolerances. In general, 
they could be mutually dependent. A variety of methods and techniques (linear 
propagation (root sum of squares), non-linear propagation (extended Taylor series), 
numerical integration (quadrature technique), Monte Carlo simulation, etc.) are 
available for estimation of the probability distribution of y and the probability ( )P TPሺTሻ with respect to the geometrical requirement [NIG 95].  

The aim of tolerance accumulation is to simulate the composition of tolerances, 
i.e. linear tolerance accumulation, 3D tolerance accumulation. Based on the 
displacement models, several vector space models map all possible manufacturing 
variations (geometrical displacements between manufacturing surfaces or between 
manufacturing surface and nominal surface) into a region of hypothetical parametric 
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space. The geometrical tolerances or the dimensioning tolerances are represented by 
deviation [GIO 93], [GIO 05], T-Map® [DAV 03] or specification hull [DAN 02], 
[DAN 05]. These three concepts are a hypothetical Euclidean volume which 
represents all possible deviations in size, orientation and position of features. 

For tolerance analysis, this mathematical representation of tolerances allows 
calculation of the accumulation of tolerances using the Minkowsky sum of deviation 
and clearance domains [GIO 93], [TEI 99]; to calculate the intersection of domains 
for parallel kinematic chain; and to verify the inclusion of a domain inside another 
domain. The methods based on this mathematical representation of tolerances are 
very efficient for the tolerance analysis. 

However, these two approaches do not take into account the quantifier notion. 
This notion translates the concept that a functional requirement must be respected in 
at least one acceptable configuration of gaps (existential quantifier “there exists”), or 
that a functional requirement must be respected in all acceptable configurations of 
gaps (universal quantifier “for all”) [DAN 05], [DAN 03]. A configuration is a 
particular relative position of parts of an assembly consisting of gaps without 
interference between parts.  

The quantifier notion impacts the result of the tolerance analysis [DAN 03], 
[DAN 05]. Therefore, we propose a mathematical formulation of tolerance analysis 
which simulates the influences of geometrical deviations on the geometrical 
behavior of the mechanism, and integrates the quantifier notion. 

7.2. Quantifier notion and mathematical formulation of tolerance synthesis 

In this section, the quantifier notion is illustrated with geometrical requirement 
and assembly requirement.  

7.2.1. Quantifier notion for geometrical product requirement  

A mechanism is a set of parts with joints. Most joints have a functional gap. 
These gaps induce displacements between parts. Each relative position defines a 
configuration of the joint. A configuration is a particular relative position of parts of 
an assembly consisting of gaps without interference between parts. The product 
geometrical requirement limits the variation between two surfaces of the 
mechanism, which are in functional relation. This requirement is a condition on the 
functional characteristic between these surfaces. For any given mechanism with 
gaps [DAN 02], [DAN 05], the relative orientation or position of these surfaces 
depends on the configuration, which is not single. Therefore, the value of the 
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functional characteristic depends on the configuration of the mechanism. There is an 
ambiguity in the expression of the requirement because the considered configuration 
is not described. In order to address this problem, it is necessary to specify in which 
configuration, the condition of the geometrical requirement must be checked. The 
expression of the geometrical product requirement is not univocal [DAN 03]. 

So, to define a univocal expression of the condition corresponding to a 
geometrical product requirement, this expression is completed by a quantifier ( ∃  or 
∀ ). The quantifier translates the concept that the condition must be respected in at 
least one configuration of the mechanism ( ∃ ), or that the condition must be 
respected in all configurations of the mechanism ( ∀ ): 

– In the case of the quantifier ( ∃ ), if there exists one configuration of the 
mechanism such as the value of the functional characteristic is less than or equal to 
the tolerance, then the geometrical product requirement is respected. 

– In the case of the quantifier ( ∀ ), if for all configurations of the mechanism, the 
value of the functional characteristic is less than or equal to the tolerance, then the 
geometrical product requirement is respected. 

7.2.2. Mathematical formulation of tolerance analysis for geometrical product 
requirement 

The approach used in this chapter is a parameterization of deviations from 
theoretical geometry; the real geometry of parts is apprehended by a variation of the 
nominal geometry. The substitute surfaces model these real surfaces. This 
parameterization of variations is detailed in the following section, and it enables us 
to define a variations parametric space, in which each coordinate system axis 
represents a parametric variable.  

The mathematical formulation of tolerance synthesis takes into account not only 
the influence of geometrical deviations on the geometrical behavior of the 
mechanism and on the geometrical product requirements, but also the influence of 
the types of contacts on the geometrical behavior; all these physical phenomena are 
modeled by convex hulls (compatibility hull, interface hull and functional hull); 
these convex hulls are detailed in the following sections which are defined in the 
variations parametric space. A convex hull or a convex polytope [BIS 94], [ZIE 94] 
may be defined as a finite set of points, as the intersection of a set of half-spaces, or 
as a region of n-dimensional space enclosed by hyperplanes. 

With this description by convex hulls, a mathematical expression of the 
admissible deviations of parts is detailed in the section relations between convex 
hulls (section 7.2.2.3). 
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7.2.2.1. Geometrical description by variations parametric space 

The geometrical behavior model needs to be aware of the surface deviations of 
each part (situation deviations and intrinsic deviations) and relative displacements 
between parts according to the gap (gaps and functional characteristics). Compared 
with the nominal model, each substitute surface has position variations, orientation 
variations and intrinsic variations: 

– Situation deviations define the orientation and position variations between a 
substitute surface and the nominal surface. 

– Intrinsic deviations of substitute surface are specific to their type. They define 
the surface variations. For instance, the intrinsic variation of a substitute cylinder is 
radius variation between the substitute cylinder and the nominal cylinder, also two 
types of relative displacements between parts. 

– Gaps define the orientation and position variations between two substitute 
surfaces in contact.  

– Functional characteristics define the orientation and position variations 
between two substitute surfaces in a functional relation.  

The deviation of part surfaces, the gaps between parts and the functional 
characteristics between parts are described by parameters. Thereafter, the 
geometrical behavior of parts will be defined in space such that each coordinate axis 
corresponds to a parameter that is the variations parametric space. Four types of 
subspace corresponding to the four types of parameters are displayed in Table 7.1 
[DAN 02].  

Subspace name Column vector Designation 

Situation s space of all situation deviations of parts 

Intrinsic i space of all intrinsic deviations of parts 

Gap g space of all gaps between parts 

Functional 
characteristic fc space of all functional characteristics between parts 

Table 7.1. Subspace description 

7.2.2.2. Geometrical behavior description using convex hulls 

The tolerance synthesis model is based on the expression of the geometrical 
behavior of the mechanism; various hulls modeling the geometrical behavior of the 
mechanism are defined for 1D and 3D applications. 
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Relationships between small displacements of surfaces of parts lead to the 
compatibility hull (Dcompatibility) 

Composition relations of displacements in the various topological loops express 
the geometrical behavior of the mechanism [DAN 02], [DAN 05], [ZIE 94]. The 
composition relations define compatibility equations between the situation 
deviations and the gaps. The set of compatibility equations, obtained by the 
application of composition relation to the various cycles, makes a system of linear 
equations. So that the system of linear equations admits a solution, it is a 
requirement that compatibility equations be checked. These compatibility equations 
characterize some hyperplanes in the Situation × Gap × Functional characteristic 
space.  

Constraints of contacts between parts surfaces nominally in contact lead to the 
interface hull (Dinterface) 

Interface constraints limit the geometrical behavior of the mechanism and 
characterize non-interference or association between substitute surfaces, which are 
nominally in contact [DAN 02], [GIO 93], [ROY 99]. These interface constraints 
limit the gaps between substitute surfaces. These constraints define the interface hull 
in Gap × Intrinsic space. In the case of floating contact, the relative positions of 
substitute surfaces are constrained technologically by the non-interference, the 
interface constraints result in in-equations defined in Gap × Intrinsic space. In the 
case of slipping and fixed contact, the relative positions of substitute surfaces are 
constrained technologically in a given configuration by a mechanical action. An 
association models this type of contact; the interface constraints result in equations 
defined in Gap × Intrinsic space.  

Functional constraints between part surfaces in functional relation lead to the 
functional hull (Dfunctional) 

The functional requirement limits the orientation and the location between 
surfaces, which are in functional relation. This requirement is a condition on the 
relative displacements between these surfaces. This condition could be expressed by 
constraints, which are in-equations. These constraints define the functional hull in 
Functional characteristic × Intrinsic space.  

7.2.2.3. Relations between convex hulls  

The objective of this mathematical formulation is to define the necessary and 
optimal constraints on deviations of each part, i.e. the vectors s and i. The previous 
geometrical behavior description and the quantifier expression enable us to define 
the admissible deviations of parts such that the functional requirement is respected. 
These admissible deviations form a hull in this situation and intrinsic spaces called a 
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specification hull. To define it, we formalize a textual relation and a mathematical 
relation between various hulls [DAN 02], [DAN 05]. 

In the case of the quantifier ∃ , the specification hull is defined as: 

“The deviations are admissible” is equivalent to “there exists an 
admissible gap configuration of the mechanism and a functional 
characteristic such as the geometrical behavior and the functional 
requirement are respected”.  

The mathematical expression of this equivalence is: ሺ࢙, ሻ࢏ א ֞  ௦௣௘௖௜௙௜௖௔௧௜௢௡ܦ א ࢍ൛  ࢍ ׌  ݌ܽܩ ׷ ሺ࢙, ,ࢍ ሻ࢏ א ௖௢௠௣௔௧௜௕௜௟௜௧௬ܦ ת  ,௜௡௧௘௥௙௔௖௘ൟܦ
,Functional characteristic , : ሺ࢙ ∋ ࢉࢌ ∃  ,ࢍ ,࢏ ௖௢௠௣௔௧௜௕௜௟௜௧௬ܦ ∋ ሻࢉࢌ ௜௡௧௘௥௙௔௖௘ܦ ת ת  D୤୳୬ୡ୲୧୭୬ୟ୪        
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In the case of the quantifier ∀ , the specification hull is defined as: 

“The deviations are admissible” is equivalent to “for all admissible 
gap configurations of the mechanism, there exists a functional 
characteristic such as the geometrical behavior and the functional 
requirements are respected”.  

The mathematical expression of this equivalence is: ሺ࢙, ሻ࢏ א ֞ ௦௣௘௖௜௙௜௖௔௧௜௢௡ܦ Gap ∋ ܏൛ ∋ ܏ ∀ ׷  ሺܛ, ,܏ ܑሻ∈ Dୡ୭୫୮ୟ୲୧ୠ୧୪୧୲୷ ∩ D୧୬୲ୣ୰୤ୟୡୣ ൟ, 
׷ , Functional characteristic ∋ ܋܎ ∃  ሺܛ, ,܏ ܑ,  ሻ ∈ Dୡ୭୫୮ୟ୲୧ୠ୧୪୧୲୷ ∩ D୧୬୲ୣ୰୤ୟୡୣ ∩D୤୳୬ୡ୲୧୭୬ୟ୪   [7.3]܋܎

For assembly requirement, the quantifier is . The specification hull is defined as: 

 “The deviations are admissible” is equivalent to “there exists an 
admissible gap configuration of the mechanism such as the 
geometrical behavior and the assembly requirement (interface 
constraints) are respected”. 
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ሺ࢙, ሻ࢏ א ֞ ௦௣௘௖௜௙௜௖௔௧௜௢௡ܦ ݌ܽܩ ∋ ࢍ  ׌ ׷  ሺ࢙, ,ࢍ ௜௡௧௘௥௙௔௖௘ܦ ∩ ௖௢௠௣௔௧௜௕௜௟௜௧௬ܦ ∋ሻ࢏
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This quantifier notion enables us to formalize the relationship between hulls 
(compatibility hull, interface hull and functional hull) and specification hull. These 
relations are a theoretical formulation of tolerance synthesis. 

7.3. Worst case tolerance analysis based on quantified constraint satisfaction 
problems  

In this section, we consider the more general framework of quantified constraint 
satisfaction problems, which are defined as follows, and we illustrate its application 
for worse case tolerance analysis. 

7.3.1. QCSP 

The QCSP is an extension of the constraint satisfaction problem (CSP) in which 
variables are totally ordered and quantified either existentially or universally [BOR 
02]. QCSP provides a better expressiveness for modeling problems. The goal in a 
QCSP can be either to determine satisfiability or to find a consistent instantiation of 
the existential variables for all instantiations of the universal ones. The QCSP can be 
used to model PSPACE-complete decision problems from areas such as planning 
under uncertainty, adversary game playing, and model checking. For tolerancing 
application, the QCSP is used to check the model. 

In standard CSPs all variables are existentially quantified whereas QCSPs are 
more expressive than CSPs in the sense that they allow universally quantified 
variables. They enable the formulation of problems where all contingencies must be 
allowed for. 

A quantified constraint satisfaction problem (QCSP) is a formula of the form QC 
where Q is a sequence of quantifiers 1 1... n nQ x Q Qx ܳଵݔଵ . . . ܳ௡ܳݔ௡, where each Qi 
quantifies ( ∃ ∀ or ׌ ) a variable xi and each variable occurs exactly once in the 
sequence. C is a conjunction of constraints (c1  ...  cm) where each ci involves some 
variables among x1, . . . , xn.  

Example: 

{∀ xi, ∃ xj   ;  D(xi)=[0,1], D(xj)=[0,1]   ;   c1: xi = xj }                 [7.4] 
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Bordeaux and Monfroy extend the definition of arc consistency to QCSPs [BOR 
02]. When applying AC on a constraint cij, the filtering achieved depends on the 
type of quantification for variables xi, xj and on the order in which the variables 
appear in the quantification formula. For a binary constraint there are four possible 
orders. AC for a constraint cij uses the following general rules; one for each order of 
quantification: 

– ∃ xi ∃ xj : this is the case for standard CSPs. Constraint cij is AC if each value  
a ∈ D(xi) is supported by at least one value b ∈ D(xj). If a value a ∈ D(xi) has no 
support in D(xj) then AC will remove a from D(xi). If D(xi) becomes empty then the 
problem is unsatisfiable. 

– ∀ xi ∀ xj : constraint cij is AC if each value a ∈ D(xi) is supported by all values 
in D(xj). If a value a ∈ D(xi) is not supported by all values in D(xj) then the problem 
is unsatisfiable. 

– ∀ xi ∃ xj : constraint cij is AC if each value a ∈ D(xi) is supported by at least 
one value in D(xj). If a value a ∈ D(xi) has no support in D(xj) then the problem is 
unsatisfiable. 

– ∃ xi ∀ xj : constraint cij is AC if each value a ∈ D(xi) is supported by all values 
in D(xj). If a value a ∈ D(xi) is not supported by all values in D(xj) then AC will 
remove a from D(xi). If D(xi) becomes empty then the problem is unsatisfiable. 

The algorithm takes a QCSP with a set X of existentially or universally 
quantified variables in a given order, and computes the arc consistent sub-domains 
in case the problem is arc consistent or returns FALSE in case the problem is not arc 
consistent. 

7.3.2. New mathematical formulation of tolerance analysis for QCSP solver 

In this section we propose a new method which enables us to solve a tolerancing 
problem while utilizing and integrating the notion of QCSP. To do so, we need to 
transform the mathematical expression of tolerance analysis for assembly 
requirement: 

∀x1,∀x2, ∀x3,…. ,∀xn, ∃xn+1…., ∃xm; 

D(x1), D(x2), D(x3),…. , D(xn), D(xn+1),…,D(xm); 

c1,….,cp [7.5] 
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– x1, x2, …., xn are the variables which represent each part deviation (s,i), 

– xn+1, ….,  xm  are the variables which represent each gap between parts (g), 

– the mathematical representation of geometrical specifications is a  
set of intervals which limit each part deviation like vectorial tolerancing: 
 xi∈D(xi) with xi a part deviation and D(xi) its tolerance interval,  
D(x1) x … x D(xn) = Dspecification, 

– the mathematical representation of interface constraints is a set of  
inequations which limit each gap: xj∈D(xj)  with xj a gap and D(xj): xj ≥ 0, 
D(xn+1) x … x D(xm) = Dinterface, 

– the mathematical representation of the compatibility equations is a set of 
constraints: c1, …., cp. 

Therefore, the mathematical expression of tolerance analysis for assembly 
requirement is: “for all acceptable deviations (deviations which are inside 
tolerances), there exists a gap configuration such as the assembly requirement 
(interface constraints) and the compatibility equations are verified”.      

The expressive power of QCSP integrates the notion of quantifier in the 
expression of the mathematical expression for tolerance and allows us to model the 
mathematical formulation of tolerance analysis for assembly requirement with a 
vectorial tolerancing model. 

However, there remains limitations in the QCSP expression power that need to 
be addressed in terms of implicit universal quantification of the variables which do 
not have the direct property of projectability. The lack of ability of universal 
quantification of variables which do not possess the property of projectabililty 
means that other means need to be adopted to circumvent this limitation. An 
instance of this problem occurs during the universal quantification of the gaps 
depending upon s and i.  

7.4. Statistical tolerance analysis based on constraint satisfaction problems and 
Monte Carlo simulation 

In order to ensure the robustness of design, it is necessary to simulate and study 
the affect of variations on assembly due to variation in manufacturing. Variations 
may take place in any random pattern concurrently in the concerned dimension and 
may affect the assemblability and function of the assembly. In the following section, 
the approach discussed above will be modified and integrated with the Monte Carlo 
simulation tool to obtain an algorithm which performs the tolerance analysis of a 
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mechanical assembly from a sample population of components generated by Monte 
Carlo simulation.  

The tolerance analysis method adopted in this report is based on using Monte 
Carlo simulation and quantifier notion to a solution of a CSP in order to calculate 
the probability of assembly and functioning of a given assembly. The application of 
this approach to 1D and 3D tolerance analysis will be discussed. 

7.4.1. Algorithm for statistical tolerance analysis by Monte Carlo simulation and 
CSP technique 

A new algorithm has been developed which integrates the QCSP for tolerance 
analysis. This algorithm has been developed and tested in Mathematica® and 
validated for a number of different example assemblies. The algorithm is based on 
the statistical sampling power of the Monte Carlo simulation and the main 
calculation engine uses the quantifier notion built in the QCSP for tolerance analysis 
problem resolution. 

The following section details the general description of the algorithm. In order to 
apply the notion, we need to transform the following into mathematical expressions:  

− For assembly requirement, the mathematical expression is:  

“For each sample (Monte Carlo simulation) of acceptable 
deviations (deviations which are inside tolerance limit), there exists a 
gap configuration such as the assembly requirement (interface 
constraints) and the compatibility equations are verified”. 

− For functional requirement, the mathematical expression is: 

“For each sample (Monte Carlo simulation) of acceptable 
deviations (deviations which are inside tolerances), the worst case of 
functional characteristics must be respected, the functional 
requirements such as the interface constraints and the compatibility 
equations are verified”. 

A general flow chart describing the module for tolerance analysis is shown in 
Figure 7.1. The main principle behind the algorithm is to simulate and evaluate the 
influence of the manufacturing deviations on the nominal dimensions of an 
assembly. 
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In order to achieve this, the Monte Carlo simulation and quantifier notion are 
used to simulate the deviations and to quantify the variables in the CSP respectively. 
This process is repeated recursively for a large sample of deviations to establish a 
resultant distribution of assembly probability in order to perform the tolerance 
analysis of any given assembly consisting of sub components. 

 

Figure 7.1. General scheme of Tolerance analysis with the Monte Carlo simulation 



Tolerance Analysis Based on QCSP     137 

A mathematical model of the assembly is expressed in the form of the 
compatibility, interference and functional hulls, it is defined by a set of variables  
and  a  set  of  constraints  on  subsets  of  the  variables: 

Constraints describing the compatibility hull generally formulated as: 

Cc(s,g,fc)= 0    ⇔    (s, g, fc) ∈ Dcompatibility   [7.6] 

Constraints describing the interface hull: 

Ci(i,g) ≤ 0 and Ci(i,g) = 0   ⇔   (i, g) ∈ Dinterface [7.7] 

Constraints describing the functional hull: 

Cf(i,fc) ≤ 0       ⇔   (i, fc) ∈ Dfunctional [7.8] 

The part deviations (s,i) are then evaluated recursively within the algorithm. 
Monte Carlo simulation is used to generate random variables simulating the part 
deviations with all the generated deviations within the Dspecification. A sample of part 
deviations is noted:  

s’={ s’1,s’2,….s’n }, i’={ i’1,i’2,….i’o } 

For any given instance of iteration, the part deviations generated by the Monte 
Carlo simulation should satisfy the set of constraints:  

 ሺ࢙’,   ୱ୮ୣୡ୧f୧ୡୟ୲୧୭୬ܦ ∋ ሻ’࢏

To evaluate the assemblability of each sample (instance of part deviations), we 
verify if there exists an admissible gap configuration of the mechanism such as the 
assembly requirement (interface constraints) and the compatibility equations are 
verified:  

 ሺ࢙’, ,’࢏ ௖௢௠௣௔௧௜௕௜௟௜௧௬ܦ ∋ ሻࢍ   ௜௡௧௘௥௙௔௖௘ܦ ת

 This check is performed with help of translation of relation [7.4]. In the 
algorithm, for an instance of iteration, its mathematical form becomes ࢍ׌ ׷  ሺܛ’, ,’࢏ ௖௢௠௣௔௧௜௕௜௟௜௧௬ܦ ∋ ሻࢍ ת  ௜௡௧௘௥௙௔௖௘  [7.9]ܦ

 Depending on this decision process it may be desirable to determine whether a 
solution exists (verify the consistency of the constraint satisfaction problem), to find 
one solution, to compute the space of all solutions of the constraint satisfaction 
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problem, or to find an optimal solution relative to a given cost function which 
respects all constraints (Cc and Ci). 

In our case, the goal is not to find a particular solution. It is possible to check the 
existence of the solution using the inbuilt Mathematica® function “Exists”. The 
result of this step effectively establishes if the individual parts with the simulated 
deviations would be able to be assembled.  

Moreover, the check of the solution existence could be made by a hull-
consistency algorithm, the key idea is to generalize constraint-consistency [BOR 02] 
criterion to a higher level where the set of all constraints is seen as a single global 
constraint. Hence, it must guarantee arc-consistency at the bounds of the variable 
domains for this single global constraint. 

To evaluate the respect of the functional requirements of each sample (instance 
of part deviations) that assembles, we verify whether for all admissible gap 
configuration of the mechanism there exists functional characteristics such as the 
functional requirements which are verified:  

 ሺ࢙’, ,’࢏ ,ࢍ ௖௢௠௣௔௧௜௕௜௟௜௧௬ܦ ∋ ሻࢉࢌ ௜௡௧௘௥௙௔௖௘ܦ ת   ௙௨௡௖௧௜௢௡௔௟ [7.10]ܦ ת

This check is performed with help of translation of equation [7.3]. In the 
algorithm, for an instance of iteration, its mathematical form becomes: ݃׊∈ሼ ࢍ ∈ Gap ׷  ሺ࢙, ,ࢍ : ௙௨௡௖௧௜௢௡௔௟ܦ∋݂ܿ׌   ሻ∈ Dୡ୭୫୮ୟ୲୧ୠ୧୪୧୲୷ ∩ D୧୬୲ୣ୰୤ୟୡୣ࢏ ሺ࢙’, ,’࢏ ,ࢍ ௖௢௠௣௔௧௜௕௜௟௜௧௬ܦ ∋ ሻࢉࢌ ௜௡௧௘௥௙௔௖௘ܦ ת ௙௨௡௖௧௜௢௡௔௟ܦ ת
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   [7.11] 

 Depending on this decision process it may be desirable to determine the space of 
all solutions of the constraint satisfaction problem, or to find an optimal solution 
relative to a given cost function which respects all constraints (Cc ,Ci and Cf ). 

For examples pertaining to elementary levels, the check of the solution is made 
possible by using the inbuilt Mathematica® function “For All”. However, with an 
increase in complexity of the assembly usage of the built in Mathematica® function 
becomes time consuming.  



Tolerance Analysis Based on QCSP     139 

Two alternative approaches to translating relation [7.3] have been formalized 
which are (a) optimization of worst-case values, (b) interval propagation with help 
of interval arithmetic to reduce the domain of the variables (functional 
characteristics).  

We use the optimization approach to find the worst case values of the functional 
characteristics:  

fcmax= Max(fc(g,s’,i’))   
S.T. 
Cc(s’,g,fc)= 0     
Ci(i’,g) ≤ 0 and  Ci(i’,g) = 0   
Cf(i’,fc) ≤ 0        

fcmin= Min(fc(g,s’,i’))   
S.T. 
Cc(s’,g,fc)= 0     
Ci(i’,g) ≤ 0 and  Ci(i’,g) = 0   
Cf(i’,fc) ≤ 0        

fcmax ∈ Dfunctional and  fcmin ∈ Dfunctional                    [7.13] 

The result of this step evaluates if the individual parts with the simulated 
deviations would be able to assemble as well as if the resultant assembly would 
respect the functional requirements.  

7.5. Applications 

The approach developed for the tolerance analysis for 1D and 3D mechanical 
assemblies has been applied and validated over different models with and without 
GD & T specifications. For the sake of brevity and clarity of application, in this 
chapter, a simple mechanical assembly as shown in Figures 7.2 and 7.3 is taken as 
an example.  

Figure 7.3 shows a simplified cross-section of an IC-engine. The simplified 
assembly consists of 5 individual components: 

1. engine block; 

2. piston; 

3. connecting rod; 

4. crank shaft; 

5. gudgeon pin. 
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The results were validated against the tolerance values based on a worst case 
analysis provided with the drawings. The results obtained were in accordance with 
the tolerancing specified on the drawings. In addition to this, the program was tested 
for tolerance values varying away from the worst case values and the results were 
noted. The results displayed the varying assembly assemblability probability values 
confirming the functionality of the program. 

7.6. Discussion 

In this chapter, we introduce a discussion about tolerance analysis, and we 
compare this tolerance analysis approach with the mathematical approaches 
developed by Davidson and Shah [DAV 03], Giordano [GIO 05], Teissandier [TEI 
99]. In these approaches, the geometrical tolerances, the dimensioning tolerances or 
the contact constraints are represented by deviation domain/clearance domain or T-
Map ®. These three concepts are a hypothetical Euclidean volume which represents 
all possible deviations in size, orientation and position of features. For tolerance 
analysis, this mathematical representation of tolerances allows us to calculate the 
composition of tolerances: using the Minkowsky sum of deviation and clearance 
domains to calculate the intersection of domains for parallel kinematic chain, and to 
verify the inclusion of a domain inside other one. The methods are very efficient for 
the tolerance analysis, but the computational cost depends on the number of 
Minkowsky sums.  

In the proposed approach, we use the same mathematical representation, and we 
add the compatibility domain which represents the composition relations of 
displacements in the various topological loops, and the mathematical formulation 
based on the quantifier notion. Therefore, we do not use the Minkowsky sum for the 
resolution, we use the QCSP technique. This QCSP technique coupled with the 
Monte Carlo simulation allows resolution for worst case analysis or statistical 
analysis.  

Mathematical formulation of tolerance analysis with integration of the Quantifier 
notion is a new technique that uses the notion of the universal quantifiers, and which 
provides a univocal expression of the condition corresponding to a geometrical 
product requirement. The application of tolerance analysis developed in this work 
relies upon QCSP and uses the integrated concept of quantifiers to quantify, control 
and verify the respect of the required functional requirement ( quantifier) as well as 
the geometrical product requirement (quantifier). This addition adds a qualitative 
and quantitative nature to the tolerance analysis process allowing the user to specify 
the control elements in a model as well providing the necessary tools for validation 
via worst case scenario application or probability based statistical analysis. 
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The algorithm developed in this chapter addresses 1D and 3D application of 
tolerance analysis. The fundamental steps of the algorithm however remains the 
same for all the applications, i.e.:  

– the definition of the product parametric model with the help of variation 
parametric space in either 1D or 3D using convex hulls;  

– using quantifiers in the case of worst case tolerance analysis to define the 
deviation tolerance interval;  

– use of the Monte Carlo simulation in case of statistical tolerance analysis; 

– application of “There Exists” quantifier to ascertain that the model with 
generated deviations conforms to different convex hulls, i.e. respect of compatibility 
hull, interface hull and functional hull; 

– displaying results of calculation regarding the conformity of the assembly with 
respect to the individual hulls. 

In the statistical tolerance analysis module, Monte Carlo simulation has been 
used in conjunction with the QCSP to calculate the probability of the functional 
operation of an assembly. 

The geometrical modeling approach is based on modeling by the 
parameterization of the component. Instead of an explicit model, the model is based 
on a set of equations and inequations which provide for the necessary constraints for 
product functioning and part compatibility. The resulting model is dependent not 
only on the nominal dimensions of the assembly but also on taking into account the 
required functional characteristic as well as the gaps. 

Another unique area of application for this algorithm has been in the field of  
tolerance synthesis where it has been successfully applied to the tolerance synthesis 
of a mechanical assembly in conjunction with a genetic algorithm. Currently the 
scope of QCSP has also been expanded to include the domain of robust design of 
mechanical systems.  
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Chapter 8 

Tolerance Analysis in Manufacturing Using 
the MMP, Comparison and Evaluation of 

Three Different Approaches  

In previous works, we have developed the model of manufactured part (MMP) 
[VIL 05], a method for modeling the different geometrical deviation impacts on the 
part produced (error stack-up) in a multi-stage machining process. They also 
proposed different solution techniques to identify the worst case for the purpose of 
tolerance analysis. The first proposed solution technique consists of optimization 
techniques such as sequential quadratic programming (SQP) or genetic algorithms 
(GA) [KAM 08a]. The second solution combines the MMP and the Jacobian-torsor 
model [GHI 03] [KAM 08b] that benefits from the interval arithmetic advantages to 
solve the worst case searching problem. The last technique uses the Monte Carlo 
simulation to generate a population of virtually manufactured parts representative of 
the real produced parts [VIG 08]. 

This chapter first reviews the MMP model and the different solution techniques. 
The different strategies to simulate the deviation parameters of the model are then 
discussed. For each of the three proposed solution techniques, its convenience and 
inconvenience is explored in detail. The solution technique performances are 
compared from different points of view (i.e. rapidity, convergence to the global 
minimum, analyzed case, etc.) and some perspectives are presented. 
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8.1. Introduction  

Today, manufacturing engineers are faced with the problem of selecting the 
appropriate process plan (machining processes and production equipment) to ensure 
that design specifications are satisfied. Developing a suitable process plan for 
release to production is complicated and time-consuming. Currently, trial runs or 
very simple simulation models (1D tolerance charts for example [WHY 90]) are 
used to check the quality criterion. The trial runs are very costly and, on the other 
hand, the accuracy of simulation fails to meet today’s requirements. These problems 
can be overstepped by developing accurate models and methodologies for 
simulating the manufacturing process and predicting geometrical variations in the 
parts produced. More accurate models will make it possible to evaluate the process 
plan, determine the tolerance values in terms of manufacturing capabilities during 
the design phase, and define the manufacturing tolerances to be checked for each 
setup. In the literature available on this subject, the evaluation of a process plan in 
terms of functional tolerances is called the tolerance analysis. In this chapter the 
model of manufactured part (MMP) is used for simulating the manufacturing 
process and then the worst case technique and statistical approach are used for the 
aim of tolerance analysis. 

In this chapter we shall focus on tolerance analysis relating to error propagation 
in a multi-stage machining process. Huang et al. [HUA 03] propose a state space 
model to describe part error propagation in successive machining operations. 
Surface deviation is expressed in terms of deviation from nominal orientation, 
location and dimensions. The error sources in machining operations are classified as 
fixture errors, datum errors and machine tool errors. A part’s deviation is expressed 
in terms of the deviation of its surfaces and is stored in a state vector )(kx . This 
vector is then modified by moving from operation k  to 1+k . Zhou et al. [ZOU 03] 
use the same state model but the surface deviation compared with the nominal state 
is expressed using a differential motion vector. However, these two models require 
specific fixture setups (e.g. an orthogonal 3-2-1 fixture layout). More recently, 
Loose et al. [LOO 07] used the same state space model with a differential motion 
vector but including general fixture layouts. Although a general fixture layout is 
considered, the error calculation of a fixture is based on its locator deviations (a 
locator is a punctual connection). Hence, positioning cases with plane/plane contact 
or cylinder/cylinder floating contact are not envisaged. 

Huang et al. [HUA 04] propose a simulation-based tolerance stack-up analysis. 
Manufacturing errors are classified as follows: work holding errors (i.e. fixture 
errors, datum errors and raw part errors), machine tool errors and cutting tool errors. 
A surface is modeled using uniformly distributed sample points (point cloud), which 
is a basic technique applied in CMM type inspections. By putting the part through 
different machining setups, the coordinates of these points in the local part 
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coordinate system are changed due to manufacturing errors. The Monte Carlo 
method is used to perform the simulation. The different possible errors are 
considered in this simulation but part/fixture interaction is not studied and it is 
assumed that part/fixture contact is perfect. 

This chapter firstly recalls the MMP [VIL 05], [GHI 03], [VIL 07]; a method for 
modeling the different geometrical deviation impacts on the part produced (error 
stack-up) in a multi-stage machining process. Previously, the same authors presented 
a generic formulation for tolerance analysis based on searching for the worst case 
using the MMP. This chapter discusses the different numerical solution technique 
for performing the worst case based tolerance analysis. Worst case technique then 
will be compared with statistical tolerance analysis. The statistical approach uses the 
Monte Carlo Simulation. The convenience and inconvenience of each technique will 
then be discussed.  

8.2. MMP  

[VIL 05], [VIG 07] and [VIL 07] propose a method for modeling successive 
machining processes that takes into account the geometrical and dimensional 
deviations produced with each machining setup and the influence of these deviations 
on further setups. In the MMP, the errors generated by a manufacturing process are 
considered to be the result of two independent phenomena: positioning and 
machining. These deviations are accumulated over the successive setups (see Figure 
8.1). The result is expressed in terms of deviation of the actual surfaces compared 
with those of the nominal part. In order to capture the error stacks, an intermediate 
virtual part (MWP) is put through the different setups. In setup k, the machined 
surface deviation is the combination of positioning errors and machining errors. 
Positioning errors are caused by surface deviations from a previous setup (datum 
errors) and fixture surface deviations in setup k. Machining errors are machined 
surface deviations compared with the nominal position in the machine tool in setup 
k. These errors stem from multiple and various sources ranging from machine 
geometry and control to cutting deformations.  

At the end of the modeling process, a virtual manufactured part (MMP) is 
created. This MMP stores data about the deviations generated (combination of 
parameters and range of variation) during the full machining process; see Figure 8.1. 

The MMP not only represents a model of one manufactured part containing a 
description of the process in terms of geometrical deviations and accumulated 
defects. In fact, because it indicates the variation range of the generated defects it 
also represents the series of parts produced. The model describes the defects, 
classifies them and indicates their variation range.  
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Small Displacement Torsors (SDT) describe the MMP surface deviations, i.e. the 
MMP parameters, which can be classified according to four categories: 

– machining deviations DM, ( iii tzryrx ,, …); 

– fixture surface deviations DH, ( iSjiSj txrx , ,…); 

– link parameters LHP, ( iGjiSj ltxlrx , …); 

– actual surface deviations relative to the nominal part ( PiPrx , , PiPry , ,…). 

 

Figure 8.1. Tolerance stack-up model 

The DM are limited by constraints (CM) representing machine and tool 
capabilities. The DH parameters are limited by constraints (CH) representing the 
fixture quality. 

Due to the type of connection (floating or slipping), the LHP values are 
determined by a specific algorithm (CHP) including constraints and, in certain cases, 
a positioning function.  

For each MWP surface made, the positioning and machining deviations are 
added. The deviation relative to the nominal part is determined and expressed as 
TP,Pi for surface i of the MWP; see Figure 8.1. This Torsor will be kept in the MWP 
data for possible further use in another setup for an assembling procedure or for the 
purposes of tolerance analysis. In the example of Figure 8.1, surface deviations 
relative to the nominal part regarding surface 3 are expressed as equation [8.1].  

 

MWP(1)

MWP(2)

MMP

Setup 1

MWP(3)

Nominal
MMP
Nominal
MMP

Setup 2

Setup 0



Tolerance Analysis in Manufacturing     149 
 

, 3

, 3

, 3 3

0
0 0
0

P P

P P

P P LCS

rx
T

tz

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

 

 [8.1] 

8.3. Tolerance analysis and virtual gauge  

Two techniques have been used in tolerance analysis: worst case analyzing and 
statistical analyzing. In worst case tolerance analyzing (WC), it is assumed that all 
deviations could simultaneously occur at their worst limits. The extreme value of a 
functional tolerance under any possible variations caused by deviations is 
determined. In statistical tolerance analysis, it is assumed that individual deviations 
are independent and have some frequency distribution, which allows us to compute 
the probability that the product can be found at the end of machining and will 
function under given individual tolerances, often by Monte Carlo methods. 

In this chapter, both of the above mentioned tolerance analysis techniques will be 
applied with the MMP. First of all, we introduce how we check the conformity of an 
individual part with the functional tolerances by means of a virtual gauge. Secondly 
the worst case search and statistical tolerance analysis will follow. Because of the 
different nature of WC tolerance analysis and statistical analysis, they will be 
presented in two separate sections.  

In this chapter, functional tolerance compliance is checked using a virtual gauge. 
Each tolerance is modeled by a virtual gauge according to the standard concerned. A 
virtual gauge is a nominal part made up of positioning surfaces and tolerance zones 
(see Figure 8.1). This gauge is assembled with the MMP according to the chosen 
standard rules (usually ISO or ASME). The gauge and MMP assembling process is 
based on a set of hierarchically organized elementary connections. The gauge/MMP 
assembly link parameter values (LGP) are determined by a specific algorithm (CGP) 
similar to the CHP algorithm used to calculate the MWP/Fixture assembly link 
parameters. Once the gauge and MMP assembly is finished, functional tolerance 
compliance is verified by the GapGPk signed distance measured between the virtual 
gauge modeling the tolerance and the MMP surfaces concerned. This distance is 
measured at the necessary points along the boundary of the toleranced surface. The 
distance with the positive sign represents a point inside the tolerance zone and a 
distance with a negative sign represents a point outside of tolerance zone. 

tzP,P3 = 7.07 lrx1S2 + 0.7 ( -ltz1S2+ ltz2S2) -7.07
rx1+7.07rx1S2 + 0.7 (-tz1- tz1S2+ tz2 + tz2S2) + tz3

Where :
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8.4. Worst case searching  

If the worst part in a series of manufactured parts complies with the functional 
tolerance, it is logical to conclude that all of the parts manufactured will comply. 
This technique is a little far from reality. It means that even if the worst part in a 
series of manufactured parts does not comply with the functional tolerance, the 
majority of manufactured parts could be acceptable. However this technique is 
largely used in the manufacturing of high precision parts like for plane engines and 
the army. We developed two techniques for worst case searching associated with 
MMP: the optimization technique and the combined approach. 

8.4.1. Optimization technique  

A generic formulation of the worst case searching problem, as proposed by 
Villeneuve et al [VIL 05], consists of solving the following objective functions: 

)))(( min
,,

,,
maxmin GapGP
CGP

LGP

CHPCHCM

LHPDHDM
 [8.2] 

These functions express the search for the worst case in terms of the functional 
tolerance under analysis. A process plan is considered able to satisfy the functional 
tolerance if the value determined in equation [8.2] remains positive or zero while the 
MMP parameters vary in their limited variation domain. As previously underlined, 
functional tolerance compliance is verified by the signed distance GapGPk. For a 
given problem, the critical distance is the minimum distance denoted by GapGPmin 
as developed in [8.3]. 

)(min
,...2,1

min k
k

GapGPGapGp
=

=  [8.3] 

The Gauge/MMP assembly is not always complete and some limited relative 
displacements remain possible due to the material condition modifiers, incomplete 
datum frames or the type of tolerance (i.e. orientation tolerance). These 
displacements may correspond to the degrees of freedom (LGPDOF) of the 
Gauge/MMP assembly or to the parameters of a floating contact (LGPf). 

In the second case, the displacements are described by the link parameters and 
their limits by the positioning algorithm CGP (generally non-penetration condition) 
complying with the chosen tolerancing standard (ISO, ASME). Within the limits of 
these displacements, the most favorable position for the virtual gauge relative to the 
MMP can thus be found. In this position, the GapGPmin has a maximum value. In 
other words, the virtual gauge will be displaced by an optimization algorithm that 
explores possible displacements until the best position with respect to the MMP is 
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found. In this position, all the GapGPk will be measured for functional tolerance 
verification. This procedure is expressed by [8.4].  

(...))max
CGP

LGP  [8.4] 

The GapGP* solution provided by [8.4] is also interpreted as a virtual 
measurement of an individual part. As previously stated, the method presented in 
this study for analyzing functional tolerance consists of finding the worst case 
(minimum value of the GapGP*). The search for the worst case is an optimization 
task that can be expressed as shown below, [8.5]. The objective function in this 
optimization is the GapGP*. The variables are the CM, CH, and LHP. The limits of 
these variables are expressed by constraints (CM and CH) and the positioning 
algorithm (CHP).  

(...)min
,,

,,

CHPCHCM

LHPDHDM
 [8.5] 

8.4.1.1. Technique used in the solution 

[8.2] is a multi-layer constrained optimization problem. It checks whether a 
process plan is able to satisfy functional tolerance requirements. In order to provide 
a clearer mathematical representation of [8.2], a new formulation for worst case 
identification shall be put forward in this section. Secondly, a technique for solving 
the worst case search issue shall be discussed.  

To simplify the technique adopted, the problem is broken down into two sub 
problems, [8.6] and [8.7], and variable substitution is applied [KAM 08a]. 

: function expressing the GapGP  equation 
 and :  positioning functions for MWP/fixture and gauge/MMP assemblies 

respectively
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 [8.6] 

Sub II: 
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 [8.7] 

The task in Sub І is to find the worst possible part produced in a multi-stage 
machining process in relation to the tolerance being analyzed. The task in Sub II is 
to perform a virtual measurement of one individual part. In Sub II, the value of 

),( yxF  is calculated and supplied to Sub І. To be able to solve the positioning 
algorithms (CHP and CGP), each sub problem is broken down into different layers. 
Readers should refer to [KAM 08a] for more information and details on Sub 
problems and the layers concerned. 

8.4.1.2. Solution strategy  

Based on the constraints associated with DM and DH, the proper optimization 
algorithm should be applied. One iteration in the Sub І level follows with many 
iterations in Sub II and its layers. If the gradient optimization method is used for Sub 
І, the initial gauss plays a very important role. If the wrong gauss is chosen, there is 
a high risk of reaching a local minimum (instead of a global minimum).  

Stochastic methods such as genetic algorithms can be applied as well. The 
advantage of this kind of algorithm is that, by creating a big enough population, the 
probability of finding the global minimum point is higher. The drawback is the time 
needed to run such an algorithm. 
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8.4.1.3. Quality constraints  

The machined surface deviation torsor parameters, known as machining 
deviation parameters (DM), are limited by constraints (CM) stemming from the 
machine tool capabilities. The parameters of the fixture surface deviation torsor 
(DH) are also limited by constraints (CH) arising from the fixture quality. These 
constraints limit either one or a set of parameters. There are 3 main strategies for 
defining these constraints. 

Using the measurement results  

In this strategy, a sufficient number of parts have to be produced and measured. 
The manufacturing conditions (temperature, machine tool, etc.) should be the same 
as for the simulation. The machined surface or positioning surface deviation ranges 
are obtained from the measurement data. Readers can refer to [TIC 07] for more 
details about how the measurements are performed. In this strategy, the 
measurement results will be modeled, assuming that the deviation parameters are not 
independent. Based on the measurement results obtained, the co-relation between 
the parameters is then sought (see Figure 8.6). This strategy is very close to reality, 
but it is complicated to express the co-relation between the parameters. 

 

Figure 8.2. Co-relation between deviations parameters (rx, ry) [GER 07]  

With this strategy, the constraints obtained for the deviation parameters can be 
expressed as [8.8].  

dryrxcrybrxa ≤⋅⋅+⋅+⋅ 22  [8.8] 

Using the measurement results (independent parameters) 

As explained for the previous strategy, the parameter deviation ranges are 
obtained by measurements. As opposed to the previous strategy, the parameters here 
are assumed to be independent variables (for the purposes of simplification) with a 
normal distribution that varies in the interval defined by [-3σ +3σ]. With this 
strategy, the constraints obtained will as shown in equation [8.9], the case of a plane 

rx ×10-4 (rad)

ry ×10-4 (rad)
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SDT. The deviation variation range obtained is close to reality but considering 
independent parameters imply that these they can simultaneously attain their 
extreme limits. This is highly improbable in reality.  

rx rx rx

ry ry ry

tz tz tz

≤ ≤

≤ ≤

≤ ≤

 [8.9] 

Considering a variation zone with dependent parameters  

In this strategy, a standard variation zone is used to represent the deviation range 
of a surface or its feature (axis, center, etc.). Desrochers [DES 99] proposes a 3D 
representation of the variation zones. A variation zone can be used in its generic 
form to present the potential variations along and about all the three Cartesian axes. 
The proposed representation comprises all standard variation zones, along with their 
corresponding SDT representation and geometrical constraints. The SDT parameter 
variations must be bound by the limits of the 3D variation zones they represent. 
These boundary areas are hyper-surfaces of the space spanned by the six small 
displacement variables (rx, ry, rz, tx, ty, tz). Illustrated below is the case of a planar 
variation zone showing how such constraints can be handled. In Figure 8.3, the 
variation zone is defined as the volume ranging between two parallel planes with a 
distance e  between them. The ideal associated plane (shaded in Figure 8.3) must 
therefore lie inside this zone. The boundary points will be used to ensure that the 
associated surface remains within the variation zone. If four boundary points (A, B, 
C and D) are used on the associated plane with reference point O at the barycenter, it 
is possible to express their projection on the limiting planes, yielding to the linear set 
of inequalities in equation [8.10], where a, b and e  are known. 

 

Figure 8.3. Planar variation zone  
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 [8.10] 

8.5. Combined approach 

The second approach for worst case searching is the combined approach. We 
built this combined approach on two existing models (the MMP and the Jacobian-
Torsor model) for tolerance analysis in successive machining operations. It should 
be mentioned that the notation of the MMP and Jacobian-Torsor model has been 
homogenized in this chapter for better understanding. This approach combined the 
benefits of the Jacobian and torsor approaches developed for tolerancing. The 
proposed approach is formulated using interval-based arithmetic [KAM 08b]. 

This section presents the combined approach and a worst case based analysis of 
the functional tolerances. Firstly the functional elements will be introduced and then 
the formulation will be presented. 

8.5.1. The combined approach functional elements 

Basically we consider three types of uncertainties as functional element (FE) 
deviations: machined surface deviation, fixture surface deviation and link. In other 
words every active surface which takes part in machining operation and the links are 
the functional elements. The possible deviations concerning the functional elements 
are expressed by small displacement torsors (SDT) with interval.  

8.5.1.1. Surface deviation representation by SDT with intervals 

The SDT of a functional element reflects the deviation of the associated surface 
compared with its nominal position and is expressed in the local coordinate system 
of the FE concerned. This torsor will be used to express the machined surface 
deviations (machining errors) and the fixture surface deviations. The SDT can be 
represented by intervals where ),,,,,( tztytxrzryrx and ),,,,,( tztytxrzryrx signify the 

lower and upper limits of the small displacements rx, ry, rz, tx, ty and tz 
accordingly. 



156     Product Lifecycle Management 

[8.11] shows the SDT with intervals for the ith functional element:  

[ ] { }i FE

FEi
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rx rx

ry ry
rx rx tx tx

rz rz
FE T ry ry ty ty

tx tx
rz rz tz tz

ty ty

tz tz

⎡ ⎤⎡ ⎤⎣ ⎦⎢ ⎥
⎢ ⎥⎡ ⎤⎣ ⎦⎢ ⎥⎧ ⎫⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎢ ⎥⎪ ⎪ ⎡ ⎤⎢ ⎥⎪ ⎪ ⎣ ⎦⎡ ⎤ ⎡ ⎤= = =⎨ ⎬ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎡ ⎤⎪ ⎪ ⎢ ⎥⎣ ⎦⎡ ⎤ ⎡ ⎤⎪ ⎪ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎩ ⎭ ⎡ ⎤⎢ ⎥⎣ ⎦⎢ ⎥
⎢ ⎥⎡ ⎤⎣ ⎦⎣ ⎦

 [8.11] 

8.5.1.2. Link representation by SDT with interval 

The scope of variation of the link parameters can be expressed using intervals. 
To obtain the variation interval of the link parameters, it is necessary to identify the 
different possible contacts for a link. Here, we have used the method proposed by 
Villeneuve et al. [VIL 07]. This expresses the variation interval of the link 
parameters using an optimization problem. If the link parameters are considered as 
independent variables, their extreme bounds can be defined as shown in [8.12], 
[8.13].  

Case of MWP/Fixture: 

CH,CM,CHP

DH,DM,LHP
l Max (l )∗ = ∗ , 

CH,CM,CHP

DH,DM,LHP
l Min (l )∗ = ∗  [8.12] 

where ∗l  is the considered link parameter and 

{ }kSjkSjkSjkSjkSjkSj txtxtxrzryrx ,,,,,∈∗  

Case of Gauge/MMP 

CM,CGP

DM,LGP
l Max (l )∗ = ∗ , 

CM,CGP

DM,LGP
l Min (l )∗ = ∗  [8.13] 
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where ∗l  is the considered link parameter and 

 { }kGjkGjkgjkGjkGjkGj txtxtxrzryrx ,,,,,∈∗  

k = surface number and j = setup number. 

The link lower limit and upper limit values obtained will then be replaced in the 
link torsor as shown in [8.14]. 

As previously underlined, according to the type of connection (floating or 
slipping), the link parameter values (LHP) are determined by a specific algorithm 
(CHP) that takes into account the constraints and, in certain cases, a positioning 
function.  
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⎢ ⎥⎡ ⎤⎣ ⎦⎣ ⎦

 [8.14] 

8.5.1.3. Tolerance analysis with the combined approach 

By applying some modifications to the Jacobian-torsor model and combining it 
with the MMP a new method for tolerance analysis of manufactured parts has been 
developed. The defects are accumulated on the virtual manufactured part (MMP) 
and the compliance of the MMP and the functional tolerance can be checked by the 
GapGPk that can be calculated by equation [8.15]. 

[GapGP]= [A] [FEs] [8.15] 

where: 

[GapGP]: signed distance between virtual gauge and MMP, measured relative to 
the boundary of the tolerance zone; 

[FEs]: functional elements SDT or link torsor; 
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[A]: coefficient matrix expressing the geometrical relation between [GapGP] and 
[FEs]. 

[8.15] is obtained from the virtual assembly of the MMP and the virtual gauge. 
Matrix A expresses the contribution of FE deviation into the GapGP distances. 
Concerning the column of FE in the right hand side of equation [8.15], the machined 
surfaces deviation (machining errors) and fixture surfaces deviation can be obtained 
for the specific machines and fixtures and should be kept in a database for use in the 
combined approach. The variation interval of link elements could be calculated by 
[8.12] and [8.13].   

It is possible to check the compliance of the parts to the functional tolerances 
using the sign of the extreme values of the GapGPk intervals. The process 
compliance condition for manufacturing good parts can be expressed as: 

For i=1 to number of verification point  

{ }sup 0iGapGP ≥  and { }inf 0iGapGP ≥  

More details and information concerning the combined approach is available in 
[KAM 08b]. 

8.6. Monte Carlo simulation 

The method associated with Monte Carlo consists of producing a sufficient 
number of parts to check whether they all comply with the functional tolerance. The 
parts are virtually produced according to the defects generation procedure. The 
defects generation procedure should be compatible with the chosen quality 
constraints. 

Actually in Sub I, the DM, DH and LHPf parameters, which are represented by x, 
are generated randomly within the domain limited by the CM, CH and CHP.  The 
random generation of the parameters is established in such a way that their 
distribution be uniform on the defined variation scope. 

As we have seen in section 8.4.1.3, there are different possibilities for defining 
the constraints associated with DM and DH. Based on the chosen type of 
constraints, the DM and DH parameters should be generated for Monte Carlo 
simulation. For example if we consider the variation zone with dependent 
parameters, the DM and DH parameters cannot be generated directly using a random 
generator. Two different strategies are thus applied depending on the type of 
variation zone. For the cylindrical zone, a variable substitution is applied to be able 
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to generate the 4 variables with independent variances according to [8.16]. The 4 
defect parameters describing the cylinder’s “real” position are then calculated using 
[8.17], [VIG 08]. 
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For the planar variation zone as illustrated in Figure 8.3 each nominal vertex (A, 
B, C or D) of the nominal plane is randomly displaced to create a “real” vertex. The 
direction of the displacement is normal to the nominal plane and the value of the 
displacement is randomly generated between –e/2 and e/2 with a uniform density. 
Conversely, 4 random value between –e/2 and e/2 will be generated (called X1, X2, 
X3 and X4). A “real” plane is then positioned from the “real” vertices using a mean 
square root criteria. The 3 defect parameters rx, ry and tz are then calculated from 
the “real” plane characteristics.  

For determining the link parameters (LHP) in a same way it should be 
considered that they have to respect the positioning algorithm (CHP). The second 
requirement, for the determination of the link values, is that their density has to be 
uniform in the variation scope allowed by CHP.  

More information regarding Monte Carlo associated with the MMP is available 
in [VIG 08]. 
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8.7. Example and comparison  

In this section, the three aforementioned techniques will be applied to a 3D 
example and their characteristics will be explored.  

In the first section the quality constraints with independent parameters will be 
studied and in the second section the quality constraints with dependent parameters 
will be discussed. Actually, quality constraints with independent parameters can be 
treated by all the aforementioned techniques, but the quality constraints with 
dependent parameters can only be treated by the optimization technique and Monte 
Carlo. The part illustrated in Figure 8.4 will be used to perform a tolerance analysis 
of the double inclined machined plane with the aforementioned techniques.  

Setup 1 of the process plan consists of preparing the raw blocks via a sawing 
operation. This results in the MWP that will go through setup 2. In setup 2, plane 4 
is machined on a milling machine. 

 
Figure 8.4. Definition of a 3D example  

8.7.1. First section 

8.7.1.1. Combined approach  

The approach is nonetheless limited by the fact that it considers the parameters 
independently. In other word, today we cannot consider the dependent DM and DH 
parameters with the combined approach.  

So in this section the quality constraints “using the measurement results 
(independent parameters)” are considered and the MWP positioning surface 
deviation range, the machining errors and the fixture surface deviation range are 
obtained from a database created over the measurement results (the ranges are 
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available in Table 8.6). This section will not describe how to create the database 
(details about database creation can be found in [TIC 07]). 

Results 
Optimization Combined 

Approach SQP GA 

GapGPmin (mm) 0.01 0.024 [0.01 0.30] 

Table 8.1. Results for the first section 

In the MWP/Fixture assembly in setup 2, the positioning surfaces of the MWP 
are plane 1, plane 2 and plane 3, and the positioning surfaces of the fixture are plane 
1S2, plane 2S2 and plane 3S2. The assembling procedure for the MWP/Fixture 
assembly comprises three hierarchical slipping connections. The link parameters 
(LHP) and positioning algorithm (CHP) are given in Table 8.2 for each elementary 
connection. Then, the MMP is obtained by simulation of the manufacturing process. 

A virtual gauge is then created based on the functional tolerance. The gauge and 
the MMP are assembled to check that the functional tolerance is satisfied. The links 
between the MMP and the Gauge are formed of three hierarchical slipping 
connections. The MMP positioning surfaces are plane 1, plane 2 and plane 3 and the 
related surfaces of the Gauge are plane 1G1, plane 2G1 and plane 3G1. The 
assembling process is similar to that of the MWP/fixture process so further details 
shall not be given here. 

Machined plane 4 is measured by means of 3 verification points that lead to 6 
GapGP distances. The final objective in this step is to find the coefficient matrices 
[A] (the obtained coefficient matrices are given in Table 8.6). In this step the 
extreme bounds of the link parameters related to the MWP/fixture and gauge/MMP 
assembly are calculated using [8.12], [8.13]. In the last step, the 6 GapGPk variation 
intervals are calculated using [8.15]. See Table 8.3. 

8.7.1.2. Optimization techniques  

The quality constraints for defining the MWP positioning surface deviation 
range, the machining errors and the fixture surface deviation range in setup 2, have 
already been presented (Table 8.6) by “using the measurement results (independent 
parameters)” the assembling process of MWP/fixture and those of Gauge/MMP are 
explained just before. 

To be able to validate the process plan for satisfying the localization tolerance of 
plane 4, the worst case is sought. In Sub II, there is no degree of freedom or floating 
link for the Gauge/MMP assembly.  
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The MATLAB software was used for programming with a Pentium®, 3.2 GHz. 
Both optimization algorithms (GA and SQP) were applied to minimize Sub I. Figure 
8.6 represents the results obtained using the GA and Figure 8.5 represents those 
obtained using SQP. 

 

Figure 8.5. Optimization by SQP, first section  

 

Figure 8.6. Optimization by GA, first section 

8.7.1.3. Discussion  

The GA is very sensitive to parameter settings such as crossover rate, mutation 
rate and population size (in this example, we used a population size of 200, a 
crossover rate of 0.8 and a Gaussian mutation rate). If these parameters are correctly 
adjusted, sufficient population is created and random phenomena are used, the point 
obtained is almost sure to be a global minimum. 

SQP does not always converge towards a global minimum. The end result 
depends highly on the initial guess point. If the initial point is correctly defined, the 
SQP is able to reach the minimum quickly.   

In the case of the “double inclined plane”, the results obtained confirm that the 
process plan is valid in terms of satisfying the functional tolerance. There is a small 
difference between the results obtained from these two different methods. So, in 
both approaches, there is no proof that the point obtained is the global minimum. 
The time required for the GA to find this point is nearly 30 times greater than the 
time required using SQP.  
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Setup2 

Fixture Part (MWP) 

Surface Surface 
deviation (DH) 

Constraints 
(CH) Surface Surface 

deviation (DM) 
Constraints 

(CM) 

Plane 
1S2 rx1S2, ry1S2, tz1S2  Plane 1 rx1, ry1, tz1  

Plane 
2S2 rx2S2, ry2S2, tz2S2  Plane 2 rx2, ry2, tz2  

Plane 
3S2 rx3S2, ry3S2, tz3S2  Plane 3 rx3, ry3, tz3  
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ltz1S2 Sl
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ng
 

-
ltz1S

2 

-25 lrx1S2 + 25 lry1S2 + ltz1S2 ≥ 0 
-25 lrx1S2 - 25 lry1S2 + ltz1S2 ≥ 0 
25 lrx1S2 - 25 lry1S2 + ltz1S2 ≥ 0 
25 lrx1S2 + 25 lry1S2 + ltz1S2 ≥ 0 

Se
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lry2S2 
ltz2S2 Sl
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pi

ng
 

-
ltz2S

2 

25 lrx1S2+25 lry2S2+ltz2S2-25 rx1 
+25 rx1S2+25 rx2-25 rx2S2 ≥0 
25 lrx1S2 - 25 lry2S2+ ltz2S2-25 rx1 
+25 rx1S2+25 rx2-25 rx2S2 ≥ 0 
-25 lrx1S2-25 lry2S2+ltz2S2+25 rx1 
-25 rx1S2-25 rx2+25 rx2S2 ≥ 0 
-25 lrx1S2+25 lry2S2+ltz2S2+25 rx1 
-25 rx1S2-25 rx2+25 rx2S2 ≥ 0 

Te
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ltz3S2 

Sl
ip

pi
ng

 

-
ltz3S

2 

(-25 lry1S2-25 lry2S2+ltz3S2+25 rx3+25 rx3S2- 
25 ry1-25 ry1S2-25 ry2-25 ry2S2-25 ry3+25 ry3S2 )≥ 0 
(25 lry1S2-25 lry2S2+ltz3S2+25 rx3+25 rx3S2+ 
25 ry1+25 ry1S2-25 ry2-25 ry2S2+25 ry3-25 ry3S2 )≥ 0 
(25 lry1S2+25 lry2S2+ltz3S2-25 rx3-25 rx3S2+ 
25 ry1+25 ry1S2+25 ry2+25 ry2S2+25 ry3-25 ry3S2 ) ≥0 
(-25 lry1S2+25 lry2S2+ltz3S2-25 rx3-25 rx3S2- 
25 ry1-25 ry1S2+25 ry2+25 ry2S2-25 ry3+25 ry3S2 ) ≥0 

Table 8.2. Part/fixture assembly procedure 
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The combined approach converges to the global minimum if all the defect 
parameters (DM and DH) and the links (LHP and LGP) are assumed to be 
independent variables. 

As can be found from Table 8.1, the obtained value from the combined approach 
and optimization techniques are the same in the case of such quality constraints. 
When using the quality constraints type “using the measurement results 
(independent parameters)” it is more meaningful to use the combined approach 
because it faster compared with the optimization techniques (in the case of the 
current example the elapsed time is less than 1 second). It can quickly give the 
process planner an initial idea about the quality of manufactured parts with the 
chosen process plan. 

Machined 
surface 

Verification 
points Results (mm) 

M
ac

hi
ne

d 
Pl

an
e 

4 1 (50, 50, 0) 
GapGP1 = [0.11  0.38] 
GapGP2 = [0.02  0.29] 

2 (0, 50, 50) 
GapGP3 = [0.03  0.28] 
GapGP4 = [0.12  0.37] 

3 (50, 0, 50) 
GapGP5 = [0.01  0.30] 
GapGP6 = [0.10  0.39] 

Table 8.3. Results obtained by combined approach 

8.7.2. Second section  

In the first section the combined approach and optimization techniques are 
compared when dealing with independent quality constraints. In this section we will 
explain how we can treat the dependent quality constraints. In this section the same 
process plan will be treated but the variation range of DM and DH parameters are 
defined by the variation zones as indicated in Table 8.4. 

The defect parameters variations, as mentioned in section 8.4.1.3, must be bound 
by the limits of the 3D variation zones they represent. The MATLAB software was 
used for programming with a Pentium®, 3.2 GHz. 

Both optimization algorithms (GA and SQP) were applied to minimize Sub I. 
Figure 8.8 represents the results obtained using the GA and Figure 8.7 represents 
those obtained using SQP.  
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Figure 8.7. Optimization by SQP, second section 

 

Figure 8.8. Optimization by GA, second section 

For MC, one million parts are produced virtually according to the defect 
generation described in Table 8.4. The next step is to check the proportion of them 
that meet the functional tolerance. The GapGP are virtually measured between the 
part and the tolerance zone. The GapGPmin is then selected and will be retained as a 
result of the control. The distribution of the GapGPmin values obtained for the 
100,000 parts is represented by the histogram Figure 8.9. 

 

Figure 8.9. MC results 

4 8 12 16
0.155

0.165

0.175

Time(s)

F
un

ct
io

n 
va

lu
e

Function Value: 0.15513

0 1 2 3 4 5
0.155

0.165

0.175

Iteration

Fu
nc

tio
n 

va
lu

e

Current Function Value: 0.15513

0 200 400 600
0.16

0.17

0.18

0.19

0.2

Time(s)

Fi
tn

es
s 

va
lu

e

Best: 0.16 Mean: 0.16

 

 

Best
Mean

0 20 40
0.16

0.18

0.2

0.22

Generation

Fi
tn

es
s 

va
lu

e Best: 0.16 Mean: 0.16

 

 
Best 
Mean

0.16 0.18 0.2 0.21
0

1000

3000

5000
Worst: 0.169

T
ira

ge

GapGP (mm)



166     Product Lifecycle Management 

Setup 1 

Machining 

Plane 1 rx1, ry1, tz1 Planar variation zone  0.01 (mm) 

Plane 2 rx2, ry2, tz2 Planar variation zone  0.01 (mm) 

Plane 3 rx3, ry3, tz3 Planar variation zone  0.01 (mm) 

Setup 2 

Positioning 

Plane 1S2 rx1S2, ry1S2, tz1S2 Planar variation zone  0.02 (mm) 

Plane 2S2 rx2S2, ry2S2, tz2S2 Planar variation zone  0.02 (mm) 

    Plane 3S2 rx3S2, ry3S2, tz3S2 Planar variation zone  0.02 (mm) 

Machining 

Plane 4 rx4, ry4, tz4 Planar variation zone  0.006 (mm) 

Table 8.4. Deviation range for a “double inclined plane” manufacturing process 

Results Optimization MC simulation 
SQP GA 

GapGPmin (mm) 0.15 0.16 0.17 

Table 8.5. Results for second section  
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Secondary   
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Table 8.6. Functional elements (FE) and their related coefficient matrices  
and Torsors with intervals 

8.7.3. Discussion  

The first point is that the values obtained in section 2 by means of optimization 
techniques are more than those obtained in section 1. This is because of the fact that 
in section 1 all the defect parameters of a plane could have their extreme value 
simultaneously but in the case of section 2 they are limited by the bounds of a 3D 
variation zone and thus cannot have their extreme value simultaneously. Actually 
the 3D bounded variation zone is closer to the tolerance standard. The value 
obtained by MC, accurately reflects the real production. From Figure 8.9 we see that 
the worst value obtained for GapGPmin is a little far from those obtained by 
optimization techniques. This stems from the fact that in real production the worst 
part might never be produced. 
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When using the optimization technique, the worst part is searched but with the 
Monte Carlo simulation the defects are generated randomly so the probability of 
finding the worst part is very low.  

The difference between the Monte Carlo result and those of optimization (see 
Table 8.5) depends on the number of GapGP equation parameters. In fact this 
difference increases with the number of parameters.  

8.8. Conclusion 

This chapter presented three different solution techniques for searching the worst 
part within a process plan from a geometrical point of view for the aims of tolerance 
analysis in multi stage machining operations.  

These techniques are compared using a 3D example and their characteristics are 
discussed.  

Actually the optimization techniques and the Monte Carlo simulation can deal 
with all types of quality constraints. The combined approach can deal with quality 
constraints with independent parameters.  

From the elapsed time point-of-view, the combined approach is very fast. The 
optimization techniques need much more time and based on the complexity of the 
problem the time could become long. The MC need much more time compared with 
optimization techniques. The defects are generated randomly, therefore for good 
coverage of the variation scope the number of virtual produced part should be 
sufficiently large (more than 100,000 parts, see [GER 07]). This leads to a long 
calculation time (30 minutes in the current example).  

From a convergence point of view, when dealing with quality constraints with 
independent parameters, it is possible to check the results obtained by optimization 
techniques with those of the combined approach to make sure that the obtained point 
is the global minimum.  

When dealing with quality constraints with dependent parameters, in both 
optimization approaches (GA and SQP), there is no proof that the point obtained is 
the global minimum. The time required for the GA to find the optimum point is 
much more than the time required using SQP. However, this time advantage for 
SQP is offset by the time needed to locate a suitable initial point. 

As was previously highlighted, the value obtained by Monte Carlo simulation is 
a little far from optimization, this could be avoided by using a more efficient random 
generator for good coverage of the variation scope.  
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PART II  

Simulation of Assemblies 
 



Chapter 9 

A Chronological Framework for Virtual Sheet 
Metal Assembly Design 1 

9.1. Introduction 

The quality and sales price of a product are obviously decisive factors in 
attracting the customer. Geometric quality has a significant influence on the 
fulfillment of functional and aesthetic quality requirements. Equipment utilization is 
highly influential on plant investment and throughput, and thus also on break-even 
sales price. These two central characteristics can be significantly influenced in the 
product and process design.  

In any product development project, the cost of design change increases 
exponentially with project time [BER 02]. Furthermore, the degree of design 
freedom decreases exponentially with project time.  

Thus, to reduce cost and avoid suboptimal or even ad hoc design, design 
parameters that influence geometric quality and equipment utilization need to be 
analytically defined at the earliest project stage possible.  

Furthermore, geometric quality and equipment utilization are coupled, as shown 
in [XIE 02] and [SEG 09]. Thus, to avoid suboptimal design, influential parameters 
need to be analytically treated together. 

                              
Chapter written by Johan SEGEBORN, Anders CARLSSON, Johan S. CARLSON and  
Rikard SÖDERBERG.  

Product Lifecycle Management: Geometric Variations           Edited by Max Giordano, Luc Mathieu and François Villeneuve
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Automotive analysis and verification have gradually moved from a physical to a 
virtual engineering environment. Today, virtual models of products and processes 
are developed long before physical prototypes are built. Thus, analysis and 
verification, such as for instance assembly variation simulation and robotic assembly 
motion planning, can be initiated at earlier stages of a product development project. 
However, this relatively new opportunity is not yet fully utilized. Automotive sheet 
metal assembly design is still to a large extent based on experience. The challenge is 
to ensure that the gradual locking of design freedom is based on analytically or 
numerically obtained facts and not on assumptions, however well founded, or driven 
by time pressures or imperfect organizational structures. 

Therefore, in this chapter, a chronological framework for virtual sheet metal 
assembly design parameter treatment is suggested. The framework conveys the 
order in which the parameters need to be introduced to ensure that each parameter is 
analytically determined. The introduction order is significant as design parameters 
are usually prerequisite to start the analysis of subsequent design parameters.  

Moreover, project stages, at which product and process design will especially 
benefit from simultaneous design parameter and characteristics treatment, are 
identified.  

A generic product development process is utilized as a chronological framework. 

9.1.1. A generic product development process 

Generic product development processes have been proposed by [ULR 04], [PAH 
07], and [ULL 03]. The process suggested in [ULR 04] targets engineered products 
and is divided into six fundamental, within themselves, iterative phases, where the 
output of each phase is prerequisite to start the subsequent phase; see Figure 9.1. 
The fundamentals of each phase are briefly reproduced below: 

1. Planning: The project mission statement is formulated. The planning phase, 
which actually precedes project approval, is the link to advanced research and 
technology development. 

2. Concept development: Alternative concepts, in terms of functions, for 
example, features and styling are generated and evaluated against, for instance, 
competitor products, estimated manufacturing cost and production feasibility. One 
or more concepts are selected for further development along with an economical 
justification of the project. 

3. System-level design: The product is decomposed into an architecture of 
subsystems, each entailed with its own set of functional requirements. Moreover, the 
logic factory flow is defined. 
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4. Detail design: Complete specifications of product and process geometries and 
materials are obtained, among other things in terms of CAD models. Detailed 
process plans for fabrication and assembly of the product are completed. 

5. Testing and refinement: Various physical product prototypes are constructed 
for evaluation and requirement verification. 

6. Production ramp-up: The product is built using the intended production 
system with a gradual transition to ongoing production.  

 

Figure 9.1. The six chronological phases of the generic product development process, 
suggested in [ULR 04] 

9.1.2. Automotive sheet metal assembly  

Typically, an automotive body-in-white (BiW) consists of about 300 steel sheet 
metal parts, joined by about 4,000 spot welds, which is the predominant and 
preferred type of joint. The workload is usually distributed to about 80 stations, 
which are mainly organized in production lines [DAH 03]. Other joining methods 
used in sheet metal assembly are for instance: arc welding, stud welding, gluing and 
riveting. Figure 9.2 depicts the styling sheet metal parts as well as the underlying 
body structure of a body-in-white. 

The form of physical instances of sheet metal parts, which is usually obtained by 
stamping, differs from the nominal form, specified in the CAD models. The elastic 
spring-back that occurs when the part is released from the stamping tool leads to 
dimensional variation between the stamped instances of the part. As sheet metal 
parts are assembled, the variation of the various parts also propagates to the 
assembly. 

Geometric quality can be defined as the level of dimensional requirement 
fulfillment and the robustness of design [SÖD 02]. Robust design suppresses the 
effect that the variation of individual parts has on the variation of the resulting 
assembly. Geometric quality has a significant influence on total product quality due 
to its influence on functional, aesthetic and assembly requirements. Many results 
have been reported regarding geometric quality. The parameters that influence the 
geometric quality of a sheet metal assembly have been identified in [DAH 03].   
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Figure 9.2. Body-in-white 

The takt time of a factory is given by: customer demand, the number of working 
shifts and some overall factory reliability. If the entire production system is 
constituted by a single coupled production line, then all station cycle times would 
equal takt time. However, depending on, for instance, flow parallelization, allowed 
station cycle times, in order to meet takt time, can vary along the flow. When the 
flow is physically realized within required cycle times, the need for investment can 
be optimized with respect to equipment utilization and equipment reliability. 
Equipment utilization can be defined as executed workload per equipment invested. 
Equipment reliability can be defined as the fraction of time that the equipment is 
operational.  

This work focuses on parameters that influence equipment utilization and 
geometrical quality in sheet metal assembly.  

Project deliveries in automotive product development systems are secured by 
analysis and verification of geometrical quality and equipment utilization with 
respect to the following parameters: 

– Product parameters: product architecture, number of parts, product part joints, 
locating scheme positioning, product part geometry, weld positions and number of 
welds. 

– Production process parameters: logical process flow, concept factory layout, 
assembly sequence, support point positions, number of support points, fixture 
geometry, weld gun geometry and welding sequence. 
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These parameters are furthermore corroborated by earlier work, for instance in 
[DAH 03] and [SEG 09]. To secure equipment utilization, an additional number of 
station process layout parameters are analyzed and verified: number and sequence of 
station assembly steps, number of robots, robotic travel and station equipment 
(geometry, spatial positioning and reachability). 

9.2. Proposed framework 

The design parameters that influence geometric quality and equipment utilization 
were listed in section 9.1.2. In this section, the order in which these parameters need 
to be introduced to ensure that each parameter can be analytically determined is 
identified.  

The generic product development phases suggested in [ULR 04] are used as a 
chronological framework; see Figure 9.1. However, in this chapter, the 
chronological level of detail is increased by further subdivision of the framework 
phases. The system-level and detail design phases are further subdivided using a 
discrete representation of the product and production process in increasing degrees 
of completion, such that each step is prerequisite to develop the subsequent step. 
The principle of subdivision is that the evolution of the product/factory concept as 
well as individual station concepts moves from the architecture of elements and 
functional couplings, via some detailed interface designs, to eventually end up with 
a detailed or complete design; see Figure 9.3. 

An absolute deadline for all virtual product and process designs is when physical 
equipment manufacturing is initiated, which coincides with phase 5: testing and 
refinement. For instance, the stamping tools used to manufacture sheet metal parts 
are very expensive and manufacturing lead time is very long. Thus, only the first 
four phases suggested by [ULR 04] describe virtual design.  

In the following sections, the proposed chronological framework, presented in 
Figure 9.3 and Table 9.1 will be argued for in detail. For each degree of product and 
process completion, possible parameter analysis and verification are listed in Table 
9.1. Note that the result is presented up front and then argued for throughout the rest 
of the paper. Figure 9.3 and Table 9.1 will be continuously referred to. 

To facilitate reading comprehension and cross references between figures and 
textual sections, in the rest of this chapter the degrees of product and process 
completion, presented in Figure 9.3, as well as the design parameters, presented in 
Table 9.1, and synonymous terms, will at all instances be denoted in italics. 
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Figure 9.3. The proposed chronological framework for virtual sheet metal assembly design 

 

Table 9.1. The design parameters that affect geometrical quality and equipment utilization, 
listed in section 1.1.2, are presented in the order that they can be initiated. The framework 

presented in Figure 9.3 is used as a chronological reference 
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9.2.1. Planning  

In the planning phase, which precedes the project mission statement and 
approval, advanced research and technology development are accessed for project 
application. Quality and time assured standard product and process solutions, 
containing up to full representations of the parameters listed in section 1.1.2 are 
packaged in an ongoing work separate from the car development projects, and held 
ready for project application, since car development projects are pressed for time.  

However, it is important to note that whereas various parameters may be known 
at this early stage, all chronological steps of parameter analysis, described in Figure 
9.3 and Table 9.1, are needed to fully verify any specific parameter, since 
parameters as well as characteristics requirements are coupled.  

In the automotive industry today, product platforms can span models from 
several brands. To utilize large-scale advantages, product and process development 
within the individual companies need to be coordinated. Therefore, a standard 
product architecture with a corresponding standard assembly sequence convey how 
the body-in-white by default should be broken down. Moreover, process standards 
prescribe for instance how joining concepts relate to various conceptual choices of 
product architecture. 

The planning phase results in a project mission statement establishing the type of 
vehicle along with its technical content and corresponding manufacturing 
prerequisites.  

9.2.2. Concept development 

In the concept phase, alternative product concepts, in terms of function, features 
and styling, are generated and evaluated against current products, current industrial 
structure, standard requirements, competitor products, estimated manufacturing cost 
and production process feasibility.  

Geometrically represented styling alternatives, i.e. the parts of the body-in-white 
visible to the customer, are presented. Split lines that divide the styling surfaces into 
individual sheet metal parts are however not introduced until the system-level design 
phase, as this needs to be done in parallel with the product architecture of the upper 
body structure on which the styling surfaces are attached; see Figure 9.2.  

Conceptual body structure issues are for instance: choice of framing concept, 
type of under-body and body side structures. At this point, body structure 
geometries, if any, exist in a highly conceptual form. Whereas the styling concept 
geometries are designed independently of assembly concept, the body structure 
concept is highly dependent on assembly feasibility and efficiency.  
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A given product concept indicates a fundamental, very rough, non-geometrical 
product architecture and a corresponding process such as for instance the type of 
framing process or degree of possible flow parallelization.   

In addition to prescriptive standard requirements, additional requirements on the 
concept are formulated. There are functional, aesthetic and legal requirements to 
consider. For instance, at Volvo Cars the rigorous safety requirements have far-
reaching implications on body-in-white structural strength and structural 
deformation characteristics, and thus a significant influence on possible product 
concepts.  

As a part of concept evaluation, decisions are made whether to carry over 
solutions from running production in the current industrial structure or to redesign; 
see Figure 9.3. For projects setting out from existing product platforms, product and 
process solutions will to a large extent be re-used or carried over. Within a certain 
product platform, it is for instance customary to carry over large parts of the under-
body structure and its related production process investments. For instance, the 
three-piece under-body structures in Volvo S80, V70 and XC60 are shared within 
the product platform. Whereas the front and rear floor are basically identical, the 
models differ in the length of the central floor. Parts visible to the customer are on 
the other hand re-used less often in subsequent projects. Hence the upper body is 
usually redesigned. It is however significantly influenced by the styling language of 
the platform.  

Furthermore, the factory, in which to build the car, is identified. With knowledge 
of customer demand previously acquired in the planning phase, the required takt 
time can then be determined.  

Principle phase output consists of one or more product and feasible production 
concepts selected for further development along with an economical justification of 
the project, as illustrated in Figure 9.3. 

9.2.3. System-level design 

Principle input to the system-level design phase consists of one or more product 
concepts (BiWs) selected for further development along with corresponding feasible 
production concepts and cost estimates.  

A conventional body-in-white can obviously not be manufactured in one piece. 
Thus, it needs to be broken down into a product architecture of parts to ensure 
manufacturability. The sheet metal stamping process limits the shapes and forms 
that technically can be stamped within feasible tolerances.  
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In parallel, all requirements on the overall body-in-white concept are broken 
down to part level such that each part contributes to the fulfillment of the overall 
requirements. The requirements are in turn broken down into functional 
specifications. In system-level design the number of parts can be estimated. 

Whereas the division into sheet metal parts of the body structure are highly 
influenced by logic factory flow feasibility, the design and the split lines of the 
styling sheet metal parts, which are visible to the customer, are foremost determined 
on aesthetic grounds. The effect of styling sheet metal parts on assembly sequence as 
well as cycle time is limited due to hang-on assembly.  

In dividing the body-in-white concept into individual sheet metal parts, joining 
method need to be taken into consideration, as for instance, spot welding needs 
access from both sides of the sheet metal assembly. Joining methods need 
furthermore to be known to determine a logic factory flow, within the cost frame 
previously specified in the concept development phase. This can for instance be 
addressed by flow simulation of material and equipment. The logic factory flow can 
be represented by two parameters: concept factory layout and logical process flow.  

The concept factory layout describes the physical floor space required to realize 
the concept. For instance it includes material supply and transportation. The logical 
process flow is a rough flow simulation model on some higher assembly level, 
including degree of parallelization and major buffers.  

Later in the system-level design phase, when the product part joints are 
developed, this model can be extended or revised to address the part level, i.e. an 
assembly sequence with required buffers is obtained; see Figure 9.4. The assembly 
sequence is furthermore to some extent implicitly given by the product architecture, 
as parts that are built in into subassemblies, need to be assembled first. 

 

Figure 9.4. Example of an assembly order at a coarse level of detail.  
Parallel sub assemblies supply the main line 
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However, some level of detail in the geometrical interfaces (detailed product 
interfaces) between the sheet metal parts is needed to fully verify the assembly 
sequence. Product part joint design addresses split line location as well as type of 
joint (butt, lap and butt-lap).  

To ensure the robustness of each assembly and ultimately the geometric quality 
of the overall body-in-white, locating schemes for each assembly step need to be 
developed in parallel with the product part joints. A locating scheme is a set of 6 
locating points, later in the project physically realized by the fixture, that 
deterministically locates a part at a defined position in space [SÖD 06]. In other 
words, it locks the six positional degrees of freedom of the part; see Figure 9.5. 
Locating scheme positioning influences required part tolerances, to ensure the 
fulfillment of functional, assembly and aesthetic requirements. A locating scheme 
that suppresses locating point variation propagation is said to be robust [SÖD 02]. 
Spreading the locating points increases robustness. Locating scheme positioning 
determines how part variation at the locating points propagates to the assembly.  

 

Figure 9.5. The locating scheme of a body side sheet metal part including supporting points, 
along with its physical realization 

We need to know in which area of a sheet metal part that the locating scheme 
needs to be robust, i.e. where to suppress propagated variation with respect to the 
requirements, and where not to. Thus, dimensional requirements on the overall 
body-in-white need to be broken down and cascaded to each assembly. The 
positioning of the locating points of a certain assembly might need to satisfy 
requirements originating from parts at numerous steps in the assembly sequence. 
Thus, if one locating scheme is changed, then it most likely will affect other locating 
schemes. Many results have been reported regarding locating scheme positioning. It 
is for instance treated in [SÖD 02], [CAI 97] and [SÖD 99]. 
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Besides the interfaces between the sheet metal parts, the interfaces to all other 
parts that makes up the car, for instance the chassis and the interior parts like pedals 
and seats needs to be designed to ensure robust attachment to the body-in-white.  

In conclusion, detailed product interfaces, locating schemes and assembly 
sequences need to be developed simultaneously. 

9.2.4. Detail design 

Principle input into the detail design phase consists of detailed product 
interfaces, locating schemes and an assembly sequence. In the system-level design 
phase, the product part joints were designed in detail. Having secured the packing of 
the parts, detailed product design in general can proceed. 

Obviously the product part joints, i.e. the surfaces or flanges that are joined, 
need to be designed before any actual weld positions can be determined. Moreover, 
to minimize spring-back, welds are positioned with respect to the locating scheme. 
Thus product part joints as well as locating schemes are needed to determine 
effective weld positions. Furthermore, virtual crash testing on FEM data, which 
requires detailed product design of some maturity, is needed to analytically 
determine the required number of welds and the weld positions of the product 
joining model.  

Having obtained a detailed product design in terms of detailed part geometries 
along with related product joining models, detailed process design can then start. In 
the system-level design phase, six locating points that lock the six positional degrees 
of freedom of the part were determined for each assembly. In detail design the 
locating points are physically realized in the form of fixtures and mating parts. 
However, the large surfaces and thin geometry sections of compliant sheet metal 
parts usually require additional supporting points to withstand gravity, handling, and 
welding forces; see Figure 9.5. Many results have been reported regarding 
supporting points. Supporting point positions and quantity are for instance treated in 
[REA 93] and [CAI 96]. To define supporting points, detailed product design is 
needed to determine the stiffness of the sheet metal parts. Furthermore, the product 
joining model is needed to know where fixture supports need to compensate for 
robot welding forces. Moreover, station process layout is needed to know how the 
assembly is, for instance, spatially tilted to determine how to support for gravity. 

Station process layout design requires knowledge of the assembly order and the 
product joining model, to populate the station with consecutive parts and related 
workload. An initial number of parts, robots and welds are allocated to each station, 
based on non-geometrical estimates in the logic factory flow and standard time 
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allocations for different types of welds. Furthermore, detailed product geometries 
are needed for detailed descriptions of the station assembly steps. 

To distribute parts and welds to stations, we need to be make sure that, in each 
station, the ingoing sheet metal parts can be joined with enough spot welds to give 
the outgoing assembly the sufficient structural integrity or strength to be transported 
to the subsequent stations without deformation, assuming that the fixture clamps 
need to be loosened in inter-station transport. The rest of the welds, whose purpose 
is to reinforce the assembly to meet operational use requirements, can be executed 
anywhere along the production line. The reinforcement type of welds, re-spot welds 
(see Figure 9.4) can be distributed along the product line to optimize equipment 
utilization. 

With knowledge of locating scheme support, station process layout and the 
detailed product design, then detailed geometry design of the process equipment can 
proceed. Assuming that a considered part of the product is redesigned (as opposed to 
carried-over) and that there is limited process carry-over to relate to, then the 
product is the primary driver for process design. Thus, product-near detailed process 
geometry design should be initiated first.  

The locating schemes and support points are physically realized as fixtures and 
the weld guns are designed or chosen from standard tooling and consequentially 
statically packaged, against the fixtures and the product geometries at the various 
welds, i.e. collision-free access is ensured, as illustrated in Figure 9.6.  

 

Figure 9.6. Product-near process design 

One factor when distributing welds to stations is to be able to minimize the 
number of weld gun types. The reinforcement type of welds previously mentioned in 
this section can be distributed along the production lines. However, as previously 
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assembly sequence are required in the detail design phase, it is difficult to overlook 
the required product and process re-optimization. 

An absolute deadline for all product as well as process design changes is when 
physical equipment manufacturing is initiated.  

9.3. Summary and future work 

In this chapter a chronological framework for virtual sheet metal assembly 
design, described in Figure 9.3 and Table 9.1, has been proposed and argued for 
throughout section 9.2. The framework conveys the order, in which design 
parameters, which influence geometric quality and equipment utilization, need to be 
introduced to ensure that each design parameter is analytically determined. The 
order is significant, as design parameters are usually prerequisite to start analysis of 
subsequent design parameters.  

Recent progress within product lifecycle management (PLM) and the advent of 
efficient analysis tools targeting most of the influential design parameters makes a 
holistic approach to sheet metal assembly design feasible. The chronological 
framework provides a roadmap in this effort.  

The chronological framework applies to multi-station robotic sheet metal 
assembly in general. The terminology is however largely that of the automotive 
industry. In parts the framework may apply to assembly in general, including 
manual assembly and parts other than sheet metal parts. That is however not within 
the scope of this study. 

We will conclude this chapter with an outline of future work. Whereas product 
and process design can run concurrently in the planning, concept development and 
system-level design phases, the information content to describe products and 
processes rapidly increases in the detail design phase. As a result, concurrent 
detailed product and process design is partially impeded. To ensure that all detailed 
process requirements can be fed back to detailed product design and station process 
layout design in time to be considered and preferably also iterated, then all four 
phases of detailed process design need to be rendered more efficient or even be 
automated. Today, there are efficient analysis methods and tools targeting most of 
the influential design parameters, and an effective corresponding PLM information 
infrastructure. One of the most qualifying prerequisites is recent scientific progress 
within the area of automatic path planning and optimization of industrial robots, 
which have conveyed a significant decrease in path planning and optimization times 
[LAV 99], [BOH 00]. In future work an automated process for detailed sheet metal 
assembly process design will be proposed.  
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Chapter 10 

A Method to Optimize Geometric  
Quality and Motion Feasibility  

of Assembly Sequences1 

10.1. Introduction 

10.1.1. Problem motivation 

In today’s market, diversifying a product in several product families and creating 
a new concept from zero requires very fast realization times and, above all, 
necessitates design and manufacturing processes of extremely high quality. Both 
time and quality are vital for a product in order to dominate, become successful, or 
in the worst case survive the worldwide competition. 

Often, in the industry, designing a product and its realization belong to two 
distinct phases, separated not only because different people are responsible for each 
one, but even distinct in time. Of course a product is manufactured after its design, 
but there is the possibility to integrate these two phases in virtual environments, due 
to the fact that they may be strictly related. Indeed, one reason that makes them 
coupled is that the designer may have created a product that is impossible to realize 
due to manufacturing infeasibility. Another reason is that a product design may have 
different quality measures, depending on how it is manufactured. 
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Assembling a product consisting of several parts is a typical process at the 
borderline between design and manufacturing and is very crucial in the success of 
the product itself. 

Planning how to assemble a product is often done manually by industrial 
engineers. Although they can be very experienced, their working procedure can 
result in being time consuming and error prone. Furthermore, small changes in 
design may require the entire re-thinking of the assembling procedure. 

Quality is highly influenced by the assembly design. Managing variations, in 
fact, often depends on the order in which parts are assembled together and on the 
fixtures that are used. A bad design, from the geometrical quality point of view, can 
lead to tighten part tolerances, and probably to more expensive production 
processes. 

On the other side, a design requiring certain assembling sequences may be 
completely impossible to produce. Discovering this very late, at the manufacturing 
stage, is also very expensive. 

“Design For Assembly” (DFA) methodologies have been proposed over recent 
decades. They help in formalizing commonly used concepts and extend and improve 
important aspects. Introducing formalism in such areas also eases the creation of 
totally or partially automatic procedures, which can be transformed and 
implemented in very useful supporting tools for engineers. 

These tools are often well separated among distinct phases of product realization. 
They often depend on each other, therefore, assembling needs a very frequent 
exchange of information between, for example, design and manufacturing 
simulations. Iterative working procedures, jumping from one simulation to the other, 
or integrated simulation environments would be very helpful in shortening setup 
times. 

10.1.2. Related work 

A great attempt to formalize a theory for designing assemblies has been made by 
Whitney and Mantripragada, see [MAN 98] and [WHI 99]. In these works the 
“Datum Flow Chain” (DFC) is introduced as a way to model assemblies. In this 
model, the Key Characteristics of the assembly are highlighted and so are the 
kinematic constraints between the parts. At a more abstract level, the DFC can be 
represented as a graph where connections between parts (nodes in the graph) are 
represented by directed and undirected edges. Many of the ideas described in this 
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chapter come from that theory, which has mainly inspired the way assemblies are 
modeled here. 

Other approaches use a contact-based representation of an assembly. Among the 
pioneers, there is the work of Bourjault, see [BOU 84]. Since then, several articles 
have been written about how to generate assembly sequences. In [DEF 87], a 
contact-based state space is described to generate feasible assembly sequences, 
partly based on the interaction with a user. In [HOM 90] the AND/OR graph is 
introduced for modeling subassemblies decomposition. The main advantage of this 
method is decreasing the number of states necessary to represent the assembling and 
disassembling process. However, path planning issues are not present here. 

A lot of work has been done based on the assumption that assembling is the 
reverse of disassembling: AND/OR graphs, thus, become a great way of modeling 
and path planning techniques can be successfully applied to decide the order of 
assembling, because often planning from a cluttered start configuration is easier than 
the reverse operation. Big steps in this direction have been done by [WIL 92] and 
[HAL 00]: here, the motion space approach is elaborated and great results are 
shown, which exploit local directions of motion for assemblies consisting of a large 
number of parts. Here, geometric quality and assembly design are not considered. 

In many of these works, the assembling operations are binary, see [WIL 92], 
meaning that two subassemblies at a time are brought together. This is made in order 
to manage the complexity in describing the possible assembling sequences. 
Recently, [WAN 05] and [WAN 07] have been striving towards a way to obtain k-
ary operations and they also couple the assembling sequences to the quality of the 
final assembly, inspired by the DFC theory. The main investigation area is a multi-
station assembly system with compliant parts. However, in contrast to this article, no 
path planning is performed there, to check for the feasibility of motion and an 
exhaustive search is done in order to choose the best assembling sequence. 

Quality of the assembly, in terms of geometrical variations and sensitivity, is 
addressed in several papers. The one used in this chapter is described in [SÖD 99]. 

Strictly related to assembling theory is disassembly planning. They share many 
common aspects, mainly regarding the sequencing point of view and the geometric 
paths that bring one part in its final configuration in the assembly. However, some 
rules that help limit the search space are valid specifically in the assembly case. 
Also, variation analysis is a typical issue in the design of an assembly, not directly 
related to disassembling. 

In this chapter we focus on assembling products. 
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10.2. Modeling and algorithms 

10.2.1. Modeling connections 

The modeling of assemblies requires first of all an analysis of the basic 
properties we want to capture. One way to start is to model only contacts among 
parts, and represent the assembly as an undirected graph, where, for example, nodes 
model single parts and edges model contacts between parts. Often, this static way of 
describing assemblies results in poor information for the designer. The kinematic 
connection between two parts is not modeled at all, the locating responsibility is not 
highlighted either. Without these elements, it is not possible to deduce if there are 
any under or over constrained parts, or to evaluate the assembly from a geometric 
quality point of view. Theories for modeling assemblies have been proposed in the 
past, which catch the kinematic constraints among components, and which define 
the key characteristics of the product; see [WHI 99].  

Moreover, once the quality of the assembly has been evaluated, it would be good 
to state if assembling all the parts together will be feasible at the manufacturing 
stage. 

Here, we present a method to generate an assembling plan for a product, 
considering both geometric quality and geometric feasibility. 

The product to be assembled is represented by its CAD model and by the 
kinematics constraints between parts. One way to do this is to use the theory 
presented in [CAR 00]. 

For example, in Figure 10.1, there is an assembly consisting of three parts, which 
we will name parts A, B and C, for simplicity. This example, with some 
modifications and at different levels of abstraction, is often used in the literature to 
illustrate the theory for designing assemblies (see [WHI 99]) and will be the pilot 
test case throughout this work. 

 

Figure 10.1. Test assembly consisting of 3 parts: A, B, C 
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Parts A and B are mated together in such a way that one part locates the other in 
all the six degrees of freedom (dofs). Part A has two holes, while part B has one slot 
and one hole. The slot allows the assembly of the two parts to be feasible even in the 
presence of variations. The screws finalize the assembly AB. 

Parts B and C are constrained by each other through a contact surface. They are 
also coupled through two holes on B, and two holes on C, these being smaller than 
the ones on B. These joints provide the parts with a way to be fastened together. 
From a kinematic point of view, this means that part B (resp. C) locates C (resp. B) 
by three dofs: TZ, RX, RY, respectively translation along Z-axis, rotation around the 
X-axis, and rotation around Y-axis. This situation may be represented through an 
undirected graph; see Figure 10.2. 

 
Figure 10.2. Contact graph for assembly in Figure 10.1 

In the theory concerning the Datum Flow Chain, see [MAN 98], undirected 
edges are used to represent contacts between parts, in contrast to mates, which 
instead perform locator function and transfer variation. In order to not create 
confusion, we may use a double directed edge instead of an undirected edge, i.e. one 
of the two possibilities has to be chosen; see Figure 10.3. 

 

Figure 10.3. Directed graph representation of the assembly 

In our model, actually, the graph is augmented with spatial information regarding 
the dofs involved in the features. This may be represented, see [CAR 00], by a 
locating scheme matrix J, 
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The contact points, pi, and their relative constraint vectors, ni, form a 6X6 
matrix. When the locating scheme is deterministic, the matrix J has maximum rank. 
A typical six-point locating scheme, often referred to as 3-2-1, is illustrated in 
Figure 10.4. 
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X Y

Z

 
Figure 10.4. 3-2-1 locating scheme 

In reality, these points correspond to planes, holes and slots.  

At this point it may seem that our assembly is completed. However, many 
choices remain, which have a great impact on the product quality, on manufacturing, 
and costs. In the graph above, it is not specified if part A should locate part B, or 
vice versa. No locating responsibility is established about the three dofs locked 
when joining together the surfaces between parts B and C. Common sense would 
suggest that a fixture would be positioned under the three parts. Thus, part B should 
partially locate part C, since the other way, i.e. assembling part B under C, would be 
quite impractical, after C has been positioned. Anyway, this does not emerge by just 
having a direct look at the graph above. The locating responsibility may be easily 
modeled by a directed edge in the graph, as in the DFC, see [MAN 98]. Thus, for the 
driving test case in Figure 10.1, four alternatives should be considered, illustrated in 
Figure 10.5. 

Note that not all possibilities are consistent. A first analysis can be carried out by 
analyzing the sum of the number of dofs that each node has on its incoming edges. 
A sufficient condition stating that a part is over constrained is when this sum is 
greater than six.  
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Then, parts constraining themselves should also be avoided: this case is a cycle 
in the graph. 

From Figure 10.5 it is possible to note how, in the locating scheme d, the above 
sufficiency condition is satisfied for part B, thus making the design of the assembly 
not acceptable in our framework. Indeed, part B is constrained by A with 6 dofs and 
by C with 3. 

 

Figure 10.5. Four possible locating scheme graphs for assembly in Figure 10.3 

It is important to highlight here that the number of all possible choices for such 
graphs can grow exponentially with the number of bi-directed edges. For small 
assemblies, however, and when many precedence relations are already locked, we 
can keep the computational burden at a reasonable level. 

Fixtures 

Under constrained parts can emerge, but in this case we assume that their 
missing dofs can be constrained by a fixture system. Once the part is located, the 
joints relative to the under constrained part are fastened. Another assumption in this 
work is that fastening parts is performed exactly after the parts involved are fully 
located and before placing other parts. 

Applying these considerations to the assembly considered so far, we can fill up 
each locating scheme graph in Figure 10.5 with a node representing the fixture; see 
Figure 10.6. 

Note that no change is made to the information regarding the dofs constrained by 
the features between parts (excluding the fixture). In order to generate the resulting 
graphs in Figure 10.6, it is enough to consider the level of abstraction of the locating 
scheme graph. In any graph in Figure 10.5, just add a directed edge from the base 
fixture node to each node representing an under constrained part. 

B CA eBC eBA eAB B CA eBC 

eBA B CA eCB eAB B CA eCB 

a) b)

c) d)
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10.2.2. Stability and variation analysis 

The stability analysis, see [LIN 03], evaluates the sensitivity of a concept to 
locators’ variations. By varying each locating point with a small increment, Δinput, 
one at a time, Δoutput/Δinput may be determined in several directions separately for 
a number of output points representing the geometry. For each point of the 
geometry, a value can be determined and shown in color-coding: this value is 
coupled to the square sum of variations caused by displacements in the six locating 
points. Figure 10.8 shows a stability analysis for the three locating scheme graphs 
described in the previous section. The color-coding shows how variations will 
propagate from the locators (the inputs) to critical areas of the part or assembly. The 
bottom of the legend represents the stable area, with a sensitivity of 1.0, with almost 
no variations amplification at all, whilst the top area corresponds to a larger 
amplification of around 10.0. 

Note that the second locating scheme graph looks much better than the other 
two, having no area coded with a color close to the critical red zone. 

However, if a particular critical dimension is more relevant than others, a 
variation analysis can be performed. The purpose of the variation analysis is to 
determine the expected variations in one or several critical output points, 
corresponding to a certain set of input variations, i.e. tolerances in locating points. In 
this example, Monte Carlo simulation is used to predict the output variation of the 
overall length of the assembly along the Y-axis. The result is that the first design has 
less variance than the other two on that dimension. 

Based on these analyses, a trade-off naturally arises between global sensitivity 
(best in design 2) and variations of an important dimension of the assembly, the 
length along Y (best in design 1). 

 

Figure 10.8a. Stability analysis for the assembly as modeled in Figure 10.6a 
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Figure 10.8b. Stability analysis for the assembly as modeled in Figure 10.6b 

 

Figure 10.8c. Stability analysis for the assembly as modeled in Figure 10.6c 

10.2.3. Assembly sequences 

Let us analyze in more detail how it is possible to model different sequences, 
which are coherent with the locating scheme graphs given in Figure 10.6.  

When generating assembling sequences, we consider only binary operations and 
generate subassemblies which correspond to connected sub-graphs in the undirected 
locating scheme graph. Moreover, we assume that a part is always fully located in 
all its six degrees of freedom before assembling other parts.  

As in [MAN 98], subassemblies with under constrained parts are not allowed, 
except for one base node, thus subassemblies with multiple root nodes are not 
allowed. 
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One way to generate feasible sequences is to consider the state space given by 
the liaisons that are performed during the assembling process, and apply the rules as 
in [MAN 98]. See also [SPE 08] for a more detailed analysis of the Assembly 
Planner. 

 

Figure 10.9. Possible locating scheme graphs and their related liaison-based  
and part-based assembly sequences 

Case a 

In this way, by considering the constraints imposed by the graph in Figure 10.9a, 
we can generate two different sequences for the pilot test case we are analyzing: 
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L1. eAB, eFA, eFC, eBC 

L2. eFA, eAB, eFC, eBC 

Note that the liaisons eFC, eBC are assumed to be done at the same time; thus it 
does not matter in this model which of the two connections happens first. 

The sequences in the part-based state space, see [HOM 90], can be described by 
reversing the disassembling of the whole assembly {FABC}: 

P1. {F}{A}{B}{C}, {F}{AB}{C}, {FAB}{C}, {FABC}  

P2. {F}{A}{B}{C}, {FA}{B}{C}, {FAB}{C}, {FABC} 

Case b 

The second locating scheme alternative gives the sequences given in Figure 
10.9b. 

Case c 

The third case is illustrated in Figure 10.9c. Here, we have three sequences 
modeled in the liaison-based case: 

L1. eBA, eFC, eFB, eCB 

L2. eFC, eBA, eFB, eCB 

L3. eFC, eFB, eCB, eBA 

In the part-based space: 

P1. {F}{A}{B}{C}, {FC}{AB}, {FABC}  

P2. {F}{A}{B}{C}, {FC}{A}{B}, {FBC}{A}, {FABC} 

Note that the cost of the connector joining {FC} and {AB} together does not 
differ if subassembly {AB} is done before {FC}, or vice versa. This implies that 
only two sequences can actually be modeled, in contrast to the three L1, L2, L3. 

Has information been lost? It depends on what we look at: 

– from the geometric quality point of view there is no difference between 
sequence L1 and L2, since they both lead to the same variations (and so does L3); 

– from the path planning point of view, note that the two subassemblies are 
disconnected, thus they do not interfere with each other geometrically.  
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In other words, no collision is possible, independently of the order in which 
{AB} and {FC} are assembled together. We conclude that, for our purposes, 
modeling sequences in the part-based space is sufficient and allows us to save 
memory, due to fewer states being created; see [HOM 90]. 

Optimization 

The space of all possible assembly sequences can be searched for an optimal one 
through the AO* algorithm, see [MAR 73] and [NIL 80]. When the graph is 
generated, each node expansion requires a feasibility check through the path planner. 
This well fits with the implicit search in AO*. Furthermore, a node expansion 
requires the satisfaction of the necessary criteria that subassemblies should fulfill. 
Note that geometric feasibility, relative to the path planner, is much more 
computationally expensive than the verification of the logic constraints and 
dominates the total time and space complexity of the overall algorithm. 

Several cost measures can be used. If we want to minimize rotations, we let the 
path planner module return the total rotation angle needed. Other possible measures 
may be the length of the disassembling path or the computing time. This last 
measure is indeed a useful motion complexity indicator. In fact, we can consider as a 
“complex” motion a disassembling motion where several translations and rotations 
are necessary, and where clearance is often small. The latter gives a finer sampling 
of the configuration space, and the former requires a large number of node 
expansions, thus both aspects increase running time. 

10.2.4. Path planning 

This module checks for the existence of a collision-free way of assembling parts 
together. No operator or tool is modeled. The advantages of producing a 
disassembling plan have been highlighted in previous literature. The path planner 
also benefits from this approach, since producing a collision free path from a more 
cluttered environment than the goal configuration is easier than trying to go in the 
converse direction. 

A path for a rigid body may be defined as a continuous function: 

τ: [0, 1] → SE(3) 

where τ(0) is the initial configuration, τ(1) is the final one, and SE(3) is the special 
Euclidean group. For an overview of path planning algorithms, see [LAT 91] and 
[LAV 06]. 
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Note that in our case the goal configuration is not determined uniquely, but is a 
configuration where the distance between the part and the rest of the environment is 
greater than a predefined value.  

This module generates states in the configuration space SE(3), by a sampling-
based method. It tries to find a collision-free sequence of states from τ(0) to a goal 
state, through an A*-based search algorithm. Collision tests are performed in a lazy 
fashion (see [BOH 00]) through a hierarchical-based collision checker. 

10.3. Assembly planning  

Resuming what has been explained so far, the overall method may be described 
by the following steps: 

– Given a model of the assembly, create all possible locating scheme graphs, 
discarding unfeasible ones. 

– For any graph computed at 1, generate models for feasible fixtures, providing 
the parts with the missing constraints. 

– Evaluate each possible assembly design, generated so far, with respect to given 
quality measures. 

– For each locating scheme graph, use the Assembly Planner to generate an 
optimal assembling sequence of operations. 

10.4. Industrial test case 

This case is adapted from an industrial environment. The assembly actually 
consists of compliant parts, but we treat them as rigid bodies, as a verification 
instance for the method presented. In any case, this could be used to analyze the 
level of approximation of the method with others, which refer to design strategies 
for compliant parts.  

Four parts constitute the assembly, see Figure 10.10: 

– longitudinal rear; 

– reinforcement suspension; 

– gusset; 

– panel. 
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Figure 10.10. Assembly 

The connections among them are illustrated in Figure 10.11. 

 

Figure 10.11. Directed graph representation of the assembly 

Note that some edges do not have double directions. This happens because the 
rear is considered a base part, with the possibilities of acting as fixture. 

The four locating scheme graphs for the assembly are shown in Figure 10.12, 
with their relative stability analysis. 

Looking at Figure 10.12, the smoothest design seems to be the one in a). Also we 
can see that assembling part B after part C (cases b) and d)), leads to poor quality for 
part B, with large high sensitivity areas (top of legend). 

After running the Assembly Planner for the best design, we obtain a feasible 
collision-free assembling plan, which results in a linear assembly sequence: 

{A}{B}{C}{D}, {AB}{C}{D}, {ABD}{C}, {ABCD}. 

C 
A 

B 

D 

B C

D 

A 
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We have also run the Assembly Planner for the other three equivalence classes, 
and collision-free paths have been found for all, except the last one d). Indeed design 
constraints require us to assemble part B after parts C and D: this is not possible 
(just look at Figure 10.10). 

 

Figure 10.12. Locating scheme graphs with relative stability analysis 

10.5. Conclusions and future work 

The new method presented in this work seems to catch the most important 
aspects of designing assemblies: modeling the assembly in an abstract way, 
geometric quality, variation and stability analysis, sequence optimization, and 
geometric feasibility. The pilot test case, a common thread throughout this chapter, 
shows computational results that mirror what we would expect theoretically. Most of 
the modeling theory is based on the articles [MAN 98] and [WHI 99]. 

Further work can be done. A deeper analysis can be carried out to improve the 
complexity of the generation of possible locating scheme graphs. It may be possible 
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to design a lazy algorithm implicitly detecting schemes with poor geometric quality. 
Another direction might be the relaxation of some of the hypotheses, as the binary 
operation assumption. This would require modeling time in the path planning 
algorithms. 
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Chapter 11 

Modeling and Simulation of Assembly 
Constraints in Tolerance Analysis of Rigid 

Part Assemblies   

During recent years, variational models for tolerance analysis, both for rigid and 
compliant assemblies, have been implemented into CAT (Computer-Aided 
Tolerancing) systems to verify the fulfillment of functional requirements, 
performing virtual product validation from a dimensional and geometric point of 
view. In this chapter, starting from a numerical methodology, proposed by the same 
authors, that allows us to simulate variational features, assembly constraints among 
parts are modeled and simulated. During assembly operations, an “object” part has 
to be moved to satisfy constraints of “target” parts. To do this, an assembly 
transformation matrix is calculated. By using geometric entities such as point, line 
and plane and their combinations, kinematic joints are modeled; then, a numerical 
procedure is proposed to solve fully- and over-constrained assemblies. Therefore, 
the proposed model allows us to take into account different assembly sequences. 
The best fit alignment among mating features is performed using optimization 
algorithms. Finally, two case studies are described and analyzed. 

11.1. Introduction 

Assembly design and analysis are quite important in product development and in 
many application fields such as kinematic and dynamic analysis, assembly sequence 
generation and assembly-based design [WHI 04]. The assembly model is obtained 
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by specifying assembly joints and then solving the specified assembly constraints to 
find out the relative positions of parts [KIM 04a], [KIM 04b], [KIM 05].  

Several methods have been proposed to analyze assembly constraint problems. 
The modified Newton-Raphson method or the Levenberg-Marquardt method allows 
us to solve non-linear assembly equations in a simultaneous way by using an 
iterative algorithm. Other approaches are based on algebraic procedures, in which 
each assembly constraint is subdivided into a sequence of rotation and translation 
operations by using a reduction of Degrees of Freedom (DoFs) [TAN 92], [TUR 
92]. 

Specific software, such as Working Model® and Adams®, provide a joint 
mating method that uses joint mating constraints to define relations between 
components and solve constraint equations [KRA 92]. Nowadays, modern CAD 
systems integrate “motion-based solvers” to perform assembly motion analyses, 
mainly based on an assembly constraint solver. 

All the above methods are based on the main hypothesis of ideal-rigid parts. Part 
deformation and part-to-part contact may be accounted for in the FEM-based 
approaches. The mechanical contact problem of a deformable assembly is typically 
performed by means of the Lagrange multiplier method or the penalty method [WRI 
02]. Generally speaking, non-linear contact problems are solved in an iterative way. 

In the tolerance analysis field, evaluating geometric feature variations, for given 
assembly constraint sets, is of interest. Over recent years, several Computer-Aided 
Tolerancing tools (CAT) for 3D tolerance analysis have been developed, such as 
Vis-VSA® (by Siemens), eM-TolMate® (by Siemens), CETOL 6σ® (by Sigmetrix 
LLC.), 3DCS® (by Dimensional Systems Inc.), Mechanical Advantage® (by 
Cognition Co.) and Sigmund® (by Varatech Co.).  

Many methodologies have been proposed to perform the analysis of 3D tolerance 
chains. Proposed methods may be separated into one-dimensional tolerance charts, 
parametric tolerance analysis, vector loop-based tolerance analysis and tolerance 
domain analysis [SHE 05]. A matrix approach is proposed in [WHI 04] by using 4x4 
homogeneous matrices and multivariate joint probability density function. In [JIA 
05] and [SHA 07] the Tolerance-Map (T-Map) model is presented. T-map is a 
domain, whose size and shape describe all variants for a variational feature. The 
domain approach is also used in [GIO 05] and [GER 07], where a numerical method 
to accomplish tolerance analysis, by using small displacement torsors and 
Minkowski sum operator, is presented. 

In this chapter, starting from the methodology, proposed by the same authors 
[FRA 08] and called SVA-TOL (Statistical Variation Analysis for Tolerancing), 
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assembly constraints among variational features of mating parts are modeled. The 
focus is on the analysis of alignment-based constraints. A numerical solution for the 
assembly constraint problem is provided, by using iterative algorithms, which give 
the best fit configuration among elementary geometric entities (such as points, lines 
and planes).   

The chapter is arranged as follows: in section 11.2 SVA-TOL methodology for 
variational features is summarized; section 11.3 describes the proposed methodology 
to model assembly constraints among variational features; two case studies are 
described in sections 11.4 and 11.5; finally, section 11.6 draws conclusions. 

11.2. SVA-TOL methodology overview 

SVA-TOL methodology allows us to simulate variational features of mechanical 
rigid-part assemblies. Tolerance specifications are modeled for each part being 
assembled, according to ISO [ISO 04] or ANSI-ASME [ASM 94], [ASM 04] 
specifications.  

Nominal Feature 

Actual Feature 
Derived Feature 

Ω0 

Ωi 

Ωj 

Ωai Ωaj 

Ωai
dj 

ζ

ζ

 

Figure 11.1. Variational feature modeling [FRA 08] 

This is done by using 4x4 transformation matrices. The general matrix 
variational model, stated in [11.1], expresses the transformation of any point 
belonging to the “j-th” variational feature into the assembly reference frame Ω0 
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(Figure 11.1). This mathematical formulation takes into account the tolerance 
specification, related to the analyzed feature “j”, and datum reference frame 
constraints. 
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Relationship [11.1] has to be calculated for any feature of any part being 
assembled. In this way, the assembly is modeled as a set of parameterized 
variational features. 

Equation [11.2] includes the feature variational parameters; {ΔF}={ΔxF, ΔyF, ΔzF} 
and {ΘF}={αF, βF, γF} are vectors of small displacements and small rotations, 
respectively.  
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Generally speaking, parameters {ΔF} and {ΘF} are dependent on each other 
[WHI 04]. Then, for each tolerance zone, variational parameter constraints are 
derived, and the Rn parametric space of all sources of variation − the so-called 
hyper-polyhedron − is introduced. Given this domain, variational features may be 
calculated in a closed form by using the general matrix relationship [11.1]. 

Once all features have been parameterized, the assembly can be made up by 
defining constraints among parts. In this contest, assembly modeling is 
accomplished in two main steps. In the first step, DoF analysis is performed. In the 
second step, assembly constraints among parts are introduced, accordingly. 

The following sections give details of the proposed methodology to model and 
simulate assembly constraints among variational features. 

11.3. Assembly constraint modeling 

In the mechanical assembly field, three main types of assemblies may be 
introduced: under-, fully- and over-constrained. In the first case, the assembly is a 
mechanism with several degrees of freedom; fully-constrained are those assemblies 
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with the classic 3-2-1 location assembly scheme [MEA 97]; instead, in the third 
case, the location scheme is 3-2-(NOC+1), where “NOC” is the number of over-
constraints. 

Generally speaking, during assembly operations an Object Part (OP) has to be 
moved to satisfy constraints of Target Parts (TP). 

The relative location of the object part, with respect to the target one, is 
represented by a 4x4 transformation matrix, as in equation [11.3], where 
[ ]

TPOP ΩΩM →  is the assembly transformation matrix, and [R] and {T} are the 

rotational matrix and the translational vector, respectively.  
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This matrix is initially unknown and depends on the six rigid motion parameters 
(three rotations and three translations). 

DoFs allowed for each joint are assumed to be invariants and, thus, they are not 
considered in the assembly simulation. This is made by DoF analysis allowing us to 
determine DoFs removed by assembly constraints. The “reduction constraint” 
method described in [TAN 92] or Screw Theory [WHI 04] could be adopted, but in 
our approach this is still a manual task. 

In the small displacement hypothesis, equation [11.3] can be rearranged as in 
equation [11.4], where {ΔA}={ΔxA, ΔyA, ΔzA} and {ΘA}={αA, βA, γA} are vectors of 
small translational and small rotational assembly parameters, respectively. 
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Each constraint may be considered to be a combination of elementary geometric 
entities (points, lines and planes) as proposed in TTRS theory [CLE 98]. The 
original TTRS theory proposed seven basic surfaces. In this chapter, two particular 
cases are considered: cylindrical and planar surfaces. 

( ) 0NPP:Plane pp =⋅−  [11.5] 
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A planar surface is parameterized through the following data: Np vector, Pp point, 
Lp length, and Wp width (see Figure 11.2.a). In this way the mathematical 
representation of a planar surface (“plane” entity) may be expressed as in [11.5], 
where P is any point belonging to the planar surface. 

Lp Wp 

Np 

Pp 

Bounding rectangle Planar surface  

Figure 11.2a. Planar surface parameterization 

Generally speaking, for planar surface with irregular boundaries the relative 
bounding rectangle is calculated. The bounding rectangle of a given planar geometry 
is the smallest rectangle which completely includes the geometry [LEN 03]. 
Principal Component Analysis (PCA) is used here to calculate this rectangle, by 
evaluating the eigenvectors of the statistical covariance matrix, related to the 
vertices of the planar geometry. In the following, each planar surface will be 
assumed to be a rectangular plane. 

Hc 

Pc 
Nc 

 

Figure 11.2b. Cylindrical surface parameterization 

A cylindrical surface is defined by the following data: Nc vector, Pc point, and Hc 
height (see Figure 11.2.b).  

cc NtPP(t):Line ⋅+=  [11.6] 
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The cylindrical surface is associated with its axis (“line” entity). This means that 
the cylindrical surface diameter is not accounted for in this approach. The parametric 
representation of the cylindrical surface is defined in equation [11.6], where “t” is 
the axis parameter. 

“Against” and “fit” alignments are the two specific assembly joints [KIM 04a] 
considered in this work. The “against” condition holds between two planar surfaces 
and requires surfaces coming in contact. This condition is accomplished by 
constraining the two normal vectors to be opposite each other, and a point of the 
object plane to belonging to the target one (Figure 11.3).  

 

Figure 11.3. “Against” assembly joint 

The “fit” condition, instead, holds between two cylindrical surfaces. This 
constraint is accomplished by imposing that target and object axes are parallel, and a 
point on the object axis belongs to the target one (see Figure 11.4). 

 

Figure 11.4. “Fit” assembly joint 
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All this is true for ideal mating features. If variational features are introduced, 
then a contact search algorithm has to be adopted. For example, in Figure 11.5, the 
mating joint “against II” (full plane-to-plane constraint) becomes the contact joint 
“contact II” (line-to-plane constraint) in the variational assembly. 

 

Figure 11.5. Ideal features vs variational features 

In this work, in order to automate the assembly constraint solution, a sequential 
constraint solver is adopted for fully-constrained assemblies.  

Nominal CAD 
geometry 

Performing the 
“fit” alignment 
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Is the joint 
a “fit” type? 

Generating 
Variational Features 

Repeating from “1” to “Nj” 

Performing DoF
analysis

Performing the 
“against” alignment 

Updating
[ ]

TPOP ΩΩM →  
Updating

[ ]
TPOP ΩΩM →

 

Figure 11.6. Workflow for fully-constrained assembly modeling 
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Instead, for over-constrained assemblies, all constraint equations are 
simultaneously solved by using a least squares approach. For the latter assemblies, 
over-constraints may cause deformation on real parts during assembly phase. This is 
especially true for sheet-metal parts. However, the ideal-rigid hypothesis is accepted 
here. 

11.3.1. Fully-constrained assembly 

Figure 11.6 depicts the general workflow adopted to perform the simulation of a 
fully-constrained assembly with alignment joints. DoF analysis is performed for 
each joint (“Nj” is the total number of assembly joints) in order to reduce the DoFs 
of the object part with respect to the assembly reference frame, Ω0. 

When solving an “against” joint, a contact search algorithm is used. A “best” fit 
solution, instead, is adopted to manage a “fit” joint condition. 

11.3.1.1. “Against” joint modeling  

Looking at Figure 11.7, the aim is to best align the object plane (defined by 
means of the normal vector NOP and the point POP) with respect to the target one 
(defined by means of the normal vector NTP and the point PTP).  

Ω0 

NOP 

NTP 

POP 

PTP 

Z 

X Y 

POP,I POP,II 

POP,III 

POP,IV 

Object Plane 

Target Plane 
 

Figure 11.7. “Against” joint condition 

Initially, vector NOP is transformed according to equation [11.7]. 
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Planes are best aligned if the relative angle is minimum. Then, the function to be 
minimized is: 

( )( )
( ) OPTPAAAagainst

AAAagainst
γ,β,α

NNγ,β,αJ

γ,β,αJmin
AAA

+=
 [11.8] 

In the “against” joint, target and object vectors are opposite each other. Thus, 
equation [11.8] states that the relative angle is minimum when the resultant vector 
between NTP and NOP becomes minimum. The solution to equation [11.8] 
corresponds to find the minimum of a scalar function of the three variables, αA, βA, 
γA. The MatLAB® “fminunc” routine is adopted here. 

In the second phase, translational assembly parameters are calculated by 
evaluating on the object plane the point POP,j, which is the closest point to the target 
plane.  

For this calculation, a mapped mesh is created on the object plane (see Figure 
11.8). 

Ω0 
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POP,j

POP,t

target plane object plane 

dt

NTP
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dj

 

Figure 11.8. Mapped mesh for the evaluation of assembly translational 
 parameters in the “against” joint condition 
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 [11.9] 

Each point of this mesh is projected on the target plane along the i-th assembly 
coordinate (i=x, y, z). If the point PTP,j belongs to the bounding rectangle of the 
target plane, then the i-th translation parameter is calculated as stated in relationship 
[11.9], where “N” is the total number of points of the mapped mesh belonging to the 
target plane, and “dj” is the oriented distance from POP,j to PTP,j.  

It can be pointed out that this procedure assures no intersection between the two 
planes. In fact, if planes are initially not intersecting each other (Figure 11.9.a), then 
the oriented maximum distance is negative. Instead, for completely or partially 
intersecting planes (Figures 11.9.b and 11.9.c, respectively), the oriented maximum 
distance corresponds to a positive distance. 

 

Figure 11.9. Target and object planes for different initial configurations 

Once both rotational and translational assembly parameters have been calculated, 
the assembly transformation matrix is known. 

11.3.1.2. “Fit” joint modeling  

Now, the aim is to align the object axis on the target one (Figure 11.10). As 
proposed for the “against” alignment, rotational assembly parameters can be 
calculated by applying relationship [11.10].  Similarly, we can write: 
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( )( )

( ) OPTPAAAfit

AAAfit
γ,β,α

NNγ,β,αJ

γ,β,αJmin
AAA

+=
 [11.10] 

In this case, vectors NOP and NTP define the object and target axis directions, 
respectively. 
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Figure 11.10. “Fit” joint condition 

Translational assembly parameters are calculated by evaluating the minimum 
distance between two axes. Thus, by using the axis definition given in equation 
[11.6], we can write: 

⎩
⎨
⎧

⋅+=
⋅+=

TP2TPT

OP1OPO
NtPP
NtPP

 [11.11] 

and the distance becomes: 
 

( ) TO21lineline PPt,td −=−  [11.12] 

The minimum value of function [11.12] can be found by calculating the partial 
derivatives with respect to t1 and t2, as proposed in [LEN 03]. Once t1 and t2 are 
calculated, translational assembly parameters become: 

( ) ( )[ ] zy,x,i    i,tPtP 2T1OiA =∀⋅−=Δ  [11.13] 

Equation [11.13] states that translational assembly parameters are the 
components, along the global coordinate frame, of the vector PO(t1)-PT(t2). 
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11.3.2. Over-constrained assembly 

Over-constrained assemblies may deform during the assembly phase. When 
deformation is neglected, all constraint equations can be solved simultaneously. In 
this chapter, a non-linear least squares solution is adopted.  

The aim is to determine the best assembly configuration of the object part with 
respect to all assembly joint constraints. Therefore, an optimization algorithm is 
used. The objective function is built up by evaluating the distances of the object 
plane and object axis with respect to the target plane and target axis, respectively. 

Looking at Figures 11.7 and 11.10, the distances from object and target planes 
are: 

( ) IVIII,II,I,i   NPPdist TPiOP,TPiagainst, =∀⋅−=  [11.14] 

whereas, the distances between object and target axes are: 

( ) III,i   NPPdist TPiOP,TPifit, =∀∧−=  [11.15] 

Point POP,i is iteratively updated by means of relationship [11.16]. 
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Thus, in the least squares sense, the assembly objective function may be written 
as in equation [11.17], where “Nfit” and “Nagainst” are the number of “fit” and 
“against” joint conditions, respectively. 
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2
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It can be highlighted that equation [11.17] simultaneously considers all small 
motion parameters. Function “Jover” can be minimized by using any non-linear least 
squares routine, such as the MatLAB® “lsqnonlin”. 

11.4. Case study one: assembly of two-part assembly 

The proposed methodology, aimed both at detecting contact between planes and 
aligning axes, was tested on the two-part assembly, depicted in Figure 11.11.  

 

Figure 11.11. Two parts being assembled 

Two assembly sequences, A and B, were analyzed. For the assembly sequence 
A, target and object planes are aligned after best fitting axes. Vice versa, in the 
second assembly sequence, B, target and object axes are aligned after best fitting 
planes. 

Figures 11.12 and 11.13 depict assembly configurations both for ideal and 
variational features, with respect to the assembly sequence A. Variational features 
were generated by applying the numerical procedure summarized in section 11.2 (all 
numerical simulations were performed in MatLAB®). 

It can be highlighted that plane-to-plane contact becomes a three point contact 
(full contact) for ideal features, whereas it degenerates into a two point contact 
(partial contact) for variational features. Moreover, after the “fit” joint alignment, 
variational planes partially intersect (see Figure 11.13). Only by introducing the 
“against” joint is the right-contact between mating planes assured.  

 

Ideal features Variational features 
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What happens for the assembly sequence B is depicted in Figure 11.14 (only 
variational features are depicted). In this case, the “against” joint assures a full 
contact between mating planes. Then, the “fit” joint tries to best align the two axes. 
However, cylindrical surfaces intersect each other. The proposed model does not 
take into account contact between cylindrical surfaces, but allows us to best fit the 
related axes. Therefore, for more realistic results, mating part flexibility should be 
introduced into the model.  

 

Figure 11.12. Assembly of ideal parts (sequence A) 

 
Initial configuration “Fit” joint alignment 

 
Final assembly 

  Target part   Object part 
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Figure 11.13. Assembly of variational parts (sequence A) 

 

Figure 11.14. Assembly of variational parts (sequence B) 

 

Initial configuration “Fit” joint alignment 

 

Final assembly 

  Target part   Object part 

 

“Against” joint alignment Final assembly 

  Target part   Object part 
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11.5. Case study two: industrial application 

Figure 11.15 shows a transmission device. The aim is to analyze the functional 
distance, Ds, between features F1 and F2, and the functional angle, An, between 
features F3 and F4 (see Figure 11.16).  

 

Figure 11.15. Industrial application: 1-frame; 2-boss; 3-bushing; 4-gear wheel; 5-pulley; 
 6-shaft; 7-screw; 8-spring washer; 9-key; 10-washer; 11-screw nut  

 

Figure 11.16. Tolerance specifications for the gear wheel 

Functional requirements, Ds and An, depend on shaft rotation. In this chapter, the 
whole device was analyzed statically; thus, no shaft rotation was taken into account. 
Tolerances were assigned for each part. In particular, Figure 11.16 shows tolerance 
specifications for the bushing and the gear wheel. Each tolerance was modeled with 
a statistical normal distribution. The Monte Carlo method was used to generate 
random variational features, according to tolerance ranges The following assembly 
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sequence was adopted: frame + boss + bushing + shaft + gear wheel. All parts that 
do not influence functional requirements, Ds and An, were not considered in the 
simulation. Table 11.1 shows the joint sequences used to constrain each part. 

Parts Joints 
Frame + boss (I) “against” + “fit” 

Frame + bushing (II) “fit” + “against” 
Bushing + shaft (III) “fit” 

Shaft + gear wheel (IV) “fit” + “against” 

Table 11.1. Joint conditions adopted into analysis 

Figure 11.17 shows the histogram of frequencies related to distance Ds and  
angle An. 

 

Figure 11.17. Histogram of frequencies for functional requirements  Ds and An. 
Number of Monte Carlo simulations = 1,000 

It is of interest to verify assembly functional requirements when changing one of 
the joints in Table 11.1. In particular, joint (I) was inverted (now it is assumed as 
“fit”+“against”). Figure 11.18 shows the histogram of frequencies related to distance 
Ds and angle An, respectively, with respect to this new assembly constraint 
condition. 

 

 

 

Distance, Ds Angle, An 
Nominal = 2.0 μ = 2.0005 σ = 0.3620 Nominal = 0.0 μ = 0.0404 σ = 0.0217 
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Figure 11.18. Histogram of frequencies for functional requirements Ds and An.  
Number of Monte Carlo simulations = 1,000; inverted joint (I) 

11.6. Conclusions 

In this chapter a numerical procedure was proposed to simulate assembly 
constraints among variational features. “Against” and “fit” joint conditions were 
modeled among planar and cylindrical surfaces. 

For fully-constrained assemblies a sequential solver is proposed. Each assembly 
constraint is solved according to the DoFs of the object part. Best alignment among 
object and target parts is performed in two consecutive steps: in the first one, 
assembly rotational parameters are calculated by minimizing a scalar function; then, 
assembly translational parameters are evaluated by using a linear contact algorithm. 

For over-constrained assemblies, all constraint equations are solved by using a 
non-linear least squares approach. 

Two case studies were analyzed. The first one showed how the proposed 
constraint solver allows us to simulate different assembly sequences. More realistic 
results can be reached by combining contacts among cylindrical surfaces and FEM-
based simulations into the assembly constraint model. In the second application, 
functional requirements among variational features were calculated by combining 
Monte Carlo simulation and the constraint solver. Numerical simulations highlighted 
that the assembly sequence and order of mating joints strongly influence final 
assembly deviations.    

  

Distance, Ds Angle, An 
Nominal = 2.0 μ = 2.3666 σ = 0.5158 Nominal = 0.0 μ = 0.0418 σ = 0.0232 
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Chapter 12 

Tolerance Analysis with Detailed  
Part Modeling1 

12.1. Introduction 

Currently most commercial tools for computer-aided tolerance analysis have to 
use simplified or abstracted models of part geometry and assembly to handle the 
required number of samples for meaningful statistical analysis. For example, planes 
remain flat surfaces, they are only tilted although shape deviations are defined. With 
these simplifications typically 10,000 to 30,000 samples with random deviation 
values are simulated, which allows a reasonable statistical analysis. The simplified 
model cannot be used in every case to represent and detect the arising deviations 
resulting from form tolerances. To include shape deviations in tolerance analysis, 
geometric models of higher detail are required, especially when all possible types of 
deviations should be taken into account. This leads to computationally expensive 
operations for the simulated assembly of parts. Therefore, detailed part models are 
not used for tolerance analysis in commercial CAT systems. 

In this chapter a method which allows the analysis of a large number of part 
samples with high geometric detail in acceptable runtime is proposed. For the 
representation of the parts, triangle meshes of high resolution have been chosen. 
This allows the generation of arbitrary deviations within tolerance range by 
changing the position of the mesh vertices. In this chapter the simulated parts with 
deviations are referred to as non-ideal parts. The calculation of the relative position 
between these parts is much more complicated than the positioning of simplified 
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contact surfaces, but enables a reasonable integration of shape deviation impacts. To 
position the parts an optimization method is used, which consists of defined contact 
surfaces without collisions. Brute force collision detection (intersecting every n 
triangles of the non-ideal part with all m triangles of its environment) would take n 
times m intersection tests. By using hierarchical data structures, so-called kd-trees, 
this number is reduced drastically. To generate an assembly the parts are positioned 
successively in a given, defined assembly order. To generate x assemblies consisting 
of y parts, a large number of positioning steps (x*(y-1)) has to be made. However, 
often the positioning steps do not influence each other and therefore can be 
performed independently. To assure that one positioning step is independent of the 
other steps, a method has been developed to determine the maximum influence 
range of each non-ideal part. If the currently analyzed part is never in the range of 
the remaining assembly, the part can be independently placed on its contact surface. 
This reduces the necessary number of positioning steps significantly. To further 
accelerate the developed algorithm, it is parallelized to take advantage of multi-core 
processors. 

12.2. Related work 

When simulating the assembly of deviated parts, the non-ideal part has to be 
repositioned dependent on the surrounding parts. This process is called relative 
positioning. Several approaches to reposition planar parts can be found, e.g. in  
[LI 01] and [OST 05]. Here the parts are deformed by adding small displacement 
vectors on the edge vertices of the ideal part. Sodhi and Turner formulated relative 
positioning as an optimization problem [SOD 94], limited to planar parts. Based on 
[SOD 94], Inui, Miura and Kimura presented a method to calculate optimal 
intersection-free positions for non-ideal 2D parts [INU 95], represented by a fine 
polygonal representation of the parts’ 2D-surface. Their method limits the search 
space to areas where the positioned part lies close to its counterparts. Still, only 2D 
problems are handled, which consists of two translational and one rotational degree 
of freedom for the positioned part. 

In [STO 07] a framework for relative positioning with heuristic optimization is 
presented. The framework handles three-dimensional triangle meshes as part models 
and allows the modular definition of optimization criteria for the part positions (i.e. 
minimum distance, position tolerances).  

The search space for three-dimensional rigid assemblies consists of six 
dimensions (three translational and three rotational degrees of freedom). The 
optimization process tries to find a six-dimensional position which is rated 
“positively” by the evaluation functions. These functions represent constraints like 
the prevention of part intersections or the minimization of defined distances. As a 
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few triangles for planar surfaces. This problem can be avoided by specifying a 
maximum edge length for each triangle. 

Sussner [SUS 08] describes different meshing technologies which allow a user to 
specify triangulation error and maximum edge length. Additional properties, which 
are important for high quality visualizations (e.g. edge neighborhood), are also 
discussed in his work.  

To generate a part with deviations from the triangle mesh, it is not sufficient to 
simply scale a part. A scaled part would not exhaust the whole tolerance range for 
arbitrary geometry. Therefore, the following method is used (see [STO 06] for 
details): 

− the ideal part is divided into different intervals. In each interval a function f(x, 
y, z)  (x’, y’, z’) is defined, which assigns a new coordinate for each vertex inside 
the interval. To increase the height of the part (as shown in Figure 12.3), in the 
upper interval a function adds a value in the z direction, while a function in the 
lower interval decreases the value in the z direction. To avoid big triangles at the 
border of the intervals, in the middle interval a function interpolates between the 
changes in the z direction between upper and lower interval. 

 

Figure 12.3. Changing the height of a part using the described interval method 

12.5. Relative positioning  

The developed relative positioning algorithm is described in this section. As 
illustrated in [PIE 07] and [STO 05] the position is calculated by minimizing 
summed up objective functions with an optimizer (see Figure 12.4).  

The objective function presented in section 1.5.1 represents constraints like the 
prevention of part intersections and the locating scheme. Section 1.5.2 describes the 
optimizer used followed by several approaches to speed up the computation. 
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If at least one point results in a negative value of d, a part of the mesh lies on the 
wrong side of the plane. A high constant value is returned as the result of the 
objective function in this case. Otherwise the sum of all distances of all points is 
returned. To reduce the error generated by the summation of a very large amount of 
floating point values which are in about the same range, the following recursive 
algorithm for summing a floating point array d (reaching from start to end) is used: 

sum(float[ ] d,  int start, int end) { 
 if (start==end) return d[start]; 
 mid = (start+end)/2; 

return sum(d, start, mid)   
          + sum(d, mid+1, end); 

} 

If the sum can be calculated by simply adding all distances in one variable, the 
error resulting from floating point operations is significantly higher (see [MAL 71]). 

To position the part it is often necessary to use more than one plane. In the 
example presented in section 12.7, three different datum planes were used to 
position each part. The result of this method is comparable to other existing locating 
schemes, like the 3-2-1 locating scheme and can handle shape deviations. 

12.5.2. Particle swarm optimization 

The approach of finding a good position for a non-ideal part by systematic 
sampling of the search space is computationally expensive: a relatively coarse 
sampling of 100 values per dimension would produce 1006 position evaluations. 
Therefore, heuristic methods have been used to find solutions in acceptable time. 
Particle swarm optimization (PSO) is a relatively new heuristic optimization 
approach which was developed by Kennedy and Eberhart [KEN 95]. The algorithm 
imitates the behavior of individuals (called particles) in a swarm. Transferred to the 
relative positioning problem, each particle has a six-dimensional position, which 
represents the part’s translation and rotation vector. Each particle moves through the 
6D search space with a certain velocity and is attracted by the best found solution of 
particles in its neighborhood. 

A neighborhood topology defines which particles can communicate directly, for 
example the whole swarm is connected or only adjacent swarm members are 
connected; see [MEN 03] for details. Additionally, each particle remembers the 
position of the best position it has reached so far. In each iteration step, the position 
and velocity of all particles is updated, taking into account the previous velocity, the 
position of the best neighbor and the own best found solution. For the studied 
positioning problem, the PSO showed the best and most robust performance, 
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compared to other tested heuristic approaches like evolutionary strategy, simulated 
annealing and problem-specific approaches. 

12.5.3. Independence of the positioning steps 

To calculate one final part position the optimizer has to evaluate the objective 
function about 5,000 times or even more. This is, contrary to commonly used 
tolerance analysis methods, very time consuming. If an assembly with y parts is 
used for tolerance analysis, and x samples have to be generated x*(y-1) positioning 
steps have to be made (assuming that the first part is not positioned). 

In some cases the positioning of one part is only dependent on the contact 
surface on which it is positioned. It is not possible that it has collisions with other 
surrounding geometry (for example, chip 2 in Figure 12.5). The positioning is only 
dependent on the surface where it has to be placed. If the same non-ideal part has to 
be positioned on the same non-ideal surface in another of the samples it is possible 
to use the matrix that has already been calculated. In the Monte Carlo simulation a 
different non-ideal part is chosen for every assembly. The proposed acceleration 
cannot be used in this case. If instead a number of non-ideal parts are created at the 
beginning of the simulation, the desired amount of assemblies can be simulated by 
combining all non-ideal parts with each other. This method reduces the number of 
part variants drastically, but enables us to take advantage of the independence. If for 
example 10,000 samples of an assembly with five parts have to be calculated, and 
three parts are independent, the number of positioning steps is reduced from 40,000 
to 300 (assuming, that 10 non-ideal part variants are generated). Because the number 
of generated parts is reduced, the method will not be as accurate as a Monte Carlo 
simulation, but the results can be generated much faster. 

To determine automatically if a part is independent, a sphere which enclosing the 
part is generated. Afterwards an offset is added to the radius of the sphere, 
depending how big the search space for the relative positioning of the part is. Then 
an intersection test between the sphere and all other parts is made to determine 
which parts are inside the sphere. If more than one part is inside the sphere, the part 
is not independent. 

12.5.4. Parallelization 

When parallelizing the relative positioning, there are several approaches of 
different granularity. The tasks distributed over the available processors can be:  

– the complete positioning of one part; 
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– the evaluation of a single position of a part in search space; 

– the evaluation of one component of the summed up objective function; 

– the evaluation of a portion of an objective function. 

To be able to speed up the process even if a single part is positioned, option 2 
was chosen. The parallelization was implemented as an asynchronous master slave 
scheme that can be found in [VEN 05]: the master process distributes the evaluation 
of particle positions to free processors, until the complete swarm is evaluated and 
the next iteration can start. First results were encouraging: on a heterogeneous 
cluster of three PCs, the measured speedup factor was 2.1; on a Dual-Core PC, the 
speedup factor was 1.7. Therefore, the parallelization has significant effects on the 
relative positioning computation time; the benefit will even increase due to current 
processor developments (i.e. systems with two QuadCore CPUs). 

12.6. Analysis of the positioned assemblies  

In commonly used CAT systems, results of the simulation are presented as 
distribution curves and statistical properties. Because the proposed method applies 
changes to triangle meshes of the parts it is possible to generate visualizations of the 
resulting assemblies (see Figure 12.6). The user can, e.g. visualize the assemblies 
with high deviations and will get an impression of the effect of the specified 
tolerances very fast. Aesthetic as well as functional properties of the assemblies can 
be revealed. By defining measurements between part features it is also possible to 
calculate distribution curves. Since the geometry of each non-ideal assembly is 
generated by the method, measurements can be calculated for each assembly and 
then summarized to obtain the distribution curve. 

The results of the positioning can also be included in standard CAT-tools, which 
do not simulate the positioning effects of shape deviations (see Figure 12.7). The 
calculated transformation matrices of parts where shape deviations have a great 
impact can be used as input for the Monte Carlo simulation. This produces a 
compromise between standard CAT-simulation and the presented computationally 
expensive method.  

12.7. Example  

As an example, two chips and one capacitor are positioned on a circuit board, 
then the resulting assembly is put into a casing (see Figure 12.5). All surfaces of the 
circuit board are toleranced with a flatness of 1.0 mm, the surfaces of the chips and 
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the capacitor have a flatness of 0.5 mm. Exaggerated values have been used to 
generate visible defects. 

 

Figure 12.5. Ideal circuit board and casing 

For the chips, the capacitor and the circuit board different non-ideal part variants 
with waviness have been generated within the tolerance limits. After this, the 
relative positioning algorithm has been applied. A visualization of a possible non-
ideal assembly scenario with deviations is shown in Figure 12.6.  

 
 

Figure 12.6. Positioned non-ideal circuit board and electronic devices 

In commonly used tolerance analysis tools, the ideal plane of the circuit board 
would only be tilted. This would lead to a much smaller slope of the electronic 
devices compared to the above example; see Figure 12.7 for a comparison. 



Tolerance Analysis with Detailed Part Modeling     241 
 

 

Figure 12.7. Comparison between different deviation types 

Another advantage of the method is the integrated collision detection. If for 
example different capacitors or casings can be used, and this results in a collision 
between the capacitor and the upper surface of the casing, the algorithm presented 
detects the collision without the need of defining any measurements. This can 
prevent errors when design changes are made, and tolerance definitions are adopted 
from the previous design. 

Regardless of the method used for positioning, a Monte Carlo analysis of an 
assembly has the run-time complexity m*n*c, where m is the number of generated 
assemblies, n the number of positioning steps and c is the computation time for one 
part positioning. 

In the example presented the algorithm needs about 30 seconds for the 
positioning of one part (=c), depending on size and mesh quality of the parts. 
Compared to the standard tolerance analysis method, where only some matrix 
multiplications are performed (c<10ms), this is extremely long. Nevertheless, the 
presented acceleration methods were able to significantly speed up the computation 
compared to [STO 07] and [PIE 07] where c ≈ 10 minutes. 

12.8. Summary  

This chapter presents a method which simulates different non-ideal parts with 
high geometric detail and positions them in an assembly. The approach can be used 
intuitively, because the inspected geometry is represented completely, and does not 
have to be simplified or abstracted. All collisions between parts are automatically 
detected and the generated assemblies can be analyzed with visualization techniques. 
After the positioning simulation the user can define arbitrary measurements. 
Corresponding distribution curves can be calculated afterwards. The detailed 
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geometric modeling increases the computational effort. For this reason different 
accelerations have been suggested. Hierarchical collision detection, parallelization 
and independence checks drastically reduce the computation time. Therefore, the 
presented method can already be used for practical tolerance analysis. It has also 
been illustrated how the results of the methods can be integrated into existing 
tolerance analysis tools. 
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Chapter 13 

Assembly Method Comparison  
Including Form Defect  

13.1. Introduction 

13.1.1. Topic 

The technological challenge that represents a relevant geometric specification of 
the mechanical system is, nowadays, a major issue for the control of a product’s 
quality and cost. Mainly, for the past ten years, tolerance methodologies have not 
accounted for any form defect of the surfaces of the various parts of an assembly. 
Furthermore, assemblies generated on Computer-Aided Design (CAD) software are 
based on nominal geometry. With this kind of geometrical modeling, assemblies of 
parts are realized isostatically and surfaces in contact are modeled without form 
defects. The next step of geometric computer modeling for mechanical systems will 
be to generate a more realistic model. This advance will make it possible to simulate 
hyperstatic assemblies as well as the form defects of their components. To meet this 
challenge, new optimization and modeling methods must be developed. The aim of 
this chapter is to show the different modeling strategies of the contact between parts 
with form defects and multiple configurations of the assembly. This research work is 
part of a bigger picture trying to assess the relative positions of adjoining 
components, with defects, in a mechanical system. In this chapter, different aspects 
such as virtual contact sensor, criteria for optimization and parameterization for the 
complete assembly, will be detailed. Firstly, we will need to discuss and propose 
various solutions for the parameterization of the relative position between surfaces. 
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Secondly, different optimizing criteria or objective functions (minimax, least 
squares, algebraic norm, Chebyshev criteria, etc.) will be tested on typical 
assemblies. Thirdly, a number of ways for defining and building contact sensors will 
be shown (point to point distance, elementary volume collision). A comparative 
study of the various methods will be done. The evaluation criteria  shown will be: 
the generic aspect of the method, implementation and computing times, accuracy 
and reliability of results obtained. These comparisons will rely on case studies. 

13.1.2. Actual lack of CAD 

Real surface form defects are, usually, described by four defect orders (ISO 
1302:2002). The first order characterizes geometry and form defects. Other orders 
describe undulation and roughness. Actual CAD software is able to model parts 
without form defect. This nominal modeling made it possible to create complex 
systems and specified design characteristics [BAL 01a] (space required, kinematic), 
but the lack of information of the surface part defects limits the model representation 
level. In this chapter, we propose a method to describe first order defects in CAD 
software. This model allows us to model geometry and form defects of parts. To 
realize this improvement, we had to work on a new description of a part to include 
form defects and on a new way to assemble these parts. 

 

Figure 13.1. Improvement of the CAD 

13.1.3. State of the art and proposal 

Figure 13.2 describes the four principal points required to obtain an assembly 
with form defect: the part model, the form defect model, the geometric defect model 
and the assembly model. CAD software use their own native databases to store 
designed parts, but it can also save these design parts on exchange formats. A native 
database is usable only in the CAD software which designed the part. This major 
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disadvantage directed us to an exchange format to model each part of the assembly. 
STEP format is an exchange format based on the oriented object description of the 
part. This type of description is not well adapted to complex surface modeling. STL 
format has been developed for stereolithography and accurately describes the 
surface geometry of a 3D object. We therefore started with this type of part 
description, since it is sufficient to define our simple geometries and well adapted to 
model form defects. To work on a geometric defect model, the TTRS approach 
[CLE 97] makes it possible to describe the relative situation of surfaces.  

AssemblyModel

Form defect model Geometrical defect 
Model

C.A.D assembly 
with form defect

Part Model

STEP assembly

Native data base

STL assembly

Polynomial form 
defect 

Modal form defect 
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MMP Modeling

PACV Modeling
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Small screw 
displacement

Homogenous coordinates 
matrix 

Ballot & Bourdet
Modeling

 

Figure 13.2. Ways to improve the CAD mode 

Classical mathematical modeling of geometrical defects (small screw 
displacement [BOU 88] or homogeneous matrix transformation) can be used in our 
assembly model to describe the relative position of the surface part to simulate 
geometric defects. Form defects can be described by different mathematical models 
like the Fourier series, modal decomposition [FOR 05] or polynomial surface fitting. 
New part modeling involves a new assembly modeling. Several assembly methods 
based on clearance volume [TEI 99], manufactured model part [VIG 05] or small 
screw displacement [BAL 01b] have been developed. To realize CAD assembly 
with form defects, we work on two assembly models based firstly on distance 
minimization and secondly on volume minimization.  
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13.2. Geometric model for simulation 

This section develops the geometric model used to realize an assembly with form 
defects. First, the creation of parts with form defects is explained. Then an assembly 
method is presented. Finally, the optimization functions and constraints are detailed. 

13.2.1. Part with form defects 

STL format describes the geometry of a part through simplex surfaces. Working 
on CATIA™ CAD software to design nominal parts enabled us to get initial STL 
representations. The form and geometry defects are applied by simplex node 
displacement on the initial part. 

 

Figure 13.3. Form defect implementation 

To keep part topology, node movement must not split surface contact. This 
constraint imposes that nodes belonging to multiple surfaces have displacement 
restrictions. All parts of the assembly studied in this chapter are half cubes; the form 
defects are applied on face mesh nodes. They have been designed with CATIA™. 
The STL nodes have been moved through a VB.net™ program. 

Polynomial form defects have been fitted on each surface of the part with 
particular care on limit surface nodes. To simulate form defects, displacements have 
been applied on an initial node position defined by the initial STL CAD part. Each 
node is moved in the direction normal to its surface. In our case, the parts are 
specified with a local reference frame (X, Y, Z). The initial position of a node is 
defined by its coordinates (X0, Y0, Z0). XΔ , YΔ , ZΔ  are the displacements added 
to the initial coordinates. The values of these displacements are calculated by these 
equations: 
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13.2.2. Assembly process 

The assembly process of nominal parts is controlled nowadays. However, 
creating an assembly with form defects involves finding a new method connecting 
these parts. This method needs an initial parameterized assembly. This assembly is 
composed of parts with form defects localized via local reference frames positioned 
by three angles and three distances on a global reference frame. The assembly is 
actualized by the minimization under the constraint of an objective function that will 
be detailed in following section. 

Parameterization

Optimization 
under constraint

Assembly with contact 
and form defect

Initial assembly 
with form defect

 

Figure 13.5. Assembly process  

13.2.3. Function for optimization 

In this chapter two different optimization functions are developed: the first is 
based on the description of the volume between the two initial parts and the second 
relies on the calculus of one-on-one face distances. To define volumes, Gram 
determinants have been used. This mathematical tool enables us to obtain the signed 
volume of an elementary mesh. The elementary mesh is composed of 3 tetrahedrons. 
The creation of their geometric entities is made by fitting three tetrahedrons on a 
couple of one on one STL triangles. The result of the Gram determinant (three 
oriented vectors pointing on a vertex) is the signed volume of this 3D simplex. 
Determination of the sum of the three volumes of each elementary mesh gives the 
elementary mesh volume.  

To characterize an assembly, the volume between the one-on-one face of every 
part of the assembly is decomposed into elementary mesh volumes. The 
optimization function is the sum of each elementary mesh signed volume. 
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Figure 13.6. Volume sensor  

To build the optimization function based on one-on-one faces, six scalars have 
been calculated by pairs of STL triangles. 
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Figure 13.7. Distance sensor  



252     Product  Lifecycle Management 
 

 The normalized normal vector of each triangle has been defined by the cross 
product of two vectors defined by the vertex of the STL. Once these unit vectors 
have been calculated, the scalar products of three vectors (a1a2, b1b2, c1c2) are 
realized to get the distances between each STL triangle on the opposite face plane. 
Each couple of STL triangles is characterized by six scalars. The optimization 
function is the sum of all scalars calculated on the STL assembly. 

13.2.4. Constraints 

To solve an optimization problem, the definition of this problem must contain a 
function to minimize, stop criteria, and constraints to enable solver convergence. We 
have just defined two optimization functions; the stop criterion will be detailed in 
the next sections. The definition of constraints in this modeling symbolizes the 
condition of no inter-penetration of assembly parts. Two constraints have been 
developed, based on the tools explained in previous section, the characterization of 
volumes and one-on-one distances. The criterion for the constraint based on volumes 
obliges all signed volumes of each elementary mesh to stay positive. The principle 
of constraint based on one on one distance is to force all scalars to be positive.   

13.3. Experimentation 

The topic of this chapter is to realize an assembly method comparison including 
form defects. The previous section explained the context, presented the assembly 
method and detailed the different optimization functions and constraints for the 
assembly. This section introduces the studied case and simulation setup. 

13.3.1. Case study 

To compare the assembly methods, a two part model has been realized. An initial 
assembly without form defect has been designed on CAD CATIATM software in 
STL format. Polynomial form defects have then been applied on the STL coordinate 
nodes. Then, the optimization problem has been solved. Finally, the upgraded 
geometric assembly has been displayed. Figure 13.8 represents the realized initial 
assembly. It is composed of two half cubes (one part male, one part female), with 
polynomial form defects applied, remote of definite value. The goal of this 
experience is to analyze the final contact configuration of the parts in the assembly. 
Different polynomial defects have been tested to simulate assemblies with different 
part shapes (convex or concave). 



Assembly Method Comparison Including Form Defect     253 
 

  
 

 

 
 

 

 

Figure 13.8. Assembly studied case 

Six objective functions have been tested with the two types of constraints 
previously defined; positive minimum distance or positive minimum volume. This 
leads to 12 optimization criteria for each of the four simulated cases. The distance 
gaps between the three one-on-one faces have been summarized, for each criterion, 
in the tables that follow. 

13.3.2. Simulation setup 

The simulation setup contains information on the geometry and the solver 
parameters of the model. The magnitude of the form defects have been chosen in 
respect to the usual tolerances of general mechanics.  

The initial half cubes have 100 millimeter sides and the absolutes values of the 
polynomial coefficients are 0 for the constant, 0.002 for the first degree parameter 
and 0.001 for the second one. 

13.4. Result discussion 

13.4.1. Case 1 

Part 1
Part 2

 

Figure 13.9. Contact configuration 1  



254     Product  Lifecycle Management 
 

This configuration represents an assembly composed of a convex female part 
(part 2) and a concave male part (part 1).The results obtained after optimization are 
equivalent for all the 12 criteria. Minimal and maximal gap distances are close and 
of the order of magnitude of the maximum solver precision (10-18). The difference 
between minimal and maximal distances is due to the solver precision; the contact is 
reached with an inaccuracy  of 10-18 mm. This value corresponds to the numerical 
zero. In this case, all optimization methods can be used to realize the contact 
between the parts. 

 

Table 13.1. Calculation results of case 1  

13.4.2. Case 2 

This configuration represents an assembly composed of a concave female part 
(part 2) and a convex male part (part 1). The optimization results of this 
configuration are similar to case 1. The assembly is obtained with the maximum 
solver precision. Table 13.2 is an abstract of all the results which are identical to 
Table 13.1. The conclusion in this case is the same as the previous one. 

Part 1
Part 2

 

Figure 13.10. Contact configuration 2 

 

Table 13.2. Calculation results of case 2 
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13.4.3. Case 3 

The case 3 configuration represents an assembly composed of a convex female 
part (part 2) and a convex male part (part 1). This configuration is problematic for 
the solver. Even for real assemblies, it presents geometric instability, since there are 
multiple configurations which minimize the objective functions. The constraint 
based on signed volume does not converge as efficiently as the distance constraint. 
Criteria 1 and 4 need much less calculus time than criteria 2, 3, 5 and 6. Criteria 5 
and 6 give a minimal distance smaller than for criteria 1 and 4, subjected to the fact 
that the results are near the numerical zero.  

 

Part 2

Part 1

 

Figure 13.11. Contact configuration 3  

 

Table 13.3. Calculation results of case 3 

13.4.4. Case 4 

Case 4 represents an assembly composed of a convex female part (part 2) and a 
convex male part (part 1). The constraint based on signed volume does not converge 
as efficiently as the distance constraint. Criteria 1 and 4 need much less calculus 
time than criteria 2, 3, 5 and 6. Criteria 5 and 6 give a minimal distance smaller than 
for criteria 1 and 4 subjected to the fact that the results are near the numerical zero.  
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Table 13.4. Calculation results of case 4 

 

Figure 13.12. Contact configuration 4 

13.5. Summary 

This chapter introduced a method to realize simple assemblies with form defects. 
This method is based on the optimization under constraints of the part positions, 
moving the elements from the initial configuration to a final assembly with contacts. 
For that purpose, the form defects are described by polynomials which are applied to 
shift the nodes of a STL model which represents each part of the assembly. Different 
objective function and constraints have then been tested to simulate the assembly. 
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Chapter 14 

Influence of Geometric Defects  
on Service Life  

14.1. Introduction 

14.1.1. Topic 

In the aeronautical industry, the mechanical performance of mechanisms is 
obtained principally by the weight reduction and relevant geometric design of 
mechanical parts. A light material (housing made of aluminum or magnesium 
material, transmission part made of titanium material) and a decrease in the number 
of parts enables us to obtain this performance in helicopter gear boxes (Figure 14.1). 

 In particular, in the rotational guidance of rolling elements, the weight reduction 
is obtained by using raceways directly integrated into the shafts or the housings of 
the gear boxes.  

These new mechanical parts make it possible to reduce, considerably, the weight 
of the helicopter gear boxes, but the manufacturing cost of these parts is very high. 

 

                         
Chapter written by Laurent ZAMPONI, Emmanuel MERMOZ, Jean-Marc LINARES and  
Jean-Michel SPRAUEL. 

Product Lifecycle Management: Geometric Variations           Edited by Max Giordano, Luc Mathieu and François Villeneuve
© 2010 ISTE Ltd.  Published 2010 by ISTE Ltd.



260     Product Lifecycle Management 
 

 

Turbines 

Main Gear
Box  

Rotor 

Tail Rotor 
Intermediary 

Gear Box 

Tail rotor
Gear Box 

 

Figure 14.1. Studied mechanisms 

 The origin of this cost is principally the complexity of the geometry and the high 
geometric quality of such parts (geometric specifications with tight tolerance 
interval). With mechanical parts having high geometric quality, the assembling 
requirement is always respected. In opposite, the requirement of operating 
performance is more critical than the assembling requirement. The choice of values 
of the functional condition linked with the service life is, generally, based on the 
industrial background. The modification of functional condition values induces 
potential risks on the reliability of service, particularly in the aeronautic industry.  

14.1.2. Service life functional requirements  

The aim of this chapter is to study the effect of geometric errors on the operation 
performance of a mechanism. For aeronautical rolling bearings, the first source of 
failure is pitting of rolling elements or raceways. The second damage is the cracking 
in the cage. A typical pitting failure is represented in Figure 14.2. It occurs as a 
result of normal fatigue in current use of rolling bearings. 

  

Figure 14.2. Flaking 
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This fatigue is created by successive rolling contacts during the rotation. These 
contacts induce stress in the raceways and the rolling elements. In our mechanisms, 
this phenomenon is a functional requirement, since it limits the service life of the 
helicopter gear box. The second limit for the service life is a breaking of the cage. In 
our applications, this failure exists only on ball bearings. In such bearings, which are 
subjected to severe distortion of the raceway, the fatigue strength of the cage is also 
affected by the spreading of the rotational speed of the rolling elements.  

  

Figure 14.3. Crack in the cage 

Indeed, during one revolution of the bearing, if all the balls do not rotate at the 
speed of the cage, it may also occur that some balls compensate for the cavity 
backlash (clearance between the cage and the ball). Such kinematic incompatibility 
may generate stresses in the cage, or sliding at the contact between the balls at 
weakest load, and the raceways. This kinematic incompatibility of the orbital speed 
is chosen as a functional requirement. 

14.1.3. State of the art  

In this section, we aim to expose the different methods used to calculate the two 
previous functional requirements. Their calculations have needed to control the load 
distribution in the rolling bearing, the evaluation of the contact pressure and the 
modeling of geometric defects.  

Analytical method 

FEM 

Loads 
distribution 
in the rolling 

bearing 

 

Figure 14.4. Load distribution in rolling bearing 
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For the first aspect, two methods are used: analytical and FEM tools. The 
analytical method proposed by Harris [HAR 01] is based on the assumption that 
displacements in a bearing are caused exclusively by the clearances and local 
deformation in the contact zones. This assumption is no longer valid if the bearing 
raceways are of low thickness, and even more so if the raceways are integrated with 
the shaft or the housing. This is the case for aircraft bearings. In the contribution by 
Harris and Jones [JON 63], the classical Harris method was modified by introducing 
flexibility coefficients which account for the deformation of the outer raceway of an 
idler gear. This raceway is incorporated into the idler gear immediately beneath the 
gear teeth. Zupan and Prebil [ZUP 01] generalized this approach using the finite 
element method (FEM) to calculate the flexibility matrix of the structure in order to 
account for the overall deformation of the structure. The calculation of the flexibility 
matrix is however limited by the structure size because the inversion of the stiffness 
matrix requires long computing times. To overcome this problem, Hauswald and 
Houpert [HAU 00] used a matrix condensation technique (condensation of the 
stiffness matrix at the link nodes).  

For the FEM methods, Bourdon et al. [BOU 99] developed a hybrid model to 
account for the overall deformation, whereby the mechanism is meshed by classical 
elements and the rollers or balls of each bearing are replaced by non-linear elements 
attached to the two rings. In the work by Lovell et al. [LOV 96], the contact between 
a ball and two parallel plates was modeled by FEM. The results were found to be 
close to those obtained by Hertz theory. Zhao [ZHA 98] used 2D contact FEM to 
calculate the load distribution in a bearing subjected to a radial load. Kang et al. 
[KAN 06] propose a modification to Hertz contact law based on the modeling of the 
local contact by FEM. A similar approach was also used by Ludwik [LUD 06] to 
characterize the contact behavior between the roller and the raceways. From these 
results, Ludwik modeled a slewing bearing by replacing the contacts with elements 
exhibiting non-linear behavior. 
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Fluid contact  

FEM with 
thirteen parts 

EHD contact 

Potential theory 

Contact with defects 

Rough contacts
Indentation

Contact 
pressure 

  

Figure 14.5. Contact pressure methods 
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The methods described in this section do not enable us to directly calculate the 
functional requirements (pressure and orbital speed) versus the surface and 
geometric defects. With the load distribution in the bearing, it is possible to calculate 
each contact pressure. Figure 14.5 describes the existing methods to calculate the 
contact pressure for various types of contact. The Hertz theory of elastic contact has 
been used in our study. The influences of oil, roughness and indentation are not 
taken into account. Now, the effect of the form and geometry defects can be 
introduced into our model. The existing methods used for this purpose are shown in 
Figure 14.6. The small displacement screw approach and Fourier series are used to 
model the defects. 

Shape defects 
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Eigen shape 

Bézier and b-
spline 

Defect Database 

Metric tensor 
Defect 

modeling 

Matrix 

  

Figure 14.6.  Model of geometric defects  

In this chapter, the influence of geometric defects on the service life (orbital 
speed and contact pressure) of the rolling bearing is studied. The first part focuses 
on the calculation methodology. The method of introducing the geometric defects 
will be explained. In the second part, the obtained simulation results are then 
presented and discussed. These results can be used to modify the value of tolerance 
intervals of the geometric specifications without impacting the service life of this 
mechanism.  

14.2. Calculation methodology of contact pressure and orbital speed variation  

In this part, we describe the method used to calculate the contact pressure 
calculation and the orbital speed of bearing balls. This methodology can be applied 
to helicopter mechanisms. The modeling of the gearbox is achieved by FEM. The 
various parts of the gearbox are connected together through mechanical links. To 
simulate the behavior of the mechanism, these links must thus be modeled. In the 
case of rolling element links, a model that accounts for the non-linear behavior and 
the load distribution of each rolling element has been established. Contact conditions 
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between the raceways and the rolling elements are replaced by substitution features 
(spring oriented element; see Figure 14.8). The bearing is simply represented by its 
outer ring, these substitution elements and the inner raceway integrated with the 
shaft. This modeling enables us to calculate the internal equilibrium of a bearing 
accounting for its internal geometry, the deformability of its contacts, the bearing 
raceways, the shaft and the housing.  

The methodology presented does not account for the dynamic loads and the 
friction forces. In the context of studied gearboxes, these effects can be neglected. 
The effects of lubrication are also neglected. In this chapter, the micro-geometric 
defects (surface roughness, indentation, etc.) are not taken into account. Only the 
macro-geometric defects (position, misalignment and undulation) are studied. The 
modeling of the mechanism is performed in the steady-state condition (constant 
temperature). Thermal expansion is taken into account, in order to deduce the 
operating clearances of the bearings. The preloads are introduced by the boundary 
conditions in the FEM, either through the displacement, or through the loads on the 
bearings. The method presented has been integrated in the CATIA V5 FEM module. 
This enables us to maintain the link with the geometric model of the mechanism.  
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Figure 14.7. Flow-chart of the method  
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14.2.1. Schedule of the methodology 

The global behavior of the mechanism is treated by FEM. The local behavior of 
the contact is described by analytical approaches. These two procedures are also 
coupled in this calculation.  

The calculation procedure is detailed in the flow chart of Figure 14.8. At each 
iteration, the FEM calculation with its substitution elements is performed. The 
variables of the substitution elements (stiffness, orientation) are recalculated at each 
iteration. Convergence is assumed to be achieved when the variation of the stiffness 
of the substitution element is less than 0.1% between two successive steps. The 
analytical method for calculating the substitution elements is based on the Harris 
equations in [HAR 01]. The characteristics of the elements are controlled by a VB 
macro in CATIA V5. At each iteration, the input data of the analytical calculations 
are, for each substitution element, the relative displacements between attachment 
zones and sustained loads. Moreover, geometric defects (position, orientation, form 
and undulation) of the bearings may be added. From these data, the local contact 
displacement and the orientation of the load may be determined. The analytical 
module and substitution elements are different if the bearing contains balls or 
rollers. Figure 14.6 shows the feature modeling for a ball bearing. 

 

Substitution features

Ki  

Figure 14.8. Substitution feature modeling 

14.2.2. Introduction of geometric defects in FEM  

At the first iteration, the substitution elements gain their initial orientation and 
stiffness. For subsequent iterations, the orientation and stiffness of each substitution 
element are then recalculated. The relative displacements and the load for each 
substitution element are obtained using the FEM calculations. At this step, the 
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geometric defects of the bearing can be added to previous relative displacements. 
This calculation is detailed in Figure 14.9. 
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Figure 14.9. Flow-chart of the method  

The iterative process terminates when the variation in stiffness between two 
consecutive iterations is less than 0.1%.  

14.2.3. Model of geometric defect  

The displacement created by the geometric defects in the ball bearing is 
decomposed into a radial component named Uri and an axial component named Uai. 
These values  include the effects of the position error (coaxiality), the form defect 
(cylindricity) and undulation. The radial component of each substitution element, i, 
is expressed in following equation: 

)ψ.kcos(.U)(ψcos.UU rki

n

1k
rkrirri positionposition

ϕ++ϕ+= ∑
=

Position error Form + undulation 
defects 

  [14.1] 
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The axial contribution is written as: 

 

)(ψcosUUU
110 aiaaiai ϕ++=

Orientation error

Axial deviation 

  [14.2] 

These equations describe the position and orientation defects between the inner 
and outer raceways of the bearing. These defects are induced by the geometric 
variations of the parts of the gear box (housing, shaft, casings, etc.). For the moving 
parts, the calculation of these geometric defects is very difficult. In fact, it is 
necessary to calculate the geometric defects between the raceways for any angular 
position.  In our model the constants characterizing the form and undulation defects 
are based on measurements carried out on real raceways (see Figure 14.10). 

 

  

Figure 14.10. Measurements of raceways 

For this purpose the point coordinates acquired on manufactured surfaces are 
fitted by a Fourier series expansion, using a least squares optimization method. This 
allows us to evaluate the magnitude of the form defects and the undulation 
amplitude (Figure 14.11). 
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Figure 14.11. Model of form and undulation defects  

14.3. Simulation 

14.3.1. Studied case 

In previous section, a hybrid method for modeling bearing guides in a 
mechanism was presented. This method was validated in [ZAM 07a] and [ZAM 
07b]. It is now applied to the simple gearbox design represented in Figure 14.12. 

Bearing with 
integrated 
raceways

Spline Gear 

Housing

  

 Figure 14.12. Studied mechanism  

The system consists of a housing, containing a gear and two bearings. The wheel 
is guided to the housing via two integrated ball bearings. The mechanical torque 
transmitted by the wheel is 200 Nm. The finite element model of the presented 
gearbox has 80,000 nodes. The various simulations presented in Figures 14.13 to 
14.16 highlight different phenomena like the impact of the geometric defects of the 
mechanism on the pressures and orbital speeds. 
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14.3.2. Effect of the localization defect on orbital speed variation 

 The studied bearing assembly behaves in a flexible manner which affords it a 
low sensitivity to positioning defects of the raceways. However, this type of defect 
modifies the position of the shaft in the housing, which may generate overpressures 
or slippage at the gear contacts. 

Figure 14.13 presents the evolution of the orbital speed of the balls versus the 
angular position. The calculations were performed either without any defect, or with 
a misalignment of 0.1 mm. It shows a low influence of such defect, due to the 
flexibility of the assembly. 
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Figure 14.13. Orbital speed variation of the ball bearing speed 

14.3.3. Effect of the orientation defect on the contact load and orbital speed 
variation 

Figure 14.14 shows a polar plot of the pressure distribution in the ball bearings. 
It has been calculated for different values of the orientation defect. This ball bearing 
was subjected to axial and radial loads and a bending moment. According to this 
simulation, the pressure distribution in the ball bearings is found to be relatively 
insensitive to orientation defects. The pressure at the most highly loaded contacts 
does not vary. However, for the least loaded zones, the variations are significant. 
This phenomenon reduces the bearing service life by a few percent. In our case 
study, the service life reduction is estimated to be about 6% for the maximum 
orientation defect. 
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Figure 14.14.  Contact pressure distribution 

The orbital speed variation in the ball bearings is plotted in Figure 14.15, for 
different values of the orientation defect. In this simulation, the defect was 
introduced in the most detrimental position. The variations of the orbital speed are 
amplified by the orientation defect. For a maximum orientation defect of 0.1°, the 
increase was evaluated as 50% compared to the nominal fluctuations.  
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Figure 14.15. Orbital speed variation of the ball bearing speed 

14.3.4. Effect of the form defects and undulation on speed variation 

Figure 14.16 shows the effect of form defects and undulation on the orbital speed 
variation. It demonstrates that such imperfection has a low influence on the behavior 
of the bearing. 
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Figure 14.16.  Orbital speed variation of the ball bearing speed 

These simulations bring to the fore the impact of geometric defects and of the 
part’s flexibility on the behavior of integrated raceway bearings in helicopter 
gearboxes. In the studied cases, the part’s flexibility allows a better pressure 
distribution and increases the bearing service life. Rolling bearings are sensitive to 
orientation defects, but the mechanism flexibility reduces its overpressure effects. 
Ball bearings are better able to withstand orientation defects, but this increases the 
orbital speed variations. The combination of the mechanism flexibility and an 
orientation defect may generate fatigue loads on the cage. Cage failure is a serious 
destruction mode. This failure leads to the crash of the mechanism. This type of 
simulation allows us to predict the service life of integrated raceway bearings. After 
experimentation, it may lead to dimensioning optimization or to a change in the 
value of geometric specifications of integrated raceways. 

14.4. Summary 

The hybrid model presented in this chapter enabled us, on the one hand, to 
account for the global behavior of bearings within a complete flexible mechanism, 
and on the other hand, to determine precisely the local behavior of the rolling 
elements. Additionally, the deformations of the structure and the geometric defects 
of all the parts in the mechanism were included in this methodology. This proposal 
is now, directly, implemented in CATIA V5 environment, used in design. The 
presented simulations bring to the fore the effects of the flexibility of the structure 
and the geometric defects of the parts on the behavior of the bearing (deformation, 
contact pressure, orbital speed variation). The load distribution in the bearing is 
modified by the flexibility of the parts and the bearing raceways. The bearing 
service life is increased by this phenomenon. However, for ball bearings, this 
flexibility increases the ball’s orbital speed variation which can lead to failures of 
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the cage. Positioning defects in our assemblies have proved to give insignificant 
effects. 
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Chapter 15 

GapSpace Multi-dimensional  
Assembly Analysis  

Assembly tolerance analysis is the process of determining the effect that 
tolerances specified on individually manufactured parts have on an assembly of 
these parts. Tolerance specifications form an important link between the product 
design, manufacturing processes and the actual assembly process. Mechanical 
engineers use tolerances to define allowable/possible manufactured uncertainties to 
ensure interchangeable assemblies with proper functionalities. This chapter proposes 
a revised GapSpace assembly (RGSA) analysis model to analyze the ease of 
assembly of the design through allocating various types of tolerance specifications; 
for example, worst-case tolerance specifications, statistical tolerance specifications, 
as well as assembly tolerance specifications. The distinct property of this method is 
that it uses an inter-element gap (the clearance between different mechanical parts) 
as the basic functional unit for performing various kinds of assembly analyses. 

15.1. Introduction 

Development of the original GapSpace Analysis (GSA) model for one and two 
dimensional analysis has been reported by Morse and Zou [ZOU 02], [ZOU 03], 
[MOR 01]. The prominent characteristic of this method is that the assembly rate of 
the model is exclusively determined by the intrinsic geometric properties of 
manufactured parts. The revision of this model – the revised GSA (RGSA) – was 
developed in order to implement it in a practical CAD system, and poses some 
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interesting challenges. The RGSA representation has a tree-structure as shown in 
Figure 15.1. It is composed of four main elements: dimensions and tolerances 
(including both limit tolerances and geometric tolerances), gaps, constraining 
simplices, and fitting conditions. 

Dimensions and tolerances constrain functional requirements of the design and 
are the origins of tolerance stack-ups in the assembly. A gap describes the 
relationship between a pair of features on different parts and is the starting point for 
constructing the RGSA model. A constraining simplex (CS) is a geometric unit 
representative of a part and is the basic functional unit in fitting conditions. Each 
constraining simplex has a value that is determined according to the sine law. 
According to the equal value property of the sine law, each constraining simplex has 
two equivalent representations: a gap representation and a geometric representation. 
The gap representation is a group of gaps on a part that fully constrain its movement. 
The geometric representation is a combined dimension whose variation is equal to 
that of the linear sum of the gap representation. In the RGSA model, the nominal 
dimension of a constraining simplex is represented by a linear or non-linear 
combination of dimensions and tolerances specified on the part. 

A fitting condition is a necessary condition for checking the ease of assembly of 
the design and is the key element for performing various GSA analyses. Each fitting 
condition is formed by one or more loops of gaps over the constraining simplices to 
fully constrain the movement of some parts in the assembly. The set of independent 
fitting conditions completely represents the geometric ease of assembly of the 
design, that is the set is sufficient to guarantee assembly. As with the constraining 
simplices, each fitting condition also has two equivalent representations: a gap 
representation and a geometric representation. Through analyzing them, four types 
of assembly analyses are realized by the RGSA model. They are: 

– ease of assembly analysis: the ease of assembly of the design is checked with 
various dimensioning and tolerancing schemes; 

– sensitivity analysis: the sensitivity of a specific parameter with respect to a 
certain dimension or tolerance is checked by differentiating the corresponding fitting 
condition or parametric representation of the constraining simplex; 

– quality check: the quality (clearance) of the assembly is checked using the 
revised simplex algorithm by pre-assuming some limitations to gaps. This check can 
also be applied to relative motion between the parts; 

– tolerance synthesis: the assembly analysis results obtained above are used to 
improve the tolerance design. 
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Figure 15.1. Structure of the RGSA model 

15.2. Representing dimensions and tolerances 

In the RGSA model, three types of variations − limit tolerances, geometric 
tolerances and kinematic variations − are used to represent the allowable variation of 
the assembly; limit tolerances are handled according to the specified dimensioning 
schemes on parts using a revised tolerance chart method, and geometric tolerances 
are dealt with by the tolerance zones they form. If geometric tolerances are defined 
on a feature which is a component of the objective constraining simplex, 
translational movements of their tolerance zones will be counted into the nominal 
dimensions of the corresponding constraining simplices; otherwise, rotation 
movements of them will be considered if they do influence the locations of some 
assembly associated features of the objective constraining simplices. Geometric 
tolerances covered by the RGSA model are form, profile, orientation and location 
tolerances. Other geometric tolerances, such as the runout and material modifier are 
not yet represented in the model. In an improvement from the former GSA model, 
some kinematic variations are represented in the RGSA model. They are employed 
in some specific assemblies, such as floating assemblies and kinematic assemblies, 
to properly allocate assembly dimensions and tolerance specifications, or to define 
limits of gaps or fitting conditions.  
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15.3. Geometric tolerances 

Geometric tolerances enable the variation in shape, orientation or location of a 
part feature as defined in ASME Y14.5M-1994 tolerance standard. When geometric 
variation occurs in features connected by a dimensioning scheme on the same part, 
or on mating features between parts, they will affect the variation of the whole 
assembly. Geometric tolerances accumulate and propagate in a different manner 
than limit tolerances. In this chapter, geometric tolerances are handled by the 
tolerance zones they form. Most existing GD&T standards are established through 
years of engineering practice, not from mathematical models. Therefore, not all 
GD&T specifications are applicable in the RGSA model. Geometric tolerances 
supported by the RGSA model are form, profile, orientation, location and others. 
The processing methods for different geometric tolerances are listed below: 

– Profile tolerances are handled according to the method of specification 
(bilateral or unilateral). 

– Location tolerances are counted depending on data to which they refer. They 
are only allowed to be specified by referring to a coordinate system, typically where 
two perpendicular pieces of data defined on the part are chosen as the coordinate 
axes. 

– Orientation tolerances are dealt with in two ways: 1) if they are specified on 
features of a constraining simplex (CS-features), translational movements of their 
tolerance zones contribute to the CS-dimension; 2) if they are specified on non-CS-
features influencing positions of CS-features, angular movements of their tolerance 
zones will be counted.  

– Geometric assembly tolerances are handled by considering only the 
translational movements of their tolerance zones. Those translational variations 
between features will be counted into limits of gaps, clearances and fitting 
conditions. 

If a tolerance is a subset of another tolerance, the tolerance with the larger value 
will be counted. For example, if a flatness tolerance zone is located within a 
parallelism tolerance, only the impact of the more restrictive parallelism tolerance 
will be considered. 

Runout, which is an integration of form, location and orientation tolerances, is 
excluded from the RGSA model, due to difficulties with the simultaneous 
specification of these attributes. 

The material condition of a part is neglected if the bonus tolerance has already 
been considered from the feature of size (i.e. the virtual condition has been 
established). 
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Form tolerances are dealt with according to a perfect form tolerance zone (see 
Figure 15.2), which is formed – in the case of flatness – by two planes that are 
always parallel with the desired direction of the feature. Available form tolerances 
are straightness, flatness, circularity, cylindricity and sphericity.  

 

Figure 15.2. The perfect form tolerance zone 

The influence of geometric tolerances on the shape of features varies with the 
functionality of the features on which they are specified. Geometric tolerances are 
handled by two methods according to whether the features on which they are 
specified are member features (CS-feature) of the objective constraining simplex 
(CS) or not.  

Specified on CS-features of the objective CS 

When a geometric tolerance is defined on the CS-feature (such as the 
perpendicular tolerance in Figure 15.3) of a CS, variations of its tolerance zone 
influence the relative location of the CS-feature to the other CS-features. As 
directions of all the CS-features are assumed to be fixed, therefore, only translational 
movements of the tolerance zone influence the value of the CS-dimension. 

 

Figure 15.3. Geometric tolerances are specified on CS-features of  
a constraining simplex (CS) 
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Defined on non-CS-features of the objective CS 

When geometric tolerances are defined on non-CS-features of the objective CS 
(such as the parallelism tolerance in Figure 15.4), variations of its tolerance zone 
influence locations of some ends of the CS-features. The influence will be 
propagated along the specified dimensioning scheme. Therefore, rotation 
movements of the tolerance zone should be counted into the CS-dimension using the 
following equation: 

-1 Tolerance Zoneg  Tan ( )
Characteristic Length

α Δθ= =  [15.1] 

 

 

Figure 15.4. Geometric tolerances defined on non-CS-features of a  
constraining simplex (CS) 
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15.4. Perfect form tolerance zones 

The perfect form of a tolerance zone means the direction (or normal vector) of 
the feature is strictly fixed and the tolerance zone is always parallel with the design 
direction of the feature. Rotation errors of a feature will be contained in the perfect 
form tolerance zone (PF-tolerance zone). 

Most tolerance zones are of perfect form; however, some tolerance zones, such 
as flatness, are not always parallel with the nominal direction of the feature. In the 
D&T integrating process, their PF-tolerance zones are created by projecting their 
standard tolerance zones into some zones that are parallel with design directions of 
features, which will make them work like parallelism tolerance zones. Sometimes, 
imperfect shapes of features may increase the ease of assembly between two parts 
(see Figure 15.5a); sometimes, they will worsen the assembly conditions (see Figure 
15.5b). For independently manufactured parts, those two cases should have the same 
rate of occurrence. However, both of them are treated as unacceptable assembly 
conditions by the PF-tolerance method. Therefore, the PF-tolerance zone theory is a 
relatively conservative method. 

 

Figure 15.5. Impact of imperfect shape on two assembled features 

15.5. Assembly tolerance specification 

Assembly dimension and tolerance (D&T) specifications are used to enhance 
functional requirements of the design. They are represented by limits of gaps, 
clearances and overall dimensions of an assembly which are critical to performance. 
A system of assembly D&T specifications patterned after ASME Y14.5M has been 
proposed [CAR 93]. The Y14.5 feature controls requiring a piece of data are used as 
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assembly controls. In the design process, assembly D&T specifications are usually 
mixed in with component D&T specifications. Therefore, it is necessary to strictly 
distinguish between them. The main characteristics of assembly D&T specifications 
are: 1) they are usually specified with some kinematic mechanisms; 2) they are 
usually defined by referencing to a datum or a feature on a different part; 3) they are 
defined between parts, therefore, they are independent of the absolute coordinate 
positions of the parts, but dependent on the relative positions between those parts. 
Not all the assembly D&T controls are applicable to the RGSA model; assembly 
length, assembly gap and assembly geometric tolerance are supported. 

In the original GSA model, assembly D&T specifications are not addressed. 
Gaps without range limits are used as the basic analysis unit. Therefore, the model 
only represents the geometric ease of assembly of the design. However, as described 
before, assembly D&T specifications do bring limits to some gaps and define some 
relationships between parts; this is useful in solving some assembly conditions with 
kinematic mechanisms or floating parts. In this chapter, assembly D&T 
specifications are employed to calculate limits of fitting conditions, check the 
quality of the assembly, and resolve a few kinematic problems or floating 
assemblies.  

– Calculating limits of fitting conditions 

If adequate D&T specifications are given, each gap of a fitting condition has a 
range limit, and the fitting condition will be constrained by some assembly limits.   

max 1 1 2 2 min( )FC FC d t d t FC≥ ⋅ ⋅ ⋅ ≥  [15.2] 

In most cases, FCmin is equal to zero and not all the fitting conditions have 
assembly limits. 

– Resolving specific assemblies 

Some well-chosen assembly D&T specifications can be used to solve some 
kinematic problems or floating assemblies by treating some parts connected by an 
assembly D&T specification as an abstract part (A-part), and regarding the assembly 
D&T specification as the size variation of an abstract feature of the A-part. 

15.6. Floating assembly 

As shown in Figure 15.6, the two assemblies are under-constrained in that part A 
and part B can move freely along some directions if no assembly D&T 
specifications are made. For example, in Assembly-I, they can move without 
constraint along the vertical direction; in Assembly-II, they can move along both the 
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vertical and horizontal directions. These problems can’t be resolved by the former 
GSA model because gaps between part A, part B and part C can be expanded 
without limits, which means fitting conditions containing them are unbounded. 
However, if part A and part B are connected by some assembly D&T specification, 
we can treat them as an abstract part (A-part A). After the A-part is created, gaps 
between A-part A and part B became constrained, which will make the fitting 
condition solvable. 

 

Figure 15.6. Floating assemblies with assembly D&T specifications 
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15.7. Kinematic assembly  

Sometimes, kinematic mechanisms are used to enhance the ease of assembly of 
the design. They permit relatively loose tolerances, which dramatically increases the 
rate of the assembly. However, the introduction of kinematic mechanisms usually 
makes it impossible to find effective fitting conditions that fully represent the ease 
of assembly of the design, as some necessary gaps may be missed. In order to 
generate a 1D fitting condition for the assembly in Assembly-I (Figure 15.7), there 
should be a gap between part D and part A in the horizontal direction.  

However, part D and part A are actually connected by a spring and also features 
a and b are not definitely to be parallel with each other. Therefore, there is no 
guarantee that such a gap exists. Fortunately, since part D and part A are connected 
by an assembly D&T specification, we can treat them as an abstract part (A-part A) 
so that there is a gap loop (1D horizontal fitting condition) between A-part A, part B 
and part C, which makes the assembly solvable. In brief, the idea is to use assembly 
D&T specifications to represent the kinematic variations and treat the parts 
connected by kinematic mechanisms as a single abstract part. 

15.8. Manufacturing dimensioning schemes 

Arbitrary specifications of D&T elements on a part usually result in an assembly 
model that cannot be solved. Therefore, in the RGSA model, these elements are 
requested to be specified following some rules similar to 2D mechanical drafting. A 
manufacturing dimensioning scheme (MD scheme) consistent with engineering 
dimensioning methods was developed to appropriately specify D&T elements on a 
part. This is a systematic parametric representation of dimensions and their 
variations that may be introduced by the manufacturing process. In this scheme, 
certain dimensions vary as a function of process parameters while other dimensions 
are dependent on the primary dimension specification.  

Because of the diversity of manufacturing processes, the MD scheme is usually  
not consistent with the parametric dimensioning scheme that is commonly used to 
express the design. To manufacture a part, many different manufacturing methods 
might be chosen and each dimension will be the output of a process, which in turn is 
dependent on its predecessors. 

Usually, the range of a dimension that reflects an initial setup by the 
manufacturing engineer is chosen to represent ±3σ of the process used to create it. 
The MD scheme is widely used in 2D part drawings – often called process sheets – 
for manufacturing purposes. The advantage of this scheme is relationships between 
feature variations are explored, which makes the analysis results more reflective of 
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the actual process. There are two types of MD schemes available in the RGSA 
model: 1) MD scheme-I, where dimensions and dimensional tolerances are specified 
and flatness tolerances are employed to express possible shape variations of 
features; 2) MD scheme-II, where basic dimensions are defined and geometric 
tolerances, such as parallelism, perpendicularity and profile, are used to illustrate 
possible form variations of features. 

 

 

Figure 15.7. Assemblies with kinematic mechanisms 

In any MD scheme, at least two (usually two) pieces of data should be defined to 
control the manufacturing process. Two perpendicular pieces of data that are 
referenced by most dimensions and tolerances are chosen as the standard pieces of 
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data while generating the revised tolerance chart (RTC) for the MDS (see MDS-
RTC in the following section). In engineering practices, there are so many ways to 
specify manufacturing dimensioning schemes that some of them are difficult or even 
impossible to be identify and integrate. Therefore, in order to generate an effective 
and complete RTC, some dimensioning rules of the MD scheme must be 
established.  While these rules will not be listed here, they comprise a method that 
allows the systematic description of the manufacturing drawing for CAD 
representation. 

15.9. The revised 2D tolerance chart 

To effectively model the tolerance stack-up within a part, a 2D revised tolerance 
chart (2D RTC) was developed in this chapter to evaluate the variations of CS-
dimensions. Based on the work of [XUE 01] and others, it is built by transforming 
positions of features on a part from the global coordinate system to a component 
coordinate system whose origin is determined by the start point of tolerance 
stacking-up within the part. In engineering practice, there are usually two 
perpendicular data features locating the assembly analysis plane of the RGSA 
model. A 2D-RTC is composed of two dimension and tolerance trees (D&T-trees): a 
horizontal D&T-tree and a vertical D&T-tree. The horizontal D&T-tree starts from 
the vertical datum (Y-datum), while the vertical D&T-tree starts from the horizontal 
datum (X-datum). This method is similar to other decomposition methods for 
tolerance accumulation [CHA 97, CHA 99, XUE 01]. In the 2D-RTC, each D&T-
tree is composed of several dimension chains, each of which represents an actual 
manufacturing path or a tolerance stack-up route.  

15.10. Parametric representation of the PF-tolerance zone of a CS-feature 

The dimension of a CS is totally determined by position and size of the PF-
tolerance zones of its CS-features, which are influenced by the dimensioning scheme 
specified on their parent part. Therefore, there should be a way to integrate different 
dimensioning schemes into the PF-tolerance zone of a CS-feature. The RTC of a 
part represents the inter-relationships between different dimensions and tolerances 
specified on the part. Thus, it should be effective tool to count interactions between 
various dimensions and tolerances into the PF-tolerance zone of a CS-feature. The 
PF-tolerance zone of a CS-feature is not only determined by the position of the CS-
feature, but also decided by the geometric tolerances specified on it. If a dimension 
on the path is defined on a single feature (not two parallel features), angular 
variations of the geometric tolerances specified on the same feature must be counted 
in the PF-tolerance zone of the corresponding CS-feature.  



GapSpace Multi-dimensional Assembly Analysis     285 

 

 

Figure 15.8. The structure of a 2D-RTC based on the MD scheme 
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When limit tolerances are used in the MD scheme, the X-position and Y-position 
of the two ends of any feature may be controlled separately, which may result in 
variation of the direction of a CS-feature. This is in conflict with the assumption that 
each CS-feature should keep its design direction while modeling. The problem is 
solved by projecting the position variations of the two ends of a CS-feature into its 
PF-tolerance zone. 

In the 2D-RTC, the tolerance stack-up starts from the intersection point of the 
two standard pieces of data. While calculating the position of an end of a CS-feature, 
if a dimension without a dimensional tolerance is directly specified on a feature 
influencing the position of the CS-feature, its angular tolerances and/or geometric 
tolerances should be counted in the equation; otherwise, those tolerances items are 
neglected. The position of an end of a CS-feature is calculated using one of the 
below equations according to the type of the specified MD scheme. 

Angular tolerances are considered 
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where d is a dimension between the origin and the point, sign(d) is ±1, based on the 
dimension, θ is the angle of the feature, Δθ is its angular tolerance and Δgθ is the 
angular variation of the geometric tolerance. 

Angular tolerances are neglected 
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Positions of the two ends of a CS-feature can be obtained using the above 
equations, and its PF-tolerance zone is calculated by projecting the probability 
distributions of the two ends to a tolerance zone that is parallel with the design 
direction of the feature. The projection method is described below: 
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– Equation of the PF-tolerance zone: 

 ( )t Ax By CΔ = − + +  [15.5] 

– Worst-case tolerance analysis. 

If worst-case tolerances are used, the value of the PF-tolerance zone is obtained 
by calculating the difference between the upper limit and the lower limit of the 
tolerance zone of the CS-feature. 
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 [15.6] 

where p1 and p2 are the two ends of the CS-feature. 

– Statistical tolerance analysis. 

When statistical tolerances are used, the value of the PF-tolerance zone is 
estimated using Monte Carlo simulation. The Monte Carlo simulation is modified by 
picking up two random numbers from the probability distributions of the two ends at 
the same time, and then using statistical methods or histogram to model the sample 
of  calculated using the random numbers.  

 ( )x yt A p B p CΔ = − ⋅ + ⋅ +  [15.7] 

where p is a random position of the two ends.  

– The total value of the PF-tolerance zone should also include the influences of 
geometric tolerances specified on the CS-feature. If the geometric tolerances are 
specified between the CS-feature and a datum, a tighter tolerance zone will be 
chosen. If they are specified between two features and none of them is a datum, the 
half values of the geometric tolerance zones will be added into the calculated 
tolerance zone. 

total it t gtΔ Δ Δ= +∑  or total it gtΔ Δ=   [15.8] 

– The final equation of the PF-tolerance zone of a CS-feature: 

 0=Δ±++ totaltCbyAx  [15.9] 
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15.11. Surfaces of revolution 

Besides polygons, round parts such as cylinders and spheres are also involved in 
the RGSA model. The CS-feature of a revolving part is represented by an imaginary 
tangent plane at the contact point. The PF-tolerance zone of the abstract CS-feature 
is calculated using the following formulas. 

1. Radius tolerance is defined: 

2 2 2
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Δ
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2. Cylindricity of the cylinder or sphere is defined: 
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3. The PF-tolerance zone of the abstract CS-feature: 

0Ax By C tΔ+ + ± =   

where  

( ( ) ( )) / 2C Max C Min CΔ Δ= + , 

and  

( ( ) ( )) / 2t Max C Min CΔ Δ Δ= −  [15.12] 

15.12. Nominal dimensions of the CS 

In the GapSpace “sine law” [ZOU 02], the weighted sum of gaps composing a 
CS is equal to the variation of a combined dimension of the part. The combined 
dimension is regarded as a nominal property (CS-dimension) of the CS. Each CS-
dimension is a geometric representation of the CS and works as a basic constraint on 
its parent part in its degrees of freedom during assembly. The sign of the CS-
dimension is determined by the material side of the CS, and its value depends on 
many factors, such as the shape of the part, selection of data, specified D&T scheme, 
manufacturing process and so on. Mathematical representations of various CS-
dimensions are listed below. 
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15.13. 1D constraining simplices 

Type-I: 1D CS of a polygon 

 

Figure 15.9. 1D CS of a polygon 

1) Equations of plane features:  
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2) Representation of the CS-dimension: 
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where Δt denotes the value of the PF-tolerance zone of the feature. 

The CS-dimension is equal to the minimum distance between the two parallel 
features of the CS, as shown by the highlighted features in Figure 15.9. The two 
features are located on the same part and are parallel with each other at all times. 
Out-of-plane errors (rotation variations) of the two features are compensated into 
their PF-tolerance zones. 

Type-II: 1D CS of a cylinder or sphere 

 

Figure 15.10. 1D CS of a cylinder or sphere 
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1) Equation of a cylinder: 
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or equation of a sphere: 
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Representation of the CS-dimension: 
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The CS-dimension is equal to the diameter of the cylinder or sphere as shown in 
Figure 15.10. Geometric tolerances of the cylinder or sphere are compensated in the 
dimensional variation of the diameter (or radius) or the PF-tolerance zones of its 
imaginary tangent planes. 

15.14. 2D constraining simplices 

Type-I: 2D CS of a polygon 

 

Figure 15.11. 2D CS of a polygon 
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1) Equations of pane features:  
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For 1D or 2D GSA analyses, the above equations should be changed to the 
following formats: 

2) Equations of edges of the 2D CS: 
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3) Representation of a 2D CS-dimension: 
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where:  

a) d is the CS-dimension of an edge of the CS, 

b) θ1, θ2 are the two angles associated with the edge, and 
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The shape of a 2D CS is represented by a triangle whose sides are composed of 
CS-features as shown in Figure 15.11. The CS-dimension of a 2D CS is equal to one 
side of the triangle multiplied by the sine values of the two angles associated with it. 
Physically speaking, the value of the CS-dimension is equal to the diameter of the 
circumscribed circle of the triangle times the sine values of its three angles. 

Type-II: 2D CS of a cylinder or sphere 

 

Figure 15.12. 2D CS of a cylinder or sphere 

If the equation of the feature interfering with the cylinder or sphere is A1 x + B1 y 
+ D1 = 0, the equation of the imaginary tangent plane contacting the cylinder or 
sphere is: 

 2 2
1 1 1 1( ) ( ) ( ) ( ) 0o oA x x B y y r t A BΔ− + − ± + + =  

The triangle of the 2D cylinder/sphere CS is formed by three imaginary tangent 
planes created at the contact points of the cylinder or sphere as shown in Figure 
15.12. The tolerance zone of the cylinder or sphere is transformed into the 
equivalence tolerance zones of the three imaginary tangent planes. 

The value Δt of the cylindricity tolerance zone is equal to the value Δt of the 
parallelism tolerance zone of an imaginary tangent plane. As rotations of parts are 
forbidden during analyzing, the three contact points on the cylinder or sphere should 
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remain the same all the time. The CS-dimension of the 2D cylinder/sphere CS is 
calculated in the same way as the 2D polygon CS.  

15.15. Case study 

The RGSA model has been tested by using it to solve various assembly 
conditions, such as floating assemblies, kinematic assemblies, static assemblies and 
so on. In each case, different dimensioning schemes and tolerances were allocated 
on parts in order to verify the validity of developed tolerance integrating and 
validating methods, and the analysis results were compared with other tolerance 
analysis tools, such as CETOL 6Sigma, as well as the GSA model. In most cases, 
statistic assembly analyses are performed using Monte Carlo simulation and 
histogram methods, and the contributors’ tolerances defined on the assembly are 
assumed to correspond to 3 or 6 standard deviations (Δd = 6σ, for example). By 
using it to solve these real engineering problems, the applicability of the RGSA 
model is examined. 

As shown in Figure 15.13, the 2D polyhedron assembly is composed of four 
polyhedrons. Manufacturing dimensioning schemes are defined on all of them to 
guide manufacturing processes. 

 

Figure 15.13. 2D polyhedron assembly 
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There are two fitting conditions within these polyhedrons. One is a 1D fitting 
condition, which is composed of (g2, g6); the other is a 2D fitting condition 
composed of (g1, g3, g4, g5, g7, g8). The 2D polyhedron assembly has been well-
analyzed using worst-case tolerance analyses. In this case, real G&T data coming 
from manufacturing processes are used to represent possible variations of the 
polyhedrons. The contributors’ tolerances defined on them are assumed to 
correspond to 3 standard deviations (Δd = 3σ ). 

– Representations of the fitting conditions  

Gap representation: 

1 2 6FC g g= +  

2 1 3 4 5 7 8cos sin sin cos cosFC g g g g g gθ θ θ θ θ= + + + + +  

Geometric representation: 

1 2 1( ) ( )FC CS A CS B= −  

2 1 2 1 1 3( ) cos ( ) sin ( ) ( ) ( ) cosFC CS A CS B CS C CS D CS Bθ θ θ= + − − −  

– Calculation of part A 

In part A (Figure 15.14), as every feature is parallel with one of the two standard 
pieces of data, dimensions with dimensional constrains are allocated between edges 
according to requirements of manufacturing. As opposed to part C, all the 
dimensions are specified between parallel features, and no constraints are defined, 
such as parallelism or perpendicularity. Relationships between individual 
dimensions, tolerances and pieces of data of part A are modeled by the 2D-RTC 
(Figure 15.15). 

As shown in Figure 15.15, there are two 1D CSs (A1 and A2) on part A. CS-A1 
controls the vertical movement of the part A, whereas CS-A2 controls its horizontal 
movement. The CS-dimension of A1 is equal to the distance between feature ed and 
feature fg. As there is a dimension with a dimensional tolerance defined between 
them, the CS-dimension of A1 should be equal to the dimension. This is consistent 
with the analysis result of the 2D-RTC. 
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Figure 15.14. The MD dimensioning scheme of part A 

 

Figure 15.15. The 2D RTC of part A 



296     Product Lifecycle Management 

1) Representation of CS-A1 

1 ( , )A dis ed fg=    

2) Equation of feature ed 

 1 2(15.00 0.50) (90.00 1.46) 0y d d− ± − ± =  

3) Equation of feature fg 

1(15.00 0.50) 0y d− ± =    

4) The CS-D&T of CS-A1 

1 2& ( ) (90.00 1.46)CS D T A d− = ±  

The CS-D&T of CS-A2 is calculated in the same way as CS-A1. Detailed steps 
are not given here. The calculation results are listed below: 

1) Representation of CS-A2 

2 ( , )A dis ef hg=  

2) The CS-D&T of CS-A2 

2 10& ( ) (150.00 2.20)CS D T A d− = ±  

As shown from the above results, the calculation results of the RGSA model are 
consistent with our observations.  

– Calculation of the fitting conditions 

The probability distributions of the fitting conditions are obtained through Monte 
Carlo simulation by picking up random CS values according to the calculated 
probability distributions of their CSs. 

1 18(2.87 5.34)FC d= ±  

2 19(6.02 6.11)FC d= ±  
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1 2 1( ) ( )FC CS A CS B= −  

2( )CS A  2 10& ( ) (150.00 2.20)CS D T A d− = ±  

1( )CS B  1 11& ( ) (147.10 3.12)CS D T B d− = ±  

Table 15.1. Calculation of the fitting condition FC1 

2 1 2 1 1 3( )cos ( )sin ( ) ( ) ( )cosFC CS A CS B CS C CS D CS Bθ θ θ= + − − −  

1( )CS A  1 2& ( ) (90.00 1.46)CS D T A d− = ±  

2( )CS B  2 12& ( ) (116.00 1.80)CS D T B d− = ±  

1( )CS C  1 9& ( ) (60.52 1.68)CS D T C d− = ±  

1( )CS D  1 9& ( ) (60.52 1.68)CS D T D d− = ±  

3( )CS B  3 13& ( ) (15.00 0.60)CS D T B d− = ±  

Table 15.2. Calculation of the fitting condition FC 

15.16. Conclusion 

By integrating various D&T elements and dimensioning schemes into the RGSA 
model and analyzing the linear or non-linear representation of the set of independent 
fitting conditions using Monte Carlo simulation or optimization methods, the RGSA 
model was enriched to include two main components of modeling an assembly: a 
complete tolerance stack-up model and a systematic analysis procedure with 
established rules for various D&T specifications. The RGSA model is more 
understandable than before by virtue of using dimensions and tolerances, which are 
elements common to engineering practices, as the sources of engineering variations.  

By applying it to resolving some practical engineering issues, the RGSA model 
has proved to be a reasonable and effective tolerance analysis method. However, a 
comprehensive assembly analysis model should cover various capabilities and 
characteristics of analyzing and improving the design. The RGSA model developed 
above is still a long way from completely realizing its goals. Future refinements and 
enhancements of the model are necessary to extend its applications in engineering 
practices. 
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Chapter 16 

Impact of the Sampling Strategy on 
Geometrical Checking Uncertainties  

16.1. Introduction 

Coordinate measuring machines (CMM) have brought a significant enhancement 
of the industrial geometrical verification process. It has enabled greater access to 
information than is possible with classic metrology. Conversely, results obtained via 
a CMM do not provide values directly corresponding to the ISO or ANSI 
geometrical specifications. The real surface to be verified is composed of infinity 
points which could be considered to be the statistical population to be characterized. 
This set of points contains both information of localization and intrinsic dimension 
of the measured surface. Most of the current geometrical verification methods 
consist of two separated and independent steps. Firstly, an estimation of the real 
surface is performed. Results are provided under the form of a set of values 
representing geometrical parameters of a fitted mean surface. Secondly, an 
estimation of the uncertainties is performed. This calculation enables the 
construction of conformance zones. However, these conformance zones are, most of 
the time, 1D, which is not adapted for 3D geometrical verification. As these two 
steps of the verification are almost independent, this kind of verification process 
does not enable us to control the uncertainty of the verification result. In particular, 
the impact of the probing strategy, which can be defined by the number and the 
repartition of the measured point, cannot be evaluated. In previous series of research 
work [SPR 01], [BAC 04], [MAI 08], a verification method based on virtual gauges, 
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including measurement uncertainties, was proposed. This method uses a statistical 
modeling of real surfaces. This model, called the field of probability of presence of 
the matter (FPPM), enables us to express the probability of any point of the space to 
be located inside the matter. If this point is taken as a given location of the virtual 
gauge, the obtained probability represents the risk of interference between the virtual 
gauge and the real surface. This enables the construction of an interference 
probability map (IPM) risking, under the form of a graphic plot, non-conformity of 
the part. By using this method of geometrical verification, this chapter proposes to 
study, the effect of the sampling strategy on conformity. Research work already 
shows the impact of probing strategy on measurement uncertainties [WEC 05]. 
Supported by two simple cases, an envelope specification and a perpendicularity 
constraint with maximum material requirement modifier will be considered. This 
paper will thus deal with the effect of the number of points and their repartition on 
the verification results. 

16.2. Geometrical verification and virtual gauges 

If the concept of a physical and virtual gauge is still the same, i.e. testing if the 
matter is completely inside/outside a spatial boundary, there are, however, different 
ways to perform it. The first method is to directly check the real part with a material 
gauge. The second method is based on a set of digitized points either tested without 
any kind of best fitting or described by a feature element derived by a best fit 
method. 

16.2.1. Verification by virtual gauge without best fit 

The aim of this method is to find the optimal position of the virtual gauge which 
includes the whole set of digitized points (Figure 16.1). Of course, this position shall 
be in agreement with the degrees of freedom given by the geometrical specifications.  

 

Digitized points Virtual gauge 

Datum reference

di 

Mi 

 

Figure 16.1. Verification of a cloud of points 
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From a mathematical point of view, an algebraic distance di will be calculated 
between each digitized point Mi and the surface of the virtual gauge. The 
conformance test will be to check if all the distances di are positive or negative, i.e. 
if the points are inside or outside the virtual gauge, according to the geometrical 
specifications. The main advantage of this kind of conformance test is to avoid any 
geometrical construction and hence to keep away from uncertainty propagation. 
However this does not account for some statistical experimental perturbations. 

16.2.2. Verification with associated feature 

The principle behind this method is to perform an assembly test between an 
estimated and/or constructed feature and the virtual gauge (Figure 16.2). 

 

Integral associated surface  Virtual gauge 

Datum reference

Feature virtual state  

di 

 

Figure 16.2. Verification with virtual state of the matter 

For that purpose, a surface envelope representing the virtual state of the feature 
is constructed. Its estimation results from the addition of the perpendicularity error, 
and the evaluated dimension of extreme fit. Then, to be accepted, the virtual state 
dimensions must be lower or greater than the virtual gauge dimensions, i.e. it must 
be inside or outside the matter according to the geometrical specifications. 

The virtual gauge could also have a fitting behavior [PAI 97]. In that case, an 
extreme fitting of the whole set of digitized features will be performed in a particular 
order defined by the geometrical specifications. Then the same test as above will be 
applied between the fitter gauge and the limiting gauge obtained from the 
geometrical specifications. 
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16.2.3. Statistical point of view 

All previous kinds of verification do not account for measurement uncertainties, 
but each acquired coordinate is assumed to perfectly describe the real surface. 
Actually, the real surface to be verified is composed of infinity points which could 
be described as a statistical population to be characterized. Hence the acquired 
coordinates are a random sampling of the real points of the tested surfaces, including 
measurement perturbations. The aim of the geometrical verification is thus to 
estimate the probability of the real surface conforming the virtual gauge. In the next 
three sections, a geometrical verification method based on the virtual gauge and 
including uncertainties will be presented. 

16.3. Field of probability of the presence of matter  

The first step of the method used in this paper is the statistical modeling of a real 
surface. There are different sources of uncertainties: geometry and thermal 
expansion compensation errors, form defects not described by the selected surface 
model, sampling strategy, etc. These uncertainties will be propagated when 
estimating the best fitted surface (Figure 16.3). The instrument errors (geometry and 
thermal expansion deviations, etc.) are nevertheless assumed to be completely 
corrected and their uncertainties are neglected. This important point will however be 
treated in future research works.  

 

 

Figure 16.3. Best fit uncertainty effect 

Statistical modeling of a surface does not define a finite best fitted surface, but a 
fuzzy limit of the matter. This model consists of providing a random vector 
describing a set of stochastic variables representing a point, a vector and, if 
necessary, a set of intrinsic geometrical parameters. This enables us to define the 
mean values and uncertainties, of the localization, orientation and dimensions of a 
measured feature. A best fitting of the acquired points provides a mean vector and a 
covariance matrix [SPR 01]. At this time, an iterative non-linear least squares 
optimization method is employed for that purpose. The covariance matrix is 
obtained by a classic propagation of the best fit residues to the estimated random 
vector.  
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H

Virtual gauge surface 

M: point belonging 
virtual gauge 

Mean surface 
dispersion 

Mean surface 

d: algebraic 
distance 

Inside matter Outside matter
 

Figure 16.4. Presence of matter probability 

Our goal is then to calculate the probability of any point M to be located inside 
the matter, i.e. to have a negative algebraic distance. To perform this calculation, all 
the uncertainties integrated in the random vector are propagated to the estimated 
integral surface. For that purpose the projection H of point M, to the mean integral 
surface is first computed. The expression of the algebraic distance between M and 
the best fitted feature is thus easily derived [16.1]: 

SMd HM n= ⋅  [16.1] 

where sn  is the normal vector of the integral surface at point H. The classic 
propagation method is then used to calculate its variance [16.2]: 

( ) ( ) T
M JPCovJdvar ⋅⋅=  [16.2] 

where J represents the Jacobian vector of scalar Md . However, this variance only 
characterizes the variability of the estimated integral surface. To define the 
boundaries of the probed feature, the variance of the acquired points, as defined by 
the mean least squares residues, also has to be added to it [16.3].  

( )2 2
ResiduesGlobal/ S

T
n

J Cov P Jσ σ= ⋅ ⋅ +  [16.3] 

This enables us to calculate the probability prob(M) of any point M to be located 
inside the matter by using a classic integration of a Gaussian law (Figure 16.4). 
Thus, a 3D scalar function prob(M) is built called field of probability of the presence 
of matter (FPPM). 
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16.4. Virtual gauges 

The geometrical product specification (GPS) language is based on the notions of 
tolerance zone and modifiers (maximum material condition (MMC), least material 
condition (LMC), envelop requirement (E), etc.). This enables us to define a set of 
acceptable part geometries. The boundaries of any tolerance zone can be represented 
by elementary virtual gauges. Virtual gauges are the numerical and extended version 
of physical guages. Each elementary gauge, of index i, can be represented by a 
family of seven vectors, named Ei, see equation [16.4].  

{ }1, 2, 3,
T

ii OOi i i ii iE x y z e e e e=  [16.4] 

The first three vectors form the construction basis which will enable us to 
express the link between all elementary gauges. Fourth vector defines the translation 
direction of the gauge. The last three vectors form the local basis which 
characterizes the orientation of the gauge. Figure 16.5 represents two virtual gauge 
systems connected by their construction basis. 

 

e1,1

e2,1

e3,1

C1 

O x 

z 

y 

e1,2

e2,2

e3,2

C2 

 

Figure 16.5. Virtual gauge assembly 

The vector family of an elementary gauge can be efficiently modeled by a Gram 

matrix iG  [CLE 99] defined by the following tensorial product [16.5]: 

T
i i iG E E= ⊗  [16.5] 

Gram matrix iG  is a second order tensor of rank 3 (3D space) and size 7 x 7. 
The construction of the global virtual gauge requires a connection between the 
different elementary entities (Figure 16.5). This condition is realized by imposing 
the equality of the entire construction basis ( )x, y,z . It is performed by a connection 

operator C which represents all connection specifications [16.6]. 
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Tensor ncG  represents the disconnected global virtual gauge, constructed with 
all the (number n) elementary entities. The linear operator C is a matrix of size 7 x n. 

The final Gram matrix fG  represents the global virtual gauge. It is still rank 3, but 
has a size of (7xn)x(7xn). The result of the connection is a global virtual gauge 
given in a specific position. However tolerance zones can have their own degrees of 
freedom (DOF) (Figure 16.6). To model these DOFs, a perturbation operator is 
introduced [SER 05].  

 

 

 

Figure 16.6. DOF of tolerance zones or gauges 

The principle of the perturbation is to express a variation of the vector family 
and thereafter to derive the resulting Gram matrix [16.7]. 
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Matrix Ω represents the variations ΔEi applied to the different vector families Ei. 
Hence the following relation is obtained [16.8]: 
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where E represents the global family of vectors and E’ the perturbed result. 
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The last step of the virtual gauge construction is the expression of its surface 
boundaries. Such surface will be characterized by a parametric equation based on the 
local basis of each elementary virtual gauge. Scanning of the virtual gauge surface is 
possible using curvilinear coordinates of the parametric formulation.  

16.5. Interference probability map 

The virtual gauge has been defined as the boundary of a tolerance zone. It 
represents a volume of 3D space in which the real surface must be found. A part will 
be rejected if an intersection between the real surface and the virtual gauge exists. 
The probability of such an intersection can be represented graphically, at any point 
on the gauge. This is a 2D scalar field (the virtual gauge being a surface) which can 
be presented in the form of an interference probability map (IPM). The FPPM is 
particularly well adapted to virtual gauges. During the checking phase, point M is 
just taken as a given point of the virtual gauge. Then the FPPM enables us to 
calculate the corresponding probability prob(M) (Figure 16.7). This probability 
represents the risk of the selected point M of the virtual gauge to enter the matter, 
i.e. the non-conformance risk at this location. 

 

prob(M)
prob(M)

Real surface 

Mean estimated 

Virtual gauge

Interference Probability Map 

M

 

Figure 16.7. Interference probability map  

This calculation can be done for any point of the virtual gauge elements. A set of 
probabilities is thus calculated which allows the construction of an IPM. 

16.5.1. Geometrical verification process 

The geometrical verification based on virtual gauge and FPPM consists of 
verifying if the whole set of probabilities obtained from points of the virtual gauge 
remains below the risk level fixed by the quality control inspector. To maximize the 
chance of a part conforming, the position of the global virtual gauge which 
minimizes the maximum interference probability must be found. This optimization 
problem corresponds to a Mini Max problem applied to the whole set of interference 
probabilities. 
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16.6. Experiment 

This method has been applied to highlight the impact of two aspects of the 
sampling strategy: the number of probed points and their repartition. In the next two 
subsections, the geometrical verification problem of a bore in a parallelepipe will be 
considered. Firstly the case of an envelope requirement will be studied. The 
considered bore will be measured in three different ways. Then a perpendicularity 
condition will be checked using the three same kind of probing strategy. 

16.6.1. Envelope zone specification 

Figure 16.8 presents the case of a bore geometrically specified by an envelope 
requirement. According to (ISO 8015 - 1985) standards, the principle of envelop 
requirement implies the nominally cylindrical real surface of the bore remaining 
outside a perfect cylinder at the state of maximal material (Figure 16.9). In the case 
under consideration the envelope diameter is 30.93 mm (Figure 16.9). Additionally, 
every distance between two opposite points must be less than the maximum allowed 
distance of 30.97 mm, in our case (ISO 14 660-1). However, our study will just 
focus on the constraint imposed by the envelope zone. 

  

Figure 16.8. Nominal design and geometrical tolerance 

 

30.93 mm 

 

Figure 16.9. Conformance test 

Basically, the virtual gauge will be a perfect cylinder with six degrees of 
freedom. Thus, optimization of the gauge position will be gained on the three 
rotations and the three translations. 
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Figure 16.13. Nominal design and geometrical tolerance 

 

30.93 mm 

 

Figure 16.14. Conformance test 

The surface characterization is achieved with the two previous sets of digitized 
points. The datum reference surface is built on a cloud of 16 points. Although it is 
just a first approach, the uncertainty of this surface is neglected. Using the classic 
least squares and shape defect method the following results are obtained: 

– For 16 points, the measured diameter is 30.987 mm, the shape defect is 
0.021 mm and the perpendicularity defect is 0.029 mm. Hence the diameter of the 
perfect cylinder representing the state of the maximum of matter is 30.937 mm. 
Thus, the part should be accepted and has a clearance of 7 µm. 

– For 32 points, the measured diameter is 30.988 mm, the shape defect is 
0.018 mm and the perpendicularity defect is 0.028 mm. Hence the diameter of the 
perfect cylinder representing the state of the maximum of matter is 30.942 mm. 
Thus, the part should be accepted and has a clearance of 12 µm. 

In the case where the part is characterized from the set of 16 points, the 
following IPM is obtained after optimization (Figure 16.15). 
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This enabled us to adjust the measurement process for critical cases. This method 
has been applied to discussions on the impact of the probing strategy on verification 
uncertainties. A case study of a bore with an envelope requirement and a 
perpendicularity specification with maximum material requirements has been 
considered for that purpose. Two aspects of the probing strategy have been studied. 
Firstly, the repartition of the probed points has been tested when checking the 
envelope requirement. It has shown that a repartition at the edge of the measured 
surface decreases the orientation uncertainty of the best fitted surface. However, this 
kind of strategy should be used carefully. Actually, probing only the edge of a 
surface hides the impact of the form defect. It has also been shown that increasing 
the number of points highly improves the accuracy of measurements. 
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Chapter 17 

Predetermination of Measurement Uncertainty 
in the Application of Computed Tomography   

X-ray computed tomography (CT) is the latest innovation in manufacturing 
metrology as it offers several opportunities which are not possible with conventional 
tactile or optical measurement devices. Due to this fact current research work is 
concerned with the determination of the task-specific measurement uncertainty for 
CT measurements as it is an important parameter describing the quality and the 
reliability of measurement results. In this chapter we present research work focused 
on the determination of influences which can be controlled by the machine operator 
when preparing the measurement data acquisition and evaluation, like the 
magnification of the workpiece, the number of projections taken, the resolution of 
the projections (detector pixel binning) or the used analysis software. After the 
quantification of these influences a task-specific measurement uncertainty budget 
according to GUM has been calculated. These results can either be used to compare 
the user-controllable influence to the influence of the machine components on 
measurement uncertainty or as guidance for the operator to reduce uncertainty in 
preparation for measurements. 

17.1. Introduction 

X-ray CT is a rather new technology in manufacturing metrology, as the first 
devices designed specifically for metrological purposes came to the market after the 
year 2000. Before that time CT scanners for medical purposes had been adopted, 
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especially for non-destructive testing of safety critical components in aviation, i.e. 
rotor or turbine blades. With developments that increased the accuracy of CT 
systems, i.e. developments in X-ray components like X-ray tubes or detectors, the 
use of CT in manufacturing metrology made sense. The incorporation of 
manufacturers known from CMM metrology ensured the traceability of CT systems 
and made the use of CT as a measurement device possible. 

Research work in the field of computed tomography in manufacturing metrology 
is focused on the estimation of the task-specific measurement uncertainty as it is an 
important parameter describing the quality and the reliability of the measurement 
results. Others deal with the qualification of this novel technique in industrial 
applications, like the estimation of the capability of the measurement process or 
device and dealing with mixed material, e.g. for the inspection of multi-material 
workpieces like electronic components [WEC 07]. 

17.2. Prior investigations 

As the CT measurement process is quite complex and therefore difficult to 
model for example, Monte Carlo simulations or analytic calculations, today it is only 
possible to analyze the CT measurement uncertainty with the help of calibrated 
reference workpieces according to GUM. In industrial application this approach is 
best-suited for the determination of the device’s capability which is especially 
important in the approval of testing processes [BAR 08]. 

Past and current research work dealing with the estimation and quantification of 
influences was focused mainly on the modeling of CT components like X-ray 
sources, detectors or the configuration of the measurement device itself. Other 
publications were focused on the influence of the measurement object, e.g. its 
surface roughness and geometry [BAR 04a], [BAR 04b]. 

 

Figure 17.1. Influences on CT measurements 
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When it comes to measurements with today’s modern CT measurement devices 
the user is typically not able to choose the different machine components himself as 
these choices have been made by the manufacturer.  

As a result of this, analysis and understanding of the CT components is vital for 
setting up measurement devices as it has great influences on the possible accuracy 
and measurement uncertainty of the device. So typically the manufacturer tries to 
increase the potential accuracy as much as possible always regarding the desired 
choice of measurement objects, e.g. deciding whether the system is suited for engine 
blocks or small plastic connectors. 

However the operator of the measurement device has no influence on the used 
components like the X-ray tube or detector but nevertheless he has influence on the 
measurement uncertainty of CT measurements. The control software of the CT 
offers several parameters for data acquisition: such as radiation energy, detector 
integration time, magnification, orientation of the measurement object, etc. 

As the choice of these parameters is mainly influenced by the experience of the 
operator, it is important to determine how much he influences the observed 
deviations and as such the measurement uncertainty. This information may even be 
used in the preparation of CT measurements to predetermine the measurement 
uncertainty and the possible accuracy. 

17.3. Measurements of user-controllable influences 

The investigations for this work were focused on the four main influences by the 
user when setting up a CT measurement. These parameters are typically accessible 
in every common user interface of a CT measurement device: 

– number of projections (angle steps); 

– magnification (resulting voxel size); 

– orientation of the workpiece in relation to the X-ray beam and the axis of the 
rotary table; 

– method for threshold estimation (used analysis software tool). 

The number of projections directly influences the necessary measurement time 
and as a result of this industry users try to reduce the amount of projections as much 
as possible to speed up their measurements to generate results quickly and to reduce 
the costs associated with the measurement. Preparatory work showed that the size of 
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the image stack influences the observed deviations, but with more than 800 
projections, the results could only be increased by less than 10%. 

The size of a workpiece influences the maximum possible magnification, 
especially if the operator tries to avoid raster tomography where several image 
stacks representing only parts of the workpiece are combined to a large data set. 
When short measurement times are needed or desired, lower magnifications are 
chosen to image the workpiece entirely on the detector during a single measurement.  

In contrast, raster tomography could increase the accuracy by reducing the voxel 
size but the influence of the accuracy of the machine guidance gets more important. 
The orientation of the measurement object to the rotation axis has influence on the 
length of the way the rays have to pass through the workpiece and the variation of 
this length during the rotation while the object is measured.  

If the length changes significantly, it is possible that in projections with shorter 
lengths the object is outshone, while in projections with greater lengths the X-rays 
parts of the image are too dense and the remaining intensity is too weak for proper 
reconstruction. 

Both situations have to be avoided as the back projection algorithms require well 
exposed projections in all angle positions to prevent artifacts during the 
reconstruction of the volumetric model. As a result of this the operator normally 
tries to position the measurement object so that the length the rays travel through the 
workpiece is equally distributed along the angle positions. Depending on the 
geometry and especially the aspect ration of the measurement object, this problem 
could cause significant trouble, e.g. for the measurement of PCBs or sheet metal 
parts with their typical high aspect ratios. 

The method for surface extraction, which is often called the “threshold 
algorithm”, is known to have significant influence on the observed measurement 
results. If the user has the opportunity to choose between different analysis software, 
the threshold algorithm is typically chosen. 

To represent the extrema of using a simple but less accurate software tool and a 
more complex and more accurate tool, two different threshold strategies have been 
investigated using a global and a local adaptive threshold strategy. The software VG 
Studio MAX 2.0 offers the possibility of using the two different threshold methods 
and was used for these evaluations. 

For these measurements a Werth TomoCheck CT has been used, its parameters 
are listed in Table 17.1. The settings for the parameters orientation of the workpiece 
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and magnification had to be chosen prior to the data acquisition. To compare these 
influences the image stacks have been acquired using parallel and perpendicular 
orientation to the rotation axis with magnification set to single and twice.  

Parameter Value 
Measurement range h=200 mm, d=90 mm 

X-ray source 
microfocus source 
Vmax = 130 kV 
Imax = 300 µA 

Detector 
1024×1024 pixels 
pixel size 50 µm 

Magnification pre-calibrated, 1×-10× 

Manipulator axes 
air beared 
scale resolution 0.1 µm 

Additional sensors for 
multisensor measurements 

Image processing, fiber 
probe, low-force probe, 
Foucault laser 

Table 17.1. Specification of Werth TomoCheck 200 3D 

The measurement parameters X-ray energy, integration time and number of 
projections for averaging (noise reduction) had to be fixed before the data 
acquisition to ensure good contrast in the projections and thus enable the 
reconstruction of the volumetric model. The resulting parameters used for the PVC 
cylinder are shown in Table 17.2. 

Parameter Value 

Acceleration voltage 90 kV 

Current 200 µA 

Detector integration time 250 ms 

Averaging of projections 2 

Number of projections 1600 

Table 17.2. Measurement parameters for PVC workpiece 
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These parameter settings represent typical values for the industrial use of CT, 
especially regarding the measurement time. The observed deviations could be 
reduced, e.g. by raising the number of projections taken for averaging, but this 
would also increase the necessary measurement time and thus the trade-off has to be 
made. For all measurements the maximum possible amount of projections (angle 
positions) was chosen, the image stack was thinned out after the acquisition and the 
resulting image stacks consisting of 1,600 or 400 projections were reconstructed to 
estimate the influence of the size of the image stack. 

The next step was the reconstruction of the image stacks using the reconstruction 
software of the measurement device which is based on the implementation of the 
filtered backprojection algorithm by the Fraunhofer EZRT. The evaluation of the 
volumetric data sets was done using VG Studio MAX 2.0 as it allows the 
comparison of surface extraction with global and local threshold algorithms. 

Simple hollow cylinders made of different materials were used as measurement 
objects. To represent a variety of materials, typical for the application of the used 
CT, cylinders made of aluminum, PMMA and PVC have been measured. With a 
height of 10 mm and a diameter of about 15 mm, it is possible to measure them with 
different magnifications without using raster tomography. These objects can be 
measured without using the maximum possible X-ray tube power. This limits the 
size of the focal spot and limits the measurement uncertainty caused by the X-ray 
source to a few microns. 

In order to compare the CT measurement results to the real diameter of the 
cylinders, reference measurements of the workpieces have been carried out using a 
tactile CMM Zeiss UPMC 1200 Carat. These results were used to calculate the 
deviations of the CT measurements without taking care of the deviations of the 
manufacturing process. For the tactile measurements three sections at both the inner 
and outer cylinder have been scanned using a tip of 1.000 mm radius. The diameters 
of the resulting cylinders fitted in the tactile points cloud consisting of 10,000 
points, are shown in Table 17.3. 

Material of 
workpiece 

Diameter in mm 

outer inner 

Aluminum 14.9630 10.2516 

PMMA 15.0169 10.0860 

PVC 14.9879 10.0170 

Table 17.3. Reference values of cylinder diameters 
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An experimental design has been setup to facilitate the evaluation of the 
measured deviations of the cylinders’ diameters. The following factors and their 
corresponding two settings (-/+) for each parameter are listed in Table 17.4. 

 
Chosen settings 

factor - + 

magnification 1× 2× 

orientation parallel to rotation 
axis 

perpendicular to 
rotation axis 

number of 
projections 400 1,600 

threshold method global local adaptive 

Table 17.4. Factor settings for evaluation of measurements 

17.4. Estimation of influences 

With the help of VG Studio MAX 2.0 the inner and outer diameters of the 
cylinders in the different volumetric models has been evaluated. Based on eight 
manually chosen points on the surface, a curvature-based algorithm extracted 1,000 
points from the CT points cloud and fitted a cylinder into these points using a 
Gaussian best-fit algorithm. The resulting diameters have been compared to the 
reference values to determine the deviation of the CT measurement process. 

The result of the evaluation process is shown in Figure 17.2 which illustrates the 
calculated effects of the different factor settings for the estimation of the outer 
cylinder. It is obvious that the threshold algorithm is the most important influence on 
the operator controls.  

Although a global threshold extraction is quick and simple, it is far less accurate 
than the local adaptive method. In order to reduce the measurement uncertainty and 
increase the accuracy of the measurements, software using local surface extraction 
should always be preferred. 
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Figure 17.2. Effect diagram of the outer diameter of the hollow PVC cylinder  

Further investigations could compare different software tools with different local 
threshold algorithms (edge finder) to analyze their influence in detail. The next 
important factor is the magnification of the measurement object. It has only about 
1/10 the effect of the threshold, but as it influences the resulting voxel size (which is 
related to the resolution of the measurement), it influences the accuracy as well. 
Further examinations should point out, how far the deviations could be reduced by 
using even higher magnifications and how raster tomography influences the gain in 
accuracy. In practice the operator should at least try to choose as high a 
magnification as possible, although the size of the measurement object sets the limit. 

The influence of the orientation of the workpiece is much less than expected. It 
seems that for simple geometries, like the hollow cylinder, the influence is not as 
important as for real complex shaped workpieces. Further studies have to be done 
using real workpieces like plastic connectors towards a more accurate estimation of 
this influence. 

The number of projections is the least important influence factor in this 
examination. The assumption based on practical experience and preparatory work 
was proofed, it is sufficient to use 400-800 projections for accurate reconstruction of 
the measurement object. Measurement time can be saved here which reduces the 
costs involved, the time could better be used for the extraction of the surface using 
local threshold algorithms. 

Figure 17.3 shows the effect diagram for the measurement of the diameter of the 
inner cylinder which is quite the opposite to Figure 17.2. The measurement strategy 
was the same as for the outer diameter.  
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Figure 17.3. Effect diagram of inner diameter of the hollow cylinder made of PVC 

This symmetrical behavior can be explained with threshold caused deviations. If 
the outer diameters are measured as large, the threshold is chosen as low and such 
the workpiece seems to consist of more material. In contrast a thicker workpiece due 
to too low a threshold leads to smaller inner diameters which can be seen in Figure 
17.3. Comparing the two figures we can guess that there are some systematic 
deviations in the process chain which cause the described effect. 

Figure 17.3 also shows that the measurement deviations can be reduced to a few 
microns only by using local threshold, a proper orientation of the workpiece in the 
X-ray beam and as high a magnification as possible. The number of projections here 
again has much less influence and should be chosen to reduce the necessary 
measurement time. 

17.5. Calculation of the task-specific measurement uncertainty according to 
GUM 

Using the measurement results described above, the user-influenced uncertainty 
budget for the measurement of the inner and outer cylinder was calculated. The 
procedure for the determination of the measurement uncertainty according to GUM 
is shown in Figure 17.4. 

The formulation of the measurement process, the examined input quantities and 
the measurement task has already been described above. The next step is the 
modeling of the measurement process. As the CT measurement process is quite 
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For the four influences regarded here the model equation of the measurement 
process after inversion of the cause-and-effect-chain results in equation [17.3]. This 
formula was used to calculate the task-specific measurement uncertainty budget 
here. 

PrIND Mag Thres oj OrientY Y X X X X= − − − −  [17.3] 

with 

XMag: influence of magnification; 

XThres: influence of threshold algorithm; 

XProj: influence of number of projections; 

XOrient: influence of orientation of the workpiece. 

The four input quantities have been modeled using the parameters in Table 17.5. 
As all values have been gained by measurements the PDF is always Gaussian. 

Quantity 
Expected 
value xi 
in mm 

Uncertainty 
uxi 

in mm 
PDF 

Magnification of 
workpiece -0.017 8.73×10-3 Gaussian 

Threshold 
algorithm -0.050 0,026 Gaussian 

Number of 
Projections 200×10-6 103×10-6 Gaussian 

Orientation of 
workpiece 4.90×10-3 2.53×10-3 Gaussian 

Table 17.5. Propagation of observed input quantities 

A software tool (GUM Workbench) was afterwards used to calculate the 
measurement uncertainty budget and to indicate the entire measurement result. The 
resulting budget consists of the following quantities and their proportions are shown 
in Table 17.6. 
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Quantity Uncertainty contribution
in mm Index 

Magnification of 
workpiece -8,7×10-3 10.2% 

Threshold 
algorithm -0,026 89.0% 

Number of 
Projections -100×10-6 > 0.1% 

Orientation of 
workpiece -2.5×10-3 0.9% 

Table 17.6. Contributions to the uncertainty budget for the measurement of the outer cylinder 

With an average measured diameter for the outer cylinder of 14.988 mm the 
entire measurement result can be expressed by equation [17.4]: 

15.050 0.055 ( 2)pY mm mm k= ± =  [17.4] 

As all influences have been estimated using measurements, the coverage factor 
has been set to two. From this result it can be seen that the uncertainty is about twice 
the voxel size and mainly influenced by the threshold algorithm of the measurement 
software. 

The uncertainty budget was also calculated for the estimation of the inner 
cylinder of the workpiece. The following table lists the four quantities and their 
contribution to uncertainty. 

Quantity Uncertainty contribution
in mm Index 

Magnification 
of workpiece 9.2×10-3 15.2% 

Threshold 
algorithm -0,017 51.7% 

Number of 
Projections -540×10-6 0.0% 

Orientation of 
workpiece -0.014 33.1% 

Table 17.7. Contributions to uncertainty budget for the measurement of the inner cylinder 
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With an average measurement value of 10.017 mm for the diameter of the inner 
cylinder the entire measurement result can be expressed by equation [17.5]: 

9.992 0.05 ( 2)pY mm mm k= ± =  [17.5] 

It can be seen that the measurement uncertainty is – as expected – in the same 
range as for the estimation of the outer cylinder. To sum up the assessment of the 
measurement uncertainty of simple measurement tasks, it can be seen that the user 
has great influence in the observed measurement deviations. The most important 
choice the user influences is the evaluation software as its surface extraction 
algorithms are very important for the accuracy and thus the uncertainty of the 
measurement task.  

The next two important influences are the magnification and the number of 
projections taken. The magnification should be as high as possible such that the 
measurement object fits to the detector size and preferably a large area of it is used. 
The number of projections can be limited to 400-800 as greater values have no 
significant influence on the accuracy of the measurements but do influence the 
measurement time needed. The orientation of the workpiece was not as important as 
expected probably due to the simple geometry of the hollow cylinder. In practice 
this factor should have more influence, especially with complex shaped workpieces 
like plastic connectors used in automotives. Further investigations with real 
workpieces are needed for the clarification of the amount of this influence. 

17.6. Summary 

Past and current research work focused on the estimation and quantification of 
influences was focused on the modeling of CT components like X-ray sources, 
detectors, the configuration of the measurement device itself or the estimation of the 
influence of the workpiece properties like roughness or geometry. 

In this chapter the estimation of user- and pre-controllable influences was 
demonstrated by the assessment of four quantities: magnification, orientation of the 
workpiece, threshold algorithm and the number of projections taken. These results 
will now be used during the preparation of measurements to increase the accuracy 
by reducing the measurement uncertainty prior to the data acquisition. Together with 
the results from future investigations an assistance system will support the operator 
with the CT measurements. 

In order to get a better knowledge of the CT measurement process and to be able 
to indicate the measurement uncertainty in detail, the published results should be 
combined and used to model the CT process chain. As the estimation of some 
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influences is still complicated, modern simulation tools could help with the 
determination of the input quantities and the calculation of the resulting 
measurement uncertainty. 

17.7. Acknowledgments 

The underlying research is gratefully founded by the German Research 
Foundation (DFG) as part of the collaborative research center 694 “Integration of 
Electronic Components into Mobile Systems”. 

17.8. Bibliography 

[BAR 04a] BARTSCHER, M., FIEDLER, D., SAEWERT, H.-C., “Dimensional measurement 
deviation of an industrial 2D CT scanner: Influence of work piece roughness”, DACH 
Tagung, Vol. 17, 19 May 2004, Salzburg, Austria, 2004.  

[BAR 04b] BARTSCHER, M., FIEDLER, D., SAEWERT, H.-C., WÄLDELE, F., “Dimensional 
measurement deviation of an industrial 2D CT scanner: Influence of work piece 
geometry”, Conference “Sensoren und Messsysteme”, VDI-Berichte 1829, Ludwigsburg, 
Germany, p. 583-593, 2004. 

[BAR 08] BARTSCHER, M., HILPERT, U., FIEDLER, D., “Determination of the Measurement 
Uncertainty of Computed Tomography Measurements using a Cylinder Head as an 
example”, tm – Technisches Messen, Vol. 75, No. 3, p. 178-186, 2008. 

[WEC 07] WECKENMANN, A., KRÄMER, P., HOFFMANN, J., “Manufacturing metrology – state 
of the art and prospects”, Proceedings of the 9th International Symposium on 
Measurement and Quality Control (ISMQC), Chennai, India, p. 1-8, 2007. 

 



Chapter 18 

Application of Function Oriented Parameters 
for Areal Measurements in Surface 

Engineering  

18.1. Introduction 

Many engineering surfaces are manufactured to have functional properties such 
as bearing, sealing or to have high fluid retention capabilities. According to the 
requirements of the engineering application, a functional surface has to have some 
specific topographic features that are beneficial to the application [STO 93]. 
Furthermore in some applications of micro and nanotechnologies, surfaces are not 
manufactured to have a specific task but it is seen that, they play important roles in 
the development of new products. For example, high power density CPU (central 
power unit) chips of new computers need greater cooling capacity, which can be 
realized by micro-channel cooling techniques. Advances come from the increased 
convection heat transfer coefficients in the small flow channels as well as a higher 
surface to volume ratio [ROS 02]. Additionally, the important role of wall roughness 
in affecting the heat transfer in the micro-channel has been reported in many studies 
[ROS 02, GUO 03, KO 07]. Examples can be extended but it is clear that 
information from surface analysis is important to improve the functional surface 
behavior under any engineering application.  

If understanding the importance of surface is the first step, then characterizing it 
should be the second step. Thanks to the latest developments in measurement 
techniques, there are now many tools to characterize these surfaces. Information 
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from these measurements could only lead to desired characterization if the technical 
function of the product surface is clearly understood. Only in this way, could applied 
parameters be task related and be able to characterize the functional task. Otherwise 
there would be many parameters which are unhelpful in describing the way a 
product would perform against a given functional task. This problem is summarized 
very well by Whitehouse and is called “parameter rash” [WHI 82]. The core aim of 
surface characterization should be finding a relationship between parameters to be 
measured and the task of the product surface. 

18.2. Surface measurements 

A basic task for surface measurements is to characterize an unknown object to 
obtain information about its shape and texture. Characterization of technical surfaces 
is mostly done by 2D and also 3D measurement techniques and the information 
from measurements is used to make different decisions. In order to make correct 
decisions, it is helpful to get more information about the surface. From this point of 
view, it is clear that the more data present, the better the evaluation. Due to the fact 
that 3D measurement results provide more information than 2D measurement 
results, they are more reliable and more representative. Another advantage of 3D 
measurements is their ability to better visualize the surface. Both of these 
advantages are shown in Figure 18.1.  

 

Figure 18.1. a) Profile and a photo simulation of a ground surface;  b) profile and a photo 
simulation of a turned surface 

a) 

b) 
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2D data and photo simulations from 3D data of a ground and turned surface are 
shown in Figure 18.1. Although the profiles of surfaces seem very similar to each 
other, their photo simulations look different. It is impossible to predict the real 
surface just by looking at a 2D profile. Additionally, volumetric information of the 
surface is also available in 3D measurement data. As an example, specifications of 
material volume or void volume could be used to predict functional properties like 
fluid retention or running-in. In many cases a full understanding of the connection 
between surface topography and functional performance can only be realized if a 3D 
approach to surface characterization is utilized. Because of this a significant effort 
has been made by a European consortium in order to lay down a basis for a unified 
approach to 3D surface finish assessment. The result of this work was reported in 
[STO 93]. Although there are many 3D parameters, only some of the functional 
parameters are mentioned in the following sections. 

18.3. Functional parameters 

For many applications (friction, lubrication, coating, spreading etc.), in which 
mechanical parts are in contact with another material, the functional characterization 
of the surface is very important. Depending on the specific functional application, 
surfaces have to fulfill some functional requirements and these requirements can be 
characterized with some functional parameters. An overview of some important 2D 
and 3D functional parameters which depend on the Abbott-Firestone curve is shown 
in the following. 

18.3.1. 2D functional parameters from ISO 13565-2 [ISO 96] 

Parameters from the Abbott-Firestone curve, which are defined in DIN EN ISO 
13565-2, are used to characterize different functional properties in relation to their 
mechanical resistance. An overview of these Rk parameters (Rk, Rpk, Rvk, Mr1 and 
Mr2) can be seen in Figure 18.2. 

 

Figure 18.2. Characteristics of Abbott curve [ISO 96]   
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The material ratio curve can be divided into three main regions. The core 
roughness depth (1), Rk is the height of the core material. In this region, the change 
of the slope of the tangencies is slow and the increase in material is large. 
Mechanical load capacity and the mechanical resistance of the materials can be 
characterized by this region. Smaller Rk values indicate higher mechanical load 
capacities. 

– The parameters Mr1 and Mr2 (in percentage) limit the area where the highest 
increase of material of the surface topography is found. In other words, core 
roughness depth is defined with Mr1 and Mr2 values.  

– The reduced peak height (2), Rpk shows the height of the profile peak which 
stays above the core region. Running-in characteristics of the surfaces can be 
characterized with this parameter. In order to get a bearing process, a short running-
in time is advantageous and good running-in properties are denoted by small Rpk 
values.  

– The reduced valley depth (3), Rvk is the depth of the profile valley which is 
extended into the core region. For the acceptance of lubricant in a surface, which has 
the structure of a “plateau”, a high Rvk value is desired. 

18.3.2. 3D functional parameters 

The results of 2D measurements give enough information if the surface 
structures have a defined direction or an isotropic stochastic character [WIL 03]. 
Since in most cases technical surfaces do not have an isotropic characteristic, 
application of the “areal material ratio curve” is more useful for many cases. As 
described in [STO 93], functional characterization of the Abbott curve can be 
extended to the characterization of 3D surfaces.  

Similar to a 2D curve, the areal material ratio curve is constructed from the 
highest peak of the topography to the deepest valley. The additional letter “S” given 
at parameters indicates that it is a surface parameter. The most important difference 
from the 2D parameters is that, the areal material ratio curve is calculated for a 
complete topography measurement. It should also be noted that SMr1 and SMr2 are 
not determined automatically, but they can be set by the user. The determination of 
these values results either from constructional design or they are identified by 
analysis. This free selection of SMr1 and SMr2 makes it possible to choose 
independent tolerances for the peak height, the core roughness depth and the valley 
depth so that changes in the peak and core areas (e.g. mechanical wear) do not have 
any effects on the valley areas. It should also be noted that the choice of these values 
is very important to obtain a function related to results from different surfaces. 
These parameters are also specified in [ISO 10]. 
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18.4. Characterization of the whole application 

Although there are many functional parameters, it is not easy to predict the 
surface behavior in real engineering applications. The easiest way to investigate 
´how a surface behaves under certain conditions is to create a setup for an 
engineering application and to observe the surface. As an example from [WHI 94], 
if any part has to have some frictional properties at a certain condition, then the test 
to be applied should be a friction test at a given load and speed. Because of the fact 
that, this test should have to be repeated for different cases, applications of 
functional tests are not only possible for every condition but also non-economical. 
Indirect tests could be seen as an alternative to direct tests. 

The main idea in indirect tests is to build up a relationship between technical 
function and the surface. By means of this relationship, functional behavior of the 
surface can be predicted from surface information. In order to find out or to choose 
the most suitable surface parameters to describe the functional behavior, the whole 
application has to be investigated and the interactions between system parameters 
have to be well understood. In order to achieve this, a concept with six steps is 
proposed to give an overview for characterizing technical surfaces with functional 
parameters. 

In the first step, all available information about the technical function has to be 
systematically collected. The goal of this step is gathering factors which have an 
influence on the system performance. System behavior under different operating 
conditions with specified influencing factors should be modeled in the second step. 
In this step, it is crucial to perform a literature survey to find out possible relations. 
In the third step, information about the behavior of the system has to be collected. 
This can either be achieved by functional tests or with some simulations. 
Identification of requirements on the surface is the aim of the next step. 

For some applications, the surface needs to have rough characteristics (like 
friction enhancement) and for other applications, smooth surfaces are preferred (like 
gliding). Information from the literature and observations from the investigations 
could be used during this stage. Instruments which are applied to get surface data 
must be chosen properly, in the fourth step. In particular, resolution capacities of the 
instruments should be well understood. 

Finally, in the last step, based on the information from previous stages, 
functional parameters have to be defined or chosen from available parameters.  
Task-related performance of functional surfaces can only be evaluated with correctly 
chosen or precisely applied functional topographical parameters.  
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where gs,γ , ls ,γ  and gl ,γ are interfacial tensions of solid-gas, solid-liquid and 

liquid-gas, respectively. The contact angle is denoted by Θ .  

 

Figure 18.4. A wetting system 

Due to the fact that Young’s equation is valid for perfectly smooth surfaces, it 
cannot be directly applied to rough surfaces. In wetting phenomena, Wenzel [WEN 
36] related the effect of topography of a rough but chemically homogeneous surface 
to the contact angle of an ideally smooth surface, using equation [18.2]. 

Θ=Θ cos.cos rapp   [18.2] 

where appΘ  is the apparent contact angle (experimentally accessible angle) and Θ  

is the Young’s contact angle (the angle related to the solid surface energy observed 
on a smooth surface) and r  is called a roughness factor and represents the ratio of 
the average area of the interface actually attached to its projected part. Another 
factor which can be important for this specific case study is the lateral capillary 
forces acting on the liquid. These forces provide the driving force for the transport 
of liquids through the valleys on the surface.  

From the model of the wetting process, it is clear that surface topography has an 
important role and in the following steps we try to characterize it with functional 
parameters.  

18.5.3. Step 3: application of a functional test 

Manufacturing of technical surfaces 

In order to investigate the significance of proposed parameters, an experimental 
investigation has been performed. Three steel surfaces with different roughness 
values have been manufactured as seen in Figure 18.5a-c. 
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Experiments with spreading behavior 

Spreading behavior of a liquid (in this case pure water), with the help of a micro-
syringe, has been analyzed. Controlled volume water droplets are given at well 
defined positions and later the same regions are evaluated by the measurement 
instrument. Improvement of the wetted area of water droplets is used to compare 
different cases. Images of these wetted areas, which are acquired by the coordinate 
measuring machine Werth Video-check IP 250, are seen in Figure 18.6.  

 

Figure 18.6. Droplet images acquired by camera system 

Areas of images for each surface have been evaluated and the improvement of 
the wetted areas can be seen in Table 18.1.  

 Calculated wetted areas in mm2 on 

Surface 1 Surface 2 Surface 3 

at 0.4 µl 5.58 5.82 6.65 

at 0.8 µl 8.91 9.06 10.12 

at 1.2 µl 11.68 11.84 14.58 

at 1.6 µl 14.30 14.63 16.18 

Table 18.1. Improvement of wetted areas for each surface 

As seen in Table 18.1, the largest wetted area for a certain liquid volume is 
always observed on surface 3. This may be explained not only by the roughness 
character of the surface but also by the lateral capillary forces which act in the 
direction of manufactured grooves. 
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In order to compare the spreading of liquid on the different surfaces, an 
additional parameter Av is defined as, wetted area per unit liquid volume. Calculated 
values are seen in Table 18.2. High Av values of surface 3 show the high spreading 
ability of liquid on this surface. 

Surfaces Av in mm2/µl 
1 7.23 
2 7.31 
3 8.26 

Table 18.2. Wetted area per unit volume (Av) for each surface 

Another important observation during the experiments is the directional 
dependence of spreading. Additional to the total area, improvement of each droplet 
has also been evaluated in X and Y directions. As seen in Figure 18.7, spreading 
behavior in X and Y directions are different from each other. Although there is not a 
great difference in the X direction, spreading of liquid on surface 3 in the Y 
direction is much more than the other ones. These results show the need to 
characterize the anisotropic structure of the surfaces. 

 

Figure 18.7. Improvement of spreading in a) X and b) in Y directions 
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The experiments showed that the spreading behavior of liquid strongly depends 
on the roughness and texture of metal surfaces. Capillary channeling along 
manufactured grooves affected the spreading and wetting behavior of liquid on 
metal surfaces. 

18.5.4. Step 4: surface requirements 

In this case study, due to the anisotropic structures of the shaped surfaces, 2D 
measurements of the surfaces would give different results according to the 
measurement direction. Because of this, the degree of anisotropy should also be 
characterized. It is also obvious that, the spreading of the liquid takes place on the 
whole surface of the metal, so it is not enough to evaluate only the projected area. 
Peaks and valleys of the surfaces have to be considered. As seen in experiments, 
void volumes of the manufactured grooves maintain the required space for the liquid 
to spread on the surface. On the other hand, asperities of these grooves can be seen 
as resistance to spreading out. Additionally, valleys where the retention of liquid 
takes place have to be characterized.  

18.5.5. Step 5: measurement system 

Areal investigations of the surfaces have been performed by a white light 
interferometer (Taylor Hobson Talysurf CCI 1000) with the following 
specifications.  

Measurement Range  
(X x Y x Z) 

1,800 x 1,800 x 400   
(µm x µm x µm) 

Number of data points 1,024 x 1,024 

Vertical resolution 0.01 nm 

Lateral resolution 1.76 µm 

Working distance 7.4 mm 

Numerical aperture 0.3 

Table 18.3. Specifications of white light interferometer 

Note that, independent from manufacturer specifications, with additional 
measurements the actual resolution capacities of the instrument have to be 
investigated.  
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18.5.6. Step 6: functional parameters 

In most cases more than one parameter is needed to describe the surface so that 
throughout the characterization of the spreading behavior of liquids on metal 
surfaces, not only two important parameters from “surface material curve”, namely 
Spk and Svk, but also the valley fluid retention index Svi are used to describe the 
topography. The parameter Spk indicates the material which stays above the core 
area. It can be used to describe the running-in and wear characteristics of the surface 
[ISO 96]. The parameter Svk indicates the volume which is extended into the 
material and describes characteristics of surfaces like fluid retention properties. 
Another important surface parameter is the valley fluid retention index Svi. This is 
the ratio of the void volume of the unit sampling area at the valley zone over the 
RMS deviation and a larger Svi indicates good fluid retention in the valley zone. In 
order to indicate the surface isotropy, texture aspect ratio Str is used. By definition it 
has a value between 0 and 1. If the value is close to 1, the surface is said to be 
isotropic, i.e. has the same characteristics in all directions. If the value is close to 0, 
the surface is anisotropic, i.e. has an oriented and/or periodical structure.  

Calculation of the surface parameters 

Surface data of regions where the spreading takes place are acquired using the 
measurement instrument WLI. After having filled the non-measured points, the 
indexes mentioned have been calculated. As seen from the calculated parameters in 
Table 18.4, Svi shows that the fluid retention ability of the surface in valley regions is 
largest for surface 1. 

 Svi Spk, µm Svk, µm Str 

Surface 1 0.12 0.39 0.50 0.09 

Surface 2 0.09 6.36 3.23 0.11 

Surface 3 0.05 16.5 5.76 0.12 

Table 18.4. Calculated surface parameters 

This could be used to explain the smaller Av values measured for surface 1. 
Calculated Spk values explain the largest resistance of surface 3 against the spreading 
of liquid in directions perpendicular to manufactured grooves. Parameter Svk 
indicates that the volume extended into the material has the larger values at surface 
3. Smaller Str values of the surfaces indicate the anisotropic structure of the surface. 
Although it is not the aim of this case study, based on experimental results with 
different surfaces a correlation study can be performed. 
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18.6. Conclusions 

Developments in manufacturing techniques make it possible to produce technical 
surfaces with defined micro-structured properties. Only when the information from 
the surface topography measurement is related to the engineering application, is it 
possible to make a statement about the task-related performance of the surface. This 
can be achieved by the functional characterization of the surfaces. In this chapter, 
firstly the importance of areal information in the analysis of functional performance 
is discussed with a comparison to information from a 2D profile. Some of the 
problems encountered during the evaluation of 2D profiles are shown. Additionally 
2D parameters from the Abbott curve, which are defined in ISO 13565-2, are 
compared to their 3D counterparts. Finally a concept is proposed to choose or to 
define functional parameters for a specific task. The aim of this concept is to set up a 
relationship between these parameters and the other system factors for a certain task 
in order to improve the long term functional properties during the whole product life 
cycle. Applicability of this concept has been shown with the example, spreading of 
liquids on metal surfaces. The calculated functional surface parameters showed good 
description abilities for the experimental observations and it is necessary to perform 
a correlation study with additional experiments. 
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Chapter 19 

Validation of a Reception or Production 
Control Process by the Inertial Indicator IG1 

19.1. Introduction 

Ensuring adequate gauge capability is an important aspect of quality. The 
measurement variability is a component of the observed variability of a 
characteristic. The gauge precision has an impact on the good knowledge of the 
process capability and on the conformity decision for a part [POU 07]. The 
automotive industry [AIA 02, CNO 91] proposes standards for the determination of 
gauge capability and the acceptation of a measurement process. The first standard 
[AIA 02] separates the notion of reproducibility and repeatability (R&R), from the 
measurement accuracy (bias, linearity, stability). However, the second standard 
[CNO 91] takes into account the repeatability and the accuracy, but not the 
reproducibility. Erner [ERN 06] shows the limitations of the R&R analysis and 
Wheeler [WHE 89] introduces the ndc ratio in order to compare the production 
variance and the gauge variance. 

The reproducibility and the accuracy of a gauge are traditionally studied 
separately. However both these notions are not really independent! It is obvious that 
a good accuracy allows us to accept a precision of the instrument which is worse 
than in the case of limit accuracy. The originality of the gauge capability index 
presented in this paper is to integrate the same calculation into the repeatability, 
reproducibility and the accuracy. 
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19.2. Comparison of the “production controls” and “reception controls” 
approaches 

The process of control is generally validated using an indicator comparing its 
“performance” to the tolerance given by the customer [19.1]: 

Tolerance
ePerformancIndicator =  [19.1] 

In the case of a single reception control, this approach is justified. On the other 
hand, if the aim of the control process is to allow the piloting of a production 
process (able, without excess), it is necessary to compare the respective 
performances of these two processes. MSA [AIA 02, WHE 89] developed this 
concept by reusing an ndc (Number of Distinct Categories) indicator defined by: 

GRR

PVndc
σ
σ.2=  [19.2] 

– σPV is an indicator of the variability of the production process (part variation); 

– σGRR is an indicator of the reproducibility of the gauge process, highlighting the 
influence of the equipment and the operators [SWE 07]. 

These different processes are respectively validated by a set of indicators (Cp 
then ndc): 

 

Figure 19.1. To integrate a reception or production control process 
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If, for the choice of the production means, we retain, for example, an indicator 
Cp which must be higher than or equal to 4/3, that gives: 

3
4

6
≥

⋅
=

PV

CustomerTolCp
σ

 [19.3] 

which gives: 

8
Customer

PV
Tol

≤σ  [19.4] 

If we retain an indicator “ndc”, equal to or higher than 5 [AIA 02], [19.2] gives: 

PVGRR σσ ⋅≤
5
2  [19.5] 

While combining [19.4] and [19.5], we obtain a threshold value which can be 
used directly [MAJ 06]: 

2840
2 Customer

CustomerGRR
TolTol ≈⋅≤σ  [19.6] 

This inequality is to be compared with the rule of thumb of 1/10: 

%106% ≤⋅=
Customer

GRR
Tol

RR σ  [19.7] 

That is: 

60
Customer

GRR
Tol≤σ  [19.8] 

We prefer to observe the less restrictive rule [19.6], by adding the concept of 
accuracy simultaneously. 

Some companies use the capability index Cpc  

GRR

CustomerTolCpc
σ6

≤  [19.9] 
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19.3. Production bias and measure bias 

The batch of parts provided to the customer is characterized by its standard 
deviation (indicator σPV) and by a bias compared to the target, noted δP. In fact, the 
estimate of these two indicators is disturbed by the control process involving a 
parasitic variation and bias. This total identification of quality is quantified by: 

GPT

GRRPVTV

δδδ
σσσ

+=

+= 22
  [19.10] 

Industrially, the “measurement process spread” aspect is well integrated. On the 
other hand, the estimate of bias, requiring the use of standards, is often ignored. The 
concept of inertial tolerance, will allow us to use a systematic analysis treating these 
two components simultaneously. Relative compensations will be allowed. 

19.4. Inertial capability 

Inertial tolerancing [PIL 04] checks that a Y characteristic (for a batch of k 
products) presents an acceptable spread and an acceptable bias. Residual spread and 
bias compared to the target can be represented as the components of a pseudo vector 
[BOY 91] [CHA 96] [KHO 05]: 

P

PV
δ
σ

PI  [19.11] 

Compensations between spread and bias are authorized on the Y characteristic. 
For example a weak spread σGRR makes it possible to accept a residual bias δP 
compared to the target Y0. 

The magnitude 
2

 applied to IP, gives the compensation formula. 

This magnitude will be noted IP. Conformity for the Y characteristic will be 
validated if: 

MaxPPVP II ≤+= 22 δσ  [19.12] 

Maximum inertia will be deduced from the traditional tolerance by: 

6
Customer

Max
TolI =  [19.13] 
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The customer can decide to allot a specific inertia which the manufacturer will 
have to respect [ADR 07]. 

 

Figure 19.2. Example of link between σPV and δP 

By analogy with the indicator Cp, it is possible to define a new capability index 
[PIL 04]: 

mini22
Cpi

I
IICpi

P

Max

PPV

Max ≥=
+

=
δσ

  [19.14] 

This calculation remains theoretical. Actually, uncertainties and bias of 
measurement come and disturb this calculation: 

22
TTV

Max
Obs

ICpi
δσ +

=  [19.15] 

19.5. Inertia of the control process and inertia of the production process 

Total vector inertia IT is the combination of the vector inertia of production IP 
and the vector inertia of control IG. 

P

PV
δ
σ

PI     and       
G

GRR
δ

σ
GI  [19.16] 

19.5.1. Law of composition 

The total of vector inertias is provided using an internal law of composition: 

GPT III ⊕=  [19.17] 
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This gives the following formulae for the components: 

GPT

GRRPVT
δδδ
σσσ

+=
+= 22

TI  [19.18] 

Resulting inertia (magnitude) is equal to: 

( ) ( )222
GPGRRPVTI δδσσ +++=  

( ) GPGPT III δδ ⋅⋅++= 222  [19.19] 

19.5.2. Disturbances due to bias 

Equation [19.19] cannot be reduced to a quadratic sum: 

∑=
i

iT II 22  [19.20] 

We will write [19.18], in the form: 

( ) GGTGPT III δδδ ⋅−⋅++= 2222  [19.21] 

– δG, bias of the control process will be estimated using a sample of comparisons 
with a standard value close to the dimensions of the parts in production. 

– δP, bias of production, is not directly estimated. A log book of the production 
(standard “Statistical Process Control”) gives us total bias δT. 

– We replace δP by δT -δG. 

19.5.3. Definition of the inertial “ndc” 

Origin of the “ndc” 

On the basis of the idea that variation of the control process intervenes in total 
variability, we define a factor of discrimination DR [WHE 89] as: 
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 [19.22] 

According to the importance of the percentage of variability due to the control 
process, the ratio DR can vary from one to infinity. 

Proposal of an “inertial ndc: ndcI” 
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As δP is measured indirectly, we will retain the following practical formula: 

( ) GGTG

P
I

I

Indc
δδδ ⋅−⋅+

⋅=
2

2
2

 [19.24] 

By piloting the production, we can make the bias δP tend towards 0. The 
indicator ndcI has the following limit: 

G

P
I I

Indc
P

⋅⎯⎯⎯ →⎯
→

2
0δ  [19.25] 

G

P
I I

I
ndc ⋅= 2limit  [19.26] 
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It is necessary to choose a control process whose value IG, relative to the 
production inertia IP, complies with the following rule: 

P
I

G I
ndc

I ⋅≤
limit
2  [19.27] 

– IG  is determined by: 

- a study of “repeatability – reproducibility” giving σGRR [AIA 02], 

- a study of the measurement bias giving the estimate δG. 

– IP is obtained indirectly by comparison with the total inertia IT, which is 
determined starting from an SPC analysis and using the control inertia IG. If IP is not 
known and we make the assumption of (δG  = 0), then IG can be compared directly 
with IT  [19.28]: 

( )
T

I
G I

ndc
I ⋅

+
≤

2limit

2
2

 [19.28] 

 

Figure 19.3. Case of production control (inertias IP and IG) 

19.6. Inertia of the control process and total customer inertia (control of 
reception) 

If we want to directly compare IG with IT (case of acceptance sampling for the 
suppliers) starting from the preceding inequalities [19.27] and [19.14], we obtain: 
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For example, for an ndcI limit of 5 and one Cpimini of 1.33, which either gives the 
approximate ratio: 

MaxG II ⋅≤
5
1  [19.30] 

or, approximately:  

CustomerG TolI ⋅≤
28
1  [19.31] 

 

Figure 19.4. Case of reception control (inertias Imax  and IG) 

19.7. Conclusions 

In the validation of the processes of control, the traditional approach consists of 
either validating the accuracy and reproducibility separately, or simply adding the 
variances of these two elements. The proposal of the inertial indicator IG is an 
original approach making it possible to give more coherence to the two studies of 
fidelity and accuracy by fixing a limit which depends on the combination of these 
two elements.  

This new indicator, IG, appears more demanding, but it has the advantage of 
simultaneously treating the reproducibility and the error in accuracy by authorizing 
compensations. We understand well that if the accuracy is perfect, it is possible to 
accept more defects in the area of reproducibility. The error of accuracy often 
remains the weak point of industrial studies. The definition of the inertia of the 
control process IG formalizes this intuitive approach. In particular, that makes it 
possible to make a decision using graphs as a starting point, since they are easier to 
interpret than a list of numbers.  
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Indicator IG can also be used in the management of the means of measurement to 
monitor the drifts. That allows us to:  

– establish a certificate of conformity immediately; 

– analyze the drifts; 

– observe the intervention rules of the statistical control of the processes applied 
to the inertial tolerance case and to make the right decision (validation, 
downgrading, rejection or final improvements according to the case and the context 
of the control process). 
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Chapter 20 

Detection of Areas with Critically Reduced 
Thickness of Formed Sheet Metal Parts  

Using Two Oppositely Positioned  
Fringe Projection Systems1 

In order to identify unallowable thinning places of formed sheet metal parts, two 
oppositely positioned fringe projection systems are used. They enable us to scan the 
sheet metal part from two sides. Using mathematical parameters, obtained point 
clouds are transformed into one coordinate system. This chapter presents the 
algorithm for calculation of minimal wall thicknesses using point clouds and surface 
polygonal models. This enables us to find the shortest distance from each measuring 
point on one side of the sheet metal to the opposite side, regardless of the direction 
of this distance, and proved that some of those distances exceed the lower tolerance 
limit.  

20.1. Introduction 

Formed sheet metal parts such as pressed parts of the car body, different 
housings and enclosures etc. are generally susceptible to reduction (too thinned) in 
some areas. Therefore, a fast, accurate, reliable, measuring method for area-wise 
measurement and detection of such thinning places in zones of high deformation 
grade is required [ERN 03, WEC 04]. 
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Determination of thickness (distances between two sides) of sheet metal using 
common measurement procedures such as ultrasonic measurement, laser thickness 
measurement, radiographic measurement, measurement by tactile coordinate 
measuring machines etc., offer results that are associated with one, or sometimes 
more, predefined directions. Those direction-related results are caused by the 
functional principle of the equipment used (laser thickness measurement) or by 
dependence on coordinate systems (e.g. measurement on tactile CMM using single 
point mode). 

Measurement direction is thereby usually oriented orthogonally to one, or 
approximately to both sides of the measured part. Such solutions are not easily 
applied on the curved formed sheet metal parts for various reasons. The measuring 
direction should be direction orthogonal to the measured surface and that is difficult 
here, or even not possible to ensure. 

Furthermore we must decide which side of the workpiece to select as the referent 
side − two actual sides of the formed sheet metal part are not always parallel to each 
other. The problem is particularly emphasized if the minimal thickness of the sheet 
metal is to be determined. Through measurement in predefined directions the 
minimal thicknesses can be overlooked as it is in a different direction to the selected 
direction for the measurement.  

To go beyond this problem scanning measuring systems that enable probing of 
workpieces with high point density can be used. Those systems are for example 
tactile CMMs used in scanning mode, 3D laser scanners or fringe projection systems 
[SAV 07]. Point clouds that are the result of such scanning can be further processed 
and the possibility to create adequate evaluation solutions for described 
measurement tasks appears.   

20.2. Methods 

20.2.1. Measuring system and data fusion  

In order to provide data suitable for further processing – calculation of the 
shortest distances between two sheet metal sides and identification of unallowable 
thinning places (areas with critically reduced sheet metal thickness), measuring 
system must enable rapid and accurate probing of sheet metal surfaces with high 
point density and have a sufficiently large measuring range [MUR 03]. The 
specified accuracy of the measuring system must be better than 0.05 mm, lateral 
resolution less than 0.5 mm and measuring rage for typical measuring tasks larger 
than several cm2. Fringe projection systems satisfy those requirements. 
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Figure 20.1. Measuring system and measured sheet metal part  

The experimental setup made for probing measuring points consists of two 
oppositely positioned fringe projection systems MikroCAD and TopoCAM both 
from GFMesstechnik GmbH. The vertical resolution of MicroCAD is given by the 
manufacturer as 1 μm and by TopoCAM as 2 μm. Two systems are placed and 
oriented relative to each other so that their measuring ranges overlap with a common 
range of 90 mm x 70 mm x 40 mm. Thus, the selected area of sheet metal can be 
scanned from two sides without moving either measuring equipment or a workpiece. 
Figure 20.1 shows the measuring system used and the selected area of the sheet 
metal scanned as an example for explanations in the chapter.  

Since scanning is done using two independent fringe projection sensors, obtained 
point clouds are located in two independent coordinate systems and coordinates of 
the measured points have mutually independent values – two point clouds are 
oriented unintentionally to each other. Using the software PolyWorks® from 
InnovMetric Software Inc. two point clouds before their fusion are visualized in 
Figure 20.2.  

To reliably represent the selected area of the sheet metal, one of two point clouds 
must be mathematically transformed and brought into position relative to another 
one, as if they were scanned originally in one coordinate system. In order to enable 
mathematical correction by translation and rotation parameters the mentioned 
deviations of one coordinate system relative to another must be determined in 
previous calibration of sensors to each other. The calibration procedure has been 
created within the research activities of the project presented here.    

Fringe projection systems 

Measured area 
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This is made using the artifact presented schematically in Figure 20.3. 

 

Figure 20.2. Point clouds before the data fusion  

 

Figure 20.3. Artifact for calibration of the fringe projection systems to each other  

The artifact consists of four calibration spheres made of titanium with a diameter 
19.05 mm, with diffuse reflecting surfaces and a very small sphericity deviation 
(less than 0.635 μm). The spheres are not in one plane, but all of them must be 
within the measuring range during the measurement.   

The calibration procedure consists of: 

– scanning the spheres from both sides; 
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– generating center points of associated Gauss-spheres; 

– determining center points starting coordinates on the side that will be 
transformed during the fusion process;  

– determining the new coordinates of the same points after transformation 
(convergence) to the fixed set of center points (this can be conducted by any 
commercial data processing and visualization software, here PolyWorks® is used); 

– calculating rotation and translation parameters using starting and end center 
point coordinates. Thus, position and orientation deviations of two sensor coordinate 
systems which will be corrected later in the merging/fusion process are quantified 
(the calculation program for this purpose is implemented in MATLAB® from The 
MathWorks GmbH). 

Once calibrated, measuring systems can be used for measurements until mutual 
position and orientation of the sensors is not changed, otherwise the calibration must 
be repeated. 

Using mathematical parameters obtained by calibration, data from two sensors 
are merged, reliably representing a selected area of the formed sheet metal (Figure 
20.4). The merging/fusion is actually a calculation of new data coordinates of one 
point cloud using rotation and translation parameters, which is for this purpose 
implemented in MATLAB®. Visualization is again made in PolyWorks®.  

 

Figure 20.4. Point clouds after the data fusion  

Such obtained point clouds are further processed for calculation of minimal 
distances between two sheet metal surface sides. 
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20.2.2. Methods of data analysis  

To identify areas with critically reduced sheet metal thickness, the shortest 
distances between two surface approximations in different selected evaluation points 
must be determined. For that purpose the following can be used: two opposite point 
clouds directly, two polygonal models of measured surfaces obtained through 
triangulation of those points, or a combination of point clouds on the one side and a 
polygonal surface on the other.  

The first option would be the simplest one for the implementation. But, such 
calculation would probably yield incorrect results if the lateral raster of the 
measured points is not the same for both point clouds. This is the case in the 
measuring system used: MikroCAD has a lateral resolution of 56 μm and TopoCAM 
60 μm.  

Even if lateral rasters have the same dimension, incorrect results would appear if 
rasters are mutually shifted in the lateral direction, which is actually always the case.  

  

Figure 20.5. Dependence of shortest distances on lateral resolution and  
relative displacement of the two point clouds  

The problems are illustrated in Figure 20.5 for 2D cases. Figures 20.5a and b 
represent how the shortest distances measured from the lower point set change for 
different point densities of the upper point set. Figures 20.5c and d illustrate the 
dependence of the measured results on lateral displacement between two data sets. 
Having these problems in mind, such a solution is not considered further and its 
implementation is rejected. 

The solution to the problem of finding the shortest distances using two polygonal 
models of measured surfaces is also rejected due to the following reasons:  

(a) (b)

(c) (d)
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– all the shortest distances between two triangles of the polygonal models 
correspond to some of the vertices of one or the other polygonal data set; 

– if the information carriers are unavoidably the vertices, then it is better to 
replace one of the triangulated surfaces with originally measured points from the 
point cloud: the information density would be greater, results would be distributed in 
a regular raster grid and calculation would be simpler.  

A schematical 2D illustration of this analysis is presented in Figure 20.6. 

Triangles are replaced with line segments but principally it is the same case. 

 

Figure 20.6. Solutions for determination of the shortest distances  
using polygonal surface models  

Not all points from the point cloud became vertices of the triangulated surface, 
and the shortest distances between such surfaces go unavoidably through their 
vertices (Figure 20.6a). Thus, information density will be significantly greater if, 
instead of vertices, measured points are used as outgoing points for calculations 
(Figure 20.6b and c).  

Therefore, the method for calculation of minimal distances using measuring 
points from one sheet metal side and polygonal triangulated approximation of the 
surface on the opposite side has been implemented. Schematically this is shown in 
Figure 20.7. Such a solution for determining distances conforms to the distance 
definition in [ISO 08]. 

(a)

(b) (c)

1
2

3 4

5 6
7 8

1
3

5 7
2 4

6

2 4 6 7
1

3 5 8



362     Product Lifecycle Management 
 

In order to get polygonal approximations of the surfaces, triangulation can be 
made in e.g. MATLAB® or in any commercial software for data visualization and 
analysis (here PolyWorks® is used).  

The calculations of shortest distances must be made twice, thereby changing two 
sides – “outgoing” (points side) and “target” side (polygon surface side). 

 

Figure 20.7. The shortest distance between the measuring point on one  
sheet metal side and the polygonal surface on the opposite side  

20.2.3. Algorithm for the calculation of minimal wall thicknesses  

The algorithm applied for calculation of minimal distances presents the iterative 
search for the minimal distance from each measuring point of one sheet metal side, 
to triangles of the opposite polygonal surface. The calculation result is a sequence of 
the minimal distances corresponding to appropriate measuring points of the parent 
point cloud.  

The algorithm for calculation consists of the following steps: 

– division of input data in subareas (calculation blocks): dividing the whole area 
to small blocks in order to reduce the number of unnecessary calculations;    

– calculation of the shortest distance from each measuring point from “starting” 
side, to each triangle of the opposite polygonal surface, respectively to its vertices, 
edges and face [LIN 91], belonging to the corresponding selected area;   

Point cloud

Polygonal model of the surface

Point from the point cloud

Triangle from the 
polygonal model

Shortest distance 
from the selected point
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– extraction of the minimum of calculated values for certain measuring points 
and its final assignment to that point;    

– creation of output variables and termination of the algorithm.  

20.2.3.1. Input variables  

Input data for the calculation are measuring points from one point cloud and 
triangulated surface of the opposite side.  

Measuring points are represented in the form of a matrix variable with three rows 
for x, y and z coordinates of each point.  

Triangles of the polygonal surface are imported into the calculation program as 
the matrix of triangle vertices and the matrix of triangle normal vectors. Both are 
matrices with three rows for x, y and z components of points and vectors. 

20.2.3.2. Calculation algorithm – extraction of a minimal thickness value for certain 
measuring points   

The iterative calculations of the shortest distances between one point and each 
triangle on the opposite side present the main core of the calculation section.  

Figure 20.8 schematically represents different possible cases of the position and 
orientation of one point and one triangle that are considered during the creation of 
the calculation procedure.   

The first step of the shortest distance calculation is to distinguish if the 
intersection point of the orthogonal distance line which goes through the measuring 
point (designated as P in Figure 20.8) with the triangle plane, is inside or outside of 
the face. If it is inside, the shortest distance from the point to triangle is the distance 
from this intersection point to the measuring point. Such distance is for example the 
distance d1 shown in Figure 20.8 a. If the intersection point lies outside of the face 
then the shortest distance is the distance from the point to some of the triangle’s 
edges or vertices (distances d2 to the triangle BDE and d3 to the triangle BCD in 
Figure 20.8a). 

The second step is analogous to the first one. It will be determined if the 
necessary condition is fulfilled: for any orthogonal distance from point P to the 
given face edge to be the shortest distance to the triangle. If this condition is not 
fulfilled, than it is definitively the distance to some of the vertices. The example is 
the triangle BDE, shown in Figure 20.8a. The first step is to determine the point on a 
certain edge line that lies on the corresponding orthogonal distance line from the 
measuring point P. If the distance between the determined point and the point P is 
possibly the shortest one, the previously determined point must lie on the line 
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segment limited by two vertices of the associated edge line (distance d2 to the 
triangle BDE in Figure 20.8a). If the condition is not satisfied for any of three edge 
lines, then the distances from point P to the triangle vertices must be calculated and 
the shortest must be found (e.g. distance d3 to the triangle BCD in Figure 20.8a). 
Furthermore, if the previous condition is satisfied for only one or several edge lines, 
the shortest of them will be selected and compared with the distance from point P to 
the triangle vertex which does not lie on the corresponding edge. The shortest of 
those two distances is than the resulting distance (see Figure 20.8b). 

 

Figure 20.8. Different cases of the shortest distance from the point to the triangles  

Two typical cases when the triangles lie in the vicinity of the measuring points 
and the shortest distance is nevertheless to be found from that point to the edge or 
vertex − rather than to the triangle face − are shown in Figures 20.8c and d. The 
triangles ABC and ABD in Figure 20.8c make a convex surface to the point P. In 
this case, there is a whole area where the measuring points can be placed and its 
orthogonal distances to the planes in which triangles lie will not be the shortest to 
the triangles. In this example, the shortest distance is the distance from point P to the 
common edge for both triangles. If the convex surface to the measuring point is 
made from more than two triangles, then the shortest distance is the distance to its 
common vertex (see Figure 20.8d).  
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Repeating the described calculations for one point and one triangle at a time 
from the same calculation block as the point, the shortest of all distances for the 
point can be determined. Thereby, each new calculated value will be compared with 
the previous one, and only the smaller one will be retained for comparison in the 
next iteration. The value retained in the last iteration will be assigned to the matrix 
of output values. This matrix consists of a sequence of values – one value 
corresponds to each measuring point.  

20.2.3.3. Calculation blocks   

To reduce the calculation time the input data are divided into blocks. For each 
outgoing point only the shortest distance to triangles which belong to the same block 
will be calculated. Thus all unnecessary calculation of distances to triangles that 
certainly lie far away from the point are avoided.  

The input data are firstly classified in ascending order regarding the x coordinate. 
This is the simple procedure for point data. The vertex matrix is classified in the 
same way, but only one of the vertices is considered relevant – the other two and the 
corresponding triangle normal are dedicated to the first vertex. 

The data classified in such a way can be easily divided into areas using some 
minimal and maximal x values as area limits (Figure 20.9). 

 

Figure 20.9. Calculation blocks 

In this procedure overlapping areas of neighbor areas have to be allowed. Two 
typical cases that can occur in the border zone between blocks A and B are presented 
in Figure 20.10. If it is assumed that the marked triangle is classified to belong to 
area A, according to the x value of one of two left vertices, then, this triangle will be 
taken into the calculation as the possible target triangle for calculation of distances 
from point A. A problem will appear if the mentioned triangle is the closest one for 

x
y

z Block 1 Block 4 ...Block 2 Block 3
 ...
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point B too, and overlapping of the areas is not enabled. In this case, a wrong 
distance would be calculated. Therefore the border beginning area B must be shifted 
back some values.  

The minimal length of the overlapping area is determined using the value of the 
“maximal edge length” which is the parameter defined during the triangulation 
procedure. There is no triangle in the surface model that has an edge longer than this 
value. Using this value as the relevant value for the proper selection of the number 
of blocks, the wrong results caused through classification of the data according to 
the x value of only one of the vertices of each triangle are prevented. 

 

Figure 20.10. Overlapping calculation blocks  

 

Figure 20.11. Calculation blocks made by divisions in both directions x and y  

In order to reduce calculation time even more, additional division of previously 
determined blocks has been made. Blocks resulting from division in the x direction 
are in the same way further divided into sub-blocks in y direction (Figure 20.11). 
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The calculation time decreases principally with the number of blocks or, in other 
words, with decreasing block size. The maximal number of blocks for a certain data 
set depends on the polygonal surface, particularly from the “maximal edge length” 
parameter determined during triangulation. The minimal size of blocks, in 
combination with appropriate length of overlapping areas, must be selected thus to 
decrease the number of unnecessary calculations for each outgoing point from the 
point cloud to minimum, but also to ensure repeated calculations for outgoing points 
are avoided where possible. The selected number of outgoing points from the point 
cloud (point density) affects the calculation time, but for algorithm optimization 
regarding its speed-up it is irrelevant.  

Division into calculation blocks also enables the parallelization of this algorithm. 
The nature of the problem is such that processing the data from one block can be 
done independently, and will not affect calculations in other blocks. Since nowadays 
typical PCs contain multiple CPUs, remarkable speed-ups can be achieved through 
parallelization. 

20.2.3.4. Creation of output variable   

By allowing overlapping of the calculation areas the calculation of the shortest 
distances for some points will be made twice or even four times. The output matrix 
will therefore be unnecessarily large if such repeated values are not eliminated. The 
elimination is made in the following way. Each point has already been uniquely 
enumerated in the process of disassembling the original input matrix. Finally, all 
results with repetitive numeration values are compared and the smallest one selected 
as the output value for a distance.  

The algorithm and visualization has been implemented in MATLAB®.  

20.3. Visualization and discussion of results 

Calculated data can be further processed to determine if there are local areas of 
critically short distances. This can be made through simple analysis of obtained 
numerical values. In Figure 20.12 results for the sheet metal part area (marked in 
Figure 20.1) are represented. Calculation for the example has been made using 6,000 
outgoing measurement points (selected point density approximately 1 point per mm, 
calculations on 150 blocks). The nominal value of the workpiece thickness is 
1.2 mm. If the thickness tolerance in a negative direction is 0.1 mm, the lower 
tolerance limit is 1.1 mm. From the diagram shown we can see for how many 
measuring points the calculated thickness lies out of the tolerance. 

For localization of thinned areas, data can be visualized in 3D. The visualization 
has been made, in a similar manner to the calculation, for both sides of the sheet 
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metal. In Figure 20.13 the distribution of thicknesses for the selected area of the 
measured sheet metal part is shown. Areas which are out of tolerances are marked 
with dark-gray.  

Results of measurements for the opposite side are shown in Figure 20.14. 

 

Figure 20.12. Calculated thickness values for selected measuring points  

 

Figure 20.13. Color-coded thickness distribution on the lower surface (grayscale used here) 
with marked areas which are out of tolerance  

1,2
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Figure 20.14. Color-coded thickness distribution on the upper surface (grayscale used here) 
with marked areas which are out of tolerance  

The results are similar but not the same. For example, thinning places are 
distributed on the same corner of the measured area but they are different in size and 
form. This is an expected problem of non-commutativity, a difference in the results 
for two directions [ERN 03, WEC 04, MUR 03]. This is not a calculation procedure 
problem, but is an unavoidable effect caused by non-parallelism of actual sheet 
metal sides.  

If more detailed analysis of the detected critical areas is required, the calculation 
can be repeated using even maximal point density allowed by the lateral resolution 
of the measuring systems. In that case it is recommended to reduce the calculation 
area. 

20.4. Summary 

For measurement of sheet metal parts and detection of areas with critical reduced 
thickness, a measuring system consisting of two oppositely placed fringe projection 
systems has been designed. The system allows fast, accurate and high point density 
scanning of high deformed sheet metal areas. It can be easily integrated in 
automated manufacturing processes. The solution for the fusion of two independent 
measuring data sets (point clouds) has been found and implemented. Results of 
fusion are two point clouds which represent a reliably scanned sheet metal area. A 
new algorithm for the calculation of the shortest distances between two sheet metal 
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sides has been implemented. It enables the accurate calculation of such distances 
assigned to each measuring point. The visualization of obtained calculation results 
enables the localization of areas with critical reduced thickness.  
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Chapter 21 

Variability of the Manufacturing Process in the 
GPS Framework: A Case Study  

During the product lifecycle several types of uncertainty contribute to making it 
increasingly difficult to control product quality. 

The geometrical product specifications and verification approach (GPS) provides 
a methodology to match the ideal product with the manufactured workpiece by 
considering three sources of variability and their related uncertainties: correlation, 
specification and measurement uncertainty.  

In this chapter we analyze the uncertainties adopted in GPS, and use independent 
component analysis (ICA) and time series analysis to discriminate the various 
sources of process variability. This will be done with particular focus on roughness 
measurements. 

21.1. Introduction 

When a product has been designed, the designer images it as an ideal and perfect 
object. However, during the product lifecycle, errors arise and the real workpiece is 
far from perfect. Moreover, it is not possible to fully know what the real workpiece 
is, owing to the measurement uncertainty. Taking into account the overall variability 
of the workpiece, the intent is to discriminate sources that contribute to such 
variability. The GPS approach provides a methodology to match the ideal product 
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with the manufactured workpiece by considering three sources of variability and 
their related uncertainties: correlation, specification and measurement uncertainty.  

First of all, components to be included in uncertainty are listed and evaluated, 
according to the Guide to the Expression of Uncertainty in Measurement (GUM) 
[GUM 93], its development with the Procedure for Uncertainty of Measurement 
Management (PUMA) [ISO/TS 14253-2:1999]. Then the extended uncertainty 
proposed by GPS is calculated. 

Correlation and specification uncertainties are considered in order to asses the 
reliability of geometrical control. Without loss of generality it is possible to 
minimize the contribution of correlation and specification uncertainties. Correlation 
uncertainty originates when geometrical specifications do not completely fulfill 
workpiece functionality. There are examples, part matching, where such uncertainty 
contribution can be minimized. Specification uncertainty arises when geometrical 
control is not completely specified on the drawing. When a designer does not 
indicate the computation method for a workpiece characteristic (and a default 
condition is not available), he introduces specification uncertainty. There are many 
examples where such uncertainty contribution can be minimized. With an accurate 
choice of experimental tests, correlation and specification uncertainties can be 
neglected. The measurement uncertainty could be evaluated according to the GUM, 
and its development with the PUMA method. 

What remains are measures that indicate processes which could or could not be 
in statistical control. If measurements of a workpiece are in the non-conformity 
zone, it could be interesting to investigate and discriminate sources of variability to 
assess which of the contributors lead to the main variability in the process. However, 
a great variability in the results, bring higher costs even if the processes are in 
control. 

In order to discriminate sources of variability, multivariate statistical analysis is 
adopted to handle the problem. However, most of the statistical methods use a 
Gaussian distribution to model errors but this is not suitable to model most of the 
manufacturing processes and non-Gaussian approaches are investigated. 

A set of simulated turned workpieces manufactured with different parameters, 
and under different process condition, is analyzed with time series analysis (TSA) 
and independent component analysis (ICA). The TSA is widely adopted in the 
search of periodical pattern in economical researches, and we apply the technique to 
detect and describe the periodical behavior of manufacturing processes. The ICA is a 
common tool in signal process analysis allowing the separation of contributions 
deriving from different unknown sources. This method is efficient when all sources 
present non-Gaussian distributions; at most one Gaussian source is permitted. 
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According to the literature, a fingerprint coming from turning processes follows a 
beta distribution, so ICA could be applied to discover and classify the main 
contributions to manufacturing errors. 

In this paper preliminary results demonstrate that large work has to be developed 
to assure reliability and robustness of such analyses, but they also represent an 
interesting challenge in the facilitation of GPS implementation.  

21.2. Variability sources 

A perfect verification “operator” could be defined for the verification of the 
specification of a certain value of Ra (e.g. Ra = 1.5 μm).  

The first step is the partition (choice) of the required surface from the actual 
workpiece. The second step is the partition of non-ideal profiles by the physical 
positioning of the measuring instrument in multiple places. So the data are extracted 
from the surface with an instrument in accordance with the requirement indicated in 
[ISO 3274:1996], using the evaluation length given in [ISO 4288:1996]. Then data 
are filtered using a Gaussian filter with a cut-off wavelength determined by the rules 
in [ISO 4288:1996] and the corresponding stylus tip radius and sample spacing. 
Once the points are sampled, the last step is to evaluate Ra and the other parameters 
associated with roughness, keeping the 16% rule.  

For requirements specified by the upper limit of a parameter, the surface is 
considered acceptable if not more than 16% of all the measured values of the 
selected parameter, based upon an evaluation length, exceed the value specified on 
the drawings or in the technical product documentation. For requirements specified 
by the lower limit of the surface parameter, the surface is considered acceptable if no 
more than 16% of all the measured values of the selected parameter, based upon an 
evaluation length, are less than the value specified on the drawings or in the 
technical product documentation.  

For proving conformance or non-conformance with specification, measured 
values of parameters shall be compared with the specified limiting values taking into 
account the uncertainty of measurement according to the rules given in [EN ISO 
14253-1:1998]. In the case of comparing results of measurements with upper and 
lower limits, the uncertainty of measurements shall be estimated without taking into 
account the inhomogeneity in the surface which is already accounted for in the 16% 
allowance. 

Since each of these operations is a perfect verification operation [ISO/TS 17450-
2:2002] and they are performed in the order prescribed in the specification, this 
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verification operator is a perfect verification operator. Therefore it is possible to 
neglect the “method uncertainty” due to the understanding of the measurements 
specification and define only a part of the measurement uncertainty which is the 
“implementation uncertainty”, so the divergence between the metrological 
characteristics of the actual operator and the ideal metrological characteristics 
defined by a perfect verification operator. 

21.2.1. Measurement uncertainty 

First of all, the components of measurement uncertainty are considered. As 
previously mentioned, we focus our attention on simulations of profiles extracted 
with a roughness tester. This obviously brings a sum of uncertainty terms, which is 
different from those arising from other measuring devices such as coordinate 
measuring machines. The way to handle measurement uncertainty is defined in the 
PUMA method [ISO/TS 14253-2:1999], which consists of an iterative procedure, 
based on GUM method [GUM 93] for measurement uncertainty estimation.  

According to [GUM 93], “The objective of a measurement is to determine the 
value of the measurand, that is, the value of the particular quantity to be measured”, 
so, first of all, we need to define the measurand.  

The measurand considered for quantifying measurement uncertainty is the 
roughness parameter Ra, defined as:  

0

1
| ( ) |

lr

Ra Z x dx
lr

= ∫                                                                    

where lr is the base length and Z(x) is the profile, which obviously is not a 
continuous function, but consists of points sampled with a rugosimeter. So Ra is 
defined as: 

1

1 | |
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i
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Ra Z
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≈ ∑  

where n is the number of discrete displacements of the profile. 

The calculation of components of measurement uncertainty could be reported, 
with appropriate modifications, also for the other roughness parameters, such as the 
root mean square deviation of the assessed profile Rq, the skewness Rsk, or the 
kurtosis Rku [ISO 4287: 1997]. 
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The measurand cannot be completely described without an infinite amount of 
information; it is not possible to measure all the infinite profiles on a cylindrical 
surface along the axis. Thus, to the extent that it leaves room for interpretation, 
incomplete definition of the measurand introduces into the uncertainty of the result 
of a measurement a component of uncertainty that may or may not be significant 
relative to the accuracy required of the measurement. We simulate to have taken 
various profiles for each of the produced workpiece, and calculate the combined 
standard uncertainty uc(y); if its value is greater than the objective uncertainty, the 
highest components should be reconsidered (according to [ISO/TS 14253-2: 1999]) 
in order to check if the estimate of measurement uncertainty was too conservative. 
Even if it is only a simulation, the objective uncertainty could be imagined to be 
settled at a value of 0.10 μm. The measurements are simulated to be made with a 
rugosimeter, taking 10 profiles on the same surface. The thermal variations of the 
temperature of laboratory during measurements could be controlled. The starting 
condition for laboratory temperature is 20 C 1 C° ± ° . The thermal variation of the 
rugosimeter within the measurement is registered at 0.25 C° . The workpiece is made 
of steel. The operator has familiarity with the measuring equipment. 

For a correct measurement with the rugosimeter, it is necessary to correctly 
position the workpiece, transversal to the direction of the cutting tool used for 
manufacturing, and then to choose the profiles to be extracted. Therefore the 
symmetry axis of the workpiece should be parallel to the scanning direction. 

If the uncertainty on a measure of Ra is considered, first of all it is necessary to 
do some replicate measurements on the reference sample for Ra, having a value 
close to the value of the specification. Then the mean of the measures is calculated 
and the error Ej, that is a systematic component that takes into account the difference 
between the mean of the measures and the value certified on the standard. Then, at 
least 10 measures should be done on the surface to be controlled, so that the 
coefficient h could be settled to the value 1. Finally, the expanded uncertainty URa 
has to be calculated as [ZAH 03]: 

| |Ra j cU E k u= + ×  

where 
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 and mσ  is the standard deviation of the 

measures. Then the Ureference could be determined as a multiplication of ureference by a 
coverage factor 2, therefore having a confidence level of about 95%. 

The procedure of evaluating the associated uncertainty conforms to the law of 
propagation of uncertainty as given in the GUM. The combined standard uncertainty 
for Ra is: 
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where the ci are the sensitivity coefficients and u(xi) is the uncertainty value for the 
i-esim contributor. The main sources contributing to the uncertainty in roughness 
measurement by stylus method are considered to be due to [ZAH 03]: 

– uncertainty in Z-axis calibration: zc zcc u⋅ ; 

– uncertainty in X-axis calibration: xc xcc u⋅ ; 

– uncertainty in straightness in the external guide: sg sgc u⋅ ; 

– noise: no noc u⋅ ; 

– uncertainty in stylus geometry: st stc u⋅ ; 

– uncertainty in measuring force: mf mfc u⋅ ; 

– uncertainty in filter characteristic: f fc uλ λ⋅  (considering uncertainties in short 

cut-off and long cut-off); 

– uncertainty in sampling interval: si sic u⋅ ; 

– repeatability: rpt rptc u⋅ ; 

– homogeneity: hg hgc u⋅ . 

Equation [21.1] could be written as: 
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reference zc zc xc xc sg sg no no st st

mf mf f f si si rpt rpt hg hg

u Ra c u c u c u c u c u

c u c u c u c u c uλ λ

= ⋅ + ⋅ + ⋅ + ⋅ + ⋅

+ ⋅ + ⋅ + ⋅ + ⋅ + ⋅
 

A disadvantage of this approach is that the ci coefficients could not be easily 
determined, owing to the non-linear nature of the f functions between the roughness 
and the other coefficients. 

In the example ureference is 0.005 μm and 2
mσ  is 0.06 μm; so uc is 0.0602 μm. 

Since uc is less than objective uncertainty, further iterations to reduce uncertainty (as 
indicated in [ISO/TS 14253-2: 1999]) are no longer necessary and the uncertainty 
evaluation could be stopped at this stage. 



Variability of the Manufacturing Process     377 
 

In this computation, other contributions, such as the thermal variation, are not 
reported because under controlled conditions are of the order of 1/10 of a nanometer.  

Another approach, equivalent to the one presented here is to determine ureference 
with ANOVA analysis [ISO/TS 14253-2: 1999]. In this case the random effects 
contributing to the observed variability are: 

– variation of the Ra value across the roughness measurement standard; 

– variation of the Ra value between evaluations; 

– repeatability of the contact (stylus) instrument. 

Each of these random effects is assumed to have associated with it an unknown 
variance, denoted by 2

Rσ , 2
Eσ  and 2

Mσ , respectively, where index R stands for 
roughness measurement standard (variation across roughness measurement 
standard); index E stands for evaluation (between evaluation effects); and index M 
stands for contact (stylus) instrument (repeatability of the contact (stylus) 
instrument). The ANOVA provides estimates of the above variances. The combined 
standard uncertainty is thus 

2 2 2
reference E M calu s s u= + +  

where the last term is the standard uncertainty estimate, derived from the calibration 
certificate. 

The conformity and non-conformity zones are reduced by the ambiguity zone 
[EN ISO 14253-1:1998]. In Figure 21.1 it could be seen how they change from the 
specification phase (C) to the verification phases (D). The zone under specification 
(1) reduces to the conformity zone (3), owing to the ambiguity zone (5) that depends 
on the increment in measurement uncertainty U (6). Also the non-conformity zones 
(4) reduce themselves owing to the ambiguity zone (5). 

 

Figure 21.1. Change of conformity zone due to measurement uncertainty 
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The measurement uncertainty introduces an ambiguity zone. A determined value 
for the specification is not variable; it is defined through the indications in the 
drawings and through the detailed description of the characteristic of measurement 
equipment and the indication of the maximum permissible error. The extended 
uncertainty measurement is a variable that depends on the uncertainty components. 
So, the width of the conformity and the non-conformity zones are variables, because 
they depend on the estimated value of measurement uncertainty U. 

21.2.2. Process variability 

Having considered measurement uncertainties and specification uncertainty, we 
still need to analyze what affects various processes to be different from each other 
and to reach different performances. 

The value of a measurand can be calculated after a filtering process with a 
Gaussian filter as indicated in [ISO 11562: 1996] with appropriate cut-off length, 
according to the theoretical roughness of the simulated profiles. This kind of 
filtering, however, could remove contributions to the workpiece error that arise from 
the process and not from the measure. Within our point of view, we keep the whole 
profile and try to discriminate contributions to the errors, in order to analyze how the 
manufacture has been performed.  

The reference profile is considered a profile only with the fingerprint, due to the 
cutting tool. In this way, all departures from the reference profile indicate other kind 
of errors in turning workpieces and are indications of errors in the manufacturing 
process. These errors could be not so large, so that the workpiece remains in 
tolerance, but separating the various components of errors could be useful to 
indicate which of the processes could give a lower cost, keeping the values of the 
parameter in a more narrow range. Otherwise, if the workpiece is not in tolerance, it 
could set an alert for the operator, because something in the process is out of control.  

21.3. Simulations 

Roughness parameters are usually calculated after filtration techniques described 
in the normative. However, the aim of this chapter is to propose techniques to 
investigate and separate components of process variability, in order to gain all the 
available information about the manufacturing of the workpieces.  

It was decided to take the original profiles to do simulations; this in order to 
avoid the elimination through filtering of anomalies (e.g. cracks) maybe due to 
anomalies in the manufacturing and not in the verification phase. 
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In the simulations, three profiles have been compared; one with the usual surface 
roughness, which can be considered the usual fingerprint left from the 
manufacturing tool, another one with an ondulation, and the last with an ondulation 
plus a drift.  This was done in order to simulate different anomalies in the 
functioning of machine tools, leading to different sources of variability in the 
resulting profiles. Moreover, a Gaussian noise with variance equal to 10-2 μm was 
added on the last two profiles. 

Separation of variability sources has been done using two different statistical 
techniques: independent component analysis (ICA) and seasonal trend 
decomposition (STL). In Table 21.1 the nominal values for the roughness 
parameters are reported. 

Roughness parameter Nominal value 

Ra 0.3978 μm 

Rq 0.0020 μm 

Rsk -0.6094 μm 

Rku 2.1438 μm 

Table 21.1. Nominal values of roughness parameters 

21.3.1. Simulations with independent component analysis (ICA) 

As seen in the literature, the manufacturing process leaves a fingerprint on the 
workpiece that is often non-Gaussian, but that follows a beta distribution. This leads 
to the need for the research of techniques to handle non-Gaussian distributions. With 
this point of view, the technique of independent component analysis could be used 
to separate non-Gaussian components.  

Independent component analysis (ICA) is a statistical technique whose main 
applications are blind source separation, blind deconvolution, and feature extraction. 
In the simplest form of ICA, we observe m random variables 1 2, ,...., mx x x  which 
are assumed to be linear combinations of n unknown independent components, 
denoted by 1 2, ,...., ns s s . The independent components is  are assumed to be 
mutually statistically independent, and zero-mean. Arranging the observed variables 
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jx  into a matrix 1 2( , ,..., )Tm=x x x x and the component variables is  into a matrix 

1 2( , ,... )Tn=s s s s , the linear relationship can be expressed as: 

=x As  

Here, A is an unknown m x n matrix of full column rank, called the mixing 
matrix. The basic problem of ICA is then to estimate both the mixing matrix A and 
the realizations of the independent components is , using only observations of the 
mixtures jx . In a practical situation, the matrix equation is different, because of the 

unavoidable addition of environmental noise. So the equation should be rewritten as 
follows: 

= +x As n  

where n is the Gaussian noise. 

The idea of signals separation could be transported in the manufacturing field, 
where the signals could be thought of as the roughness deriving from the turning 
process, and the other due to imperfections in the machine functioning. Starting 
from the profiles registered, we propose a method to discriminate the sources of 
workpiece errors, with the aim of understanding why the process is out of control.  

Synthetically, the idea behind the ICA algorithm is the maximization of non-
gaussianity. This is done through the maximization of a certain negentropy function. 

Let W be the inverse of the estimate of matrix A. Moreover, the negentropy J is 
given by: 

( ) ( ) ( )gaussJ H H= −y y y  

where ygauss is a Gaussian random vector of the same covariance matrix as y, and H 
is the differential entropy. Negentropy is a measure of nongaussianity. Using the 
concept of differential entropy, we can define mutual information I between the n 
scalar random variable yi, i=1,…,n as a measure of the dependence between random 
variables. It is particularly interesting to express mutual information using 
negentropy, constraining the variables to be uncorrelated. In this case, we have: 

1 2( , ,..., ) ( ) ( )n i
i

I y y y J J y= −∑y  
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The fastICA consists of maximizing the function JG, given by: 

{ } { }
2

( ) ( ) ( )T
GJ E G E G ν⎡ ⎤= −⎢ ⎥⎣ ⎦

w w x  

where w is an m-dimensional vector constrained so that { }2( ) 1TE =w x  and G is a 

function defined in [HYV 99]. More details could be found in [HYV 99]. 

Synthetically, the algorithm is the following: 

– Center the data to make its mean zero. 

– Whiten the data to give z, instead of the vector x. 

– Choose m, the number of independent components to estimate. Set counter 
p=1. 

– Choose an initial value of unit norm for wp, e.g. randomly; wp is the initial 
estimate for each row of W. 

– Let { } { }( ) '( )p p pE g E g= −T Tw z w z w z w , where g is defined in [HYV 99]. 

– Do the following orthogonalization: 
1

1
( )

p
T

p p p j j
j

−

=
= −∑w w w w w  

– Let / || ||p p p=w w w  

– If pw has not converged, go back to step 5. 

– Set 1p p= + . If p m≤  go back to step 4. 

As can be seen in Figure 21.2, with the ICA method the three sources of 
variability are discriminated. On the left, the original profiles are reported, while on 
the right, can be seen the three independent components extracted with fastICA. 

This analysis has also been performed with another ICA algorithm (JADE), 
which uses a different objective function to maximize non-gaussianity. However, 
this leads to analogous results.  

ICA is a promising technique, but improvements should be made and 
implemented in order to reduce the influence of the Gaussian noise on extracted 
data. Moreover, owing to the nature of the algorithm, there is an ambiguity of sign in 
the extracted components that should already be removed. 
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Figure 21.2. Original signals and ICA source estimates 

The application of a modified version of the algorithm for noise reduction has 
lead to an improvement in signal extraction, but Gaussian noise has not been fully 
cancelled.   

21.4. Simulation with seasonal trend decomposition (STL) 

Other analyses have been performed with standard time series analysis 
techniques, imaging the extracted profile as a time series. This has a physical 
significance, because the order of points sampled corresponds to subsequent parts 
worked.  

STL is a technique that separates, in time series, the seasonal component from 
the trend. In formulae, starting from a time series Y, the series can be broken down 
into the following components: 

Y T S R= + +  

where Y is the time series, T is the trend component, S is the seasonal component, 
and R is the remainder. Details about the algorithm and its performances can be 
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Chapter 22 

Virtual CMM-based Sampling Strategy 
Optimization  

Several sources of uncertainty contribute to the Coordinate Measuring Machines 
(CMM) overall uncertainty, including hardware characteristics, measurement 
environment, fixturing, and the measurement strategy (i.e. the number of sampling 
points taken and the sampling pattern). The measurement strategy is the key factor 
in CMM flexibility and is a very important source of uncertainty. Additionally, 
because the measurement strategy can be easily modified, it is also significant for 
measurement optimization. 

In this work, measurement strategy optimization will be discussed. A 
methodology will be proposed that considers the presence of a “manufacturing 
signature” left by the manufacturing process. The methodology aims to be a trade 
off between inspection costs and measurement uncertainty, with the addition of a 
simultaneous sampling pattern optimization. 

22.1. Introduction 

Measurement and product/process quality are strictly related. In fact, any quality 
control system is based on the measurements performed on quality characteristics. 
Perhaps the most apparent aspect of this relationship is conformance testing; a 
characteristic of a product is measured, and from the measurement result it is 
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decided whether the product fits the use or not. Usually, a part that is non-
conforming is discarded or scheduled for reworking. 

Measurement error can substantially reduce the effectiveness of quality control. 
Of course, any measurement may incur some amount of error. Consider a generic 
functional check: a characteristic of the product is measured, and the measurement 
result is compared to some “specification limit” SL (a statement on the maximum 
deviation permissible for a given characteristic). An inspection error occurs if, 
because of some measurement error, the measurement result for a conforming part 
does not comply with SL (type I error), or the measurement result for a non-
conforming part complies with SL (type II error). Type I error costs are usually easy 
to define: a part that could be sold is not sold or has to be reworked, such that loss 
equals the value of the part or the cost of reworking. Costs related to type II error are 
not directly assessable. The part may need to be assembled so that the finished 
product that it will need to fit will have to be discarded/reworked, or the part will be 
sold, and this will usually degrade the relationship with the customer. 

Measurement error is strictly related to uncertainty [ISO 07], which characterizes 
the typical dispersion of values for a specific measurement method/device. This 
uncertainty can be attributed to a measurand, and therefore, the typical measurement 
error can be quantified. A low value for the measurement uncertainty will reduce the 
probability that an inspection error occurs. However, low uncertainty measurement 
systems are usually more expensive than high uncertainty measurement systems. 
Therefore, “inspection error costs” and “measurement costs” should be balanced. 

22.1.1. Conformance to geometric tolerances 

Geometric tolerances [ISO 04a] are becoming more prevalent in the field of 
mechanics. A geometric tolerance states how much a real part can differ from its 
ideal, designed geometry. Therefore, a geometric tolerance usually only defines an 
upper specification limit for the geometric error (i.e. a “perfect” part is always 
considered to be a confirming part).  

Typically, the check of a geometric tolerance involves the estimate of the 
geometric error, and an uncertainty evaluation should be associated with this 
estimate. However, even providing this data may not be sufficient for stating 
conformance. Bachmann et al. [BAC 04] observed that the dispersion of 
measurement error influences the possibility of committing a type II error and 
suggested the consideration of this possibility in the conformance statement. 
However, a universal criterion for the integration of this information is not proposed. 
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Therefore, clear rules for stating conformance or non-conformance are required 
[WEC 00]. This problem is addressed by the ISO 14253 [ISO 98, ISO 99, ISO 02] 
standards series. In particular, ISO 14253-1 [ISO 98] proposes “guidelines for 
decision rules” for “considering uncertainty in determining conformance to 
specifications”. A decision rule should essentially identify three regions for the 
measurement result: 

– Acceptance region. If the measurement result falls in this area, then the 
measured part is accepted. 

– Rejection region. If the measurement result falls in this area, then the measured 
part is rejected. 

– Transition region. If the measurement result falls in this area, it is not possible 
to state whether the measured part conforms or does not conform to the tolerance. 

The ISO 14253-1 standard clearly defines these three regions. In particular, a 
part should be accepted if its geometric error estimate is lower than the geometric 
tolerance reduced by the extended uncertainty U [ISO 07] and rejected if its 
geometric error estimate is greater than the geometric tolerance augmented by U. 
The region (SL - U, LS + U) is considered to be the transition region. In particular, 
the standard states that if a supplier has to prove conformance, a part falling in the 
transition region cannot be considered to be a conforming part. Additionally, if a 
customer wishes to prove non-conformance, a part falling in the transition region 
cannot be considered non-conforming (see Figure 22.1). In the following sections, 
we will consider a supplier’s point-of-view. 

22.1.2. Evaluating geometric error 

A commonly used device for evaluating geometric error is a “coordinate 
measuring machine” (CMM), which is a system that can sample numerous points on 
any surface. A “substitute geometry” is fitted at these points, and the geometric error 
is evaluated as the maximum distance from this geometry, i.e. the actual limiting 
amplitude of the tolerance zone is evaluated (see e.g. Anthony et al. [ANT 96]). 
Because only a few points usually define the amplitude of the tolerance zone, only 
these points are relevant when evaluating the geometric error. 

It is interesting to note that “anomalous” zones (those zones which define the 
geometric error) of the profile/surface will tend to be the same throughout the entire 
production. This is because every part produced by the same production process will 
be similar to the others, even for defects that it presents (e.g. in a face work a turned 
cylindrical shaft will usually be slightly conical, but if the part is mounted between 
centers, the result could be an hourglass shape). It can therefore be stated that the 
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part presents a “manufacturing signature”, i.e. the form deviations are constituted by 
the sum of a random part and a systematic part, which creates the signature. 

 

Figure 22.1. Regions as described by the ISO 14253-1 standard 

Edgeworth and Wilhelm [EDG 99] and Sprauel et al. [SPR 03] observed that the 
actual geometric error might interact with the measuring strategy, thus increasing or 
decreasing the measurement error and therefore increasing or decreasing the 
uncertainty. Killmaier and Babu [KIL 03] suggested taking advantage of this 
interaction based on the knowledge of the geometric error provided by the signature 
identification. Only those areas that are systematically anomalous should be densely 
sampled, which results in only a few points remaining in the other areas. A similar 
point distribution should reduce any uncorrected measurement bias, and because of 
the increased knowledge of critical areas, the point distribution should reduce the 
amount of uncertainty. 

22.1.3. Goals 

In this chapter, a methodology will be proposed for finding an optimal sampling 
strategy when estimating geometric error by means of a CMM device. The method 
will be based on a cost function that depends on the sampling strategy (i.e. the 
number and location of the sampling points). The sampling strategy will be optimal 
if the best trade-off between measurement costs and inspection error costs is found. 
A heuristic algorithm will be adopted to minimize the function. To make the 
methodology applicable when a generic task specific uncertainty has to be 
evaluated, uncertainty evaluation will be performed by means of a virtual CMM 
[WIL 01]. The virtual CMM model will be validated according to the ISO/TS 
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15530-4 [ISO 08] technical specification. A case study will be presented that 
involves the roundness of C20 steel turned shafts. 

22.2. State of the art 

Several studies have been performed regarding the interaction between the 
sample size and measurement error. Lee et al. [LEE 97] analyzed the different 
behavior of uniform, random and Hammersley sequence based sampling strategies 
for cylindrical, conical and dome shaped surfaces and suggested the Hammersley 
sequence as the best strategy. Kim and Raman [KIM 00] also obtained a similar 
result. Chan et al. [CHA 96] studied the influence of point location when measuring 
the diameter of a circular part; they primarily focused on the performance of 
different probing heads. Namboothiri and Shunmugam [NAM 99] proposed an 
index based on the probability of the measurement result lower than a chosen value 
that would lead to the right choice of the sample size for a random sampling 
strategy. 

However, these papers did not consider the interaction between the actual form 
error when suggesting an optimal sampling strategy, i.e. they disregarded the 
presence of a signature. Signature based sampling strategies are proposed by Henke 
et al. [HEN 99, SUM 02], who suggested a method to model the signature and an 
algorithm to choose the best sampling point locations. However, the problem of 
choosing the right sample size was not addressed. Colosimo et al. [COL 08a] 
proposed a different solution than the one proposed by Henke et al. that did not 
require an explicit model for the signature to be applied. 

Capello and Semeraro [CAP 01a, CAP 01b] considered the typical harmonic 
content of a profile/surface and proposed an economic function based on this content 
to choose the right sample size. This method is limited to the evaluation of size and 
location tolerances, and because of the harmonic model that they adopted, it was 
determined that the sampling strategy should be uniform. 

Finally, Badar et al. [BAD 05] suggested an adaptive approach such that 
sampling points are added until the measurement error is assumed to be sufficiently 
low. However, the termination condition is not clear and the continuous change of 
the sampling strategy required by an adaptive strategy is difficult to implement on 
standard CMMs. 

The problem of choosing the right sampling locations and sample size when the 
inspected phenomenon has a spatial evolution has been addressed in the field of 
meteorology and hydrology [DIX 96]. Because a “sampling point” in that field 
consists of a meteorological station or a drilled well, which are expensive and cannot 
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be moved after being built, a great effort has been undertaken to propose methods to 
choose the correct “sampling strategy”, i.e. the location of stations. The only 
limitation to the direct application of these methods to industrial metrology is the 
lack of systematic behavior in meteorological and hydrological phenomena (i.e. no 
signature is considered, nor does a signature necessarily exist). A similar 
methodology for planning the CMM measurement strategy has been proposed by 
Moroni and Petrò [MOR 08]. An uncertainty evaluation is implicit in the 
methodology, which is based on the ISO 15530-3 standard [ISO 04b]. 

22.3. Proposed methodology 

The proposed methodology is based on the integration of a virtual CMM and a 
manufacturing signature model, which will serve as an input for the virtual CMM. 
This integration will ensure that the virtual CMM will take into account the 
interaction between the actual geometric error and the sampling strategy during the 
uncertainty evaluation. Consideration of this interaction will enable signature-based 
sampling strategy optimization, as suggested in section 1.1.2. 

Before introducing the adopted virtual CMM, the optimality function for 
choosing the sampling strategy is introduced. Because the inspection process (due to 
measurement costs and inspection error costs) may significantly affect overall 
production costs, an economic approach will be proposed. 

The basic structure of the function, which will evaluate inspection costs CI for a 
single workpiece, will be: 

I M EC C C= +  [22.1] 

where CM is the “measurement cost”, the cost of performing a single measurement 
task, and CE is the “error cost”, the cost generated by measurement error that 
assumes that the uncertainty is large enough to significantly affect the possibility of 
type I and type II errors. 

22.3.1. Evaluation of CM  

For a CMM, the cost related to the sampling strategy primarily depends on the 
measuring time. As the measuring time increases, the cost also increases. The 
measuring time also depends on the sample size, so CM can be expressed as: 

M M M p pC c t c t n c n= =  [22.2] 
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where cM is the CMM hourly cost, t is the time required to perform the measurement 
task, tp is the time for sampling a single point and n is the sample size. 

In equation [22.2], the cost related to each sampling point is assumed to be 
constant, i.e. each point requires the same amount of time to be sampled. This is not 
always true because point-to-point distances may vary, and the travel time varies 
depending on the location of the points. However, because the contact time for a 
CMM is usually predominant, we will consider this difference to be negligible. 
Furthermore, the time required to set-up the machine, align the parts, etc. is not 
considered because it does not depend on the sampling strategy.  

22.3.2. Evaluation of CE  

Depending on the approach chosen by the manufacturer to deal with non-
conforming parts, the evaluation of CE is often a subjective procedure. In fact, 
labeling a conforming part as defective, even if it is conforming, can lead to 
discarding the part, reworking the part, or other expensive and unnecessary actions. 
Defining the cost of mislabeling a defective part as conforming is even more 
difficult, because it can cause a finished product to be defective or a customer to 
reject a batch of products. In this chapter, a simple approach will be proposed. 

Assume that the conformance to a tolerance has to be proven, and the ISO 
14253-1 [ISO 98] approach for stating conformance is followed. Furthermore, 
assume that x, the real geometric error of the part, behaves according to some 
statistical distribution (e.g. Gaussian distribution). Therefore, if uncertainty 
increases, a higher number of parts will be rejected even if they should be accepted 
(see Figure 22.2). The proposed expression for evaluating CE is given as: 

( )E wC c P SL U x SL= − < <  [22.3] 

where cW is the cost of a part or reworking it, or any action which is performed on 
the part itself when declared non-conforming. The term P(SL – U < e < SL) can be 
regarded as the probability that the real geometric error will fall in the portion of the 
transition region that is part of the conformance zone when uncertainty is zero (we 
cannot state conformance for the part, but the part is conforming). This probability 
represents the average fraction of conforming parts that are declared to be non-
conforming. In equation [22.3], it has been assumed that only an upper bound exists 
for x, which is typical for geometric tolerances. However, if both upper and lower 
bounds exist, equation [22.3] can be easily modified. 
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Figure 22.2. Rejected fraction of conforming parts 

We might indicate that this formulation of error cost does not take into account 
the cost of type II errors. However, the ISO 14253-1 criterion for stating 
conformance has been designed to avoid these types of errors. It is assumed that 
when the probability of a non-conforming part (characterized by x > SL) is 
measured, the estimated geometric error y < SL - U is very small. 

Another issue to consider is that the geometric error evaluation is often biased 
due to under-sampling. If the sampling strategy is not sufficient enough to guarantee 
complete coverage of the profile/surface to inspect, it is possible that the maximum 
deviation will not be identified. Therefore, equation [22.3] may not be adequate to 
estimate CE if the bias is not considered. However, the bias must be considered in 
uncertainty evaluation as indicated in the ISO/TS 15530-3 [ISO 04b] international 
standard, thereby reducing its influence. Furthermore, a correct signature based 
sampling strategy should reduce bias [SUM 02], even if the sample size is small. 

22.3.3. Evaluating the uncertainty: the virtual CMM 

Wilhelm et al. [WIL 01] identified six ways for evaluating the CMM 
measurement uncertainty: sensitivity analysis, expert judgment, the use of calibrated 
objects, computer simulation, statistical estimation from measurement history, and 
hybrid methods. Among these methodologies, only the computer simulation method 
is truly suitable for evaluating a reliable “task specific uncertainty” for CMM 
measurement because it has the required flexibility and is not considered to be a 
subjective method such as expert judgment. Software that simulates the behavior of 
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a CMM, thus allowing uncertainty evaluation, is commonly known as “virtual 
CMM”. 

A classic virtual CMM [WIL 01, BAL 99] is based on the simulation of ideal 
(but not necessarily perfect, e.g. they can contain some undulations) geometric 
features for which the geometric error is known. A measurement error is simulated 
according to a model of the real behavior of the CMM for which the uncertainty is 
being evaluated and added to the ideal feature. The measurement uncertainty is 
evaluated by comparing geometric errors evaluated on the “perturbed” features and 
the known geometric errors of ideal features. The overall methodology can be 
regarded as a Monte Carlo simulation of ideal profiles and sampling errors from 
which a Monte Carlo simulation of geometric tolerance evaluation error x - y is 
derived. 

Various sources of error should be considered in the error simulations, including 
measurement strategy, environmental conditions, CMM volumetric errors, and so 
on. A complete list of these sources can be found in the ISO/TS 15530-4 standard 
[ISO 08]. This standard deals with the problem of validating virtual CMM models 
by proposing four methodologies for the validation, one of which has been adopted 
in this work to validate the virtual CMM that is developed. 

Several methodologies have been proposed to extrapolate the uncertainty from 
the simulation results. In this chapter, the approach proposed by Schwenke et al. 
[SCH 00] has been adopted. This approach does not allow for the explicit 
calculation of the standard uncertainty u. Instead, an expanded uncertainty U 
characterized by some coverage probability p [ISO 07] is used. Assume that a Monte 
Carlo simulation of several (thousand) geometric tolerance evaluation errors x - y is 
available. From this data, a Monte Carlo evaluation of the statistical distribution of 
x - y is derived. G(x - y) is then defined as the empirical cumulative distribution of 
x - y. An evaluation of the expanded uncertainty U characterized by the coverage 
probability p can then be obtained as: 

( ) ( )G GU U p− − =  [22.4] 

Note that the resulting evaluation of U  is consistent with the definition of 
coverage probability and any uncorrected bias is considered [SCH 00]. 

To simulate geometric errors, an approach based on the results from Van Dorp et 
al. [VAN 01] has been implemented. The developed model is based on the 
frequency content of the error signal and can be applied to a “Zeiss Prismo” CMM. 
At this time, the virtual CMM model only takes into account the geometric error of 
the CMM and the adopted sampling strategy as sources of uncertainty. 
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Figure 22.3. Uncertainty evaluation according to equation [22.4] 

To validate the virtual CMM, the approach proposed in Appendix C.2 of the 
ISO/TS 15530-4 standard has been chosen. The virtual CMM generated an 
uncertainty evaluation for the roundness measurement of a calibrated plug gauge, 
ensured a 95% coverage probability and simulated one thousand measurement 
repetitions. The uncertainty statement is assumed to be valid for the “Zeiss Prismo” 
CMM, which is available at Politecnico di Milano (where this work was developed). 
The calibrated plug gauge has been measured one hundred times. The formula 
[ISO 08]: 

2 2
cal caly y U U− ≤ +  [22.5] 

has been applied to prove the usability of the uncertainty evaluation, where ycal is the 
calibrated roundness of the plug gauge and Ucal is the calibration expanded 
uncertainty with a coverage probability of about 95%. Because 97 of 100 
measurement repetitions satisfied equation [22.5], the virtual CMM uncertainty 
evaluation is proven to be reasonable. 

Finally, the entirety of this work is based on the idea of a virtual CMM 
accounting for the interaction between the actual form error and the sampling 
strategy when evaluating the measurement uncertainty. This is not difficult to obtain 
with a Monte Carlo simulation based virtual CMM; it is sufficient to simulate 
nominal profiles according to a signature model. If the simulated ideal profiles are 
generated according to a real signature model instead of being perfect features, or 
characterized by “standard” errors such as undulations, then the uncertainty 
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evaluation will implicitly consider the signature. It will suffice to simulate, 
according to the manufacturing signature model, a sufficient number of profiles on a 
dense set of sampling points; the geometric error evaluated on these profiles is 
denoted as x. Simulation of the geometric error evaluation can be performed by 
extracting a subset of the generated points. This subset corresponds to the strategy 
for which the uncertainty is evaluated. Then, a random measurement error will be 
added to each point; the error evaluated on this “perturbed” profile is denoted as y. 
Measurement error x - y can finally be evaluated. 

22.3.4. Cost function minimization 

If the exact strategy of minimizing equation [22.1] is required, the only possible 
method is to evaluate equation [22.1] for any possible subset of the dense cloud that 
constitutes simulated nominal features. However, the number of possible subsets is 
usually very large, and because the optimal solution is affected by a certain degree 
of “uncertainty”, a nearly optimal solution should be regarded as sufficient. 

Several algorithms have been proposed to handle the problem of subset choice. 
A “simulated annealing” (SA) [KIR 83] algorithm has been chosen from the 
available literature on the design of groundwater monitoring networks [NUN 04], 
which proposes similar problems to those considered in this chapter. 

For a given set of points, the SA algorithm seeks an optimal subset that can act 
as a surrogate for the entire set with respect to CI. A subset of initial points is 
selected and passed to the SA algorithm. The algorithm then selects a random subset 
in the “neighborhood” of the current subset (the new subset will be similar to the 
original subset, differing only for a few points, and will contain a number of 
sampling points which is only slightly different from the original) and determines if 
it should replace the current subset or not according to the simulated annealing rule, 
i.e. always replace if the alternative subset value of CI is lower; or replace using the  
probability ( )( ), , 1exp /I i I iC C T−− , where T decreases throughout the iterations of the 

algorithm. 

The SA algorithm has shown the ability to quickly converge to a solution, which 
should be near the true optimal solution. 

22.4. Case study 

To prove the effectiveness of the proposed methodology, the manufacturing 
signature model by Colosimo et al. [COL 08b] is considered. This model describes 
the signature of roundness profiles obtained by turning C20 steel bars. The nominal 
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diameter of the specimens was 26 mm (using a cutting speed equal to 163 m/min, a 
feed equal to 0.2 mm/rev and two cutting steps of 1 mm depth each). An instance of 
the geometric error simulated for this manufacturing signature is depicted in Figure 
22.4, which shows the local form deviation as a function of the angle θ  at which the 
point has been simulated. 

 

Figure 22.4. An example of a simulated profile 

By using the signature model, one thousand “ideal” profiles have been simulated 
and the roundness error has been chosen as the reference value. Roundness reference 
values have shown a normal distribution of geometric error, therefore it is assumed 
that x ~ N(14.6, 1.4), where the mean and standard deviation are expressed in units 
of [μm]. Furthermore, a roundness tolerance of 25 μm is considered for the profiles, 
and for the evaluation of costs, cp = 0.027 €/point and cw = 10 €/part have been 
considered. 

A simulated sampling error has been added to the simulated profiles, thereby 
generating one thousand “perturbed” profiles as described in section 22.3.2. Finally, 
the SA algorithm has been applied to this data to optimize the sampling strategy. An 
optimal sampling strategy consisting of 14 points has been identified (see Figure 
22.5). As expected, the sampling points are concentrated where the roundness 
deviation is greatest so that the bias in the measurement of the geometric error is 
minimized. In particular, the inspection cost for the optimal sampling strategy is 
0.44 €/part. This cost is compared to a uniform sampling strategy with 14 points 
where the inspection cost is 2.62 €/part; the inspection cost has been reduced by one 
fifth. Furthermore, we can compare the expanded uncertainty related to the 
optimized strategy, which is equal to 7 μm and to the uncertainty of the uniform 
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strategy, which is equal to 9.3 μm (a coverage probability of 95% for both of the 
expanded uncertainty evaluations). The performance of the optimized strategy can 
also be compared to the performance of a uniform strategy by only optimizing the 
sample size. The optimal uniform strategy consists of 31 points and results in a cost 
of 0.93 €/part. Therefore, the optimized strategy is able to reduce both the inspection 
cost and the time by a factor of one half because the sample size is also reduced by a 
factor of one half. 

 

Figure 22.5. Optimal sampling strategy 

To better understand the effectiveness of the proposed methodology, consider 
Figure 22.6, which shows the decreasing expanded uncertainty as the sample size 
increases. Even if the uncertainty decreases for both the uniform and signature 
optimized sampling strategies, it is apparent that the uncertainty is always lower for 
the optimized strategy. Similarly, Figure 22.7 shows the relationship between the 
sample size and the cost of inspection. As in the previous case, the optimized 
sampling strategy outperforms the uniform sampling strategy. It should be noted that 
if the sample size is large enough, then the inspection cost does not depend on the 
optimized or uniform sampling strategy that is adopted. It then depends on the 
uncertainty reduction, which is sufficient to minimize the term CE in equation [22.3] 
(even if Figure 22.6 shows a significant difference for U). 

Regarding the sensitivity of the solution, we first consider a variation in cw. 
Figure 22.8 shows the variation of the optimal sample size n as the inspection error 
cost for a single part cw changes, and as expected, the results are directly 
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proportional. Similarly, we can expect it to be inversely proportional to cp. Perhaps 
the sensitivity of the solution to SL (Figure 22.9) is more interesting. It is observed 
that if SL is close to or less than the average value of x, then the optimal sample size 
is small. This is because, regardless of the measurement strategy, a large portion of 
the products are defective – the algorithm is simply suggesting a change in the 
manufacturing process, which is not sufficiently capable. On the other hand, when 
LS is large with respect to the average value of x, again the sample size is small. 
This is because, although the manufacturing process is very capable, it is not 
necessary to check every part – most of the production is conforming, so we must 
ensure that the process is stable. 

 

Figure 22.6. Relationship between sample size and uncertainty 

 

Figure 22.7. Relationship between sample size and costs 
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Finally, assume that because the same set of 1,000 simulated profiles and 1,000 
perturbed profiles has been adopted to optimize the sampling strategy and to 
evaluate sampling strategy performance, the sampling strategy may only be effective 
for these specific simulated profiles. To prove the general effectiveness of the 
strategy, 1,000 simulations have been performed and an independent uncertainty 
evaluation has been performed based on these new profiles. 

The results are not distinguishable from those proposed in Figures 22.6 and 22.7, 
thus proving the generalized nature of the result. This may be due to the large 
number of simulations performed compared to the number of sampling points taken 
– if more sampling points were chosen, the strategy could then “adapt” itself to the 
actual simulated profiles. 

22.5. Conclusions 

In this chapter, a methodology has been proposed to plan sampling strategies 
(sampling points number and positions) for inspecting geometric tolerances. The 
developed strategy optimizes the inspection cost that arises from measuring 
workpieces, plus costs linked to both type I and type II measurement errors. This 
inspection cost is primarily related to the number of sampling points taken (which is 
proportional to the measurement cost) and the probability of errors (which is 
proportional to the errors cost). Therefore, even if the methodology simultaneously 
optimizes the number and the location of sampling points, it can be considered to be 
a two step methodology: in the first step, the uncertainty is minimized from the 
given sample size; in the second step, the optimal sample size is chosen. 

 

Figure 22.8. Solution sensitivity to variations in the product cost 
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The optimization of the sampling point locations is based on the presence of a 
“manufacturing signature”, which is a systematic behavior of the real geometric 
feature. The proposed methodology adopts a Virtual CMM model that takes into 
account the signature and its interaction with the sampling strategy when evaluating 
the measurement uncertainty. Therefore, when comparing several possible sampling 
strategies, the strategy characterized by the minimum uncertainty should be selected. 

 

Figure 22.9. Solution sensitivity to variations in SL 

The methodology can be applied even if no signature is present or if no signature 
is assumed to be present; however, the resulting strategies should not differ 
significantly from the uniform or random strategies, and the optimization will only 
account for the sample size. 

The primary drawback of a signature-based sampling strategy is if the signature 
changes, the measurement uncertainty will probably increase. However, if a model 
for the manufacturing signature is known, then it would be possible to adopt 
efficient “statistical process control” techniques to identify the signature 
modifications, and a signature model is implicit in the proposed methodology. 
Similar methodologies have been proposed by Colosimo et al. [COL 08b, COL 07], 
and the application of these techniques is useful because a modification to the 
signature usually causes a degradation of the product quality and is related to 
undetected failures in the manufacturing process. 

Future goals include a refinement in the evaluation of CE, the possibility of 
linking a strategy plan to more efficient sampling plans [MON 04], and the analysis 
of redundant inspection if considered from the signature point-of-view. 
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Chapter 23 

Impact of Workpiece Shape Deviations  
in Coordinate Metrology  

In coordinate metrology results are based on a set of probed points from the 
workpiece surface, which are evaluated with the use of ideal substitute geometries. 
Shape deviations of the workpiece lead to non-uniform influence of single points on 
the result. In this chapter, a method for analyzing the influence of single 
measurement points on the result and for computing the uncertainty of the 
evaluation is proposed. The statistical resampling technique “the Jackknife” is 
adapted for use with CMM point clouds. This technique enables the bias and 
standard error of the measurand to be estimated. The outcome is analyzed with 
computer simulations, whose results are presented in this chapter. 

23.1. Introduction 

Coordinate measurement machines (CMM) are widely used for the measurement 
of geometric features, due to their large application scope and flexibility in the 
measurement of different workpieces and inspection features. The precision of the 
measurement results is an important aspect, especially when small tolerances are 
required as is the case for precision and micro-structured workpieces, i.e. 
workpieces with structures between 1 µm and 1 mm [HES 02]. In these cases 
reliable results are necessary to enable an interpretation and thus to identify reject 
parts. The common way to describe the reliability of measurement results is to 
specify the measurement uncertainty. On this basis, it is possible to construct a 
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confidence interval around the result, in which the true measurand lies with a given 
probability. This information has to be considered when interpreting measurement 
results. For this reason detailed information about measurement uncertainty and its 
composition is necessary, especially when the uncertainty in relation to the tolerance 
limits is large. 

In coordinate metrology shape deviations of the workpiece lead to an increasing 
influence of the sampling strategy, i.e. the number and position of probing points on 
the workpiece surface. Furthermore, shape deviations lead to a non-uniform 
influence of the points on the result. Information about shape deviations is lost 
during evaluation of the measurement results since the information in the point 
cloud is reduced to only a few parameters of an ideal substitute geometry. The 
existence of exceptionally influential points is problematic, because they bias the 
geometric parameters, which are the basis for the results. Additionally, the 
informational value of the geometry, and thus the measurement result, depend on 
how closely the structure resembles the ideal geometry. In other words, shape 
deviations of the measured structure, the use of a certain sampling strategy and ideal 
geometries for the evaluation lead to uncertainty in the result. 

This effect increases with the measurement of small structures. An illustrative 
example with two 2D circles is shown in Figure 23.1. Both circles show the same 
roundness, i.e. the same goodness of shape, but the larger circle resembles an ideal 
circle much more than the smaller one. 

In this chapter, a method of analyzing the influence of single measurement points 
on the result and computing the uncertainty of the evaluation with ideal substitute 
geometries is proposed. The proposed method adapts the statistical resampling 
technique “the Jackknife” [QUE 49], [TUK 58] for use with CMM data. To show 
the applicability of the method, the following section gives a statistical point-of-
view of the evaluation process in coordinate metrology. In section 23.3 the Jackknife 
is explained in detail. The application of the Jackknife on CMM point clouds and the 
proposed method for examining the influence of single points and the evaluation 
uncertainty is then explained thoroughly in section 23.4 and is followed by an 
example of use. The behavior of the Jackknife results is explored in computer 
simulations. The simulation procedure and the results are discussed in section 23.5. 

In the following explanations, errors in the probing process are neglected. The 
text focuses on the evaluation process of workpieces with large shape deviations and 
assumes that these are observed correctly. 
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Figure 23.1. Influence of size on the perceived 

23.2. Evaluation in coordinate metrology 

In coordinate metrology results are based on a set of probed points from the 
workpiece surface and, as such, on a sample of the total surface. This point cloud is 
evaluated with ideal substitute elements. These are ideal geometries (i.e. lines, 
planes, circles, spheres, cylinders, cones, etc.) which can be described 
mathematically with few parameters. The substitute elements are fitted into the point 
cloud by finding a parameter combination which is optimal under a specified 
criterion like the Gauss or minimum-zone (MZ) criterion for example. In this 
process the information in the point cloud is reduced to geometric parameters. 

From a more general point-of-view, the workpiece surface represents the 
population of all possible measurement points. Every measurement with a CMM can 
only take a sample from this population, since the number of probing points is 
limited even with scanning sensors. In the evaluation process, information about the 
measured element is deduced from the observed sample, i.e. the point cloud. We can 
say that a measurement result is estimated from the observed sample or that the 
measurement result (the geometric parameter of the substitute element) is an 
estimate of the true value. 

Estimators are always subject to uncertainty, based on the sample and the way 
they are calculated. Figure 23.2 illustrates this fact with the evaluation of the radius 
of a 2-dimensional circle. Eight probing points are taken from a workpiece surface 
with obvious shape deviations. The radius is evaluated with a Gaussian circle. As 
can be seen, the resulting radius varies highly depending on the sample taken, i.e. 
the distribution of the probing points. This shows that a measurement result can only 
be an estimate. 
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Figure 23.2. Example for the variance of results introduced by shape deviations 

It should be noted, that this variance in the results is only introduced by the 
shape deviations of the measured element. In the case of a perfectly round structure 
it does not matter how many points are used and how they are distributed, the result 
is always the same (Figure 23.3). 

 

Figure 23.3. Influence of the sampling strategy without (a) and with (b) shape deviations 

When considering measurement uncertainty, the precision of the estimate is very 
important. The precision can be quantified by the standard error of the estimate, 
which describes the standard deviation of the error in the estimation. In other words, 
it describes the evaluation uncertainty. 

There are several ways to calculate the standard error of an estimate. Usually 
these methods depend on certain and often restricting assumptions, like a certain 
distribution and independence of the observations. Resampling techniques provide a 
way to do this without restricting prerequisites, which makes their application on the 
evaluation process in coordinate metrology favorable. 
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23.3. The Jackknife 

Statistical resampling is a universal and computer-based tool to calculate 
properties of statistical estimates. The basic idea is to create additional samples by 
drawing observations from the original sample of the population, which is usually 
done by computer (see Figure 23.4). The estimate of interest is then calculated based 
on every created subsample. Variance in the population propagates to the 
observations in the original sample and from there to the calculated estimates for the 
subsamples. The subsample estimates are the basis for the computation of standard 
errors of the estimate and introduced bias. With this information confidence 
intervals around the estimate can be constructed. 

 

Figure 23.4. Statistical resampling 

The advantage of resampling methods is their application to a wide range of 
different estimates and the fact that they are not based on the assumption of a certain 
distribution or other properties of the population. A disadvantage is their 
computational complexity compared to other methods. The way subsamples are 
created and how the information in the subsamples is evaluated depends on the 
specific resampling technique. This research utilizes the Jackknife technique. It was 
originally developed to identify and correct the bias of statistics, but it is also able to 
estimate the variance of statistics [QUE 49], [TUK 58] 

The method is based on the repeated evaluation of the estimate with subsets of 
the original sample. The n available datasets (observations) are resampled by leaving 
out one observation at a time, leading to n new samples with n-1 observations each. 
The examined estimate θ̂  is then calculated for each sample, leading to the subset 
estimates θ̂ 1,…, θ̂ n. With this information the bias and the standard error (SE) of 
the estimate can be calculated from the subset estimates of equations [23.1] and 
[23.2]. 
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The equations are derived from the examination of the arithmetic mean x . The 
context is generalized to arbitrary estimators by the use of so called pseudo-values. 
These are the basis for the calculation of the bias and the standard error. The exact 
derivation can be found in [EFR 98]. 

23.4. Application to CMM data 

23.4.1. Resampling point clouds 

The Jackknife as explained in the preceding section is applied to CMM point 
clouds, with the goal of quantifying the influence of shape deviations of the 
measured element on the measurement result. The subsamples are used to analyze 
the influence of single measurement points on the result and to estimate the 
contribution to measurement uncertainty, which is introduced by the evaluation 
process. 

Figure 23.5 shows the application of the Jackknife on CMM point clouds. In the 
example eight measurement points are used to probe the workpiece surface. The 
radius of the 2D circle is evaluated by the Gaussian criterion. The result with all 
eight points is 489.31 µm. Then the point cloud is resampled using the Jackknife 
technique by leaving out one point at a time and evaluating the radius on the subset. 
The variation of the resulting radii r1,…,r2, which is introduced by the shape 
deviations of the measured element, can easily be seen. 

 

Figure 23.5. Jackknife resampling with CMM point clouds 
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23.4.2. Influence of single measurement points 

To analyze the influence of single measurement points on the result, the 
difference di between the result with all points and the result when point i is omitted 
is examined for all geometric parameters of the substitute element. Intuitively, this 
value represents the influence the omitted point has on the resulting geometry 
parameter. In this way it is possible to assign the influence to a certain feature of the 
measured element. 

In the case of an evaluation with the Gaussian criterion every point has an 
influence on the result, even though a prerequisite of the Gaussian criterion is that 
all points should have a uniform influence. By checking if there are points with 
exceptional influence, it is possible to review if the use of a Gaussian substitute 
element is justified. There are generally two possible ways of identifying 
exceptionally influential points. One is the assumption of a statistical distribution for 
the differences of the results. Based on the assumed distribution limits for 
exceptional differences can be calculated with a given statistical probability. 

Since a general assumption for a distribution cannot be made, the use of non-
parametric methods, i.e. methods that are not based on the assumption of a 
distribution, have a more practical use. An easy and intuitive way is to use the 
outlier limits from statistical boxplots [CHA 83]. In boxplots outliers are marked 
based on the distance of the 25% and 75% quantile (q0.25 and q0.75) of the observed 
values. The lower (LB) and upper bounds (UB) for outliers are calculated with 
equations 23.3 and 23.4. Their use is shown in Figure 23.6. 

( )0.25 0.75 0.251.5LB q q q= − ⋅ −  [23.3] 

( )0.75 0.75 0.251.5UB q q q= + ⋅ −  [23.4] 

 

Figure 23.6. Analysis of measurement point influence 
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The proposed method of determining exceptional influence can only be applied 
with the Gaussian criterion. In case of criteria that are based only on extreme points, 
like the minimum-zone criterion for example, a removal of non-supporting points 
has no influence on the result. The problem that arises here is that there is not 
enough data to provide a basis to compare the influence of the support points and 
thus to calculate reliable outlier limits. 

For criteria that rely on only a few supporting points, the proposed method has to 
be extended by an iterative approach. To obtain a data basis for the calculation of 
outlier limits, the point that shows the highest difference, i.e. that has the highest 
influence, is removed, the difference is stored and the procedure is repeated until the 
minimum number of points for the criterion and the geometry at hand is reached. 
Naturally, this leads to a decrease of the observed shape parameter. This way the 
shape of the measured element and the position of the non-supporting points with 
regard to the evaluation criterion can be taken into account for the calculation of 
outlier limits. 

23.4.3. Evaluation uncertainty 

After analyzing the influence of single points and assigning the influence to 
geometric parameters, the Jackknife results are used to calculate the standard error 
of the evaluation process. The standard error can be regarded as a contribution to 
measurement uncertainty, caused by the perceived shape deviation of the measured 
element and the evaluation with ideal geometries. As explained above, the perceived 
shape depends on the sampling strategy, which is why the sampling strategy 
influences the standard error. 

Additionally, with the Jackknife analysis the bias of the estimator, i.e. the 
measurement result, can be calculated. The bias describes the difference between the 
expected value of the estimate and the true value. It can be regarded as a 
systematical error of the evaluation process. An estimator is biased, for example, 
when it is based on extreme points, as when evaluating shape or minimum 
circumscribed or maximum inscribed elements. 

The proposed method allows us to quantify the influence of shape deviations of 
the measured element on measurement uncertainty. The standard ISO/TS 15530-3 
[ISO 04], explains the composition of measurement uncertainty in coordinate 
metrology as derived by experimentation. The standard introduces a term for 
workpiece influence uw. Even though the workpiece shape has definite influence 
(not only in evaluation) there is no viable method available to quantify this 
influence. The standard error as calculated by the proposed method in this chapter 
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allows the influence of shape deviations in the evaluation with regard to uncertainty 
to be described. In the following it is referred to as the evaluation uncertainty ueval. 

23.4.4. Example of use 

The use and results of the Jackknife are shown in the following example. For 
illustrative reasons, a 2D circle with the coordinates of the center point x0 and y0 and 
the radius r as result parameters was chosen again. However, the method is not 
restricted to simple geometries, but can be applied to any standard geometry (2D and 
3D) used in coordinate metrology. The dataset was computer generated by adding a 
normal distributed error with a standard deviation of 0.02 mm to n = 32 equally 
distributed points on an ideal circle with center coordinates (0.0, 0.0) and radius 
0.5 mm. This resulted in the center coordinates (x0,y0) = (-4.46,-0.69) µm and the 
radius r = 0.50427 mm as evaluated with the Gaussian criterion. The shape of the 
circle is heavily disturbed with a roundness of 82.3 μm. A plot of the point cloud can 
be found in Figure 23.7. 

 

Figure 23.7. Example point cloud with marked influential points 

Even though the distances of the points to the substitution circle did not show 
any special characteristics and fulfilled the demands of the Shapiro-Wilk [ROY 82] 
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and the Anderson-Darling [THO 02] tests for normality, exceptionally influential 
points on x0, y0, the radius r and the evaluated roundness could be identified with the 
proposed method. These points are marked in Figure 23.7. 

Point 23 and 24 show distinct influence on x0, y0, and r. Point 27 has impact on 
y0 and point 32 on x0. These results are intuitively understandable, since point 23 and 
24 have the largest distance to the fitted circle and have a great effect on the circle as 
a whole. The positions of point 27 and 32 at the bottom and right hand side of the 
plot explain the exceptional influence on y- and x-position. For the analysis of the 
roundness the proposed iterative method was applied. Figure 23.8 shows the 
decrease of the perceived shape with the removal of points. Point 24 was identified 
in the first iteration. 

 

Figure 23.8. Decrease of perceived roundness in the iterative analysis of point influence 

With the results the non-uniform influence of the single points in the point cloud 
was shown and assigned to the different geometry parameters. This non-uniform 
influence is the consequence of observed shape deviations in the point cloud. In the 
next step, the effect of these shape deviations on measurement uncertainty is 
quantified with bias and the standard error of the result, as estimated with the 
Jackknife method. With the standard error a 95% confidence interval (α = 0.05) 
around the bias-corrected result was constructed using equation [23.5] by assuming 
a t-distribution [HIN 77]. Results are shown in Table 23.1. 

( ) ( )
( ) ( )1 2

1
ˆ ˆ ˆ

nBias t SEαθ θ θ−
−− ± ⋅  [23.5] 

The bias of x0, y0, and r is only a small fraction of the estimated standard error, 
and thus can be neglected. In contrast, the estimated roundness fa is clearly 
negatively biased, with values in the range of the standard error. As explained 
above, this result was to be expected because the evaluation of roundness is based 
on single, extreme points. So the resulting roundness tends to be larger with a larger 
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sample size, since the chance of observing extreme points increases. For this reason 
the result is naturally biased. 

For x0, y0 and r the standard errors and the width of the confidence intervals are 
in the range of 3-4 µm and 7-11 µm, respectively. The standard error of the 
roundness fa is much higher and, accordingly, the confidence interval is wider. These 
quite large values for a contribution of measurement uncertainty are explained by 
the large discrepancy between the point cloud and the ideal substitute circle. It is 
intuitively understandable that more precise statements of the circle parameters 
cannot be expected with a shape deviation of 82.3 μm. This correlation was further 
investigated by computer simulations, as described in the next section. 

 Jackknife estimate [µm] 
with 95%-CI Bias [µm] SE [µm] 

x0 -13.53 < -4.46 < 4.60 0.00 4.44 

y0 -11.75 < -0.66 < 10.43 -0.02 5.44 

r 497.09 < 504.25 < 511.41 0.03 3.51 

fa 66.16 < 118.17 < 170.18 -35.87 25.50 

Table 23.1. Jackknife results for the example point cloud 

23.5. Simulation 

The behavior of the proposed method in the presence of different shape 
deviations is analyzed with computer simulations, which are performed for different 
geometries and result parameters. The simulation results are presented in this 
chapter along with the created regression models. 

23.5.1. Simulation procedure 

The target of the simulations is to achieve a data basis for further analysis. The 
necessary data are the number of measurement points, the shape of the measured 
element and the resulting Jackknife results. In these simulations point clouds are 
generated according to an ideal geometry. These point clouds are overlaid with 
systematic and stochastic deviations (Figure 23.9). Afterwards the shape of the point 
cloud is evaluated and bias and standard error of the measurement result of interest 
are calculated with the Jackknife approach. 
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Figure 23.9. Generation of different shape deviations 

The simulation is performed for different geometries and geometry parameters. 
During the simulation the number of probing points and the shape deviations in type 
and dimension are varied. 

23.5.2. Simulation results 

In the following section, simulation results for the radius of a 2D circle with 
random shape deviations are presented. The simulation was performed with 16, 32 
and 64 probing points and standard deviations of the random deviation at levels of 
0.50, 0.75, 1.00 and 1.25 µm. This led to roundness values between 1 and 6 µm. 
Each factor combination was repeated 25 times, which means overall 300 simulation 
runs were performed. In each run a new point cloud was generated, the radius was 
evaluated by the Gaussian criterion, and the Jackknife calculations were performed. 
As expected the bias did not differ significantly from 0 in any of the runs. The 
calculated standard error of the measurand, however, showed interesting results 
(Figure 23.10). 

The plot and the regression lines show an increase of the standard error with 
increasing roundness, i.e. increasing deviation from an ideal circle. The evaluation 
uncertainty is lower with a higher number of measurement points than with fewer 
points, which also conforms to intuition. Of particular interest is the fact that the 
standard error difference between the different number of measurement points 
decreases with decreasing shape deviation. This can be explained, with the 
theoretical observation that with a perfectly measured element (and in the absence of 
measurement errors), the number and position of probing points does not matter. In 
this case the minimum number of points (three in the case of a 2D circle) is 
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sufficient. Any additional points do not change the result. This theoretical aspect is 
very well represented by the Jackknife results of the simulation. 

 

Figure 23.10. Simulation results with regression lines 

23.6. Summary and outlook 

In this chapter an approach to quantifying the impact of shape deviations on the 
measurement result in the evaluation process of coordinate metrology was 
presented. It is based on the application of the statistical resampling method “the 
Jackknife” on CMM point clouds. The Jackknife was used to calculate the influence 
of single measurement points on the result, as well as, the bias and the standard error 
of the measurand introduced by the evaluation process. To show the applicability of 
the method the evaluation process in coordinate metrology was examined from a 
statistical point-of-view. The approach was explained in detail with an example of 
use, and the results of computer simulations with the radius of a 2D circle were 
presented. The results represent theoretical and practical observations. 

The proposed approach allows the investigation of the influence of the 
workpiece shape in the evaluation process with regard to measurement uncertainty. 
The results are assigned directly to the geometric parameter of interest and the 
applied evaluation criterion. In contrast to many other approaches no assumptions of 
normality or independence for the deviation of the measured elements are needed. 
Additionally the method can be applied automatically for every measured 
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workpiece, without the need for repeated measurements or other expenditure, except 
for additional evaluations of the point cloud. 

The results also support the user of a CMM. First, measurement results that rely 
heavily on only one or a few measurement points can be identified to warn the user 
without the time consuming work of checking the point cloud manually. Highly 
influential points are the result of critical shape deviations which bias the result and 
which make the use of ideal substitute geometries unsafe. Second, the created 
regression models of the behavior of evaluation uncertainty can support the user in 
defining the sampling strategy. A minimum number of probing points can be 
deduced easily, if an expected shape deviation and the tolerance limits are given. 

In further research the analysis of the Jackknife results will be extended to other 
2D and 3D substitute geometries and their parameters, as well as to a wider range of 
different types of shape deviations. 
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Chapter 24 

Quality Assurance of Micro-gears via 3D 
Surface Characterization 1 

A challenging task for systematic quality assurance is the characterization of 
micro-gears via metrology. Additional factors in micrometer dimensions such as 
significant shape deviations of the produced micro-gears increase the complexity. 

This chapter describes an approach for 3D surface characterization of the tooth 
flanks of micro-gears. A 3D point of view defines the functionally relevant tooth 
flanks as a surface in contrast to the common definition via 2D characteristics. 
Additionally, this chapter describes how these flank characterizations can be used 
for matching micro-gears afflicted with shape deviations for functioning gearings. 

24.1. Introduction 

Micro-gears are continuously gaining importance in multiple industries such as 
the automotive, medical technology and consumer electronics industries [WEC 06]. 
Micro-gears are primarily used together in micro-gear drives. One reason for the 
rising importance of the micro-gear drives is the demand to simultaneously increase 
the functionality of devices while decreasing their size and weight. To meet these 
requirements micro-gear drives must continue to become smaller and more accurate. 

There are diverse challenges when trying to determine the quality of the micro-
gears. Firstly, micro-gears are characterized by significant shape deviations in 
comparison to their part-size. The pattern and size of these shape deviations differ 
                                   
Chapter written by Gisela LANZA and Benjamin VIERING. 

Product Lifecycle Management: Geometric Variations           Edited by Max Giordano, Luc Mathieu and François Villeneuve
© 2010 ISTE Ltd.  Published 2010 by ISTE Ltd.



420     Pro

dependin
especiall
measure
standard

To d
challeng
project w
of Tech
dimensio
combine
of both m

24.2. Te

The o
and a tip
tip of a p
in planet

Beca
geometri
character

The C
200 mm³
measurin
indicated
equipped
top surfa

oduct Lifecycle

ng on the ma
ly for tactile 
d are practica

d available for 

develop quali
ges, the Institu
with the Instit
hnology (KIT
onal metrolog
e the two meth
methods.  

st specimen a

object of stud
p diameter of 
pencil to give 
tary transmiss

Figu

ause of its larg
ical features a
rize the geom

CMM, a Wert
³ and an incre
ng tolerance a
d in mm. Figu
d with a Fouca
ace of the test 

e Management

anufacturing p
sensors is li

ally the same 
the 3D charac

ity assurance
ute of Product
tute of Produc
T). The appr
gy and funct
hods in the mo

and experime

dy is an involu
about 2.3 mm
a sense of its 

sions. 

ure 24.1. Test sp

ge field of app
a multi-sensor 

metry of the mi

th Video Chec
emental measu
according to t
ure 24.2 show
ault laser and 
specimen. An

process. Secon
imited since 
size. Thirdly,
cterization of 

e strategies f
tion Science (
ct Developme
roach of this
tional testing
ost intelligent

ental equipm

ute micro spu
m. Figure 24.
dimensions. S

pecimen in com

plication and 
coordinate m

icro-gears. 

ck HA 400, ha
uring system r
the manufactu

ws the utilized 
an optical aut

n integrated im

ndly, the num
the probe an
, there is curr
involute micr

for micro-gea
wbk) is work

ent (IPEK) at 
s research pr

g for micro-g
t way to benef

ent 

ur gear with a 
1 shows a tes
Such a gear ca

mparison to penc

its flexibility 
measuring mac

as a measurin
resolution of 0
urer is (1.5 + 
CMM and its
tofocus sensor
mage processi

mber of probin
nd the structu
rently no mea
ro-gears [ALB

ars approachi
king on a joint

the Karlsruhe
roject is to 

gears. The go
fit from the ad

modulus of 0
st specimen ne
an be used for

 

cil tip 

in the measur
hine (CMM) 

ng range of 40
0.01 µm. The 
L/500) µm w

s sensors. The
r for character
ing unit is ava

ng points 
ure to be 
asurement 
B 08]. 

ing these 
t research 
e Institute 

combine 
oal is to 
dvantages 

0.169 mm 
ext to the 
r instance 

rement of 
is used to 

0 x 400 x 
3D linear 

where L is 
e CMM is 
rizing the 

ailable for 



example
Werth fib

The 
cases of 
quality c
diameter
probe ve

Figur

24.3. 3D

24.3.1. B

The s
the intro
drive. Th
deviation

For t
because 
flanks ha
(Fα, fHα
procedur
where th
located. 
shows a 
and heli
3960 ff 

 for edge dete
ber probe (WF

opto-tactile W
f operation. Th
characteristics
r as small as 1
ertically. 

re 24.2. CMM 

D characteriza

Benefits of a 3

shape deviatio
oduction, cons
herefore, a wa
ns in such a w

the matching 
they define th

ave been typic
α, ffα) or the
re is that the 
he lines that 
Shape deviat
tooth flank w

x (Figure 24
or the DIN 

ection. Additio
FP). 

WFP was cho
he stylus tip o

s of the micro 
10 µm. Howe

(a)      

Werth Video Ch

ation 

3D characteri

ons that can b
stitute a big c
ay needs to be

way that the ne

of two micr
he contact are
cally character
e helix devia
tooth flank is
determine th

tions apart fr
with probing p
.3b) of the to

58400 ff on

Q

onally, the CM

sen because o
of the WFP i
parts at hand

ever, a disadva

 
                        

heck HA 400 (a

ization 

be observed in
challenge to a
e found to ma
eeded function

ro-gears the t
ea for the tran
rized by 2D p

ations (Fβ, fH
s only charact
he profile dev
rom these lin
points for det
ooth flank. Fu
nly cover to

Quality Assuran

MM is equippe

of its wide ap
s small enoug
. The stylus ti
antage of the 

      (b) 

a) [WER 08] an

n micro-dimen
achieving a f
tch micro-gea

n can still be f

tooth flanks a
nsmission of m
parameters like
Hβ, ffβ). The
terized in thos
viations or th
es are not co
termining the 
urthermore, st
lerances for 

nce of Micro-ge

ed with the op

pplicability fo
gh for the dim
ips are availab
WFP is its in

 

nd applied senso

nsions, as men
functioning m
ars afflicted w
fulfilled. 

are especially
motion. Up to
e the profile d
e disadvantag
se areas of th
e helix devia
onsidered. Fig

profile (Figu
tandards like 
the profile a

 

ears     421 

pto-tactile 

or several 
mensional 
ble with a 
nability to 

ors (b) 

ntioned in 
micro-gear 
with shape 

y relevant 
o now the 
deviations 
ge of this 
he surface 
ations are 
gure 24.3 
ure 24.3a) 

the DIN 
and helix 



422     Product Lifecycle Management 

deviations of gears with moduli greater than 1 mm and 0.1 mm respectively. 
However, micro-gears are defined as gears with a modulus smaller than 0.2 mm, 
according to the German guideline VDI 2731. This means that today’s standards do 
not cover most micro-gears. 

 
(a)                                    (b) 

Figure 24.3. Exemplary probing points for determining profile (a)  
and helix (b) of the tooth flank 

Due to the explicit shape deviations in micrometer dimensions, the tolerances 
cannot just be scaled down from larger dimensions to smaller dimensions. This 
would lead to quality classes that could not be achieved with the existing 
manufacturing processes. 

Instead of exclusively using the 2D parameters like the profile and the helix 
deviations the whole tooth flank should be considered. A function-oriented 
evaluation is necessary to connect the measured points [GOC 03, WEC 99]. 
According to [IMM 03] it is necessary to switch to analytical modeling of the tooth 
geometry. On this model, software to measure and evaluate gears as a part of the 
quality assurance in production could be built. 

One advantage of a 3D description of the tooth flank is that the positioning of the 
gear on the CMM does not affect the results. To determine deviations like the profile 
or helix deviation, the pitch, tooth thickness, flank topography and the flank 
modifications using the conventional methods require measurements at predefined 
points.  

Since the size, shape and position deviations can be determined with the defined 
flank surface, no exactly defined measurement positions for the profile, the helix or 
the pitch of a gear are necessary when using a 3D description [LOT 03]. This is 
shown in Figure 24.4a, where a tooth flank, randomly placed probing points and the 
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resulting 3D description are pictured. Actual measuring results are shown in Figure 
24.4b for a single tooth. These probing points were gathered via the conventional 
method along the profile and helix of the micro-gear. 

 
(a)                                    (b) 

Figure 24.4. Randomly placed probing points for a 3D tooth flank description (a) and 
conventional flank characterization via the profile and helix (b) 

[LOT 05] developed a surface model to characterize the tooth flanks as 3D 
surfaces. The challenge is to adapt the existing surface model developed by [LOT 
05] to micro-gears. The model of [LOT 05] was also further extended to use the 
obtained results of the surface model as inputs for the matching of micro-gears in 
such a way that the required function of the micro-gearing can be fulfilled. 

24.3.2. Approach 

To ensure an efficient measurement it is necessary to determine the required 
number of probing points for sufficiently characterizing the tooth flanks. This is part 
of the probing strategy. An approach for the determination of the probing strategy 
and the matching of micro-gears is shown in Figure 24.5. The steps of the approach 
are explained in the following. 

24.3.2.1. Step 1 − probing of exemplary tooth flanks 

To develop a probing strategy a methodology for experimentally deducing 
probing strategies was developed by [BUC 08]. The input parameters needed are the 
measuring task, the evaluation strategy, the choice of a sensor and the fixation of the 
workpiece on the measuring table. The first step consists of probing a high number 
of probing points to ensure the efficiency of the approach [BUC 08]. The 
coordinates of the probing points can be determined by a random generator for 
instance. 



424     Product Lifecycle Management 

A few measuring objects, in this case different tooth flanks, are probed to deduce 
the probing strategy, regarding subsets of the probing points. Along with these 
subsets, diagrams will be drawn in step 3 to show the interrelation between the 
number of probing points and the shape deviation. The approach is to analyze the 
development of the quantified shape deviation with an increasing number of probing 
points. For this purpose, the tooth flank needs to be modeled beforehand. This is 
carried out in step 2. 

 

Figure 24.5. Approach for 3D probing and matching micro-gears 

24.3.2.2. Step 2 − exemplary 3D modeling of tooth flank 

The second step is the evaluation of the probing points via a best fit method to 
obtain an involute equation as a substitute element for the tooth flank. 

The most important parts of digital workpiece models are the measuring 
elements [LOT 05]. The workpiece surface can be represented by these measuring 
elements. [LOT 05] describes geometrical and analytical models for the coordinate 
measuring of involute gears. He introduces the 2D involute and the 3D involute 
helicoid as a measuring element. 

One important difference between the 3D modeling and the conventional 2D 
approach is that even when probing points are placed randomly on the tooth flank, 
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the tooth flank can be evaluated accurately [LOT 05]. The innovation of step 2 in 
this approach compared to [LOT 05] is the adaption of the 2D involute and the 3D 
involute helicoid to involute micro-spur gears to evaluate the tooth flank.  

Although [LOT 05] proposes using a 2D model for micro-gears, we regard a 3D 
model as an indispensable step to ensure the increasing demands of accuracy for 
micro-gears are met. The reason is that the shape of the whole tooth flank is 
functionally relevant. 

As a result of step 2 a flank model of the entire number of measuring points, 
probed in step 1 is created. 

24.3.2.3. Step 3 − derivation of characteristics and determination of the number of 
probing points 

In the third step, conventional characteristics like profile or helix deviations will 
be calculated from the 3D flank description. This is essential to ensure comparability 
of the received results with conventional characteristics. One goal of this research 
project is to describe the micro-gears with as many conventional characteristics as 
possible. 

The course of the respective shape deviation can be portrayed in a diagram. One 
resulting diagram is shown in Figure 24.6 [BUC 08]. The abscissa represents the 
number of probing points n and the ordinate represents the difference from the 
maximum observable total profile deviation Fα obtained by the maximum number of 
probing points, e.g. 115 in Figure 24.6, probed in step 1.  

 

Figure 24.6. Interrelation between the number of probing points 
and the detected shape deviation [BUC 08] 
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Figure 24.6 clearly shows the interrelation between the number of probing points 
and the total profile deviation including the spread. With an increasing number of 
probing points, a higher shape deviation is detected. 

When the maximum allotted time for measurements is considered, a 
recommendation for the number of probing points can be derived and the probing 
strategy is determined. 

This observation is certainly transferable to parameters other than the total 
profile deviation. 

24.3.2.4. Step 4 – probing and 3D modeling of tooth flanks 

By the developed probing strategy all the flanks of the micro-gears can be 
measured with the number of probing points needed, and every tooth flank can be 
modeled analogous to the procedure in step 2. 

24.3.2.5. Step 5 – matching micro-gears 

The fifth step proposes a way to simulate the matching of micro-gears with the 
modeled 3D involute tooth flanks. 

In micro manufacturing processes in general and particularly in manufacturing 
processes for micro-gears the achievable tolerances are limited and cannot be simply 
scaled down from larger dimensions. Due to size effects in the production of micro 
parts [FLE 07], shape deviations occur that affect the function of the micro-gear drive. 

To ensure the function of a micro-gear drive, one possible strategy is to match 
micro-gears afflicted with shape deviations in a systematic way. Thereby, the 
function of the micro-gear drive could be assured despite shape deviations. Unlike 
larger dimensions where gears are matched to ensure an exact transmission of 
motion, in micro-dimensions even the primary function, for example the torque 
transmission, needs to be ensured by matching the micro-gears. Even today the 
quality assurance of micro-gears is often performed by listening to the gears in 
operation. 

A cost-effective mass production with high quantities excludes single part 
measurements. However, the quality of the micro-gears must be quantified despite 
the inability to measure every gear. 

The following example illustrates a possible approach for the quality assurance 
of micro-gears which are produced by micro powder injection mouldings. In this 
process multiple mould cavities are used at the same time. Each mould cavity is 
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afflicted with different shape deviations. All the parts produced by the same cavity 
are afflicted with the shape deviations of the cavity.  

Figure 24.7 is an exaggerated example to illustrate this idea. At the top of Figure 
24.7 three mould cavities are shown. The first cavity is characterized by a shape 
deviation at tooth No. 2, the second cavity is at tooth No. 12, both deviations are 
deliberately shown in an exaggerated way. The third cavity shows no significant 
shape deviations. Below each cavity three gears produced from the mould cavity 
above are shown. Theses gears are afflicted with the same shape deviations as the 
mould cavity above. 

 

Figure 24.7. Mould cavities and the produced micro-gears 

The approach now is to characterize only the mould cavities and deduce the 
shape of the produced micro-gear. The most important part of the characterization 
should be the 3D surface characterization of the functionally relevant tooth flank as 
described in step 2. With this information the micro-gears can be divided into groups 
depending on the mould cavity with which they were produced. 

Additional shape deviations can certainly occur during processes fulfilled 
afterwards, for example during handling of the parts. But this would lead to a single 
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part consideration because the shape deviations would differ from each part within a 
group and will therefore not be considered for this approach.  

At last, a simulation matches the groups of micro-gears to functioning gearings 
via best fit. 

The five steps described in the approach above are currently being developed for 
involute micro-spur gears. The difference compared to other approaches is the 
consideration of challenges specifically for micro-gears mentioned in the 
introduction above. For example [BAU 08] applies a functional point-of-view of the 
tooth flanks but considers bevel gears in macro-dimensions as an object of 
observation. The separation of the tooth flank topography into three global form 
deviations, carried out by [PFE 01], is also made for part dimensions above the 
micrometer range because a separated look at shape, waviness and surface 
roughness is hard to make in micro-dimensions [BUC 08]. Other approaches like 
[BOU 07] propose algorithms for automated control of complex structures in 
general, whereas the described approach is designed to suit involute profiles 

24.4. Summary 

This article described an approach for a quality assurance of involute micro-spur 
gears via 3D surface characterization. It was shown that with increasing accuracy 
requirements of micro-gearings, despite significant shape deviations of the micro-
gears, a 3D characterization of the tooth flanks is necessary. 

The steps of the developed approach were partly based on an approach by [LOT 
05] for gears in larger dimensions, and were also adapted to work for micro 
dimensions. A concept to match micro-gears afflicted with shape deviations was 
also presented as part of the approach. 

Using the completely elaborated approach it is possible to use imperfect micro-
gears to obtain micro-gear drives capable of fulfilling higher accuracy requirements 
than currently possible. 
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Chapter 25 

Geometric Specification at the Beginning of 
the Product Lifecycle1 

25.1. Introduction 

Producibility improvement is a major challenge for design and manufacturing 
factories. In the aircraft industry, assemblies have thousands of parts, so a functional 
design method that helps the designer early has to be defined. In these types of new 
technologies, a way to improve this point is to ensure better assemblability of the 
products. To achieve this goal, geometric variations in manufacturing have to be 
carefully specified and controlled. 

Indeed, currently, the specification is based on expert methods. The designers, 
have to use their knowledge to generate specifications from an analysis of the 
system. Indeed, it is easy to forget data and that cannot be allowed because it results 
in the manufacturing of assemblies that are non-mountable or non-compliant with 
the consumer’s requirements. Parts need to come back to be reworked, which leads 
to additional cost for the product and to a waste of time. To reduce these problems, 
the tolerances of parts are tightened to limit the risks. The disadvantage of this 
technique is that it is expensive for a non-guaranteed result. 

There is an increasing industrial need, it is a “semi-automatic” assistance to 
generation of tolerance specification. 

There are several 3D tolerance analysis simulation tools: 

− Anatole [MAR 03] 
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− Mecamaster [CLO 01] 

− Söderberg’s software [WIC 01] 

However, none go as far as tolerance specification. 

The CLIC method [ANS 06], which allows us to generate ISO specifications, 
proceeds expertly from an analysis of the system and not from simulation models. 

The idea of this work is to develop a method that leads to the tolerance 
specification from the simulation model. 

The advantage of this method is the ability to specify at the earliest, in the 
lifecycle of the product. This involves different stages of model design: 

− Skeleton: model of the mechanism including only joints, requirements and 
their relative position.  

− Functional surfaces: model of the parts including key surfaces and some 
dimensions of the mechanism.  

− Rough surfaces: model of the parts including the rest of the surfaces of the 
mechanism. 

 

Figure 25.1. Domains of the lifecycle 

The model chosen for the simulation of geometric variations is the small 
displacements torsor [BOU 96]. This helps to maintain coherence with the design, 
the manufacture and the metrology. Some studies use the same model in other steps 
of the product’s lifecycle: manufacture [VIL 01] and metrology [BOU 96]. 
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As previously mentioned, the method occurs at the beginning of the lifecycle of 
the product, during the design stage of the mechanism. Roughness and form 
deviations are not taken into account. The positions and deviations of the parts and 
the surfaces are modeled by small displacements torsors. Taking into account the 
tolerancing management during the design process, it is possible to optimize the 
mechanism to assist tolerance specification. 

The method includes two steps. The first step consists of determining the limits of 
variations of each key surface. The skeleton is strictly created from the functional 
requirements. It is represented by a graph which is the support of the study and the way 
to implement requirements. Additional information and hypothesis are added later and 
allow to go through the different stages of design. Section 25.2 presents the skeleton of 
the mechanism via the graph of joints. Then, as presented in section 25.3 the designer 
generates new equations taking into account key surfaces via the graph of contacts. 
Once the representation of the functional model of the product is terminated, the 
designer has to solve the system of equations governing the specification of the 
assembly. The limits of geometric variations of the mechanism come from the result of 
this computation. At this step of the study, the inequations generated constrain the 
mechanism. The second step aims to translate these variations into a language of 
specification such as in section 25.4. Previous specifications have to be useful for 
manufacturing. The distribution of tolerances is achieved through the skills of designers 
who make choices with their experience or through industrial in-house methods. The 
method must help the designer to choose the specifications from the simulation model. 
The aim of the method is to try to minimize and evaluate these uncertainties of 
specification due to these choices. Finally section 25.5 summarizes the major issues and 
points out futher investigations. 

This method can be applied to a simple example of the priscmatic joint, shown in 
Figure 25.2. 

 

Figure 25.2. Mechanism model [BAL 08] 
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25.2. Study of the skeleton 

The graph will be presented and its use to conduct an analysis of tolerances and 
obtain a specification of the mechanism will be described. The models used will be 
presented first to show the hypothesis made. 

25.2.1. Presentation of the models used 

The method presented uses models to simulate and model the mechanism. To 
find out the consequences of their uses, the assumptions they imply must be 
specified. 

How to describe the variations? 

25.2.1.1. The torsor of small displacements 

The first model is the small displacements torsor. It is used to model joints. 

Each component of the small displacements torsor corresponds to deviations of 
position and orientation between the two joined parts. They take into account the 
deviations of the surfaces in contact as well as the gap in the interface. It is used as a 
model for the representation of degrees of freedom of the parts. 

To use it, it must be assumed that small displacements of a part are much smaller 
than the dimensions of that part. This applies to all mechanisms studied. The 
following torsor represents a prismatic joint.  

{ }
OIIIIII

IIIIII

IIIIII

O
OIII

w
v
U

T
⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

//

//

//

/ ==
γ
β
α

OI/II

I/II

D
R

 [25.1] 

The formalism chosen is: 

− capital letter = big displacement 

− lowercase letter = small displacement  

As mentioned earlier, this model allows the link between design, manufacturing 
and metrology. 

How to describe the structure of the mechanism? 
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25.2.1.2. The graph of joints 

This is a representation of the mechanism, it is valid during the entire lifecycle of 
the product, from design to metrology. It represents the product structure (parts, 
joints, requirements, etc.). It is a great way to collect and structure data. And it is 
also a way to analyze the system. 

The graph model has been validated to be used in our context [BAL 99], [MAN 
98]. To create and edit graphs in this study, the GAIA software, developed by EADS 
has been used [FAL 04]. 

25.2.2. Description of the mechanism and first simulations 

The mechanism requirement’s that have to be designed specify that it is a 
prismatic joint between two elements. A requirement is imposed between the two 
parts. Surface deviations of each part are not taken into account in this part of the 
study, since the work is on the skeleton. The result is the graph shown in Figure 
25.3. It is built by modeling the parts or assembly as a circle and the joints as 
segments. The requirements are displayed by dotted lines.  

 

Figure 25.3. Graph of joints 

The kinematic sketch of Figure 25.4 shows the kinematic modeling of the 
prismatic joint. By establishing kinematic requirements at this stage of the study, it 
is possible to build an initial specification. This will enable the subcontract of the 
design of the mechanism. This data includes some intrinsic dimensions of the 
skeleton, these are influential for kinematics or for the points of application of 
requirements. 

 

Figure 25.4. Kinematic sketch of the mechanism 
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With a measure of the sensitivity of the joints, the designer will be able to 
specify the mechanism at this step. To do so, the torsor of the kinematic pair must be 
moved to the point of applying of the requirement (equations [25.2] and [25.3]). The 
requirement must be modeled by a small displacement torsor. For this example, the 
condition is: [ ; ]h hh h t h t∈ − +   

I/IIOI/IIAI/II RAODD ×+=  [25.2] 
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By translating the requirement using the following equation a specification can 
be deducted.  

hh tt ≤≤− yD
AI/II .  [25.4] 

/ /AO.xh I II I II ht v tγ− ≤ − × ≤  [25.5] 

The designer can already take into account the specification (inequation [25.5]) to 
help him determine the dimension xAO. , and specify the quality of the joint. 

The next step of the skeleton modeling is the enrichment of the mechanism. The 
designer can, with his own choices, detail the mechanism by splitting the kinematic 
joints or splitting assemblies into parts. 

 

Figure 25.5. Kinematic model enriched 

In this case, like in Figure 25.5, the prismatic joint has been turned into two 
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− Block I: Parts 1, 2 and 3 

− Block II: Parts 4, 5  

The small displacement torsors of the joints obtained are: joints { }12D , { }13D  

and { }45D  which are complete joints and joints { }24D  and { }34D  which are 
cylindrical joints.  
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By modifying the kinematic structure of the mechanism, the designer generates 
over-constraints which can be detected via the graph of joints. 

25.2.2.1. Generating inequations from cycles of mountability 

Indeed, a cycle in the graph of joints identifies a risk of over-constraint. The idea 
is to find all cycles in the graph and check if there is any over-constraint using the 
small displacements torsor. 

 

Figure 25.6. Over-constraint cycle 

By calculating the equation corresponding to the cycle of Figure 25.6, it is 
possible to determine if there is an over-constraint and what the key components are.  
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 [25.8] 
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 [25.9] 

For each equation, we will test whether the components are only components of 
small displacements, (equations [25.9]), each cycle corresponds to an over-
constraint degree. 

To ensure assemblability, the design must impose a gap in the joints. As 
previously mentioned, the gap is included in each component of the torsor of small 
displacements. The idea now is to split each component into two values, one for the 
gap ,g  the other for deviations ,d  like in equation [25.10].  

ijijij DdDgD +=  [25.10] 

The gap of each component for each equation corresponding to an over-
constraint must be limited by a lower bound. This will impose a gap and thanks to 
this the joint will guarantee the assemblability of the mechanism. A technical choice 
of the designer for this example is to share the deviations in the two joints 
represented by the torsors { }24D  and { }43D . Equation [25.10] is included in 
equations [25.9].  
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γγ
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xAOxAO 21   
[25.11] 

At the end of this stage, taking into account the inequations generated guarantees 
the assemblability of the mechanism. 

{ } { } { } { } { }AAAAA DDDD 0=31432412 +++
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25.2.2.2. Generating inequations from cycles of requirement 

There are two cycles through this requirement to which two inequations are 
related. 

 

Figure 25.7. Requirement cycles 

An inequation corresponds to each cycle of Figure 25.7, which must be 
generated in order to limit variations of the parts and gaps in the interfaces, from 
inequation [25.5] comes:  
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25.2.3. Conclusion of the first step 

At the end of this first step, the innovation is the specification by the inequations 
of the mechanism’s skeleton. This first study allowed us to detect the presence of 
over-constraints, which leads us to generate specifications for mountability 
(inequations [25.11]). Requirement th  is also respected thanks to inequations 
[25.12] and [25.13]. All those elements have been detected automatically, avoiding 
oversights by the designer. 

Modeling the surfaces is hardly taken into account. In addition, as deviations are 
global on the joints, it is impossible to specify the parts individually. The next step 
consists of adding the surfaces to take into account their deviations for each part. 
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25.3. Study of the functional surfaces 

Now surfaces are going to be integrated to the simulation model. This requires us 
to define new models and their consequences. 

25.3.1. Presentation of the models used 

The next three models will be used into integrate some surface deviations in the 
model. The aim of this step is first to verify that the addition of surfaces to the model 
does not compromise the mountability of the mechanism. The study also allows us 
to take into account the deviations of the surfaces and spread over each part 
deviations on the joints calculated in the previous chapter. 

How to identify the surfaces of each part? 

25.3.1.1. Substitute surfaces 

The model developed first by Wirtz [WIR 91] then by Ballot [BAL 03], allows 
us to integrate a deviation position of the surfaces without integrating the form 
deviation. It uses vectorial tolerancing to distinguish substitute surfaces from 
nominal surfaces of the mechanism, like in Figure 25.8. 

 

Figure 25.8. Substitute surfaces 

This new model is adapted to the small displacement torsors as explained in the 
following section. 

How do we differentiate the deviations of the surfaces from the gaps? 
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25.3.1.2. Deviation and Gap torsors 

Each joint between two parts can be broken down thanks to the substitute surfaces 
model. Each part involved in the joint is represented by a surface (surfaces a  in this 
example), which corresponds to the element of the situation of the link. A substitute 
surface (surfaces ai ) is associated with the nominal surface as explained in the 
previous paragraph and a torsor of deviations represents the displacements between the 
two surfaces. 

The interface between the substitute surfaces is modeled by a gap torsor. The study 
which leads to equation [25.15] allows us to give a lower limit to the gap to guarantee 
the assemblability of the mechanism. For a joint between two parts j  and k , the 
result is: 

/ / /=jk ja jai jai kai kai kaD D D D+ +  [25.14] 

/ /=jk ja jai kai kaDd D D+  [25.15] 

/=jk jai kaiDg D  [25.16] 

How can we describe the surfaces on the graph? 

25.3.1.3. Graph of contacts 

To take into account the functional surfaces, the graph of joints must evolve into 
the graph of contacts. 

This new representation is a more complete version of the graph of joints 
introducing the key surfaces. They will be represented by a grey oval around the 
circle which represents parts, like in Figure 25.10. This will be the connector 
between the parts, joints and requirements. Each surface of the mechanism belongs 
to a class of geometrical features presented in Table 25.1. 

25.3.2. Details of the mechanism and second step of simulation 

In this section, the detail of the mechanism is to add a “skin” to the skeleton 
[BAL 06]. To do so, the designer can choose the surfaces within seven classes [CLE 
98] [ISO 05], like in Table 25.1. These surfaces are ideal features classified by type, 
such as plane, cylinder, cone, sphere, torus, etc. They are defined by characteristics 
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which are for example, the diameter of a cylinder, the distance between a plane and 
the center of a sphere or the angle between the axis of a cylinder and a plane. 

 D Corresponding 
displacement Situation features 

 

0 E identity displacement Plan of E3, line of E3, 
point of E3 

 

1 TD Unidirectional 
translation 

Plan parallel to D, line 
parallel to D 

 

1 RD Rotation around a 
line with a point Line D, point of D 

 

1 HD,P Screw displacement Line D axis of the 
screw 

 

2 CD Actuator 
displacement 

Line D axis of the 
cylinder 

 
3 GD Planar displacement Plan parallel to P 

 
3 SD Spherical 

displacement 
Point O center of the 

sphere 

Table 25.1. The 7 classes of geometrical features 

The ideal surfaces used to define the nominal model are called nominal surfaces. 
They are independent from the model of the non-ideal surface (“skin model”). The 
ideal features, whose characteristics depend on the model of the non-ideal surface are 
called associated features. The substitute surfaces previously presented are associated 
features. 

For example, the example presented in Figure 25.9 consists of several ideal 
features whose types are planes and cylinders. All ideal features belong to one of the 
seven classes defined in Table 25.1. 
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Figure 25.9. Ideal features forming the nominal model 

The idea here is that each surface of the mechanism will be listed in a class of 
surface and then type of surface. This will be useful for two related reasons. First it 
allows us to identify the influences of the deviations of the surface on the behavior 
of the mechanism. Second it allows us to determine the specification corresponding 
to that surface as well as its situation features. Indeed, even if the language of 
specification has not yet been chosen at this step of the study, the classes and types 
of surfaces are common to all languages. 

To do so, some characteristics have been defined in GeoSpelling [MAT 03]. At 
this step of the study, they determine the geometry of the mechanism. They are 
defined: 

− on ideal features, and they are called intrinsic characteristics 

− between ideal features, and they are called situation characteristics 

− between ideal and non-ideal features, and they are also called situation 
characteristics. 

The intrinsic characteristics of an ideal element are specific to the ideal element 
itself. They can be diameters, lengths, etc. 

The situation characteristics define the relative situation between two features 
and they can be divided into position and orientation characteristics. These 
characteristics are lengths or angles. Non-ideal features do not appear in the study 
because the form deviations are not taken into account, so the third characteristic is 
not defined. 
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Now that these features forming the skin of the mechanism have been defined, it 
is possible to represent them on the graph of contacts defined in Figure 25.10. 

 

Figure 25.10. Graph of contacts 

Based on the new data, new simulations are made because at this stage of the 
study, the decomposition of joints creates new over-contraints. Each cycle which is a 
risk must be verified. 

 

Figure 25.11. Over-constraint in a parallel joint 
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In Figure 25.11, the joint between parts 4 and 5 is modeled by three interfaces. 
Figure 25.12 shows the models chosen for this complete joint. A screw in the 
cylinder locks and the tightens the two parts. 

 

Figure 25.1. Kinematic sketch of this assembly 

The interfaces are: 

− { }aaD /54 , planar joint, axis x  

− { }bbD /54 , planar joint, axis y  

− { }ccD /54 , cylindrical joint, axis y  

In this system there are over-constraints. The designer has to modify the 
interface and determine the relative positioning of the two parts. 

Each cycle corresponds to one of the three systems of equations presented below 
according to the model of the substitute surfaces. 

0== /55/54/44/44/45/5555 bbibibibibaaiaiaiaia DDDDDDD +++++  [25.17] 

0== /55/54/44/44/45/5555 ccicicicicbbibibibib DDDDDDD +++++  [25.18] 

0== /55/54/44/44/45/5555 ccicicicicaaiaiaiaia DDDDDDD +++++  [25.19] 

Note that the components of gap torsors i  compensate the deviations of the 
parts. The equations corresponding to over-constraints have been extracted from the 
system of equations and are presented in the following.  
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 [25.20] 

For example, one choice of positioning is to make the plan parallel to the axis of 
the predominant cylinder by tightening the screw. This is supplemented by the 
second plan and then by the cylinder. 

1. Plan b 

2. Plan a 

3. Cylinder c 

The modification depending on the designer’s choice requires the specification 
of the gap in the joint by changing the components of the torsors of the interface. 

One solution here is to set a minimum for the following gaps:  

4 /5 4 /5 4 /5 4 /5, , ,ai ai ci ci ci ci ci ciuγ α γ  [25.21] 

Another point that has to be tested to guarantee the assemblability at this stage of the 
study is the management of contacts. For example, the joint between parts 2 and 4 is 
modeled by a cylinder-cylinder interface, like in Figure 25.13. 

In the previous study, on the skeleton, it was decided to impose a gap between the 
two parts. This gap must now be translated on the model with the skin of the 
mechanism. To do so, a study has been made of the cylinder-cylinder interface in order 
to translate the components of the small displacement torsor into the intrinsic 
dimensions of the parts. 

In this case the modeling was done using a continuous mathematical model. 
However, it is clear that it is not possible with all types of interface. For example, if 
the interface is a plan-plan type, surfaces have to be discretized (on the boundary of 
the surface for example). 
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Figure 25.13. Interface cylinder-cylinder 

Nevertheless, this model was chosen to present the method. Results of the 
trigonometry study are presented below. 

2 2
4 2 , :a b D d with+ ≤ −  [25.22] 

2 /4 2 /4=
2ai ai ai ai
La w β+ ×  [25.23] 

2 /4 2 /4=
2ai ai ai ai
Lb v γ+ ×  [25.24] 

The previous step allows us to specify the components of the small 
displacements torsor. Now, thanks to this inequation, the specifications can be 
applied to the intrinsic dimensions of the mechanism.  

 

Figure 25.14. Translation via the contacts 

The last inequations to be generated during this study on the skin are those 
concerning requirements. Indeed, it is now possible to differentiate the parts in these 
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inequations and thus it will be possible to specify the parts individually from 
equations [25.25] and [26.26]. 

1 /1 1 /2 2 /2 2 /2 4 /4

1 2 /2 4 /4 2 /4 2 /4 4 /4

4 /5 5 /5 4 /4 4 /5 5 /5

AO .x ( )
AC.x ( )

h b bi bi bi bi b a ai ai a

a ai ei e ai ei ai ai b bi

bi bi bi b b bi bi bi bi b h

t v v v v v
v v

v v t
γ γ γ

γ γ γ

− ≤ + + + +
− × + + + +
+ + − × + + ≤

 [25.25] 

1 /1 1 /3 3 /3 3 /3 4 /4

1 3 /3 4 /4 3 /4 3 /4 4 /4

4 /5 5 /5 4 /4 4 /5 5 /5

AO .x ( )
AC.x ( )

h d di di ci ci c a ai di d

a ai di d ai di ai di b bi

bi bi bi b b bi bi bi bi b h

t v v v v v
v v

v v t
γ γ γ

γ γ γ

− ≤ + + + +
− × + + + +
+ + − × + + ≤

 [25.26] 

25.3.3. Conclusion of the second step 

At the end of this second step, the specification of the mechanism has been 
completed. The previous specifications on the skeleton are now shared out among 
the parts. This will be the beginning for the expression of the specification of the 
parts individually. Inequations [25.25] and [25.26], allow us to control the variations 
of the key surfaces of the parts. The enrichment of the mechanism adds over-
constraints, so the study on the skin detects new cycles and new equations related to 
this. To guarantee the assemblability of the mechanism, two kinds of inequations 
have been generated, one from the graph of contacts (inequations [25.22]), the other 
from isolated joints (equations [25.20]), which have been solved by giving minimal 
gaps to some components of the small displacements torsor [25.21]. The distribution 
of variations in all the components of the small displacements torsors is not part of 
the study. The continuation of the study will be the impact of these results on the 
mechanism’s geometry. Indeed, at the end of this section, the mechanism is fully 
constrained, but, with the view of enabling the manufacture of the parts, these results 
must be summarized (see section 25.4). 

25.4. Specification 

The idea of this section is to specify each part individually. To do so, part 2 will 
be taken as an example. 

The first step is to extract the key surfaces of this part and determine which class 
and type they depend on. Here, surfaces a  and b  are cylinders and surface c  is a 
plane. These surfaces have intrinsic characteristics (diameter for cylinders) and 
extent parameters (e.g. length for cylinders) [ISO 05]. 



Geometric Specification     451 

 

Figure 25.15. Specification of a part 

All the components of the small displacement torsor related to this part have to 
be extracted from the previous systems of inequations. In the case of the example, 
the domain allowed for part 2 2 2[ ; ]h hh t h t− +  is part of the whole domain of 
variation [ ; ]h hh t h t− + . So, the specification for this part is:  

2 2 /2 2 /2 1 2 /2 2AO .x ( )h bi b a ai a ai ht v v tγ− ≤ + − × ≤  [25.27] 

The result of the study shows that the part should take into account two 
requirements, one of position ( bbiv /22  and aiav /22 ) and one of orientation ( aia/22γ ), 
which are related. This specification allows all the other parameters to vary, because 
they are not involved in the requirement. 

 

Figure 25.16. Structure of the study 

25.5. Conclusion 

This paper outlines a new approach to tolerancing: early tolerancing. The idea is 
to start to specify the problem as soon as possible so that the specifications evolve in 
parallel with the design. The idea is to ensure the correspondence between the 
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specifications and the model of the mechanism at any time. Tolerancing is not 
treated at the end of the design process but earlier and at different stages, on the 
skeleton, on the interfaces and on the final volumes once the processes have been 
chosen. 

The result at the end of the study is a specification of the parts of the mechanism 
according to the requirements. Variations are forced to a minimum to ensure 
assemblability as well to ensure the requirements are taken into account. These 
specifications are hard to use directly. A way to make it easier for users is to 
translate it into a defined language of specifications, like ISO or GeoSpelling; 
however this process of translation implies specification uncertainties. 

This method makes the work of the designer easier because constraints of 
assembly are detected automatically. The same goes for geometric requirements 
because the cycles of influence directly generate inequations giving the sensitivities 
of the components of the small displacements torsor. The parametric modeling used 
at each step simplifies the design by variants. The use of tools, like graphs, to 
capture data and knowledge all along the functional and structural breakdown 
enables the traceability of information and allows choices to be carried out. It also 
authorizes impact analysis when requirements or specifications change, and is 
totally adapted to a knowledge-based engineering level. 

There are several ways to improve the method. The first is to determine how to 
distribute variations once the specification of the global system is set and once it 
constrains the mechanism. The second is to study how to manage the contacts 
discretizing parts. A way to determine the number and the position of those points 
discretization should result from a trade-off between an accurate discretization and a 
reasonable computation duration. 
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Chapter 26 

Ontological Model of Tolerances for 
Interoperability in Product Lifecycle 1 

26.1. Introduction 

The effects of dimensional and geometric variations of a part in a 
product/assembly span the whole lifecycle of that product from manufacturing to 
inspection, assembly, testing, use and maintenance and to the ultimate disposal of 
that product. In a design specification, tolerances specify the limits to the 
dimensional and geometric variation of a product.  

There are two techniques for tolerance specification − conventional and 
geometric. In conventional tolerance specification the variation of a specific 
dimension is controlled only in the direction of that dimension. Tolerances are 
specified with upper and lower limits and are associated with a dimension. Since 
perfect parts cannot be manufactured, additional control of the manufacturing 
process is needed to control various functional aspects of parts or assemblies, i.e. 
form, size, orientation, profile etc. This combination of different types of tolerances 
was not possible with conventional tolerancing. Thus, geometric tolerances were 
introduced. In this way multiple tolerances can be placed on a feature (such as a tab 
or hole), to control distinct characteristic, such as the form or orientation, of that 
feature. Tolerances such as orientation and position control various degrees of 
freedom (rotation and translation) of the toleranced feature. Standards, such as 
ASME Y14.5-1994 and ISO 1101, govern the method (and a language) of 
specifying tolerances.  
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Identification of the causes of the dimensional and geometric variations is the 
major concern in manufacturing research while the effects of the dimensional and 
geometric variations have to be analyzed in the design stage. Due to the 
utilization/impact of tolerances in/on all the stages of a product life cycle, tolerance 
research spans the whole product lifecycle. Research related to different aspects of 
tolerances has been surveyed in the literature [CHA 91], [EVA 75], [GER 96], 
[HON 02], [NIG 95], [PAS 03], [SHA 07] and [SHE 05]. Based on these surveys, in 
this paper, tolerance research is classified into tolerancing, tolerance transfer, 
tolerance evaluation, tolerance modeling and representation. Tolerancing includes 
tolerance specification, tolerance analysis and assemblability and tolerance 
allocation. Out of the different aspects of tolerance research, tolerance modeling and 
representation is the most pervasive research area and influences all aspects of 
information exchange during the product life cycle, especially design, 
manufacturing and inspection.  

Product design, manufacturing and inspection in the current global market are 
collaborative in nature. Collaborative product development entails the use of various 
software tools and techniques. Moreover, these software tools and techniques utilize 
various data standards for representing tolerance information such as STEP [STE 
94] and DMIS [ANS 01]. Therefore, there is a need for unambiguous interpretation 
of tolerance specification by various computer softwares being utilized in the 
collaborative product development. Furthermore the exchanged tolerance 
information should be robust, consistent and valid. The exchange and use of the 
exchanged information among different software is called interoperability [IEE 90]. 

Towards creating a tolerance information exchange that is robust, consistent, 
valid and unambiguous, this chapter takes a first step by creating an ontological 
model of tolerances. Since, most of the tolerances control degrees of freedom of a 
feature, the proposed tolerance information model is based on degrees of freedom.  

This chapter is organized as follows. Section 26.2 presents background on 
ontology followed by a literature survey of various information models of tolerances 
(section 26.3). Section 26.4 presents the proposed ontological model of tolerances. 
Then, section 26.5 presents an example of the instantiation of the ontology followed 
by future directions of the proposed approach (section 26.6). 

26.2. Ontology  

This section will be discussed in two parts: first introduction to ontology as a 
means for modeling information and second discussing a particular ontology 
language choice. 
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26.2.1. Information modeling as an ontology 

Ontologies are artefacts that aim at representing knowledge about a domain, 
tasks and so forth, by relating classes that represent concepts in a directed graph 
[SOW 09].  

“An ontology is an explicit, formal specification of a shared conceptualization of 
a domain of interest” [GRU 91]. Ontology represents a shared understanding of 
concepts in a domain of interest to support interoperability and have strict 
definitions of the relation between the concepts.  

One main advantage of ontology modeling is the ability to formally represent 
knowledge. Ontology can be mathematically defined as O := {I, C, R, A}, where O 
is an ontology for a domain of interest; I is a set of individuals or objects in a 
domain; C is a set of concepts in a domain; R is a set of relations among concepts, 
relations and objects; A is a set of axioms holding among concepts, relations and 
objects. 

There are two types of relations R (or properties) that can be used in an ontology 
– object and datatype properties. The object properties in ontology specify or restrict 
relations between an instance and another instance. The datatype properties in 
ontology specify or restrict relations between instances and data values.  

26.2.2. Choice of ontology language  

To represent knowledge/information in a formal manner, the language utilized to 
encode the knowledge is as expressive as the knowledge. For a comparison of 
several different description logic (DL) languages for modeling product information 
please refer to [FIO 08, 1]. This chapter uses ontology Web language (OWL) for 
creating the proposed ontological model of tolerances, as OWL is based on a subset 
of first order logic called description logic. Therefore, OWL supports the four 
reasoning mechanisms found in description logic: consistency checking, 
subsumption, realization and retrieval [BAA 02]. The use of XML-based format of 
OWL is intended to facilitate sharing and reuse of knowledge [PAT 04]. 

OWL is an ontology language for the semantic Web, developed by the World 
Wide Web Consortium (W3C) Web Ontology Working Group [MCG 03, SMI 04]. 
Examples of some of the OWL constructs are given in Table 26.1. For more 
information regarding other OWL constructs, please refer to [MCG 03]. In this 
chapter the Protégé ontology editor is used to create the ontological mode of 
tolerances. 
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OWL (Ontology Web Language) Intuition 
RDF Schema Features  

rdfs:subClassOf(A,B) 
Class A is a particular type of class B, 
in other words class B is more general 
that class A. 

rdfs:subPropertyOf(A,B) 
Property A is a particular type of 
property B, in other words property B 
is more general that property A. 

Property Restrictions  

P OWL:allValueFrom(C) All values of property P belongs to 
class C 

P OWL:someValueFrom(C) Some value of property P belongs to 
class C 

Restricted Cardinality  

P OWL:miniCardinality(n) 
The number of values that property P 
can take must be greater than or equal 
to n 

P OWL:maxCardinality(n) The number of values that property P 
can take must not exceed n 

P OWL:Cardinality (n) The number of values that property P 
takes is exactly n 

Table 26.1. Example of OWL constructs 

26.3. Literature survey 

Many authors have identified the need for an information model in product life 
cycle [YAN 08, THI 06 and FEN 03]. Yang et al., [YAN 08] presented a product 
information model for mass customization based on OWL. Thimm et al. [THI 06] 
proposed modeling product information with unified markup language (UML) [ISO 
05]. The author focused on interoperability between different product lifecycle, such 
as the lifecycle of a manufacturing machine and the lifecycle of the product that the 
machine is manufacturing. Feng and Yong [FEN 03], presented a model for 
exchange of product information for interoperability in design and manufacturing.  

Only a few authors have attempted to create an information model solely of 
tolerances for supporting interoperability [DAN 07, DES 07, ZHA 06 and RAC 
06a]. Dantan et al., [DAN 07] proposed a UML based product information model 
for tolerance management in car and aircraft industries. They used graphs to 
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represent product and process information and extend the key characteristics 
approach described by Thornton [THO 99]. Desrochers [DES 07] only provide a 
classification of product information and do not create an information model of the 
classification. Zhao et al. [ZHA 06] proposed an XML based information model for 
integrated measurement processes. The model relies on three layers to support 
interoperability between tolerance representation in STEP, DMIS and a 
representation based on ASME Y14.5 classes of tolerances. The model only 
supports interoperability at the inspection stage.  

Rachuri et al. at the National Institute of Standards and Technology (NIST), 
proposed a generalized information model in UML, called a Core Product Model 
(CPM), for representing electro-mechanical products. An extension of the CPM, 
called the object assembly model (OAM), has also been developed for representing 
product information at assembly level [RAC 06b]. Fiorentini et al. [FIO 07, 08] have 
worked towards representing the OAM model in OWL. OAM represents tolerances 
only as attributes of the parts and features. 

26.4. Ontology of tolerances 

Figure 26.1 shows the proposed tolerance ontology as a building block for 
creating tolerance modeling and representation, which in turn support all the 
activities in design, manufacturing and inspection related to tolerances. These 
activities include: tolerancing (tolerance specification, analysis and allocation) at the 
design stage, tolerance transfer and process level tolerancing at the manufacturing 
stage, tolerance transfer and tolerance evaluation at the inspection stage. 

The main idea for developing the proposed ontological model of tolerances is to 
support a larger product and process ontology. The proposed tolerance ontology will 
also support capture of knowledge/information from assembly, testing, product use 
and disposal phases of a product lifecycle.  

The degree of freedom (DOF) concept utilized in [WU 03] for classifying 
tolerances has been adopted to build the ontological model of tolerances. The DOF 
concept presented in [WU 03] introduces new DOF; size and shape DOF, in addition 
to rotational and translation DOF. The size and shape DOF account for the allowable 
variations of shape and size of a feature.  

The ontological mode of tolerances consists of three main classes (DOF, 
GeometricEntity and Tolerance) derived from a parent/default OWL class Thing. 
These three classes are declared disjoint from one another, as a DOF cannot be a 
GeometricEntity or a Tolerance. There are four child classes of DOF called, 
TranslationalDOF, RotationalDOF, SizeDOF and ShapeDOF. 
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Figure 26.1. Role of tolerance ontology in the product’s life cycle 
and related tolerance activities 

The class GeometricEntity is specialized by two classes, Group and Individual 
for representing groups of geometric entities and individual geometric entities. 
Group is further specialized by Cluster (of features) and Pattern (of features). 
Individual geometric entities are specialized by Point, Vector, Line, Plane, 
FeatureofSize and FreeForm geometric entities. 

DimensionalTolerance and GeometricTolerance classes specialize the Tolerance 
class. There are two types of Dimensional tolerance called, Linear and Size. 
GeometricTolerance class is specialized by Location, Orientation and Form classes. 

The sub-classes of the concept profile tolerance, as classified in the ASME 
Y14.5M standard, have been reclassified to the concepts of form, orientation and 
location tolerances depending on the DOF that the profile tolerance controls. If the 
profile tolerance controls only the shape of the feature (i.e. no datum is required with 
the profile tolerance), it is considered a part of form tolerance. This sub-
classification (described in [WU 03]) is embedded into the tolerance ontology 
developed in this paper. According to the DOF re-classification of profile tolerance, 
the Form class is specialized by FormProfile, Flatness, Circularity, Cylindricity and 
Straightness child-classes. 
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Figure 26.2. Tolerance ontology in Protégé ontology editor 
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Similarly, the specialization of runout tolerances described in the ASME 
Y14.5M standard, has been re-classified into orientation and location tolerances. 
According to the DOF re-classification of runout and profile tolerances, Orientation 
class is specialized by Angularity, Perpendicularity, Parallelism, OriRunout and 
OriProfile classes. Similarly, the Location class is specialized by LocProfile, 
LocDimensional, LocRunout, Concentricity, Symmetry and Position classes. Figure 
26.2 presents the classification used in the proposed ontological model of tolerances. 

Similar to the concept of child classes, child properties have been defined in the 
ontology for modeling generally to specific relations between the concepts in the 
ontology. Table 26.2 displays various object properties declared in the ontology. The 
properties shown in Table 26.2 are only the parent properties. The property 
has_a_datum is specialized by has_a_primary_datum, has_a_secondary_datum and 
has_a_tertiary_datum. Each property in ontology may have an associated inverse 
property. In the proposed ontology the  is_a_datum_of property is the inverse of the 
has_a_datum property. For example, if the toleranced feature is a pin has a position 
tolerance P and the primary datum is Plane A, then the relation between P and A is P 
has_a_primary_datum A. For the inverse property, A is_a_primary_datum of P. 
Each property has an associated domain and range. Domain refers to the concepts to 
which the property belongs, while range refers to the concepts to which the property 
can be applied. For example has_a_datum property can only be a part of location 
and orientation tolerances in the proposed ontology. So location and orientation 
tolerances are the domain of the property. Similarly, only a geometric entity can be a 
datum of a tolerance, therefore geometric entity is the range of the property 
has_a_datum. Other properties, inverse properties, and the concepts that are the 
domain and range of these properties are listed in Table 26.2. 

Figure 26.3 shows the class description of concept LocDimensional, which is a 
specialization of the concept position. The class description shows super classes and 
super properties, inherited classes and inherited properties, disjoint classes and 
individuals (instantiations) of the class. 

Relation/ 
Property InverseProperty Domain Range 

has_a_datum is_a_datum_of Location / 
Orientation GeometricEntity 

has_a_normal is_a_normal_of GeometricEntity Vector 
has_a_plane is_a_plane_of FeatureofSize Plane 
has_a_point is_a_point_of GeometricEntity Point 

has_a_DOF is_a_DOF_of GeometricEntity 
/ Tolerance DOF 

has_a_tolerance is_Applied_to GeometricEntity Tolerance 

Table 26.2. Object properties, their inverse, domain and range for the ontology 
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Figure 26.3. Class description of an ontology in Protégé for LocDimensional class 

After the creation of the ontology various reasoners (such as Racer, Fact++, 
Pellet, etc.) can be utilized to validate the ontology. The reasoners verify that the 
axioms stated about the concepts, instances and relations of concepts and instances 
do not contradict one another, in the ontology. The output is an inferred 
classification of the concept in the ontology. If the initial (asserted) classification 
and the inferred classification are not the same, the ontology is found to be logically 
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inconsistent. The inferred ontology may reveal new axioms regarding the described 
ontology. The reasoner also includes a summary of various metrics related to the 
ontology.  

Fact++ and Pellet reasoners were utilized to verify the ontology. In the current 
ontological model, there are a total of 44 classes, 23 object properties and 13 data 
properties. Total class axioms generated in the ontological model are 98 for 
subclasses, 11 for equivalent classes assertion axioms and 70 for disjoint classes. 
The object property axioms are nine for subobject properties, three for equivalent 
object properties and two for inverse object properties. 

This section presented an initial ontology of tolerances. Section 26.5 will 
demonstrate the instantiation of the concepts in the ontology. 

26.5. Example of tolerance ontology instantiation  

A toleranced part as shown in Figure 26.4 is instantiated. The part consists of 
three datum planes (A, B, and C) and two cylindrical holes. One of the cylindrical 
holes has size, position and straightness tolerances while the other has size, position 
and perpendicularity tolerances.  

 

Figure 26.4. An example part with tolerance specification used as a demo for ontology 
instantiation (adapted from [BHI 07]) 
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model was also presented. The proposed ontological tolerance model is not yet 
complete (symmetry tolerances not incorporated), but it is a step forward in building 
ontology for product modeling so as to serve interoperability in the product 
lifecycle. In the future the ontological model of tolerances can be incorporated as a 
portion of the multi-level feature based ontology model proposed in [HOF 08]. The 
model needs further improvement with respect to the following aspects: 

− Extending the ontological model to include assembly constraints and support 
for various aspects of tolerance activities, such as tolerance analysis, allocation, 
evaluation and transfer. 

− Integrating the ontological model of tolerances with product and process 
ontology.  

− Adding concepts in the model to support multi-environment integration, such 
as for electro-mechanical product development. 

− Incorporating rules in the ontological model that cannot be checked at the 
concept level but can only be checked at the instance level. For example, Rule#1 of 
the ASME Y14.5M standard, requires checking the tolerance values that are only 
available when the concepts of size tolerance and form tolerances are instantiated. 
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Chapter 27   

A PLM-Based Multi-Sensor Integration 
Measurement System for Geometry Processing  

The multi-sensor integration measurement system is given increasing 
consideration for quality control, reverse engineering and other engineering 
applications. However, there are still some difficulties when we implement it in 
practice, such as sensor fusion, multiple data merging, etc. We developed a multi-
sensor integration system based on the view of PLM context. The system integrates 
a laser scanner, a touch probe and a chromatic confocal sensor onto a CMM 
platform. It can be divided into data acquisition sub-system and geometry processing 
sub-system. In the data acquisition sub-system, a physical integration method is 
demonstrated to achieve the sensor fusion. A laser guide planning metrology is 
achieved for optimizing the measuring strategy. And a standardize data model was 
established for integration with other activities in the PLM context. In the geometry 
processing sub-system, the discrete curvatures on each vertex are estimated based on 
the polyhedral surfaces approximated from the point data. Then two surface 
indicators, shape index and curvedness, are introduced for the segmentation. For 
each segmented region, the tolerance model is established for quality analysis. 

27.1. Introduction 

3D coordinate metrology plays a critical role in tolerance evaluation and quality 
control [HOC 05]. In modern design and production, the complicated shapes and 
tighter tolerancing are widely implemented. Therefore, more and more rigorous 
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requirements are being exercised on the coordinate metrology. Many attempts have 
already been made to improve the existing metrological techniques or to develop 
new ones [GAL 05, HOC 05, ZHA 06]. Generally, the widely-used sensing 
techniques in the market for coordinate metrology can be classified into three 
categories: contact metrology such as trigger probing, contact scan probing, etc., 
optical methods, also known as non-contact which contain the technologies such as 
triangulation, photogrammetry, interferometric, etc., and others, which are not been 
considered in the first two categories such as CT, supersonic, etc. Only the first two 
categories are considered in our work scope. 

Both of the contact and optical metrologies have their own characteristics and 
applications. Generally, contact metrology is maximum accuracy, simple for 
operation and more adaptable to surface condition and environment but with very 
slow capturing speed (only 1~2 points/second). It can be used to measure the surface 
with less sampling density, such as prismatic workpiece, objects with known shapes 
and surfaces without large variation. 

Optical metrology, on contrast, can acquire considerable high density of point 
data from the surface with rapid speed (for example, the Kreon laser scanner can 
reach 30,000 points/second). Its non-contact nature also makes it suitable to digitize 
the surface with flexible or soft materials. However, the optical metrology has its 
own limits too, such as lower accuracy, occlusion and limited viewpoint, is sensitive 
to the surface optical conditions like specular surface which is not suitable for 
optical measurement. The data acquired by the optical sensor is always noisy and 
imperfect, due to redundancy in some areas and missed data in others. Therefore 
optical metrology is suitable for the surface digitalization and topography 
measurement. 

The two kinds of sensing techniques have their own extinct merits and 
deficiencies. In modern coordinate metrology, it would be difficult to fulfill all the 
requirements with only one sensor even in a single inspection task. Multi-sensor 
integration measurement should be a perfect solution to utilize the advantages of 
individual sensors and overcome their disadvantages simultaneously.  

Some advanced CMM systems have already offered multi-sensor integration 
solutions, like Mahr, Werth Messtechnik, Zeiss, etc. Many researchers have also 
given their considerations on that domain. The system integrated with a contact 
probe and an optical sensor whether a vision camera or a laser scanner is discussed 
in some articles [CHE 03, SHE 01, HUA 07, CHA 01, CAR 01]. Cooperative sensor 
integration has been proposed to automate the coordinate acquisition in which the 
global shape information was acquired by an optical sensor to guide the tactile 
probing or other sensors [HUA 07, CHA 01].  
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The result processing for point data from measurement systems for GD&T 
evaluation or shape analysis have already been given great attention by [WEB 02]. 
However, some others focus their research on the merging of multiple data obtained 
from the sensors with different accuracy and resolution [NAS 97] or shape 
digitization from unknown geometries in the context of reverse engineering [IP 07].  

From a system integration point-of-view, some institutes have done their own 
contributions to integrate the measurement system with CAD/CAM system and 
inspection execution activity and the standards employed to these kinds of 
integration are developed, e.g. STEP AP213, AP219 and DMIS used for CAD/CAIP 
integration and I++DME, DML used for integration with inspection planning system 
and execution system are developed by the standardization organizations. 

However, there are still some difficulties in multiple sensor integration because 
of the differences in physical structures, work principles, data representations and 
analysis. Therefore, the main contribution of this chapter is to propose an approach 
for PLM-based measurement system with multi-sensors integration in which the 
integration methodology and an unambiguous data representation model are 
described, the result analysis for geometry processing such as shape analysis and 
tolerance evaluation is expatiated.  

The remainder of the chapter is organized as follows: section 27.2 describes the 
setup of the multiple sensors integration system for data acquisition; section 27.3 
presents a sharable data representation model in PLM context for data integration 
with other activities; section 27.4 and section 27.5 expatiate the result analysis for 
geometry processing in details; some example for validation are proposed in section 
27.66, finally the conclusion is in section 27.7.  

27.2. Sensor integration methodology  

27.2.1. System framework 

The multi-sensors integration measurement system can be divided into two basic 
sub-systems: data acquisition sub-system and geometry processing sub-system. The 
main purpose of the data acquisition system is to digitize the surfaces of an object 
into 3D point sets with an appreciable accuracy and rapid speed.  

The core of the data acquisition system is the multiple sensors and their 
integration. Various kinds of sensors exist in the market. Obviously, it is impossible 
and unnecessary to integrate all of them into one measurement system. It is enough 
for the participants to select only the minimum sensors that can satisfy their  
 



472     Product Lifecycle Management 

measurement tasks. But for general research purposes, three very different kinds of 
sensors are selected for the system setup, which are the Kreon Zephyr KZ25 laser 
scanner from Kreon Technologies (http://www.kreon3d.com), Renishaw TP2 touch 
probe from Renishaw (http://www.renishaw.com) and STIL CL2 chromatic confocal 
lens (http://www.stila.com).   

The Kreon laser scanner which is based on triangulation observes the point data 
in 2D space using its CCD camera. Therefore, a special calibration procedure is 
required to map the 2D point data into 3D coordinates space. For more calibration 
details refer to [LAR 03]. 

The Renishaw touch trigger probe can acquire the 3D coordinates of points 
directly from the surface with the accuracy of about 0.5 μm. However, because of 
the limit of its slow capturing rate, the density of the points is usually sparse and 
cannot include enough information of the digitized surfaces. 

The STIL chromatic confocal sensor works on the chromatic confocal imaging 
principle [HOC 05, COS 07], and is only a 1D data capture.  The STIL sensor can 
only sense the depth information (Z axis) of a point. Coordinates in another two axes 
(X axis and Y axis) depend on the observation values in the corresponding axes of 
CMM. Because of the limited measurement range, only 400 μm, the STIL sensor is 
only implemented in micro-metrology. 

With the three sensors, the measurement system could cover the metrologies 
both in macro and micro levels with 1D, 2D and 3D data acquisition by contact and 
optical capturing techniques. Therefore, it could cover the general applications of 
metrology. 

In order to integrate the three sensors together on the CMM platform, we 
designed the system framework as shown in Figure 27.1. The framework contains 
three parts: measurement strategies planning, measurement execution and result 
processing. The first two procedures belong to the data acquisition sub-system. 

Measurement strategy planning is used to plan the measurement strategies for 
multi-sensor cooperation, such as sensor selection, seamless connection of the 
measurement paths, etc. While measurement execution includes two parts: CMM 
platform integrated with three sensors, which is known as measurement devices, and 
the displacement system which is known as electronic units used for displacement 
control. 

The measurement strategies are different and should be planned respectively 
considering the conditions with or without the input CAD model of the workpiece. If 
the CAD model is available, the detailed measurement features can be extracted 
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from the CAD model based on the design specifications. Therefore, measurement 
strategies can be planned based on the CAD model [ZHA 06]. On the other hand, if 
the CAD model is not available, the measurement features need to be acquired from 
the workpiece directly, by manual experiences or optical measurement. The optical 
measurement is addressed further here. In our system, laser guide metrology is 
developed. The laser scanner is first implemented to acquire the global information 
of the workpiece. And then the global information is used to guide other sensors for 
more detailed measurements (see section 27.2.3). 

 

Figure 27.1. Framework of multi-sensor integration measurement system 

27.2.2. Physical integration of multiple sensors 

The multi-sensor fusion is one of the critical issues for the function achievement. 
There are several problems that should be considered for the sensor fusion, e.g. the 
sensors must not intervene with each other during the system setup and must not 
collide with each other or other components of the system during measuring. In 
order to facilitate the sensor fusion, the PH10M header from Renishaw is used to 
assemble the three sensors onto the CMM platform, shown in Figure 27.2. 

Due to the limitation of the STIL sensor in work distance (the maximum is only 
11 mm between the lens and the digitized surface), It is too difficult to avoid the 
collision during measuring if we integrate the three sensors at the same time. 
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Fortunately, owning to the only implementation in micro-metrology, the STIL  
sensor is not as commonly used as the other two sensors in tolerance evaluation and 
shape analysis. It is only necessary to integrate the STIL lens on the PH10M header 
when it is required.  

 

Figure 27.2. Physical integration of multiple sensors 

According to the above analysis, the physical fusion of sensors should consist of 
two procedures. One is the integration of the laser scanner and the contact probe. 
The Kreon laser scanner provides the interface with the Renishaw contact probe and 
the PH10M header. Hence, the integration step is achieved simply. The other 
procedure is to integrate the STIL lens into the system. In this procedure, a precise 
workpiece called jointer is designed and manufactured in order to mount the STIL 
lens on the PH10M header with accurate location and orientation, more details can 
be referred to [COS 07]. The STIL lens should be hung up in the measurement with 
the first integration procedure for collision-avoid purpose, and vice versa. 

In practice, in order to harmonize the consistency of the whole measurement, the 
three sensors are arranged by different priorities. The primary is the laser scanner, 
followed by the contact probe and the lowest is the STIL sensor. 

27.2.3. Laser guide metrology 

Laser guide metrology is an important application to show the advantages of 
multiple sensor integration, especially when the CAD model of the workpiece is 
unavailable. An initial laser scanning is implemented first to acquire the global 
information of the digitizing surfaces. The global information is then used to guide 
other sensors (laser scanner again, touch probe or STIL lens) to perform optimized 
measurements with higher quality.  
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Figure 27.3 gives an overall description of the algorithm of laser guide 
metrology. The object is scanned first by a laser scanner. The key features of the 
object are identified from the point data and the quality of the point data is estimated 
by initial data analysis, described by a set of indicators. The commonly used 
indicators are noise which are used for a noise degree evaluation, and completion 
which is to evaluate whether the point data is overlapped or missing points in some 
areas, etc. [LAR 02]. Then, whether a more detailed inspection procedure is needed 
or not is determined accordingly. If yes, the areas requiring more digitizing are first 
distinguished and their feature attributes are analyzed to determine which kinds of 
sensors are suitable. And then, three Boolean indicators corresponding to the three 
sensors are set to represent the sensors selection results (if the rescan is needed, for 
example, the indicator for laser scanner is set as TRUE, otherwise it should be set as 
FALSE). According to the status of the three indicators, the measurement strategies 
are planned based on the attributes both of the sensors and features needed to be re-
digitized. Finally, the point data with pretty quality can be outputted from the data 
acquisition sub-system. 
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Figure 27.3. Overall algorithms of laser guide metrology 

27.3. Ontology modeling in a PLM-context  

The multi-sensor integration measurement system needs to access some 
resources or data from other activities for its function achievement. And it should 
also provide the interfaces for other activities to share its own data and knowledge.  
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Therefore, the measurement system should be integrated with other activities in a 
PLM context.  For the purposes of integration and also for the facility of system 
development, the various data and knowledge in the measurement system should be 
represented in a standardized and unambiguous way. The knowledge is modeled 
here based on ontology modeling methodology. 

27.3.1. Description of ontology modeling 

Ontology is an explicit specification of a conceptualization and representational 
vocabulary for a shared domain of discourse including definitions of classes, 
relationships, functions or other objects [OWL]. The main purpose of ontology 
modeling is to capture the underlying conceptualization where all concepts and 
relationships can be clearly and unambiguously defined with structured knowledge. 
Ontology can make the sharing and reusing of a given domain knowledge much 
simpler. 

Applications of ontology modeling can be widely found in AI (Artificial 
Intelligence), computer science, etc. [AND 07]. Many languages and tools are 
specifically used for ontology modeling: EXPRESS which is an object-oriented data 
specification language endorsed by ISO, UML (unified modeling language), RDF 
(resources description framework) and OWL (ontology Web language). 

However, only a few articles discuss the methodology of ontology modeling in a 
dimension metrology domain [AND 07, BAR 03]. Here, the knowledge model in 
dimension metrology with multiple sensor integration is developed in Protégé [PRO] 
and EXPRESS is selected as the modeling language. 

27.3.2. Ontology modeling in Protégé 

According to STEP AP213 and AP219, all the resources and knowledge in 
coordinate metrology can be catalogued into four basic groups: specifications of 
measurement geometries; measurement strategy planning, execution resources and 
result data analysis.  

Considering the measurement requirements, in the group of Specifications of 
measurement geometries, the geometries of the object are reclassified into three 
basic classes: Geometry schema, Topology schema and Geometric property schema 
which define the detailed properties for the geometries, such as position, tolerances, 
size, shape specifications, etc. The three schemas refer to each other and construct 
the complete data model according to the measurement requirements.  
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Measurement strategy planning specifies the related knowledge required for 
measurement strategy planning and generation. The data in this group is considered 
as algorithms, such as sensor selection algorithms, collision-avoid algorithms, 
position and orientation of sensors determining and path generation algorithms, etc. 
which are referred to the data group of specifications of measurement geometries and 
supported by the specifications of measurement devices.  

The group of execution resources defines the information of the devices such as 
multiple sensors, CMM and others, the specifications of device setup and 
calibration, the environment conditions required for the measurement, and so on. 

The last group describes the data appearing in result analysis, such as initial data, 
quality estimation model of point data, polyhedral surface model, tolerance 
evaluation model and shape analysis model, etc. 

The four groups of data models could contain much more complicated 
knowledge and data, all of which are organized by multi-hierarchies structures in 
Protégé. Figure 27.4 shows the four main basic classes and their top hierarchies in 
the ontology model of dimension metrology, visualized in Protégé. The gray 
triangles in the left of classes indicate that the classes have additional sub-classes. 

 

Figure 27.4. Main basic classes and their top hierarchy structures visualized in Protégé 
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The ontology model of dimension metrology is built close to the industrial 
standards (especially the STEP), so it is unambiguous. It provides a strong ability for 
data exchange and shares in the PLM context. 

27.4. Geometry processing  

For recovering the geometry information from the point data acquired by the 
data acquisition system, the local neighbor relationships should first be constructed. 
The Delaunay triangulation based polyhedral surfaces approximation is used here. 
The algorithm is developed by Cohen-Steiner et al. [COH 03]. Based on the 
polyhedral model, the differential parameters (e.g. the principal curvatures) can be 
properly estimated. The principal curvatures are critical important for the later 
procedures, such as identification, segmentation, etc. 

27.4.1. Shape analysis based on the shape index and curvedness 

The shape index introduced by Koenderink and van Doorn [KOE 92] is a single 
value to measure the intuitive notion of local shape type. The shape index is defined 
in terms of the two principal curvatures, as in the following expression: 

1 21 2

1 2

1 1 2

( )2 arctan( )

( ) ( 0)
s

sign

κ κκ κ
π κ κ

κ κ κ

>+⎧
⎪ −= ⎨
⎪ = ≠⎩

 [27.1] 

The shape index is a number within the range [-1, 1] from formula [27.1] Except 
the planar shape which has an indeterminate value of the shape index, all other 
shape types can be mapped into [-1, 1] according to the shape index.  

Curvedness [KOE 92], also known as bending energy, is used to measure the 
intensity of the degree a surface is curved. Curvedness is a positive value and can be 
defined as formula [27.2]: 

2 2
1 2( ) / 2c κ κ= +  [27.2] 

Both the shape index and curvedness are transition and rotation invariants. They 
are the surface descriptors specifying the second order geometry. The pair of shape 
index and curvedness describes the surface information completely. Because of the 
two surface indicators independence from each other, they are more convenient for 
further shape analysis. 
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Based on the shape index map, the shape categories can be predefined based on 
the shape index to judge the local shape type. In our implementation, the predefined 
shape categories are defined as 10 basic shapes: spherical (concave and convex) 
ellipsoidal (concave and convex), parabolic (concave and convex), saddle-parabolic 
(concave and convex) saddle and planar. For more details refer to [KOE 92]. 

Because of the indeterminate shape index value of the planar shape, the planar 
shape can be identified according to the curvedness. Theoretically, the curvedness of 
a planar vertex is equal to 0. In practice, if the curvedness of a vertex is smaller than 
a given threshold ( 51.0 10−×  for example), the vertex can be determined as a planar 
vertex. 

The curvedness of each vertex can also be obtained due to formula [27.2]. With 
the pair of shape index and curvedness, the boundary recognition and point partition 
can be made. 

Generally, points in the same shape category and with similar curvedness values 
should be classified into the same region, except for the replicated features. 
However, considering the influence of measuring errors and the computing errors in 
the previous procedures, the overall algorithms for point partition can be described 
as follows: 

(1) The point data is first classified into 10 shape clusters according to the shape 
index values. However, because of the noise points and the computing errors, the 
clusters are not appropriated, shown in Figure 27.6 (2).  

(2) In order to improve the qualities of the clustering, the sharp edge and high 
curvature points are identified based on curvedness, shown in Figure 27.6 (3). 

(3) According to the sharp edge and high curvature points, the shape clusters are 
rectified as the most appropriated as possible, see Figure 27.6 (4). 

(4) The region growing algorithms are implemented to partition the point data 
into several simplex regions, each of which can be represented as a single surface as 
shown in Figure 27.6 (5).  

Finally, each of the segmented regions can be associated and the actual 
dimension and tolerance parameters can be computed to evaluate the quality of the 
workpiece. 

27.4.2. Quality evaluation 

The ultimate purpose of a multi-sensor measurement system is to obtain the 
explicit geometrical parameters model of the measured workpiece. In order to 
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construct the mathematical model of the local surface patch, the local coordinate 
framework is established in which, the original point is the centroid of the 
segmented subset of the points. This can be calculated as: 
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where cP  is the centroid of p in pN . pN  represents the points belong to the local 
region, n is the point number in the local region.  

The classic PCA (principal component analysis) [LIU 08] is implemented to 
determine the directions of coordinate axes. In the PCA method, the coordinate axes 
are calculated first as the three principal components of the local sub-point set, and 
then, the z-axis is determined. The x-axis and y-axis can be determined based on the 
right-hand rule.  

After the estimation of the local coordinate framework, the coordinates of all the 
point sets in the same region can be transformed into the local coordinate 
framework; within the same coordinate framework, the shape mathematic model can 
be associated by the least-square method, and the comparison with the theoretical 
shape can be done. There are already many articles with this focus. 

27.5. Experiments validation 

A multi-sensor integration measurement system is constructed to validate the 
proposed methods. The framework of the data acquisition system is discussed in 
section 27.2.1, so the geometry processing is addressed further in this section. 

In order to demonstrate the effectiveness of the proposed algorithms, a 
mechanical workpiece has digitized from multiple views of the laser scanner. Some 
regions (like the interior of the cylinder surfaces) are probed by touch probe. The 
small patch of the bottom of the lacuna on the top of the lower end is detected by 
STIL lens. After coordinates transformation, the point data acquired from multiple 
views and sensors can be fused together. After some pre-processing procedures of 
Denoising and filtering, the inputted point data in the geometry processing sub 
system is like the point data shown in Figure 27.6 (1). 

After the estimation of shape index and curvedness, the point data of the 
measured workpiece can basically be clustered as shown in (2). The sharp edges and 
high curvature points are extracted as shown in (3). The rectified clusters are shown 
in (4) and the final segmentation of the point data is shown in (5) with gray scales. 
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Figure 27.6. Shape analysis for the workpiece 

The point set of the workpiece could be partitioned into 41 sub-regions 
represented with different colors. And from the shape index map, we can recognize 
that the local surface types contain plane, cylinder cone and other transition surfaces.  

As an example for the quality evaluation, the top region is selected to estimate 
the quality of the planar region synthetically, as shown in Figure 27.7a. In order to 
establish the local coordinate framework, the coordinates of the local original point 
are calculated using formula [27.3]. The direction of the z-axis is evaluated by the 
expectation of the normal directions of the overall selected points and the x-axis and 
y-axis are selected with the same set of the points. The planar region can be 
associated with the local framework, as shown in Figure 27.7b.  

Based on the associate surface, the deviation of each point from the associated 
surface can be computed and the tolerance zone can then be computed based on the 
associated plane, as shown in Figure 27.8. With the help of the theoretical CAD 
model, the maximum and average deviation values can be calculated to evaluate the 
quality of the actual surface conditions. The important factor that must be 
considered is the uncertainty of the measurement system. Therefore, the calculated 
values can give the optimum evaluation when the uncertainty values of the 
measurement system are added. 

 

(1) 

 

(2) (3) 

 

(4) 

 

(5) 
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Other tolerances and dimension values could also be analyzed with a similar 
approach.  

 
(a) Selected region      (b) surface fitting 

Figure 27.7. Surface fitting of the selected regions points 

 

Figure 27.8. Tolerance zone for the selected region points 

27.6. Conclusion 

A PLM-based measurement system with multi-sensor integration for geometry 
processing in 3D coordinate metrology is presented. With the implementation of the 
system, the contributions of this chapter are as follows: (1) with the unique sensor 
fusion approach, a laser-guide metrology is addressed to improve the robustness and 
effectiveness of the existing measurement system; (2) a PLM based ontology model 
is constructed for knowledge and data management which is shown as unambiguous 
and clear; (3) the introduced surface descriptors: shape index and curvedness, show 
their convenience for representating the geometries; (4) the quality evaluation of the 
measured workpiece is facility based on the segmentation of the point data; (5) the 
geometry processing system is less sensitive to the noise because the segmentation 
algorithms use the curvedness map to reduce the influences of the noisy points. For 
future work that focuses on tolerance evaluation algorithms should be extended to 
all the tolerances in mechanical engineering. 
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Chapter 28 

Comparison of Gear Geometric Specification 
Models Regarding the Functional Aspect1 

28.1. Introduction 

As technology increases and performance requirements continually tighten, the 
cost and required precision of assemblies increase as well. There is a strong need for 
increased attention to tolerance design to enable high-precision assemblies to be 
manufactured at lower costs. Indeed, geometric variation management is a key 
element in industry for improving product quality, in particular for gears (complex 
geometry, complex behavior, etc.). 

The tolerancing process is defined through all the activities involved by 
geometric product variation management: tolerance design, manufacturing tolerance 
analysis, and tolerance verification. Tolerance verification enables us to close the 
process loop, to check the product conformity, to verify assumptions made by the 
designer, and to control the process. Production metrology always aims at providing 
reliable information as a basis for decisions. Measurement results are afflicted with 
measurement uncertainty, which leads to technical and economical risks in industrial 
companies. By assessing the risks and the connected consequences of the decisions 
(conformity verification), the value of the measurement result can be evaluated. 
Modeling the functional chain for conformity assessments enables us to follow 
simulations, which generate an estimation of the economical benefit and value of 
measurements independent of measurement uncertainty and the performance of the 
underlying production process. 
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The notion of uncertainty is by now well entrenched in metrology. In the ISO 
TS17450-2, the notion of uncertainty is generalized to specification and  
verification. In fact, the uncertainties throughout the product lifecycle begin from 
the design intent to the inspection activity. The uncertainty is divided into 
correlation uncertainty, specification uncertainty and measurement uncertainty: 

− Correlation uncertainty characterizes the fact that the intended functionality 
and the controlled characteristics may not be perfectly correlated. 

− The specification uncertainty characterizes the ambiguity in the specification 
expression. 

− And the measurement uncertainty is considered by metrologists and is well 
described in GUM. The measurement uncertainty includes all the causes of variation 
from the geometric specification to the result of inspection. 

In industry, engineers try to lower these uncertainties to ensure the product is as 
functional as possible. This study focuses on the pitch error which is defined in the 
AGMA 2009-B01 [ANS 05]. 

 

Figure 28.1. Influence of the control circle deviations on the pitch error estimation 

To illustrate the measurement uncertainty, the example of the definition of the 
pitch error can be taken: the pitch of a bevel gear is defined as the arc length 
between all consecutive left or right flanks of one gear, measured at the pitch 
diameter d at a distance R from the apex of the reference cone. To estimate these 
deviations, it proposes some metrology strategies than consist of probing one point 
of the flanks, either by using one probe device or two probe devices. These 
strategies provide short quality inspection times but are very sensitive to the 
measurement uncertainties (Figure 28.1). Indeed, if there is a gap between the real 
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control circle and the theoretical control circle, the pitch that has to be measured at 
the datum circle will differ from the controlled pitch. 

To evaluate the pitch error, some mathematical models and calculation steps are 
needed, based on the set of points of the metrology. To decrease these uncertainties, 
Guenther [GUE06] proposes a new metrology strategy. 

To illustrate the specification uncertainties, the following example can be used: 
the AGMA 2009-B01 notes that “Measurements for determining single pitch 
variation, cumulative pitch variation, and index variation are made at the tolerance 
diameter, relative to the gear datum axis of rotation, tangent to the tolerance 
diameter in the plane of rotation”. The tolerance diameter, dt, is “the diameter where 
the mean cone distance Rm and the midpoint of the working depth intersect”.  
Furthermore, “Rm is the distance from the apex of the pitch cone to the middle of 
the face width”. But how to obtain the middle point of the face width is not 
explained: is it taken from a randomly chosen tooth? Is it a mean of all teeth? How 
is the middle of the face width calculated? And what is the metrology strategy to 
obtain it? In this case, the specification is ambiguous. It characterizes the 
specification uncertainties. Figure 28.2 represents the tolerance diameter according 
to [ANS 05]. 

 

Figure 28.2. Tolerance diameter 

Correlation uncertainties characterize the fact that the intended functionality and 
the controlled characteristics may not be perfectly correlated. In the case of gears, 
the deviations of the geometry impact the transmission error (difference between the 
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models established with virtual metrology, and the kinematic characteristics from 
“real” geometry. 

First, the different specification models used to perform the comparison will be 
detailed, then the method followed to perform this comparison will be detailed and 
finally the results will be discussed. 

28.2. Specification models 

The objective of this section is to present the specification model used to perform 
the comparison between different association criteria and metrology strategies. In 
our case, the specification model focuses on the deviation between flanks: the pitch 
errors. 

Based on Geospelling [MAT 03], a specification is a condition on a 
characteristic defined from geometric features created from a skin model. Therefore, 
the pitch errors can be defined between two features, using different fitting criteria 
and metrology strategies. 

Figure 28.4 expresses the pitch error when its specification is based on two fitted 
features: 

 

Figure 28.4. Features and characteristics 

Table 28.1 shows the geospelling expression [DAN 07] for specification of the 
pitch error. To associate the ideal feature F1 with Sf, the non-ideal feature, which is 
nominally a spherical involute (obtained by an operation of Partition), the following 
association criterion are used: 

Angular 
pitch error  αp 

Associated 
flank 

Associated
Hole F2 

Sf F1 

Sh 
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− The most common is the least squares criterion (or L2 norm). This criterion 
minimizes the sum of the square distance of the measured points to the surface. The 
great advantage of this criterion is its robustness and its stability to the presence of 
an aberrant point.  

− The minimax criterion (or L∞ Norm) minimizes the maximum distance of the 
measured points to the fitted feature. 

− The Chebychev criterion minimizes the maximum distance of the measured 
points to the fitted feature that is tangent and outside the matter. 

Definition of the non-ideal surface Sh 
Partition Sh, non-ideal feature, nominally type cylinder 

Definition of the associated hole F2 
Association F2, ideal feature, type Cylinder. 
Constraints: Minimum signed distance (Sh, F2)≥ 0 
Objective to maximize: diameter of F2 

Definition of the non ideal surface Sf 
Partition Sf, non-ideal feature, nominally type spherical involute 

Definition of the associated spherical involute F1 
Association F1, ideal feature, type spherical involute 
Constraints: Coaxiality between F2 and the axis of F1 
Objective to minimize: depends on the association criterion 

Definition of the toleranced characteristic αp:  
Evaluation αp: angle between two flanks, around F2 axis. 

Definition of the condition: 
αinf≤αp≤αsup 

Table 28.1. Geospelling expression of a pitch error based on two features 

28.3. Comparison method 

Each specification model provides different geometric features therefore they are 
compared to evaluate which one is the most relevant regarding the functional aspect. 
The following section details the approach followed for comparison. 

28.3.1. Global approach 

The objective of this part is to present the proposed approach used to estimate 
the comparison between the different association criteria, regarding to the functional 
aspect. The functional characteristics are the maximum range of the transmission 
error and the tooth-to-tooth composite deviation (this approach could be applied to 
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the backlash). To do so, an estimated transmission error based on a substitution 
model that tries to reflect the real geometry is compared to an estimated 
transmission error based on the virtual metrology, using association criteria for 
functional surfaces. Figure 28.5 shows the global approach. 

 

Figure 28.5. Proposed approach for the comparison of fitting criteria 

1. In the first step, substitution geometry with random deviations is generated. 
The substitution model is an image of a real gear. This geometry is a set of analytic 
polynomial surfaces: smooth Bezier surfaces. Analytic surfaces are required to apply 
the tooth contact analysis to simulate the meshing. 

2. A virtual acquisition of the substitution model is performed. Each Bezier 
surface is discretized into a set of equidistant points. 

3. The virtual metrology of the set of points obtained in step 2 is performed. 
Deviations between the hole and the teeth are calculated. The pitch errors are 
estimated for each fitting criterion. A mathematical model based on the metrology is 
created. 

2’ & 4. The meshing is simulated using the Tooth Contact Analysis (TCA) 
program and leads to an estimation of the transmission error. 

3’ & 5. Kinematic characteristics are evaluated. These characteristics are the 
maximum transmission range error, and the tooth-to-tooth composite deviation. The 
maximum transmission range error is the amplitude of the transmission error during 
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more than one revolution of the studied gear. The tooth-to-tooth composite deviation 
is the greatest amplitude of the transmission occurring within the duration of a one-
tooth meshing. 

To finish, a Monte Carlo simulation reiterates all the steps from one to six, and 
for each studied criterion, a set of characteristics is obtained. 

28.3.2. Geometric modeling 

To simulate the meshing, TCA is used. TCA requires a mathematical expression 
of the tooth surfaces. These surfaces include geometric deviations and parameters 
such as the rotational angle of the pinion and the wheel. The geometric deviations 
can be introduced using vectorial dimensioning and tolerancing (VD&T) strategy. 
The principle of VD&T is based on the concept of substitute surfaces. A substitute 
feature is an imaginary geometric ideal surface which is represented by a parametric 
vector. 

28.3.2.1. Substitution model (step 1) 

The substitute tooth surface Σi is described by its parametric model in the local 
coordinate system as a function of two parameters (u1, v1) or (u2, v2) in a certain 
closed interval. The position vectors of tooth surface Σi of pinion 1 and wheel 2 are 
denoted as Rk

(i) for part (i) in the coordinate system “k”. Rotation parameters are 
introduced by changing the orientation of the coordinate system in the global system 
Sf. In this system, the surfaces depend on their description parameters ui,vi and the 
rotational angle Φi. 

28.3.2.2. Geometric model based on metrology (step 3) 

The geometric model based on metrology is only built for the pinion. The 
metrology performed in step 3 provides an estimation of the pitch error. The 
deviations between the hole and the teeth are introduced by changing the local 
coordinate system of the teeth (St) to the coordinate system of the hole (Sh). Mht is 
the homogenous coordinate transform matrix from St to Sh. Pitch errors are 
introduced for each tooth by performing a rotation of the tooth around the axe of the 
hole. The surface in the global coordinate system for the pinion, for this model, is 
denoted by: 

(1) (1)
1 1 1 1 1Rm ( , , ) . .Rn ( , )f fh htu v M M u vΦ =  

(1)
1 1Rn ( , )u v  is the nominal rigid surface of the pinion tooth. 
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28.3.3. Virtual meshing simulation 

The aim of TCA (step 2’ and 4) is to obtain the real gear ratio at the mean 
contact point during the meshing, contact path, orientation and size of contact ellipse 
[LIT 06]. Only real gear ratio is evaluated in this study. If the teeth surfaces and the 
relative positions are perfect, the instantaneous gear ratio would be constant. Due to 
misalignment and parts deviations, this instantaneous kinematic relationship is 
changing [BRU 07]. 

The most difficult in TCA is to solve a system of non-linear equations that 
translate the contact between the two surfaces. When the position of contact points 
are known, it is easy to determine the real gear ratio and transmission error, the 
contact paths on the gear tooth surfaces. 

During the meshing, the two surfaces in contact are tangential and the necessary 
and sufficient conditions for this situation are well known: 

(1) (2)
f 1 1 1 f 2 2 2

(1) (2)
f 1 1 1 f 2 2 2

1 1

2 2

1 2

R ( , , ) R ( , , )

n ( , , ) .n ( , , )
( , ) [0,1]²
( , ) [0,1]²
( , ) ²

u v u v
u v c u v

u v
u v

R
c R

Φ Φ
Φ Φ

ϕ ϕ

⎧ =
⎪

=⎪
⎪ ∈⎪
⎨

∈⎪
⎪ ∈⎪

∈⎪⎩

 [28.1] 

with (1)n f  and (2)n f , the surface normal vector. This system has 6 equations with 6 
unknowns. 

In some cases, the contact point can reach the boundary of one surface. The 
meshing goes on with the contact point staying on a surface boundary. In this case, 
the surface normal is not defined and system [28.1] is not valid. It is necessary to 
replace the normal equation with another. Assume the contact point is on line Lu1f

(1) 
defined in Sf: 

(1) (1) *
u1f 1 1 f 1 1 1

*
1 1

L ( , ) R ( , , )

[0,1];

v u v
v u fixed

Φ Φ=

∈
 

So, when the contact occurs on Lu1f
(1), the tangent of Lu1f

(1) at this point is 
perpendicular to nf

(2). Then, the new equation is: 
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(1), j
(2),kf 1 1 1
f 2 2 2
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The new equations of meshing are in this case: 
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 [28.2] 

The system of equations for meshing is known [28.2] and the tooth contact 
analysis is undertaken to determine Φ2, u1, v1, u2 and v2 as a function of Φ1. This 
mathematical problem does not have an explicit solution in the general case. We 
may only have an approximate numerical solution. With this aim, the following 
method is used: 

− Choose a series of values for Φ1. 

− For each value of Φ1, solve the system of equations [28.1]: 6 scalar equations 
and 6 unknowns, j and k are known. 

− If one of the parameters {u1, v1, u2, v2} is not in its validity domain, a new 
equations system like [28.2] (4 scalar equations and 4 unknowns) must be solved. 

− Analyze the instantaneous kinematics error, paths of contact, etc. 

To find the zeroes of non-linear system, several numerical methods exist. The 
most famous of them is the Newton Raphson algorithm. This method consists of 
linearizing the system at the value approached to the zero of the system. This 
method gives a recurrent relation that requires the calculation of the Jacobian matrix 
of the system. This method generally offers a good convergence, but is not the 
fastest. Indeed the Jacobian is more time-consuming because the system is complex. 
Levenberg-Marquardt Optimization is a virtual standard in nonlinear optimization 
which significantly outperforms gradient descent and conjugate gradient methods 
for medium sized problems. It is a pseudo-second order method which means that it 
works with only function evaluations and gradient information but it estimates the 
Hessian matrix using the sum of outer products of the gradients. Thereby the square 
of the system norm is minimized. 
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In this study, Levenberg-Marquardt algorithm offers an average residual of  
8×10-27. Figure 28.6 shows a simulated kinematic of an ISO class 10 bevel gear 
with random deviations. 

 

Figure 28.6. A simulated kinematic error 

28.3.4. Virtual metrology 

In this section, the methods used to build the geometric model at step 3 are 
described. 

28.3.4.1. Geometric model of metrology 

The result of gear metrology is the estimation of values of characteristics 
identified in AGMA 2009-B01. In our study only the pitch errors are taken into 
account. 

The metrology strategy is similar to the Geospelling expression of pitch error 
(Table 28.2). 

28.3.4.2. Estimation of deviations between the flanks 

The deviation between nominal flank and measured flank can be characterized 
by the angle made between the measured flank, and the nominal flank, around the 
axis of rotation of the hole. To estimate this angle, the nominal set of points of the 
considered flank is fitted to the virtually measured corresponding flank, considering 
one degree of freedom: the angle around the hole rotation axe. 

The association criteria cited in section 8.2 are used to fit the nominal set of 
points of active tooth surface to a measured set of points. The metrology strategy 
proposed by the AGMA 2009-B1 Standard (evaluation of the pitch error with point 
taken on the flanks) is implemented too. 
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Definition of a set of points {Sh} 

Extraction {Sh}, set of points, nominally cylinder type  

Definition of the associated hole F2 
Association F2, ideal feature, type Cylinder. 
Constraints: Minimum signed distance ({Sh}, F2)≥ 0 
Objective to maximize: diameter of F2 

Definition of a set of points {Sf} 

Extraction {Sf}, set of points , nominally spherical involute type 

Definition of the associated spherical involute F1 

Association F1, ideal feature, spherical involute type 
Constraints: Coaxiality between F2 and the axis of F1 
Objective to minimize: depends on the association criterion 

Definition of the toleranced characteristic αp:  

Evaluation αp: angle between two flanks, around F2 axis. 

Definition of the condition: 

αinf≤αp≤αsup 

Table 28.2. Measurement process of a pitch error base on two features 

28.3.5. Evaluation of the kinematic characteristics 

Kinematic metrology includes two inspection methods: tangential composite and 
radial composite inspection [GOC 03]. Tangential composite inspection allows 
determining transmission error of the product, gear are mounted in the roll testing 
machine with backlash, under desired condition, and only right or lefts flank are 
engaged during the meshing. Radial composite inspection shows the changes in the 
center distance or the rotating gears. Gears are mounted in the roll testing machine 
without backlash at a variable center distance. Flanks, left and right of the gears are 
in contact by dint of force acting in the radial direction. The tangential composite 
inspection (also called single flank gear roll testing) closely simulates the behavior 
of the product in their application, whereas the radial composite inspection (also 
called double flank gear roll testing) only reflects the changes in the centre distance 
of the rotating gear, that is why, if the function of the product must be tested, the 
tangential composite inspection will be performed. Figure 28.7 shows an example of 
a transmission error from a single flank roll testing. 

In order to compare fitting criteria regarding the functional aspect, the maximum 
transmission range error and the tooth-to-tooth composite deviations are evaluated 
for each model and compared to those obtained with the substitution model. 
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Figure 28.7. Kinematic error from a tangential composite inspection [GOC 03] 

28.4. Criteria comparison 

28.4.1. Objective 

The objective of this section is to compare the three used criteria and the one 
point approach regarding the functional aspect, i.e. the kinematic characteristics: the 
maximum transmission range error and the tooth-to-tooth composite deviation. 

In the study presented three quality class gears have been tested: ISO quality 10, 
7 and 4 [ISO 95]. For each class, 100 geometries have been generated and 
simulated: a Monte Carlo simulation reiterates steps 1, 2, 3, 4, 5, 2’, 3’. A set of 
values for the maximum transmission range error and the tooth-to-tooth composite 
deviation is thus obtained. Furthermore, information is provided to perform the 
comparison. For each criterion, each class and each studied kinematic characteristic 
is calculated: 

− The linear regression: the equation of the linear regression shows the trend of 
the correlation. 

− The confidence intervals of the estimated slope and Y-intercept of the linear 
regression: enables us to affirm that the exposed values are contained into an 
interval by taking a risk of 5% in our case. This allows us to validate the results. 

− The linear correlation coefficient r provides information about the quality of 
the correlation. 

28.4.2. Example 

The following example shows the result of 100 simulations performed on an ISO 
class 10 gears for each association criterion. The studied kinematic characteristic is 
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the maximum range of the transmission error. Figure 28.8 shows the correlation 
graphics. 

The linear regression is obtained by fitting the data points using the least square 
method. The correlation coefficient shows a good correlation between the maximum 
transmission range error based on the substitution model and the one based on the 
virtual metrology for each case. 

 

Figure 28.8. Class 10 gears correlation graphics for maximum transmission range error 

28.4.3. Comparing the results 

This section shows the results obtained for each criterion performed on ISO class 
10, 7 and 4 gears. For each criterion and for each characteristic, 100 simulations 
have been performed, that is, 2,400 simulations. The obtained results are regrouped 
in Table 28.3. 

The table shows that: 

− for both studied characteristics, and for all class qualities, the same trend is 
observed: the Chebychev criterion offers the best correlation between a virtual 
metrology model and a substitution model regarding the functional aspect. The 
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Correlation graphic for maximum transmission 
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worst correlation is given by the one point fit. The least square criterion is close to 
the one point criterion regarding to the correlation, and the minmax criterion offers 
the second best correlation after Chebyshev criterion; 

− the better the quality is, the less the correlation is because the ratio “pitch error 
tolerance/form deviation tolerance” increases when the quality is better. 

 

Table 28.3. Results of the criteria comparison 

28.5. Conclusion 

A comparison of different fitting criteria was performed, regarding the functional 
aspect of gears. 

One point Least Square Minmax Chebyshev 
Linear regression 0.72x+24.44 0.73x+21.49 0.77x+19.33 0.84x+16.64

Correlation coefficient 0.85 0.86 0.9 0.93
Confidence interval of the slope 0.01 0.01 0.01 0.01

Confidence interval of the Y-intercept 25.8 25.75 22.18 14.62
Linear regression 0.56x+28.19 0.57x+26.73 0.60x+24.65 1.03x-11.53

Correlation coefficient 0.75 0.77 0.85 0.88
Confidence interval of the slope 0.01 0.01 0.01 0.02

Confidence interval of the Y-intercept 17.71 17.62 15.38 9.69
Linear regression 0.39x+32.11 0.39x+30.9 0.53x+22.9 0.76x+12.9

Correlation coefficient 0.5 0.51 0.69 0.77
Confidence interval of the slope 0.01 0.01 0.02 0.02

Confidence interval of the Y-intercept 16.83 17.24 14.11 11.57
Linear regression 0.77x+3.80 0.77x+2.51 0.80x+2.43 0.89x+3.60

Correlation coefficient 0.89 0.9 0.93 0.94
Confidence interval of the slope 0.01 0.01 0.01 0.01

Confidence interval of the Y-intercept 8.77 8.78 7.49 5.82
Linear regression 0.40x+23 0.38x+23.79 0.38x+25.26 0.57x+17.21

Correlation coefficient 0.45 0.43 0.43 0.57
Confidence interval of the slope 0.09 0.08 0.08 0.08

Confidence interval of the Y-intercept 3 2.97 2.94 2.79
Linear regression 0.52x+9.83 0.51x+10.04 0.53x+10.36 0.81x+2.33

Correlation coefficient 0.55 0.54 0.55 0.66
Confidence interval of the slope 0.19 0.19 0.18 0.18

Confidence interval of the Y-intercept 2.09 2.08 2.07 2.12
Linear regression 0.44x+8.46 0.44x+8.36 0.44x+9.53 0.64x+4.81

Correlation coefficient 0.41 0.41 0.4 0.53
Confidence interval of the slope 0.28 0.28 0.29 0.3 

Confidence interval of the Y-intercept 2.2 2.21 2.15 2.05
Linear regression 0.45x+9.47 0.53x+9.90 0.54x+10.80 0.72x+5.89

Correlation coefficient 0.59 0.58 0.58 0.67
Confidence interval of the slope 0.31 0.21 0.21 0.21

Confidence interval of the Y-intercept 1.26 1.26 1.23 1.2 

7

All 

4

All 

Tooth-to-tooth
 composite deviation

Fitting criterionISO
 class

Kinematic
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10 
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Two kinematic characteristics were evaluated by simulating the meshing with 
two different models: the substitution model built with smooth Bezier surfaces and 
the virtual metrology model built with a nominal surface fitted to the set of points 
from the metrology, using the one point fit, the least squares fit, the minmax fit and 
the Chebychev fit. 

After having performed the simulation it appears that: 

− the Chebychev fit offers the best correlation with the substitution model, 
contrary to the one point fit; 

− the estimated characteristics are all under evaluated and the better the quality 
class, the more the estimated characteristics are under-evaluated; 

− if a classification is done, regarding the functional aspects, for the best to the 
worst fitting criteria, we obtain: the Chebychev fitting, the Minmax fitting, the LSQ 
fitting and the one point fitting. 

This proposition is a natural consequence of taking an integrated view of 
functionality, specification and verification. Srinivasan said: “Correlation 
uncertainty, in particular, is an uncharted territory. Standards don’t tell us how to 
find this. They provide a language to describe it. This should be an area for some 
intense research” [SRI 01]. In fact, this opens up a wide area for research. 
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Chapter 29    

Effects of Geometric Variation  
on Perceived Quality 

29.1. Introduction 

One purpose of striving for high geometric quality in consumer products is to 
ensure that the relationships between visible parts will not impact negatively on the 
consumer’s quality perception. The consequences of visible deviations on perceived 
quality depend on the product’s visual robustness to geometric variation. In this 
paper, visual robustness is defined in relation to research on consumer response to 
product appearance. A framework for visual robustness is presented, and a method 
for evaluating the fit complexity of design concepts is suggested.  

When analyzing certain assemblies, it becomes clear that product appearance 
have set a high level of difficulty for achieving visually acceptable relationships 
between parts. This visual robustness to geometric variation (Figure 29.1) is 
regarded here as product behavior that does not depend on the risks for large 
assembly variation in terms of tolerances or geometric robustness; rather it depends 
on something intrinsic in the structure, form, colors and materials of visible parts. 
Virtual non-nominal visualization tools [WIC 03, JUS 01] have enabled the early 
detection of visually sensitive design solutions. However, these tools do not help in 
the analysis of what makes a specific product appearance visually sensitive to 
variation. If tolerances and geometric robustness are set, the appearance may need 
adjustment in order for the end result to be acceptable. In the development of 
consumer products, product appearance is normally the responsibility of industrial 
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designers and is developed in an early design phase. Within industrial design 
research, little attention has been given to the effects of variation, and it is not a 
central concern in industrial design activities. Here we take a close look at the 
concept of visual robustness in order to promote the creation of robust appearance 
solutions in industrial design. As visual robustness here is defined as independent of 
the detailed risks for deviations, it is suggested that product appearance can be 
evaluated before locating schemes are determined or tolerances defined. Apart from 
in industrial design activities, visual robustness is relevant during various tasks 
throughout the product lifecycle. A satisfactory assessment is needed when 
determining critical product dimensions (i.e. key characteristics), establishing their 
requirements level and defining priorities between these requirements, which serves 
as relevant input for assembly robustness optimization. 

 

Figure 29.1. Visually sensitive (a) and robust (b) solution 

29.1.1. Types of robustness 

From a general perspective, robustness [TAG 89] aims at “improving the quality 
of a product by minimizing the effect of the causes of variation without eliminating 
the causes” [PHA 89]. This implies that a product’s functions and properties should 
not be sensitive to variation caused by noise factors. However, as implied in [SMI 
05] robustness efforts can have different foci depending on what are regarded as 
control factors and noise factors in a specific design task. In Figure 29.2, the link 
between contextual variety, formal variety and functional variety is illustrated. The 
relationship between contextual and part variety is exemplified in [PHA 89], where 
the dimensional variation of tiles, burnt in a kiln with uneven temperature 
distribution, is reduced by increasing the lime content in the tile clay. The assembly 
robustness to part variation is improved in CAT tools when optimizing locating 
schemes and decreasing assembly coupledness [SÖD 99]. Any efforts to improve 
robustness by reducing the amount of critical dimensions or making functions and 
properties less dependent on any precise dimensions concern the relationship 
between formal and functional variety. 
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Figure 29.2. Different foci of robustness, based on [SMI 05] 

29.1.2. The product experience 

Set in a context of human-product interaction, the product communicative 
functions and perceived properties depend on the subjective product experience. The 
product experience has been defined as “the entire set of effects that is elicited by 
the interaction between a user and a product”, and is often classified as aesthetic 
pleasure, attribution of meaning and emotional response [HEK 06]. Visual 
robustness can be regarded as the ability of a product’s visual appearance to 
stimulate the same visual product experiences despite small variety in its visual 
design properties.  Though the product experience is a subjective phenomenon and 
visual appearance does not in a strict mathematical sense cause a consumer 
response, designers still have intent with the product appearance and aim for it to be 
experienced in a certain way [CRI 08]. It is in relation to this intent that the effects 
of variation need to be investigated.  

Generally, visual robustness refers to a functional insensitivity to variation in any 
of the visual design properties (“structure”, “form”, “color”, “gloss” and “texture” 
[FOR 07]), stemming from any type of noise factors. In the following section, the 
focus is on visual robustness to geometric manufacturing variation. In this, the visual 
aspects affected by variation are studied separately from any functional or assembly 
aspects influenced by variation. 

29.1.3. Perceived quality of non-nominal products 

In order to study visual robustness, the way in which the product experience is 
affected by non-nominality is of interest. In this, an assumption is made that the 
nominal concept is always more attractive than any non-nominal manufactured unit. 
This suggests that all visible dimensions follow the nominal-the-best criterion. To 
perceive a geometric deviation from the nominal form, a consumer (defined here as 
a person without insight into the product specification, design intent or design 
history) needs to interpret the geometric intent as well as the deviation from it. As 
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consumer products are very seldom accompanied by a detailed geometric 
specification, consumers infer their own specifications. 

In this context, it is important to separate the intended design message (function) 
from the detailed intended geometry (form), which is the carrier of the design 
message. Inferences on deviations from intent (Figure 29.3) can occur when it is 
clear that the nominal product was not the initially intended appearance (for instance 
when unsightly elements such as screws or fasteners are visible) or when it is clear 
that a manufactured unit deviates from the nominal product (i.e. product 
specification). Here, the concept of visual robustness is relevant. The suggestion is 
that the details often associated with poor “quality appearance” or “craftsmanship” 
(see for instance [WAN 00, HOS 04, MCL 05]), could be made acceptable if they 
were emphasized or well-integrated in the overall design, as for instance when 
putting Allen screws on a fuel cap. It is the “lack of intent” that causes a poor quality 
impression. 

 

Figure 29.3. Intent distortion throughout the product lifecycle 

29.1.4. Design as a process of communication 

The relationship between design intent and consumer response can be seen as a 
process of communication (Figure 29.4) [CRI 08, MON 97, CRI 04]. The idea is 
based on Shannon’s basic communication model from 1948 [SHA 48]. Within 
information theory, noise occurs when a sender cannot be certain about how a 
message will be received [KRI 86] and each step in the communication process is a 
possible noise source. When the model was applied to product design (a form of 
mass-communication [CRI 04]), the original purpose was to point out that an 
intended visual product message should be created to support varying circumstances 
during the communication process. When connecting this model to visual 
robustness, its significance is somewhat altered. 
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Figure 29.4. Design as a process of communication 

If manufacturing noise occurs between the intended appearance and a 
transmitting product, the noise from the later steps of communication is beneficial in 
hiding these distortions. This communication noise should ideally result in 
equivocation (Figure 29.5). Equivocation occurs when a receiver is unable to 
differentiate between two or more messages sent [KRI 86]. The model of design as a 
process of communication is used here as an underlying structure for describing 
visual robustness.  

 

Figure 29.5. Noise and equivocation 

29.2. A framework for describing visual robustness to geometric variation 

The experience of a geometric deviation is a complicated process of sensation, 
perception, cognition and emotion. It depends on product properties, the consumers’ 
personal characteristics and environmental parameters. This situation has been 
divided into four levels: 

− The visual reference level is sense-independent and product-focused and 
describes the type and amount of recognizable shapes and relations between shapes. 
Given that there are visual references to be recognized, the provided information can 
be intensified or suppressed at the subsequent levels. 
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− The optical level is sense-dependent and relates to the interplay between the 
product’s optical properties, light and eye receptors. It describes the risk for an 
observer receiving sensory information on deviations from geometric intent. 

− The perceptual level refers to the tendency of the human perceptual senses to 
amplify, i.e. perceive clearly, or suppress sensory information on deviations from 
geometric intent. 

− The response level assumes that the human clearly perceives the deviation and 
makes a judgment thereafter. At the response level, the concept of perceived quality 
is most relevant, addressing issues such as the consumer’s perceived values in 
relation to expectations and other product attributes. 

29.2.1. Visual reference level 

At this stage, we will look at all shapes of a product and their ability to visually 
communicate geometric design intent. This occurs if shapes and relationships are 
present that can be recognized without prior knowledge of the design specification. 
The visible cues that reveal intent are referred to as visual references. The term is 
chosen for the following reason: in order to recognize something, it is often 
necessary to have some guidance, either from known concepts or from related 
information on the product. For separate shapes, some basic regular geometries can 
be recognized by themselves as being intended. For relationships between shapes or 
relationships between parts, one form is often required as a reference to recognize 
the intended, form, size, shape or orientation of the other shape. This implies that the 
shape structure of a form has numerous relative cross references, but no absolute 
reference. Robust shapes and relationships are achieved if small deviations in form, 
size, orientation or translation are unrecognizable. Ultimately, this would be 
achieved either by avoiding having regularities built into the product or by assuring 
that the conditions indicated by visual references remain unchanged if subject to 
deviations. 

There are four types of visual references on a product (Figure 29.6). They 
function differently and reveal different types of geometric deviations. Separate 
shapes are regarded here as curves undivided by vertices and surfaces undivided by 
edges. Given this, the following conditions apply for the types of visual references: 

− For separate shapes, a straight line and a plane are examples of recognizable 
shapes, while a curve in R3 space (that is neither straight nor circular) or a 
sculptured surface have no visual references. One difficulty is that the irregular 
separate shapes insensitive to form variation often result in many visual references 
to other parts. 
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− When shapes have intrapart references (i.e. recognizable relationships with 
other elements on the same part), part distortions such as warping, for which the 
separate form elements are still intact, are revealed.  

− Assembly deviations as well as part deviations are revealed through interpart 
references, for which there are no visual references on the parts.  

− Finally, deviations can be recognized at the whole product level where, for 
instance, the size of the intended regular distance between two parts (i.e. gap) can be 
compared to the gap between two other parts. 

 

Figure 29.6. Types of visual references [FOR 06] 

The classification refers to curves or surfaces with an overall level of smoothness 
and continuity. Local and discrete blemishes, depressions or waviness can be spotted 
on any of these curves and surfaces. If a mass-produced part nominally had an 
extremely rough surface corresponding to the magnitude of the blemish, it would be 
visually robust to the blemish. The detailed risks for different types of deviations, in 
terms of manufacturing and assembly variation, are regarded as unknown at this 
stage. Instead, focus is set on the general behavior that shapes could exhibit as a 
result of variation. If returning to Figure 29.6, there is clearly a greater risk for 
deviations affecting the inter-part relationships, as they require at least two different 
manufactured parts with different locating schemes and ingoing part tolerances. In 
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product design, the prospects of removing visual references between parts are also 
greater than designing irregularity into the separate shapes. Therefore, the assembly 
relations will be in focus.  

Recognizing visual references is a cognitive process in which the onlooker 
perceives an object and relates the stimuli to previous knowledge. The extent to 
which a person will perceive the design intent will vary. When perceiving a 
relationship between elements, there is a zone in which the relationship is 
interpreted as unintended. If the relationship between the point and the circle in 
Figure 29.7 is one of those in the grey zone, it may be interpreted as unintended, 
even if this is the nominal design. To achieve a good result, the departure from 
regularity should, in the nominal design, be large enough to look intended, as in the 
right examples in the figure. Regardless of whether it is nominal, the second circle 
looks unintended. 

 

Figure 29.7. Zones for when shapes appear intended 

Why humans tend to see shapes in certain ways has been treated within 
perception psychology. One branch is the gestalt theory, which treats the inferences 
people make when perceiving shapes. Human interpretation of artifacts may have 
both innate and culturally affected components. Here, no attempts will be made to 
explain why people interpret intent through visual references, as this is an extensive 
question by itself. Although all consumers may not interpret the same visual 
references, one important purpose of identifying possible visual references is that if 
there are no visual references, it is not possible to interpret intent. This also implies 
that visual references are not in fact exclusively visual, but rather comprehensible 
conditions in geometry. Three examples are provided:  

− For the angular relationship between two lines, perpendicularity and 
parallelism are recognizable states. However, if the nominal angle is 37°, this is 
impossible to recognize without prior knowledge.  

−  Figure 29.8a implies that alignment is intended between the two parts in the y-
direction. Meanwhile, there is no indication of the intended position for the part in 
picture a. 
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− Although large gap sizes for some products are associated with low quality, 
there is no information on the intended gap if the distance between parts is regular 
(Figure 29.9), given that there are no secondary effects such as see-through and no 
references on the whole product level.  

 

Figure 29.8. With (a) and without (b) visual reference 

 

Figure 29.9. Large intended gap 

Apart from studying visual references with the purpose of removal, the 
conditions indicated by the visual references constitute the visual information 
fragments that are to be studied on the optical and perceptual levels of visual 
robustness. 

29.2.2. Optical level 

Some deviations are more visually prominent than others. As described above, 
optical and perceptual levels address how prominent deviations are when perceived 
through visual senses. The difference between the optical and perceptual level 
requires some further explanation. Optical level covers how light beams hit the 
product, are reflected and meet the eye. Parameters such as illumination, reflections, 
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shadows, colors, textures and viewing angles are relevant. Perceptual factors have a 
stronger connection to the perceptual senses, and require a holistic view of the total 
impression gained when looking at a form. Examples of optical phenomena are that 
dark parts often hide the distance between parts and that glossy dark parts reveal 
surface discontinuity (implied continuity between separated parts) better than light 
matte parts.  

One reason to separate optical and perceptual factors is that optical factors are 
more effectively evaluated in virtual environments, given realism in shaders, 
rendering type and illumination. Perceptual factors may however not be as 
adequately evaluated. It has been shown that differences remain between perception 
in physical and virtual environments [WIC 07]. Although designers use their 
perceptual senses to form an impression when looking at visualizations, they may 
not capture the effects that emerge in reality. Further motivations for the separation 
are that different approaches are needed when conducting research on visual 
robustness on the optical or the perceptual level or both. If the perceptual sensitivity 
of deviations on different geometries is studied, the deviations must be equally 
visible and vice versa.  

29.2.3. Perception level  

Visual references are recognized through the perceptual organization of visual 
stimuli, yet that only addresses what could be seen, not what is prominent. On the 
perceptual level, this prominence is in focus. The perceptual intensity of the cues 
that reveal deviations could be compared to the probability of someone interpreting 
something as intended. Perception psychology, including the rules of gestalt 
interpretation, affects how objects are perceived. In Figure 29.10, the gestalt rule of 
good continuation is illustrated. The rules of gestalt interpretation can hide 
deviations as the human perceptual senses do not function like a camera [GRE 07]. 
Scanning a visual scene is selective. This means that the scene is examined for the 
information that is required to perform the simulation necessary to form a mental 
representation of a scene. What is not actively seen is reconstructed to fill in the gap 
between the scanned areas. Here it is important that geometric deviations do not 
capture attention. More relevant, however, is the fact that perception of geometric 
deviations may not reach the conscious level. A product may lead to a feeling of 
poorness without the user being able to specify why. How to tackle this within 
research and industry is a concern. By asking potential consumers how they 
experience a deviation, they become informed of it and may consider things that 
would otherwise have been left unnoticed. An example of perceptual phenomena is 
that non-parallelism in geometry with little other visual information may be more 
prominent than one with more visual references and increased complexity.  
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Figure 29.10. Rule of good continuation 

29.2.4. Response level 

Here, a different perspective is embraced. It is not so much about the visibility of 
a deviation as the aesthetic impression, the meaning conveyed and emotions elicited. 
For instance, misalignment between two chrome strips on a car is considered as 
severe, as chrome is supposed to signal exclusivity. Had the parts been made of 
plastic from start, the intended expression would have been less distorted. Studying 
visual robustness on the response level (Figure 29.11) has a more strategic 
ingredient. Questions addressed are, for instance: (1) What overall level of 
geometric quality is required for a specific industrial design concept or theme? (2) 
Do product models aimed at different market segments require different levels of 
geometric quality? (3) How does geometric quality relate to other perceived quality 
aspects? (4) How does product category affect the required geometric quality? 
Within the automotive industry, fit and finish aspects have gone from being called 
“craftsmanship” issues [WAN 00, HOS 04] to “perceived quality” issues. However, 
perceived quality refers to the consumer’s product judgment from a holistic 
perspective. 

According to Benedict [BEN 90], quality perceptions are formed by intrinsic 
quality cues that are part of the product itself and extrinsic quality cues in terms of 
product related information, such as brand, country of origin, price and retailer 
reputation. The cues are valued because of their perceived connection to quality 
attributes. The quality attributes are in turn divided into experience attributes, such 
as comfort, for which feedback is given during consumption and credence attributes, 
such as durability, which can never really be experienced but remain dependant on 
the quality cues. No doubt the geometric deviations can serve as intrinsic quality 
cues. However, intrinsic visual quality cues are not specifically manufacturing 
issues; rather they are anything visible on the product. Therefore, when as in 
industry connecting geometric quality issues to perceived quality, there is no 
exclusive connection between the two. Other issues, such as industrial design in 
general or visual brand identity might, also affect the perceived quality. From that 
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perspective, it would be interesting to look at all issues connected to poor product 
realization to see if they connect to any specific types of consumer responses. 

 

Figure 29.11. Levels of visual robustness 

29.3. Visual fit complexity assessment method 

To analyze the visual robustness at the visual reference level, we propose the fit 
complexity assessment method. This method has been developed in order to support 
comparisons between form division concepts and the identification of sensitive 
relationships between adjacent parts. The main principle of the method is to identify 
the translations, rotations and dimensional scaling for which there are no visual 
references.  

When using the method, each interface between two different adjacent parts is 
analyzed separately, and a total score is obtained by summarizing the complexity of 
the interfaces. Additional visible interfaces will always increase complexity 
substantially. Any geometric assembly connections between parts are at this stage 
regarded as unknown. Parts are considered to be rigid, and part deviations are 
simplified as dimensional scaling in three dimensions. Every coordinate system is 
local and should be placed along the most regular directions of each interface. It is 
also assumed that the assembly requirements will be met by the current design, 
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implying that the nominal gaps are interpreted as assigned taking collisions into 
account.  

The complexity of an interface is estimated following the table in Figure 29.12a. 
For the relationship between two parts, one point is assigned (indicated as “x”) for 
degrees of freedom or dimensional deviations for which there are visual references.  

− For translations (T), the positive and negative directions in each interface each 
result in one point, and three degrees of freedom (DOF) are studied, leading to a 
total score of six points.  

− For rotations (R), there are many possible centre points. Instead of assigning a 
point for each opposite direction of a rotation, which has little relevance regarding 
visual references, a best case (bc) and a worst case (wc) rotation is studied. For 
rotations the best case means that there exists a centre of rotation through which the 
relationship with visual references would remain unaffected. In one DOF, the score 
is therefore one point if the interface supports only a best case rotation and two if all 
possible rotations are revealed. 

− For dimensional scaling (D), the best case and worst case deviation modes are 
also studied. If a part has many visual references to another part in one dimension 
(for instance through alignment or curvature continuity), it is not possible to later 
adjust the locating schemes to fix the part with the visual reference and take up the 
variation in the other end. Therefore, the worst case means that there is no way to fit 
in dimensionally deviating parts and results in two points, while one point is 
assigned if it is possible to fit in a deviating part without revealing it. The maximum 
total score per interface is therefore 18.  

 

Figure 29.12. Fit complexity assessment for the relationship between parts 
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When using the method, the main structure of a product is studied, and minor 
parts not part of the overall form division [DAG 07] concept are ignored, as they 
could be added or removed independently of the rest of the structure. For the 
example in Figure 29.12, the inter-part visual references are equal distance between 
the two parts and surface continuity. There are two allowable deviations in this 
example: (1) scaling in the x dimension, given the best case, which means that all 
vertical parts of the interface are equally affected. As the lower horizontal 
relationship is of a different size, it does not function as a reference for the intended 
vertical distances, and (2) scaling in the z-direction, given the best case. This means 
that the surface continuity on the top face is not affected, while the lower horizontal 
distance can support variation.  

 Optical and perceptual factors in relation to fit complexity 

The presented fit complexity tick-box can also be used as a basis to indicate the 
subjectively assessed most sensitive deviations and more robust deviations, 
according to conditions given on the other levels of visual robustness. As an 
example, the lower horizontal parallelism (Figure 29.12.b) is considered to be more 
sensitive than other deviations. This is due to a combination of being clearly in the 
field of view (visual level) and belonging to an area with graphics and details that 
capture attention (perceptual level). As the toaster is clearly targeted at design-
conscious consumers, has a styled industrial design, and efforts have been made to 
ensure a sensory pleasing experience through the selected materials, it can be 
assumed that conformance to geometric specification is important for the 
consumer’s product experience (response level). A frame of reference is provided in 
Figure 29.13 in order to compare different structural solutions. 

 

Figure 29.13. Fit complexity assessment of different toasters 
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29.4. Discussion and conclusions 

The framework for visual robustness, including the four levels of analysis, is 
useful for understanding how to approach perceived quality as connected to 
geometric deviations. To summarize the relevance of the framework: 

− It provides a terminology for and increased understanding of the mechanisms 
that make products visually robust to variation. 

− It serves as a theoretical basis for the design of experiments when conducting 
research on the visual perception of deviations. 

In order to look at visual robustness, some simplifications of the way in which 
products are influenced by part and assembly variation are necessary. However, this 
facilitates the evaluation of concepts at a very early stage in product development. 
Even from a rough industrial design sketch, it is possible to draw some conclusions 
on its visual robustness.  

Still little is known of the mechanisms controlling visibility on the perceptual 
level. However, the aim here is to clarify that research on the subject should have a 
clear focus in terms of what levels are studied when doing different types of 
experiments. What product representations are used, how questions are asked, and 
how respondents are allowed to interact with the product representation should be 
studied according to the proposed levels of visual robustness. 

The core messages of this chapter are that: 

− Communicative product aspects are functions for which robustness can be 
ensured by looking at the formal-functional relationship. Therefore the visual 
consequences of variation can be studied separately from detailed risks for variation.  

− The concept of intent has a central role in the connection between geometric 
quality and consumer perceived quality. Intent, and deviations from it, can be 
recognized both for the intended design message and for the intended geometry.  

Finally, the proposed fit complexity assessment method supports robustness 
evaluation on the visual reference level. One concern is that systematic analyses of 
this type are time-consuming and slightly complicated. The aim is therefore to 
continue the research in order to find guidelines for visual product design that are 
graspable within industrial design practice. In the end, the fit complexity assessment 
could be computerized. Yet as is the case for many design methods, it is the 
cognitive process of setting the scores and not the final result that is the core value. 
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Chapter 30    

Geometric Requirement Variations  
Throughout the Product Lifecycle 

30.1. Introduction 

Today, design is increasingly widening in scope as additional views of a given 
product are being taken into account early in the product development process in 
order to lead to a better integration of marketing, engineering and costs 
requirements. This has translated as Design for X or DFX where X may be 
manufacturing (DFM) or assembly (DFA), etc. In a more comprehensive scope, 
Design should be embraced across the full lifecycle spectrum. 

This would translate as additional product requirements reflecting the changing 
environment to which a product is being subjected throughout its life. In a more 
comprehensive way, a given functional requirement could have a different value in 
the lifecycle stage when it is useful compared to the stage when its value is being 
verified or measured. It then appears necessary to create a link between the different 
values of a given functional requirement to ensure theses values are compatible. 

As each stage of the lifecycle occurs in a different set of environmental and 
utilization conditions the mechanism is subject to thermo-mechanical load variations 
while stepping from one stage of the product lifecycle to another. As a consequence, 
an integrated design would take into account these load variations, hence helping the 
assembly meet a broader range of product requirements. 
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A typical application that best illustrates the above idea would be a jet engine for 
which the functional requirements vary during its lifecycle. Indeed, the clearance 
between the rotor blades and engine housing (or stator) of the turbine will be quite 
different at assembly and in operation due to the high temperature and rotation 
velocity to which the rotor is subjected in service 

The main purpose of this research is to create, through computations and 
simulations, links between the values of the loads, dimensions and functional 
requirements during the successive phases of the life cycle of some given product. 

30.2. Literature review 

As stated in the introduction, this work includes topics from three different 
fields. The current section mainly presents prior work in the field of functional 
requirements. 

In this area a large amount of research has been done on issues such as tolerance 
and dimension specification, tolerance analysis, tolerance synthesis, part geometry 
optimization or geometry variations. 

30.2.1. Related standards 

In the GD&T there are some standards. There are ANSI standards edited by the 
ASME [ASM 94a][ASM 94b][ASM 03]. These are specifying the semantic used to 
define geometric features and their associated tolerances on 2D and 3D mechanical 
drawings. In addition the majority of the concepts related in these standards have 
also been reproduced by the ISO, which has released a set of international standards. 
The organization of this set [MAR 04] is synthetically presented by Marchèse [MAR 
04]. These standards aspire to improve the consistence of geometric specifications 
with actual measuring techniques (3D measuring machine, etc.) and to avoid 
ambiguity or any kind of user interpretation while using GD&T techniques. The 
benefits of using these techniques have been pointed out by Chiabert [CHI 98]. 

30.2.2. Related research 

Here prior research, which has retained our attention, is presented. 

Firstly, Samper [SAM 98] presents an approach which allows us to consider the 
influence of both deformation of part and fit of joint into the analysis or synthesis of 
tolerances zones. The authors assumed that deformation of part and fit of joint have 
independent effects. A similar hypothesis which will be discussed in section 30.4.1 
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is considered in this chapter. In order to evaluate the influence of the two parameters 
named upper, Samper uses four models to represent a mechanical assembly: 

− rigid parts and perfect mechanism; 

− rigid parts and imperfect mechanism; 

− flexible parts and perfect mechanism; 

− flexible parts and imperfect mechanism. 

In this chapter, calculations are made sequentially on the three firsts models and 
the obtained results are compiled on the fourth which is the most complex. In a 
subsequent paper, the same authors [SAM 03] proposed an extension of their 
approach in order to make simultaneous calculations. 

Secondly, Cid [CID 07] presented research which enables the evaluation of 
clearances under loads thanks to a clearance torsor introduced in [CID 04]. This 
study investigates the case of the clearance between a vehicle door and its frame. 
The representation of parts uses the simplification of considering 3D surfaces 
instead of 3D volumes. 

Thirdly, Pierre [PIE 08] addressed the particular case of the jet engine mentioned 
in the introduction, using detailed geometries and finite elements technique for the 
calculation of parts deformation. 

30.3. Definitions and concepts 

Here are defined some terms used in the following sections of this paper. The 
example presented in Figure 30.1 will be used to illustrate the following definitions. 

30.3.1. Dimensions 

Nominal dimension: effective dimension of the part used in the CAD model. This 
is noted dn in this section. In Figure 30.1 there are two nominal dimensions 
graphically represented by A and B. 

Tolerance: interval which define the acceptable variation of a measured 
dimension around its nominal value. This is noted [tl;tu] in this section. The 
boundaries of the tolerance interval (tl and tu) can be positive or negative. In Figure 
30.1, the tolerance associated with the dimension A is [al;au]. 
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Minimal dimension: minimal acceptable value for a measured dimension. This is 
noted dmin in this section and dmin= dn+tl. In Figure 30.1, the tolerance minimal 
dimension of A is minA A al= +  

Maximal dimension: maximal acceptable value for a measured dimension. This 
is noted dmax in this section. dmax= dn+tu. In Figure 30.1, the tolerance maximal 
dimension of A is maxA A au= +  

Mean dimension: this is noted d  in this section. ( ) 2nd d tl tu= + + . In Figure 

30.1 the mean dimension of A is ( ) 2A A al au= + + . 

 

Figure 30.1. Example for definitions 

For each dimension defined above in this section d(S1) represents the dimension d 
at the S1 stage of the lifecycle of the product. 

30.3.2. Functional requirements 

Dimension chain: mathematical relation which links the value of a functional 
requirement with the dimensions of individual parts. In Figure 30.1 the dimension 
chain associated with the j1 functional requirement can be expressed thanks to 
equation [30.1] below, where i stand for whichever subscript. Two individual 
dimensions (B and A) are involved in this chain. 

j1i=Bi-Ai [30.1] 

Nominal or real value of functional requirement: value of a given functional 
requirement calculated with nominal or real dimensions. In Figure 30.1 this could be 
expressed with j1=B-A for a nominal functional requirement and with j1r=Br-Ar for 
a real functional requirement. 

al
au

A+
+

1j

bl
bu

B +
+
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Mean functional requirement: value of a given functional requirement calculated 
with mean dimensions. In Figure 30.1 this can be expressed using expression [30.2] 
below. 

( )( ) ( )( )1 2 2j B bl bu A al au= + + − + +  [30.2] 

Minimal and maximal functional requirement: theses values are calculated using 
techniques of analysis of tolerance zones. These techniques stack-up tolerance zones 
specified for individual dimensions for a given functional requirement through the 
corresponding dimension chain. The result of this calculation is an interval which 
represents the possible range of variation for the functional requirement.  
This interval is centered on the mean value of the functional requirement.  
In Figure 30.1 the following values are obtained: 1min min maxj B A= −  and 

1max max minj B A= − . 

30.4. Functional requirements throughout lifecycle stages 

This section discusses how the evolution of the product along its life-cycle leads 
to changes of functional requirement values. 

30.4.1. General principles 

Considering an assembly, there are two ways that the possible values of a given 
functional requirement vary. 

There is first the stack-up of all the uncertainties due to machining and 
measuring techniques. This problem has been largely studied, and there exists some 
techniques of tolerances analysis to predict the possible variations of a given 
functional requirement. If the width of the possible range for a functional 
requirement j1 is noted Δj1 then it is expressed using: 1 1max 1minj j jΔ = − . These 
variations are not directly linked to the whole product lifecycle. They are 
specifically related to the manufacturing and assembly stages. The manufacturing 
stage determines the accuracy of individual dimensions: the measured dimensions 
associated with their corresponding uncertainties have to meet the specified 
tolerances. Then, if required, a part could be matched at the assembly stage [BJO 
89] in order to meet the functional requirement specifications. In a more 
comprehensive way, the narrower the tolerances are, the smaller the range of 
possible variation for the functional requirement (Δj1) will be. 
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Secondly, the study must take into account the changing environment from an 
initial stage “Si” to a final stage “Sf” of the product lifecycle. Note that the terms 
initial and final are just relative to calculations steps. In a more comprehensive way 
the initial stage could be considered in operation and the final stage could be at the 
assembly situation. This allows us to express, in the same formalism, the shift from 
the S1 to S2 stage and the shift from S2 to S1. Then, as mentioned in the 
introduction, the loads received by the assembly are subject to changes during this 
shift. This causes some deformation on the mechanism parts. These deformations 
can be viewed as a variation of individual dimensions. Let us be precise about which 
of the dimensions defined in section 30.3.1 are affected by part deformation.  

If the parts of Figure 30.1 are considered precise enough then it is possible to 
write down relation [30.3]. 

au al A− <<  [30.3] 

Additionally, if the deformations are assumed to be small (i.e. A AΔ << ) then 
with [30.3] we obtain relation [30.4]. This hypothesis is always verified if 
deformations are considered as elastic and linear which is the case in this research. 

( )au al A AΔ − << Δ <<  [30.4] 

Equation [30.4] above means that the variation of the width of the tolerance zone 
is not, at a first order approximation, a significant source of variation compared to 
the variation of the mean value of the dimension. Consequently the width of the 
tolerance zone associated with the part at stage “Si” is approximately the same as the 
width of the tolerance zone associated with the part at the stage “Sf”. 

 

Figure 30.2. Variation of individual dimensions due to loads 

This explain that while stepping from the “Si” to “Sf” lifecycle stage in 
Figure 30.2 the width of the tolerance zone is unchanged and only the mean 
dimension is subject to some variations. This means that parts deformations due to 

)1(1 Sj)1( SA )2( SA

)2( SB)1( SB

)2(1 Sj

(a) Stage Si (b) Stage Sf
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loads can be viewed as a variation of mean values of individual dimensions. As 
tolerance stack-up techniques do not consider the dimensions but their possible 
variations we can infer that the value of Δj1 do not vary across theses two lifecycle 
stages. Finally, variations of functional requirements across two lifecycle stages can 
be represented in Figure 30.3 below. 

 

Figure 30.3. Functional requirement variations due to loads 

30.4.2. Computational rules 

As shown in the previous section, functional requirements are subject to some 
variations along the product lifecycle. In order to calculate the variation of the mean 
value of a given functional requirement several steps have to be followed. First, we 
have to calculate (using any existing technique) the deformation due to loads for 
each part. Then, for these deformations, corresponding mean values of the 
dimensions involved in the dimension chain of the studied functional requirement 
have to be extracted. From there, it becomes possible to obtain the relation between 
the values of this functional requirement at two different stages of the product 
lifecycle. In accordance with the previous section, from here, all values used in the 
following are mean values. 

These results have to be compared to the specifications for the functional 
requirements at the appropriate stage of the lifecycle in order to ensure their 
continued compatibility while stepping along the lifecycle. Depending on the 
hypothesis and known variables three kinds of calculations can be made. 

Life-cycle 
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Value of 
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Interference possible motion 
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Figure 30.4. Dimension driven calculation 

30.4.2.1. From dimensions to functional requirement 

This computational approach (Figure 30.4) is dimension driven meaning that 
changes on individual dimensions prompted by lifecycle evolution are translated 
into corresponding functional requirement values. This approach is used to check 
that dimensions chosen for the stage Si of the product lifecycle are compatible with 
the required functional requirement value at the stage Sf. 

In Figure 30.4, steps 1 and 2 are not dependent on the product lifecycle. They are 
used to point out which functional requirement and dimension chain are under study. 
The dimension chain indicates the relation between the individual dimensions and 
the value of the functional requirement (section 30.3.2). This relation is unchanged 
across the product lifecycle. Then, step 3 allows the shift from Si to Sf through 
calculations of the deformations due to loads variations. Finally steps 4 and 5 are 
required to express the results obtained at step 3 in terms of dimensions and 
functional requirement at the stage Sf of the product lifecycle. At step 6, this result 
is compared to specifications or to designer intent in order to validate the design of 
the product. 
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30.4.2.2. From functional requirement to dimensions 

Unlike the previous section, here the functional requirements are used as input to 
find compatible dimension values in the initial and final lifecycle stage. This 
calculation (Figure 30.5) allows the designer to assign values to the individual 
dimensions of the product at stage Si of the lifecycle in order to ensure the assembly 
meets a given value for the studied functional requirement under the Sf stage of the 
product lifecycle. As several dimensions are involved in the dimension chains, the 
result of this calculation is a range of acceptable values. In order to assign only one 
value to each dimension other criteria have to be considered. 

In Figure 30.5 the first step is lifecycle independent while it consists of choosing 
the functional requirement under study. Steps 2 and 3 occur in the initial stage of the 
product lifecycle. The result of these steps is the determination of initial individual 
dimension values. Then, the calculations made during step 4 authorize the shift from 
Si to Sf. The results are expressed in the final stage in step 5. If necessary, the final 
value of the functional requirement could be calculated in step 6 thanks to individual 
dimensions obtained in step 5. Finally these results are compared to specifications or 
to designer intent in order to validate the current design of the product. 

 

Figure 30.5. Functional requirement driven calculation 
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30.4.2.3. Determination of acceptable operating conditions 

Here it is assumed that the geometry of the product is completely defined. In a 
more comprehensive way, this means that the values of the functional requirements 
are specified both at the initial and final stage of the product lifecycle. The aim of 
this calculation (Figure 30.6) is to provide the designer with the acceptable variation 
of the environmental conditions and loads in relation to the specified values of a 
functional requirement along the product lifecycle. 

 

Figure 30.6. Geometry driven calculation 

The first three steps described in Figure 30.6 establish the required input data for 
the problem at hand. Step 1 consists of choosing a functional requirement. Step 2 
specifies its values at the initial and final stage of the lifecycle. Afterwards, step 3 of 
the methodology assigns an initial value to individual dimensions involved in the 
chain. From there the dimensions at the initial phase of the product lifecycle are 
obtained. Then the acceptable thermo-mechanical load variation is calculated during 
step 3. If several thermo-mechanical loads are subject to variations then the result of 
this step should be expressed as a range of possible variation for each thermo-
mechanical load. Ultimately and if necessary, final dimensions can be calculated 
using the dimension driven technique previously described. 
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30.5. Case study: a simple 1D crosshead guide 

In this section a simple application case is presented. The studied guide 
presented in Figure 30.7 is constituted of a one-piece wheel shaft positioned in a 
one-piece frame. 

We have deliberately chosen a simple example in order to present in a simple 
way the benefits and the perspectives of our approach. This case is considered as 1D 
and the thermo-mechanical loads are limited to temperature variation. Admittedly 
the chosen case is not realistic, but it is simple enough to be calculated and verified 
with existing theoretical formulations.  

30.5.1. Hypothesis 

30.5.1.1. Lifecycle 

This case will be studied while stepping from the initial stage Si to the final stage 
Sf of this product lifecycle. It should be noted however that those generic initial and 
final lifecycle stages do not necessarily have to follow a temporal sequence. In other 
words, depending on the problem perspective, the initial stage could be the product 
use in operation whereas the final stage would be the product at the assembly phase. 

30.5.1.2. Geometry 

The geometry chosen for this study is presented in Figure 30.7 below. It is 
described using six dimensions. 

 

Figure 30.7. 1D case study 

For all the following calculations the dimensions e1 e2 and e3 are considered as 
hard constraints and their imposed values at 20°C are exposed in Table 30.1. The 
example case study consists of designing the frame. 

e1 e2 e3

j1 j3j2

b3b1 
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Dimension Value at 20°C 
e1(20°C) mm1,060±

e2(20°C) mm1,01440±  
e3(20°C) mm1,060±

Table 30.1. Dimension of the shaft at 20°C 

30.5.1.3. Materials 

The wheel shaft is built from aluminum and the frame is made of steel. 

30.5.1.4. Loads and behavior law 

It is assumed that during its lifecycle this mechanism is subject to a temperature 
variation which will result in linear deformations such as presented in equation 
[30.5] below. 

( ) ( ) ( ) ( ) ( )( )Sf Si Si Sf Sil l l t tα− = ⋅ ⋅ −  [30.5] 

In equation [30.5] l represents the length of a given dimension and t stands for 
the temperature. Finally, α designates the coefficient of thermal dilatation. Typical 
values of α are presented in Table 30.2 below. 

Material Notation Coefficient of  
thermal dilatation 

Steel αs 1.20 E-05 K-1 
Aluminum αa 2.38 E-05 K-1 

Table 30.2. Typical coefficient values of thermal dilatation 

30.5.1.5. Functional requirements 

This case also defines three functional requirements j1 j2 and j3 which will be 
studied. It is also assumed that each functional requirement can have a minimum 
and/or a maximum required value for each stage of the product lifecycle. 

30.5.1.6. Dimension chains 

For each requirement it is possible to define a dimension chain from which the 
following equations [30.6], [30.7] and [30.8] are derived to calculate the values of 
the functional requirements. 
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1 1 1
1min 1min 1max
1max 1max 1min

j b e
j b e
j b e

= −⎧
⎪ = −⎨
⎪ = −⎩

 [30.6] 

2 2 2
2 min 2 min 2 max
2 max 2max 2 min

j e b
j e b
j e b

= −⎧
⎪ = −⎨
⎪ = −⎩

 [30.7] 

3 2 3 2 3
3min 3min 3max 2max 2 min
3max 3max 3min 2min 2max

j b b e e
j b e e b
j b e e b

= + − −⎧
⎪ = − − +⎨
⎪ = − − +⎩

 [30.8] 

30.5.1.7. Implementation 

All the above exposed hypothesis have been introduced into an Excel 
spreadsheet for each kind of calculation presented in section 30.4.2. For these 
calculations two lifecycle stages Si and Sf are considered. 

30.5.2. Dimension driven calculation 

This first calculation aims at answering the question: “What will be the value of 
a given functional requirement after thermal dilatation of the parts?” 

30.5.2.1. Hypothesis 

The studied functional requirements are j1 j2 and j3 which can be calculated 
using the dimension chains [30.6][30.7][30.8]. 

Variable Value 

t(Si) 20°C 

t(Sf) 50°C 

b1(Si) at 20°C 1,03.60 ± mm 

b2(Si) at 20°C 1,07.1439 ± mm 

b3(Si at 20°C 
1,08.60 ± mm 

Table 30.3. First calculation hypothesis 
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This represents the steps 1 and 2 of Figure 30.4 methodology. As the initial 
temperature is 20°C the values of e1 e2 and e3 are those presented in Table 30.1. 
The initial values presented in table 1 and table 3 will be introduced in the Excel 
spreadsheet in order to map the value of functional requirements along with the 
temperature variations. 

30.5.2.2. Calculations 

This is the 3rd and 4th step of the methodology in Figure 30.4. The previously 
described hypotheses are then used as input for calculating the deformations thanks 
to equation [30.5]. The results obtained are presented in Table 30.4. 

Initial dimension at stage Si 
(at 20°C) Deformation Final dimension at stage 

Sf (50°C) 

( )1 60Sie mm=  1 0.043e mmΔ =  ( )1 60.043Sfe mm=  

( )2 1440Sie mm=  2 1.028e mmΔ =  ( )2 1441.028Sfe mm=  

( )3 60Sie mm=  3 0.043e mmΔ =  ( )3 60.043Sfe mm=  

( )1 60.3Sib mm=  1 0.022b mmΔ =  ( )1 60.322Sfb mm=  

( )2 1439.7Sib mm=  2 0.518b mmΔ =  ( )2 1440.218Sfb mm=  

( )3 60.8Sib mm=  3 0.022b mmΔ =  ( )3 60.822Sfb mm=  

Table 30.4. Deformation and final dimensions for dimension driven calculation 
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30.5.2.3. Results 

For the 5th step of Figure 30.4 methodology the values presented in Table 30.4 
are introduced in dimensions chains [30.6], [30.7] and [30.8]. The results for the 
functional requirements are presented in Table 30.5. 

Functional 
requirement Mean values Range of possible values 

j1(Si) at 20°C 0.3 mm [0.1 ; 0.5] mm 

j2(Si) at 20°C 0.3 mm [0.1 ; 0.5] mm 

j3(Si) at 20°C 0.5 mm [0.1 ; 0.9] mm 

j1(Sf) at 50°C 0.279 mm [0.079 ; 0.479] mm 

j2(Sf) at 50°C 0.810 mm [0.610 ; 1.010] mm 

j3(Sf) at 50°C -0.031 mm [-0.431 ; 0.369] mm 

Table 30.5. Results of dimension driven calculation 

First, the tolerances along dimension chains [30.6], [30.7] and [30.8] have been 
analyzed in order to calculate the range of possible values for the functional 
requirements at stage Si. Then, mean values of functional requirement are calculated 
at stage Sf and they are associated with the range of possible variations resulting 
from the tolerance analysis and which do not vary along the lifecycle (see section 
30.4.1.). 

30.5.2.4. Conclusion 

The results of Table 30.5 show that at stage Sf (under 50°C) some interference 
on the functional requirement j3 might appear. If this interference is not compatible 
with the product functionality (step 6 in Figure 30.4) then the dimensions of the 
mechanism must be reviewed. 

30.5.3. Functional requirement driven calculation 

Which dimension has to be chosen in order to obtain a given value of a 
functional requirement after thermal dilatation?  

In this section the studied problem is the calculation of the dimensions of the 
frame at 20°C which ensure given values for functional requirements j1 j2 and j3 at 
50°C (step 1 of the methodology in Figure 30.5). 
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30.5.3.1. Hypothesis 

Considering the objectives discussed above, the initial conditions are considered 
at 50°C and the final stage is at 20°C (see Table 30.7). The targeted values for 
functional requirement are shown in Table 30.6 (steps 1 and 2 in Figure 30.5). 

Functional 
requirement Mean values Acceptable values 

j1(Si) at 50°C 0.25 mm [0.05 ; 0.45] mm 

j2(Si) at 50°C 0.4 mm [0.2 ; 0.6] mm 

j3(Si) at 50°C 0.45 mm [0.05 ; 0.85] mm 

Table 30.6. Values for functional requirement at 50°C 

Moreover, the dimensions of the shaft at 50°C can be found in Table 30.4. 
Therefore, the values of the dimensions and tolerance zones of the frame at 50°C 
can be deduced using dimension chains [6][7][8] (step 3 in Figure 30.5). These 
values are displayed in Table 30.7. 

Variable Value 

t(Si) 50°C 
t(Sf) 20°C 

e1(Si) at 50°C 0.160.043 mm±  

e2(Si) at 50°C 0.11441.028 mm±  

e3(Si) at 50°C 0.160.043 mm±  

b1(Si) at 50°C 0,160.293± mm 

b2(Si) at 50°C 0,11440.628± mm 

b3(Si) at 50°C 0,160.893± mm 

Table 30.7. Functional requirement driven calculation inputs 

30.5.3.2. Calculations 

The calculations of thermal deformation (step 4 in Figure 30.5) are performed in 
the same way as in section 30.5.2. 
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30.5.3.3. Results 

Final dimensions after step 5 in Figure 30.5 are presented in Table 30.8. 

Final dimension at stage Sf (20°C) 

  
e1 Sf( ) = 60mm

  
e2 Sf( ) = 1440mm

  
e3 Sf( ) = 60mm

  
b1 Sf( ) = 60.271mm

  
b2 Sf( ) = 1440.109mm

  
b3 Sf( ) = 60.871mm

Table 30.8. Final dimensions at 20°C for functional requirement driven calculation 

The optional 6th step of Figure 30.5 is used there as a validation process for 
individual dimensions. The calculations are made in the same way as in section 
30.5.2. Final values of functional requirements are presented in Table 30.9. 

Functional requirement Mean values Acceptable values 
j1(Sf) at 20°C 0.271 mm [0.071 ; 0.471] mm 
j2(Sf) at 20°C -0.110 mm [-0.310 ; 0.09] mm 
j3(Sf) at 20°C 0.981 mm [0.581 ; 1.381] mm 

Table 30.9. Functional requirement values at 20°C 

30.5.3.4. Conclusion 

The results in Table 30.9 show that at stage Sf (under 20°C) some interference 
on functional requirement j2 might appear. If this interference is not compatible with 
the product functionality (step 7 in Figure 30.5) then the dimensions of the 
mechanism must be reviewed. A greater initial mean value for the functional 
requirement or a narrower range for the corresponding tolerance zone must be used 
as an updated input for this calculation. 

30.5.4. Geometry driven calculation 

Which loads are acceptable in order to ensure the respect of a functional 
requirement at two stages Si and Sf of the lifecycle? 
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30.5.4.1. Hypothesis 

First, the designer must impose a mean value on functional requirements at 
stages Si and Sf of the product lifecycle. The initial temperature is set to 20°C. Due 
to Table 30.1 dimensions, dimension chain expressions [30.6][30.7][30.8] and 
functional requirement values at Si, we can deduce values of ( )1 Sib  ( )2 Sib  and ( )3 .Sib  
These values can be found in Table 30.10. 

This represents steps 1 and 2 of the methodology in Figure 30.6. 

Variable Value 
t(Si) 20 °C 

( )1 Sij  at 20°C 0.3 mm 

( )2 Sij  at 20°C 0.3 mm 

( )3 Sij  at 20°C 0.5 mm 

    
j1 Sf( ) 0.25 mm 

    
j2 Sf( ) 0.4 mm 

    
j3 Sf( ) 0.45 mm 

e1(Si) at 20°C  
e2(Si) at 20°C  
e3(Si) at 20°C  
b1(Si) at 20°C mm 
b2(Si) at 20°C mm 
b3(Si) at 20°C mm 

Table 30.10. Geometry driven calculation inputs 

30.5.4.2. Calculations 

This part of the method represents the 3rd step of the methodology in Figure 30.6. 
The use of dimension chains and the deformation law will be detailed here for the 
calculation relative to the j3 functional requirement. A similar approach is used for 
j1 and j2. First, the expression of the dimension chain [30.8] is used to calculate the 
mean value of the functional requirement j3 given at the initial stage [30.9] and at 
the final stage [30.10].  

( ) ( ) ( ) ( ) ( )3 2 3 2 3Si Si Si Si Sij b b e e= + − −  [30.9] 

( ) ( ) ( ) ( ) ( )3 2 3 2 3Sf Sf Sf Sf Sfj b b e e= + − −  [30.10] 

mm1,060±

mm1,01440±

mm1,060±

1,03.60 ±

1,07.1439 ±

1,08.60 ±
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From these expressions the variations of these mean values are deduced with 
[30.11]. 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )3 2 2 3 3 2 2 3 3Sf Si Sf Si Sf Si Sf Sij b b b b e e e eΔ = − + − − + − +  

with ( ) ( )3 3 3Sf Sij j jΔ = −  [30.11] 

Additionally, with behavior law [30.5], the following set [30.12] of the lifecycle 
dependence relation is obtained. 

( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( )( ) ( )

3 3 3

2 2 2

3 3 3

2 2 2

aSf Si Sf Si Si

aSf Si Sf Si Si

sSf Si Sf Si Si

sSf Si Sf Si Si

e e t t e

e e t t e

b b t t b

b b t t b

α

α

α

α

⎧ = ⋅ ⋅ − +
⎪
⎪ = ⋅ ⋅ − +⎪
⎨

= ⋅ ⋅ − +⎪
⎪
⎪ = ⋅ ⋅ − +⎩

 [30.12] 

Finally, with the substitution of final values [30.12] in equation [30.11] the 
equation [30.13] gives the expression of the admissible final temperature for j3.  

( ) ( )( ) ( )

( ) ( ) ( ) ( )

3
3 2 3 2

Sf Si
s Si Si a Si Si

jt t
b b e e

Δ
α α

= +
⋅ + − ⋅ +

 [30.13] 

30.5.4.3. Results 

The calculations presented in the previous paragraph give the results presented in 
Table 30.11. 

Functional requirement to 
be respected 

Admissible temperature at 
final stage 

j1 91.0 °C 
j2 25.9 °C 
j3 22.8 °C 

Table 30.11. Admissible temperature for geometry driven calculation 

These results are those obtained after the 4th step of the methodology in 
Figure 30.6. A 5th step consists of choosing the most restrictive value for the final 
temperature which is 22.8°C in this case. Under this condition, final dimensions can 
be deduced using a dimension driven calculation (section 30.5.2). 
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30.5.4.4. Conclusion 

This resulting limited range of temperature variation means that if solutions 
presented in the conclusion of section 30.5.3 are not applicable, then, the only way 
to ensure mechanism functionality is to reduce the possible range of load variation. 

30.6. Conclusion and perspectives 

30.6.1. High level management of functional requirements 

This simple study has shown the interest of considering functional requirement 
variations along the various phases of the product lifecycle. As the proposed 
approach does not affect the width of the tolerance zones, it consequently does not 
impact machining costs either. This aspect is very interesting because it enables 
possible improvements of the mechanism functionality at a given stage of the 
product lifecycle without increasing its cost. Moreover, the previous section (section 
30.5) has been organized as a high-level design methodology. This methodology 
consists of three successive steps. First, the current design of the product is checked 
with a dimension driven calculation (section 30.5.2). If the resulting functional 
requirement is not meeting products specifications at the target of final phase of the 
product lifecycle, then a second step of redesign is undertaken using a functional 
requirement driven calculation (section 30.5.3). The initial stage of the product 
lifecycle for the functional requirement driven calculation should correspond to the 
final stage of the dimension driven calculation. For example, if the dimension driven 
calculation is made from the assembly stage to the operation stage of the product 
lifecycle, then the functional driven calculation will be made from operation to 
assembly in order to assign individual dimensions at the assembly stage of the 
product lifecycle (which are then considered to be the design variables). Finally, if 
this fails and acceptable values for individual dimensions cannot be found, an 
ultimate geometry driven calculation (section 30.5.4) can be used to compute the 
range of acceptable thermo-mechanical load variation between the two stages 
considered in the product lifecycle. 

30.6.2. Further work 

This study has been illustrated on a very restrictive case and must be extended to 
a more general case. First this model should be able to tackle 2D and 3D geometries. 
This must include an appropriate way for the mathematical representation of 2D and 
3D dimension chains and an appropriate tool for the calculation of parts 
deformations under thermo-mechanical loads. The preliminary studies done in this 
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way suggest the use of TTRS1 and MGRE2 [DES 91] for the representation of 
dimension chains. Additionally, finite element analysis (FEA) appears as the most 
suitable tool for the calculation of parts deformation as it is commonly used in the 
mechanical industry. It is worth noting that 2D and 3D dimension chains contain 
both linear and angular dimensions which must be accounted for by the proposed 
approach.  

Concerning the lifecycle aspects of the methodology, some improvements are 
planned. There is first the combination of several thermo-mechanical loads as a 
source of geometric variations. Secondly, the possibility of further constraining the 
design, by specifying values for the functional requirements at various stages of the 
product lifecycle, will be investigated. 
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