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To the Student

With the hope that this work will stimulate
an interest in Engineering Mechanics
and provide an acceptable guide to its understanding.
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| PREFACE

The main purpose of this book is to provide the student with a clear and thorough
presentation of the theory and application of engineering mechanics. To achieve this
objective, this work has been shaped by the comments and suggestions of hundreds
of reviewers in the teaching profession, as well as many of the author’s students.

New to this Edition

Expanded Answer Section. The answer section in the back of the book now
includes additional information related to the solution of select Fundamental
Problems in order to offer the student some guidance in solving the problems.

Re-writing of Text Material. Some concepts have been clarified further in
this edition, and throughout the book the accuracy has been enhanced, and important
definitions are now in boldface throughout the text to highlight their importance.

New Photos. The relevance of knowing the subject matter is reflected by the
real-world applications depicted in the over 14 new or updated photos placed
throughout the book. These photos generally are used to explain how the relevant
principles apply to real-world situations and how materials behave under load.

New Problems. There are approximately 30% new problems that have been
added to this edition, which involve applications to many different fields of
engineering.

New Videos. Three types of videos are available that are designed to enhance

the most important material in the book. Lecture Videos serve to test the student’s

ability to understand the concepts, Example Problem Videos are intended to review

these problems, and Fundamental Problem Videos guide the student in solving these @
problems that are in the book. They are available for selected sections in the chapters

and marked with this icon. The videos appear on a companion website available for

separate purchase at www.pearsonglobaleditions.com.
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Hallmark Features

Besides the new features mentioned, other outstanding features that define the
contents of the book include the following:

Organization and Approach. Each chapter is organized into well-defined
sections that contain an explanation of specific topics, illustrative example problems,
and a set of homework problems. The topics within each section are placed into
subgroups defined by boldface titles. The purpose of this is to present a structured
method for introducing each new definition or concept and to make the book
convenient for later reference and review.

Chapter Contents. Each chapter begins with an illustration demonstrating a
broad-range application of the material within the chapter. A bulleted list of the
chapter contents is provided to give a general overview of the material that will
be covered.

Emphasis on Free-Body Diagrams. Drawing a free-body diagram is
particularly important when solving problems, and for this reason this step is strongly
emphasized throughout the book. In particular, special sections and examples are
devoted to show how to draw free-body diagrams. Specific homework problems
have also been added to develop this practice.

Procedures for Analysis. A general procedure for analyzing any mechanics
problem is presented at the end of the first chapter. Then this procedure is customized
to relate to specific types of problems that are covered throughout the book. This
unique feature provides the student with a logical and orderly method to follow when
applying the theory. The example problems are solved using this outlined method in
order to clarify its numerical application. Realize, however, that once the relevant
principles have been mastered and enough confidence and judgment have been
obtained, the student can then develop his or her own procedures for solving problems.

Important Points. This feature provides a review or summary of the most
important concepts in a section and highlights the most significant points that should
be known when applying the theory to solve problems.

Fundamental Problems. These problem sets are selectively located just after
most of the example problems. They provide students with simple applications of
the concepts, and therefore, the chance to develop their problem-solving skills
before attempting to solve any of the standard problems that follow. In addition,
they can be used for preparing for exams, and they can be used at a later time when
preparing for the Fundamentals in Engineering Exam. The partial solutions are
given in the back of the book.



Conceptual Understanding. Through the use of photographs placed
throughout the book, the theory is applied in a simplified way in order to illustrate
some of its more important conceptual features and instill the physical meaning of
many of the terms used in the equations.

Homework Problems. Apart from the Fundamental and Conceptual type
problems mentioned previously, other types of problems contained in the book
include the following:

¢ Free-Body Diagram Problems. Some sections of the book contain introduc-
tory problems that only require drawing the free-body diagram for the specific
problems within a problem set. These assignments will impress upon the student
the importance of mastering this skill as a requirement for a complete solution of
any equilibrium problem.

e General Analysis and Design Problems. The majority of problems in the
book depict realistic situations encountered in engineering practice. Some of these
problems come from actual products used in industry. It is hoped that this realism
will both stimulate the student’s interest in engineering mechanics and provide a
means for developing the skill to reduce any such problem from its physical
description to a model or symbolic representation to which the principles of
mechanics may be applied.

Throughout the book, in any set of problems, an attempt has been made to arrange
them in order of increasing difficulty except for the end of chapter review prob-
lems, which are presented in random order.

e Computer Problems. An effort has been made to include a few problems that
may be solved using a numerical procedure executed on either a desktop computer
or a programmable pocket calculator. The intent here is to broaden the student’s
capacity for using other forms of mathematical analysis without sacrificing the
time needed to focus on the application of the principles of mechanics. Problems
of this type, which either can or must be solved using numerical procedures, are
identified by a “square” symbol (H) preceding the problem number.

The many homework problems in this edition, have been placed into two different
categories. Problems that are simply indicated by a problem number have an
answer and in some cases an additional numerical result given in the back of the
book. An asterisk (*) before every fourth problem number indicates a problem
without an answer.

Accuracy. As with the previous editions, apart from the author, the accuracy of
the text and problem solutions has been thoroughly checked by Kai Beng Yap and
Jun Hwa Lee, along with a team of specialists at EPAM, including Georgii Kolobov,
Ekaterina Radchenko, and Artur Akberov.

PREFACE
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Contents

The book is divided into 11 chapters, in which the principles are first applied to
simple, then to more complicated situations.

The kinematics of a particle is discussed in Chapter 12, followed by a discussion of
particle kinetics in Chapter 13 (Equation of Motion), Chapter 14 (Work and Energy),
and Chapter 15 (Impulse and Momentum). The concepts of particle dynamics
contained in these four chapters are then summarized in a “review” section, and the
student is given the chance to identify and solve a variety of problems. A similar
sequence of presentation is given for the planar motion of a rigid body: Chapter 16
(Planar Kinematics), Chapter 17 (Equations of Motion), Chapter 18 (Work and
Energy), and Chapter 19 (Impulse and Momentum), followed by a summary and
review set of problems for these chapters.

If time permits, some of the material involving three-dimensional rigid-body
motion may be included in the course. The kinematics and kinetics of this motion are
discussed in Chapters 20 and 21, respectively. Chapter 22 (Vibrations) may
be included if the student has the necessary mathematical background. Sections of
the book that are considered to be beyond the scope of the basic dynamics course
are indicated by a star (%) and may be omitted. Note that this material also provides
asuitable reference for basic principles when it is discussed in more advanced courses.
Finally, Appendix A provides a list of mathematical formulas needed to solve the
problems in the book, Appendix B provides a brief review of vector analysis, and
Appendix C reviews application of the chain rule.

Alternative Coverage. At the discretion of the instructor, it is possible to
cover Chapters 12 through 19 in the following order with no loss in continuity:
Chapters 12 and 16 (Kinematics), Chapters 13 and 17 (Equations of Motion),
Chapter 14 and 18 (Work and Energy), and Chapters 15 and 19 (Impulse and
Momentum).

Acknowledgments

I have endeavored to write this book so that it will appeal to both the student and
instructor. Through the years, many people have helped in its development, and
I will always be grateful for their valued suggestions and comments. Specifically,
I wish to thank all the individuals who have sent comments to me. These include
J. Aurand, J. Ari-Gur, R. Boyd, O. Byer, E. Erisman, C. Heinke, H. Kuhlman, E. Most,
S. Moustafa, H. Nazeri, D. Pox, J. Ross, D. Rowlison, R. Scott, K. Steurer.

A long-time friend and associate, Kai Beng Yap, was of great help to me in
preparing and checking problem solutions, but unfortunately, his support has
come to an end due to his untimely passing. His contribution to this effort and his
friendship will be deeply missed. I am thankful that Jun Hwa Lee is now supporting
me in this effort.



During the production process I am thankful for the assistance of Rose Kernan,
my production editor, and Marta Samsel, who worked on the cover of the book.
And finally, to my wife, Conny, who helped in the proofreading of the manuscript
for publication.

Lastly,many thanks are extended to all my students and to members of the teaching
profession who have freely taken the time to offer their suggestions and comments.
Since this list is too long to mention, it is hoped that those who have given help in
this manner will accept this anonymous recognition.
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suggestions, or issues related to any matters regarding this edition.
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Mastering Engineering

This online tutorial and assessment program allows you to integrate dynamic homework and practice problems
with automated grading of exercises from the textbook. Tutorials and many end-of-section problems provide
enhanced student feedback and optional hints. Mastering Engineering™ allows you to easily track the performance
of your entire class on an assignment-by-assignment basis, or the detailed work of an individual student. For more
information visit www.masteringengineering.com.

Resources for Instructors

Instructor’s Solutions Manual This supplement provides complete solutions supported by problem statements
and problem figures. The Instructor’s Solutions Manual is available in the Instructor Resource Center.

PowerPoint Slides A complete set of all the figures and tables from the textbook are available in PowerPoint
format.

Resources for Students

Videos Developed by the author, three different types of videos are now available to reinforce learning the basic
theory and applying the principles. The first set provides a lecture review and a self-test of the material related to
the theory and concepts presented in the book. The second set provides a self-test of the example problems and the
basic procedures used for their solution. The third set provides an engagement for solving the Fundamental
Problems throughout the book. They are available for selected sections in the chapters and marked with a video
icon. The videos can be accessed in the Pearson eText or from a website available for purchase separately at
www.pearsonglobaleditions.com.
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CHAPTER 1 2

Although these jet planes are rather large, from a distance their motion can be analyzed
as if each were a particle.




Lecture Summary and Quiz,

S ‘ \ Example, and Problem-
\ J solving videos are available

where this icon appears.

. CHAPTER OBJECTIVES

m To introduce the concepts of position, displacement, velocity,
and acceleration.

m To study particle motion along a straight line and represent this
motion graphically.

m To investigate particle motion along a curved path using different
coordinate systems.

B To present an analysis of dependent motion of two particles.

B To examine the principles of relative motion of two particles
using translating axes.

12.1 INTRODUCTION

Engineering mechanics is the study of the state of rest or motion of
bodies subjected to the action of forces. It is divided into two areas,
namely, statics and dynamics. Statics is concerned with the equilibrium
of a body that is either at rest or moves with constant velocity. Here
we will consider dynamics, which deals with the accelerated motion of
a body. This subject will be presented in two parts: kinematics, which
treats only the geometric aspects of the motion, and kinetics, which is
the analysis of the forces causing the motion. To develop these principles,
the dynamics of a particle will be discussed first, followed by topics in
rigid-body dynamics in two and then three dimensions.

23



24

CHAPTER 12

KINEMATICS OF A PARTICLE

Historically, the principles of dynamics developed when it was possible
to make an accurate measurement of time. Galileo Galilei (1564-1642)
was one of the first major contributors to this field. His work consisted
of experiments using pendulums and falling bodies. The most significant
contributions to dynamics, however, were made by Isaac Newton
(1642-1727), who is noted for his formulation of the three fundamental
laws of motion and the law of universal gravitational attraction. Shortly
after these laws were postulated, important techniques for their
application were developed by Euler, D’ Alembert, Lagrange, and others.

There are many problems in engineering whose solutions require
application of the principles of dynamics. For example, bridges and
frames are subjected to moving loads and natural forces caused by
wind and earthquakes. The structural design of any vehicle, such as an
automobile or airplane, requires consideration of the motion to which
it is subjected. This is also true for many mechanical devices, such as
motors, pumps, movable tools, industrial manipulators, and machinery.
Furthermore, predictions of the motions of artificial satellites, projectiles,
and spacecraft are based on the theory of dynamics. With further
advances in technology, there will be an even greater need for knowing
how to apply the principles of this subject.

Dynamics is considered to be more involved
than statics since both the forces applied to a body and its motion must be
taken into account. Also, many applications require using calculus, rather
than just algebra and trigonometry. In any case, the most effective way of
learning the principles of dynamics is fo solve problems. To be successful
at this, it is necessary to present the work in a logical and orderly manner
as suggested by the following sequence of steps:

1. Read the problem carefully and try to correlate the actual physical
situation with the theory you have studied.

2. Draw any necessary diagrams and tabulate the problem data.

3. Establish a coordinate system and apply the relevant principles,
generally in mathematical form.

4. Solve the necessary equations using a consistent set of units, and
report the answer with no more than three significant figures, which
is generally the accuracy of the given data.

5. Study the answer using technical judgment and common sense to
determine whether or not it seems reasonable.

In applying this general procedure, do the work as neatly as possible.
Being neat generally stimulates clear and orderly thinking, and vice versa.
If you are having trouble developing your problem-solving skills, consider
watching the videos available at www.pearson.com/hibbeler.
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12.2 RECTILINEAR KINEMATICS: CONTINUOUS MOTION

12.2 RECTILINEAR KINEMATICS:
CONTINUOUS MOTION

We will begin our study of dynamics by discussing the kinematics of
a particle that moves along a straight path. Recall that a particle has
a mass but negligible size and shape, so we will limit application to
those objects that have dimensions that are of no consequence in the
analysis of the motion. For example, a rocket, projectile, or a vehicle
can be considered as a particle, as long as its motion is characterized
by the motion of its mass center, and any rotation of the body is
neglected.

The kinematics of a particle is
characterized by specifying, at any given instant, the particle’s position,
velocity, and acceleration.

The rectilinear or straight-line path of a particle will be
defined using a single coordinate axis s, Fig. 12-1a. The origin O on
the path is a fixed point, and from this point the position coordinate s
is used to specify the location of the particle at any given instant.
The magnitude of s is the distance from O to the particle, usually
measured in meters (m), and the sense of direction is defined by
the algebraic sign of s. Although the choice is arbitrary, here s will
be positive when the particle is located to the right of the origin,
and it will be negative if the particle is located to the left of O.
Position is actually a vector quantity since it has both magnitude and
direction; however, it is being represented by the algebraic scalar s,
rather than in boldface s, since the direction always remains along
the coordinate axis.

The displacement of the particle is defined as the
change in its position. For example, if the particle moves from one point
to another, Fig. 12-1b, the displacement is

As =5 — s

In this case As is positive since the particle’s final position is to
the right of its initial position, i.e., s" > s. Displacement is also a
vector quantity, and it should be distinguished from the distance
the particle travels. Specifically, the distance traveled is a positive
scalar that represents the total length of path over which the particle
travels.

O
A4
\

Position

(a)

O
A4
\

As —

’

s
Displacement
(b)

Fig. 12-1
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CHAPTER 12 KINEMATICS OF A PARTICLE

v
_—

O 0O
A I

Velocity
(©)

If the particle moves through a displacement As during the
time interval At, the average velocity of the particle is

As
vavg = E

If we take smaller and smaller values of Az, the magnitude of As becomes
smaller and smaller. Consequently, the instantaneous velocity is a vector
defined asv = Altiglo(As /At), or

_ ds

(i>) U—E

(12-1)

Since At or dt is always positive, the sign used to define the sense of the
velocity is the same as that of As or ds. For example, if the particle is
moving to the right, Fig. 12-1c, the velocity is positive; whereas if it is
moving to the left, the velocity is negative. (This is emphasized here by
the arrow written at the left of Eq. 12-1.) The magnitude of the velocity is
known as the speed, and it is generally expressed in units of m/s.

Occasionally, the term “average speed” is used. The average speed is
always a positive scalar and is defined as the total distance traveled by a
particle, sy, divided by the elapsed time At; i.e.,

ST
(vavg)sp = E

For example, the particle in Fig. 12-1d travels along the path of length s+
in time At so its average speed is (Vay,)sp = S7/Af, but its average
velocity is v,y = —As/At

=

| ror
i D
ST

Average velocity and
Average speed

(d)
Fig. 12-1 (cont.)
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If the velocity of the particle is known at two points,
then the average acceleration of the particle during the time interval At
is defined as

Av
Aayg = Tt

Here Av represents the difference in the velocity during the time interval
At ie., Av = v’ — v, Fig. 12-1e.

The instantaneous acceleration at time t is a vector that is found by
taking smaller and smaller values of Af and corresponding smaller and
smaller values of Av, so thata = AltiQO(Av /At), or

_dv

(i>) a—E

(12-2)

Substituting Eq. 12-1 into this result, we can also write

s

(i>) a_dlz

Both the average and instantaneous acceleration can be either positive
or negative. In particular, when the particle is slowing down, or its speed is
decreasing, the particle is said to be decelerating.In this case, v’ in Fig. 12-1f
is less than v, and so Av = v’ — v will be negative. Consequently, a will
also be negative, and therefore it will act to the left, in the opposite sense
to v. Also, notice that if the particle is originally at rest, then it can have an
acceleration if a moment later it has a velocity »’. Units commonly used
to express the magnitude of acceleration are m /s,

Finally, an important differential relation involving the displacement,
velocity, and acceleration along the path may be obtained by eliminating
the time differential dr between Eqs. 12-1 and 12-2. We have

-
v a
or
(5) ads = vdv (12-3)

Although we have now produced three important kinematic
equations, realize that the above equation is not independent of
Eqgs. 12-1 and 12-2.

|
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Acceleration
(e)
a
B e
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v v

Deceleration
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Fig. 12-1 (cont.)
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During the time this rocket undergoes
rectilinear motion, its altitude as a
function of time can be measured and
expressed as s = s(¢). Its velocity can
then be found using v = ds/dt, and its
acceleration can be determined from
a = dv/dt.

When the acceleration is
constant, each of the three kinematic equations a. = dv/dt, v = ds/dt,
and a, ds = v dv can be integrated to obtain formulas that relate a,, v,
s,and t.

Integrating a. = dv/dt,
assuming that initially v = vy when t = 0, we get

v t
/ dv = /ac dt
Vg 0

() v =y + a.t (12-4)
Constant Acceleration

Integrating v = ds/dt = vy + a,
assuming that initially s = sy when ¢ = 0, yields

N t
/ ds = / (vg + a.t) dt
So 0

(5) s =so + vt + 2a.t? (12-5)
Constant Acceleration

If we solve for tin Eq. 12-4
and substitute it into Eq. 12-5, or integrate v dv = a, ds, assuming that
initially v = vy ats = s, we get

/vdvz /acds
Yo So

(5) v? = v} + 2a.(s — o) (12-6)
Constant Acceleration

The algebraic signs of sy, vy, and a., used in these equations, are
determined from the positive direction of the s axis as indicated by the arrow
written at the left of each equation. It is important to remember that these
equations are useful only when the acceleration is constant and whent = 0,
s = 59, v = vy. A typical example of constant accelerated motion occurs
when a body falls freely toward the earth. If air resistance is neglected and
the distance of fall is short, then the constant downward acceleration of the
body when it is close to the earth is approximately 9.81 m /s,
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Dynamics is the study of bodies that have accelerated motion.
Kinematics is a study of the geometry of the motion.

Kinetics is a study of the forces that cause the motion.
Rectilinear kinematics refers to straight-line motion.

Speed refers to the magnitude of velocity.

Average speed is the total distance traveled divided by the total time. This is different from the average
velocity, which is the displacement divided by the time.

A particle that is slowing down is decelerating.
A particle can have an acceleration and yet have zero velocity.

The relationship a ds = v dv is derived from a = dv/dt and v = ds/dt, by eliminating dt.

- PROCEDURE FOR ANALYSIS

29

Coordinate System.

Establish a position coordinate s along the path and specity its fixed origin and positive direction.

Since motion is along a straight line, the vector quantities position, velocity, and acceleration can be
represented as algebraic scalars. For analytical work the sense of s, v, and a is then defined by their
algebraic signs.

The positive sense for each of these scalars can be indicated by an arrow shown alongside each kinematic
equation as it is applied.

Kinematic Equations.

If a relation is known between any two of the four variables a, v, s, and ¢, then a third variable can be
obtained by using one of the kinematic equations, a = dv/dt, v = ds/dt or a ds = v dv, since each
equation relates all three variables.*

Whenever integration is performed, it is important that the position and velocity be known at a given
instant in order to evaluate either the constant of integration if an indefinite integral is used, or the limits
of integration if a definite integral is used.

Remember that Eqgs. 12—4 through 12-6 have limited use. These equations apply only when the acceleration
is constant and the initial conditions are s = s, and v = vy when t = 0.

* Some standard differentiation and integration formulas are given in Appendix A.

Refer to the companion website for
Lecture Summary and Quiz videos.
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CHAPTER 12

EXAMPLE 12.1

KINEMATICS OF A PARTICLE

The car in Fig. 12-2 moves in a straight line such that for a short time
its velocity is defined by v = (0.9/> + 0.6r) m/s, where ¢ is in seconds.
Determine its position and acceleration whent = 3 s. Whent = 0,s = 0.

‘ s

SOLUTION

Coordinate System. The position coordinate extends from the
fixed origin O to the car, positive to the right.

Position. Since v = f(r), the car’s position can be determined from
v = ds/dt, since this equation relates v, s, and ¢. Noting that s = 0
when ¢t = 0, we have”

d
(5) v =2 = (092 + 0.60)
dr
s t
/ ds = / (0.9¢% + 0.61)dt
0 0
8 t
s| =035 + 032
0 0
s =033 + 032
Whent = 3,
s = 0303)° + 033> =108 m Ans.

Acceleration. Since v = f{(f), the acceleration is determined from
a = dv/dt, since this equation relates a, v, and t.

dv d
+ = — = —(0. 2+ A = 1l, + 0.
(5) a r dt(o Ot 0.61) 1.8t + 0.6
Whent = 3,
a=183) + 0.6 =6.00m/s>— Ans.

NOTE: The formulas for constant acceleration cannot be used to solve
this problem, because the acceleration is a function of time.

*The same result can be obtained by evaluating a constant of integration C rather than
using definite limits on the integral. For example, integrating ds = (0.9¢> + 0.61)dt
yields s = 0.3¢> + 0.3¢r> + C. Using the condition that at ¢ = 0, s = 0, then C = 0.
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EXAMPLE 12.2

A small projectile is fired vertically downward into a fluid with an initial
velocity of 60 m/s. Due to the drag resistance of the fluid the projectile
experiences a deceleration of a = (—0.4v°) m/s?, where v is in m/s.
Determine the projectile’s velocity and position 4 s after it is fired.

SOLUTION
Coordinate System. Since the motion is downward, the position
coordinate is positive downward, with origin located at O, Fig. 12-3.

Velocity. Here a = f(v) and so we must determine the velocity as a
function of time using a = dv/dt, since this equation relates v, a, and t.
(Why not use v = vy + a.?) Separating the variables and integrating,
with vy = 60 m/s when ¢t = 0, yields”

dv 3
+ = — = —().
(+1) a=— 0.4v

v t
/ dv = /dt
60 m/s —0.4v 0
1 1\1
=)
11 17
@{F - (60)2} -

o~ (] o

Here the positive root is taken, since the projectile will continue to
move downward. When t = 4 s,

v =0.559m/s| Ans.

Position. Knowing v = f{(f), we can obtain the projectile’s position
from v = ds/dt, since this equation relates s, v, and z. Using the initial
condition s = 0, when ¢t = 0, we have

v

ds 1 =2
+1 =—=|—=+ O.Sz}
+3) T [(60)2
s t 1 -1/2
/ds=/[ 2+0.8t] d
0 o L(60)
2 1 1/2|t
s = —[ 5 T 0.8t]
0.8( (60) 0
1 1 121
= —d|——+0. - —
ST 04 { { 6o " ° St} 60} m
Whent = 4s,
s =443 m Ans.

* The same result can be obtained by evaluating a constant of integration C rather than
using definite limits on the integral.

Fig. 12-3

31
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EXAMPLE 12.3

vA75m/sTﬁ

hS

s4=40m

KINEMATICS OF A PARTICLE

f
N
.

o

Fig. 12-4

During a test the rocket in Fig. 124 travels upward at 75 m/s, and when
itis 40 m from the ground its engine fails. Determine the maximum height
spreached by the rocket and its speed just before it hits the ground. While
in motion the rocket is subjected to a constant downward acceleration of
9.81 m/s? due to gravity. Neglect the effect of air resistance.

SOLUTION

Coordinate System. The origin O for the position coordinate s is
taken at ground level with positive upward, Fig. 12—4.

Maximum Height. Since the rocket is traveling wupward,
vy = +75m/swhent = 0. Atthe maximum heights = spthe velocity
vg = 0. For the entire motion, the acceleration is a, = —9.81 m/s’
(negative since it acts in the opposite sense to positive velocity or
positive displacement). Since a, is constant the rocket’s position may
be related to its velocity at the two points A and B on the path by
using Eq. 12-6, namely,

(+1) vh = 4 + 2a.(sg — s4)
= (75m/s)* + 2(—9.81 m/s?)(sz — 40 m)
sg = 327m Ans.

Velocity. To obtain the velocity of the rocket just before it hits the
ground, we can apply Eq. 12-6 between points B and C, Fig. 12-4.

+h v = vp + 2asc — sp)
=0 + 2(—9.81 m/s?)(0 — 327 m)
ve = —80.1m/s = 80.1m/s | Ans.

The negative root was chosen since the rocket is moving downward.
Similarly, Eq. 12-6 may also be applied between points A and C, i.e.,

(+M ve = v + 2a.(sc — sa)

(75m/s)? + 2(—9.81 m/s?)(0 — 40 m)

ve = —80.1m/s = 80.1m/s | Ans.

NOTE: It should be realized that the rocket is subjected to a deceleration
from A to B of 9.81 m/s%, and then from B to C it is accelerated at this
rate. Furthermore, even though the rocket momentarily comes to rest
at B (vg = 0) the acceleration at B is still 9.81 m/s?> downward!
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EXAMPLE 12.4

A metallic particle is subjected to the influence of a magnetic field
as it travels downward from plate A to plate B, Fig. 12-5. If the
particle is released from rest at the midpoint C, s = 100 mm, and
the acceleration is a = (4s) m/s%, where s is in meters, determine the
velocity of the particle when it reaches plate B, s = 200 mm, and
the time it takes to travel from C to B.

SOLUTION

Coordinate System. Asshown in Fig. 12-5, s is positive downward,
measured from plate A.

Velocity. Since a = f(s), the velocity as a function of position can be
obtained by usingv dv = a ds. Realizing thatv = Oats = 0.1 m, we have

(+1) vdv = ads : _
! ’ Eanannnal
/vdv=/ 4s ds PEEr i 100 mm
0 0.1'm HHHHH\H
v s P I Al 1]
2 1o 2 loim 1“\\\&\\\\“
H [ 11
v = 2(s*> — 0.01)'2m/s (1) |
RERNNT RS -
Ats = 200 mm = 0.2 m, ]
vp = 0346 m/s = 346 mm/s | Ans.
Time. The time for the particle to travel from C to B can be Fig. 12-5
obtained using v = ds/dt and Eq. 1, where s = 0.1 m when ¢ = 0.
From Appendix A,
(+1) ds = v dt

= 2(s> — 0.01)"2dt

s dS t
A —
01 (s — 0012/,
ln( Vs? — 001 + s)
0.1 0
In(Vs? — 001 +5) + 2303 = 2t

t

=2t

Ats = 02m,

In(V(0.2)> — 0.01 + 02) + 2.303
t =

2

= 0.658 s Ans.

NOTE: The formulas for constant acceleration cannot be used here
because the acceleration changes with position,i.e.,a = 4s.
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EXAMPLE 12.5

s=—4.0m s =6.125m

—9—0
N\ \ Q
t=12s t=0s t=35s
(a)
v (m/s)
v=32—6t
t(s)
(0,0) (2s,0)
(1s,—3m/s)
(b)
Fig. 12-6

=

Refer to the companion website for a self quiz of these
Example problems.

A particle moves along a horizontal path with a velocity of
v = (3t — 6t) m/s, where ¢ is in seconds. If it is initially located at
the origin O, determine the distance traveled in 3.5 s, and the particle’s
average velocity and average speed during the time interval.

SOLUTION

Coordinate System. Here positive motion is to the right, measured
from the origin O, Fig. 12-6a.

Distance Traveled. Since v = f{t), the position as a function of
time may be found by integrating v = ds/dt witht = 0,s = 0.

(i’) ds = v dt
= (3t — 6) dt
sd = t32—6 d
/0 s /O(t 1) dt
s=(E—-3")m @)

In order to determine the distance traveled in 3.5 s, it is necessary
to investigate the path of motion. If we graph the velocity function,
Fig. 12-6b, then it shows that for 0 < ¢ < 2 s the velocity is negative,
which means the particle is traveling to the left, and for t > 2's the
velocity is positive, and hence the particle is traveling to the right.
Also, note that v = 0 when ¢ = 2s. The particle’s position when
t =0,t=2s,and ¢t = 3.5s can be determined from Eq. 1. This yields

Sl;=0 =0 s|,—ps=—-40m s|,—35;=6.125m
The path is shown in Fig. 12-6a. Hence, the distance traveled in 3.5 s is
s =40+ 4.0+ 6.125 = 14.125m = 14.1m Ans.
Velocity. The displacement fromt = 0tot = 3.5s s
As = s|;2355 — S|;=9 = 6.125m — 0 = 6.125m

and so the average velocity is

_As _ 6125m
Yve T Ar T 355 - 0
The average speed is defined in terms of the total distance traveled st.
This positive scalar is

=175m/s— Ans.

sp 14.125m
(vavg)sp = Xt = m = 4.04 m/s Ans.
NOTE: In this problem, the accelerationisa = dv/dt = (6t — 6) m/s?,
which is not constant.
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. FUNDAMENTAL PROBLEMS

Partial solutions and answers to all Fundamental Problems are given in the back of the book. Video solutions are
available for select Fundamental Problems on the companion website.

12-1. Initially, the car travels along a straight road with a
speed of 35 m/s. If the brakes are applied and the speed of
the car is reduced to 10 m/s in 15 s, determine the constant
deceleration of the car.

Fear

Prob. F12-1

F12-2. A ball is thrown vertically upward with a speed of
15 m/s. Determine the time of flight when it returns to its
original position.

Prob. F12-2

I"12-3. A particle travels along a straight line with a velocity
of v = (4 — 3t%) m/s, where ¢ is in seconds. Determine the
position of the particle whent = 4s.5 = 0 whent = 0.

F12-4. A particle travels along a straight line with a speed
v = (0.5¢> — 8) m/s, where ¢ is in seconds. Determine the
acceleration of the particle when ¢t = 2.

I'12-5. The position of the particle is s = (2t> — 8¢ + 6) m,
where ¢ is in seconds. Determine the time when the velocity
of the particle is zero, and the total distance traveled by the
particle when ¢ = 3s.

_—

®@ s
Prob. F12-5

[12-6. A particle travels along a straight line with an
acceleration of a = (10 — 0.25) m/s%, where s is measured
in meters. Determine the velocity of the particle when
s =10mifv =5m/sats = 0.

Prob. F12-6

[12-7. A particle moves along a straight line such that its
acceleration is @ = (4t — 2) m/s%, where ¢ is in seconds.
When ¢t = 0, the particle is located 2 m to the left of the
origin, and when ¢t = 2 s, it is 20 m to the left of the origin.
Determine the position of the particle when ¢ = 4s.

12-8. A particle travels along a straight line with a
velocity of » = (20 — 0.05s*) m/s, where s is in meters.
Determine the acceleration of the particle ats = 15 m.
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. PROBLEMS

KINEMATICS OF A PARTICLE

12-1. A particle is moving along a straight line such that
its position is defined by s = (102 + 20) mm, where ¢ is in
seconds. Determine (a) the displacement of the particle
during the time interval from t=1sto r=5s, (b) the average
velocity of the particle during this time interval, and (c) the
acceleration when r=1s.

12-2. Starting from rest, a particle moving in a straight
line has an acceleration of a = (2t — 6) m/s?, where ¢ is in
seconds. What is the particle’s velocity when ¢ = 6 s, and
what is its position when t =11 s?

12-3. A particle moves along a straight line such that its
position is defined by s = (## — 61 + 5) m. Determine the
average velocity, the average speed, and the acceleration of
the particle when t=6s.

*12-4. A particle travels along a straight line with a velocity
v = (12 — 3£*) m/s, where ¢ is in seconds. When ¢ = 1 s, the
particle is located 10 m to the left of the origin. Determine
the acceleration when ¢ = 4 s, the displacement from ¢ = 0
to t =10 s, and the distance the particle travels during this
time period.

12-5. The acceleration of a particle as it moves along
a straight line is given by a = (2t — 1) m/s?, where ¢ is in
seconds. If s = 1 m and v = 2m/s when ¢t = 0, determine
the particle’s velocity and position when ¢ = 6. Also,
determine the total distance the particle travels during this
time period.

12-6. The velocity of a particle traveling in a straight
line is given by v = (6t — 3r*) m/s, where ¢ is in seconds. If
s =0 when ¢t = 0, determine the particle’s deceleration and
position when ¢ = 3 s. How far has the particle traveled
during the 3-s time interval, and what is its average speed?

12-7. A particle moving along a straight line is subjected
to a deceleration a = (—2v%) m/s%, where v is in m/s. If it
has a velocity v =8 m/s and a position s = 10 m when ¢t =0,
determine its velocity and position when t =4 s.

*12-8. A particle moves along a straight line such that its
position is defined by s = (2> 4+ 32 — 12t — 10) m. Determine
the velocity, average velocity, and the average speed of the
particle when t=3s.

12-9. When two cars A and B are next to one another,
they are traveling in the same direction with speeds v4 and
vp, respectively. If B maintains its constant speed, while A
begins to decelerate at a4, determine the distance d between
the cars at the instant A stops.

d |

Prob. 12-9

12-10. A particle moves along a straight path with an
acceleration of a = (5/s) m/s?, where s is in meters.
Determine the particle’s velocity when s = 2m, if it is
released from rest when s = 1 m.

12-11. A particle moves along a straight line with an
acceleration of a = 5/(3s'/3 + s°?) m/s?, where s is in
meters. Determine the particle’s velocity when s = 2 m, if it
starts from rest when s = 1 m. Use a numerical method to
evaluate the integral.

*12-12. A particle travels along a straight-line path such
that in 4 s it moves from an initial position s, =—8 m to a
position sg =+3 m. Then in another 5 s it moves from sz to
sc = —6 m. Determine the particle’s average velocity and
average speed during the 9-s time interval.

12-13. The speed of a particle traveling along a straight
line within a liquid is measured as a function of its position
as v = (100 — s) mm/s, where s is in millimeters. Determine
(a) the particle’s deceleration when it is located at point A,
where s4 = 75 mm, (b) the distance the particle travels
before it stops, and (c) the time needed to stop the particle.



12-14. The acceleration of a rocket traveling upward is
given by a= (6+0.02s) m/s?>, where s is in meters. Determine
the rocket’s velocity when s = 2 km and the time needed to
reach this attitude. Initially,» =0 and s = 0 when = 0.

—

Prob. 12-14

12-15. The sports car travels along the straight road such
that v = 3V100 — s m/s, where s is in meters. Determine
the time for the car to reach s = 60 m. How much time does
it take to stop?

Prob. 12-15

*12-16. A particle is moving with a velocity of vy when
s=0and r=0.If it is subjected to a deceleration of a = —kv’,
where k is a constant, determine its velocity and position as
functions of time.

12-17. A particle is moving along a straight line with an
initial velocity of 6 m /s when it is subjected to a deceleration
of a=(—1.50"?) m/s?, where v is in m/s. Determine how far
it travels before it stops. How much time does this take?
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12-18. Car A starts from rest at + = 0 and travels along a
straight road with a constant acceleration of 1.8 m/s* until it
reaches a speed of 24 m/s. Afterwards it maintains this speed.
Also, when ¢t = 0, car B located 1800 m down the road is
traveling towards A at a constant speed of 18 m/s. Determine
the distance traveled by car A when they pass each other.

Prob. 12-18

12-19. A train starts from rest at station A and accelerates
at 0.5 m/s? for 60 s. Afterwards it travels with a constant
velocity for 15 min. It then decelerates at 1 m/s” until it is
brought to rest at station B. Determine the distance between
the stations.

*12-20. A sandbag is dropped from a balloon which is
ascending vertically at a constant speed of 6 m/s. If the bag
is released with the same upward velocity of 6 m/s when
t=0 and hits the ground when ¢ =8 s, determine the speed of
the bag as it hits the ground and the altitude of the balloon
at this instant.

12-21. When a train is traveling along a straight track at
2 m/s, it begins to accelerate at a = (60v*) m /s>, where v is
in m/s. Determine its velocity » and the position 3 s after
the acceleration.

Prob. 12-21
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12-22. When a particle falls through the air, its initial
acceleration a = g diminishes until it is zero, and thereafter
it falls at a constant or terminal velocity vy. If this variation of
the acceleration can be expressed as a = (g/v?) (v’ — v?),
determine the time needed for the velocity to become
v = vy/2. Initially the particle falls from rest.

12-23. The acceleration of the boat is defined by
a=(15 vl/z) m/s. Determine its speed when ¢ = 4 s if it has
aspeed of 3 m/s when r=0.

Prob. 12-23

*12-24. A particle is moving along a straight line such
that its acceleration is defined as a = (—2v) m/s?, where v
is in meters per second. If v =20 m/s when s =0 and =0,
determine the particle’s position, velocity, and acceleration
as functions of time.

12-25. When a particle is projected vertically upward
with an initial velocity of vy, it experiences an acceleration
a=—(g+ kvz), where g is the acceleration due to gravity, &
is a constant, and v is the velocity of the particle. Determine
the maximum height reached by the particle.

12-26. If the effects of atmospheric resistance are
accounted for, a freely falling body has an acceleration
defined by the equation a = 9.81[1 — v2 (10 %) m/s?,
where v is in m/s and the positive direction is downward.
If the body is released from rest at a very high altitude,
determine (a) the velocity when ¢ = 5s, and (b) the body’s
terminal or maximum attainable velocity (as t — ©).

12-27. A ball is thrown with an upward velocity of 5 m/s
from the top of a 10-m-high building. One second later
another ball is thrown upward from the ground with a
velocity of 10 m/s. Determine the height from the ground
where the two balls pass each other.

*12-28. Asabody is projected to a high altitude above the
earth’s surface, the variation of the acceleration of gravity
with respect to altitude y must be taken into account.
Neglecting air resistance, this acceleration is determined
from the formula a = —go[R?*/(R + y)?], where g, is the
constant gravitational acceleration at sea level, R is the
radius of the earth, and the positive direction is measured
upward. If gy = 9.81m/s> and R = 6356 km, determine
the minimum initial velocity (escape velocity) at which a
projectile should be shot vertically from the earth’s surface
so that it does not fall back to the earth. Hint: This requires
thatv = 0asy — .

12-29. Accounting for the variation of gravitational
acceleration a with respect to altitude y (see Prob. 12-28),
derive an equation that relates the velocity of a freely
falling particle to its altitude. Assume that the particle is
released from rest at an altitude y, from the earth’s surface.
With what velocity does the particle strike the earth if it
is released from rest at an altitude y, = 500 km? Use the
numerical data in Prob. 12-28.

12-30. A train is initially traveling along a straight track
at a speed of 90 km/h. For 6 s it is subjected to a constant
deceleration of 0.5 m/s?, and then for the next 5 s it has
a constant deceleration a.. Determine a, so that the train
stops at the end of the 11-s time period.

12-31. Two cars A and B start from rest at a stop line.
Car A has a constant acceleration of a4 = 8 m/s’, while
Car B has an acceleration of ag = (263 / %) m/s?, where t is in
seconds. Determine the distance between the cars when A
reaches a velocity of v4 =120 km /h.

*12-32. A sphere is fired downward into a medium with
an initial speed of 27 m/s. If it experiences a deceleration
of a = (—6f) m/s%, where ¢ is in seconds, determine the
distance traveled before it stops.

12-33. The velocity of a particle traveling along a straight
line is v = vy — ks, where k is constant. If s = 0 when ¢ = 0,
determine the position and acceleration of the particle as a
function of time.

12-34. Ball A is thrown vertically upward from the top
of a 30-m-high building with an initial velocity of 5 m/s. At
the same instant another ball B is thrown upward from the
ground with an initial velocity of 20 m/s. Determine the
height from the ground and the time at which they pass.
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12.3 RECTILINEAR KINEMATICS:
ERRATIC MOTION

When a particle has erratic or changing motion, then its position, velocity,
and acceleration cannot be described by a single continuous mathematical
function along the entire path. Instead, a series of functions will be
required to specify the motion at different intervals. For this reason, it is
convenient to represent the motion as a graph. If this graph relates any
two of the variables s, v, a, ¢, then it can be used to construct subsequent
graphs relating two other variables since the variables are related by the
differential relationships v = ds/dt, a = dv/dt, or a ds = v dv. Several
situations are possible.

The s—t, v—t, and a-t Graphs. To construct the v— graph given
the s—t graph, Fig. 12-7a, the equation v = ds/dt should be used, since it
relates the variables s and ¢ to v. This equation states that

dt
slope of .
T velocity

For example, by measuring the slope on the s— graph when ¢t = ¢, the
velocity is vy, Fig. 12-7a. The v—t graph can be constructed by plotting
this and other values at each instant, Fig. 12-7b.

The a—t graph can be constructed from the v—t graph in a similar
manner, since

dv

&
slope of

= acceleration
v—t graph

Examples of various measurements are shown in Fig. 12-8a and plotted
in Fig. 12-8b.

If the s— curve for each interval of motion can be expressed by a
mathematical function s = s(f), then the equation of the v—t and a—¢
graph for the same interval can be obtained from succesive derivatives of
this function with respect to time since v = ds/dt and a = dv/dt. Since
differentiation reduces a polynomial of degree » to that of degree n — 1,
then if the s— graph is parabolic (a second-degree curve), the v—t graph
will be a sloping line (a first-degree curve), and the a—t graph will be a
constant or a horizontal line (a zero-degree curve).

N

_ds v = @‘
Y= dr|e=0"%" dilt
_ds _ds
”1_dt‘t1 ”3’dt‘t3
52
S 53
t
o 1 153 I3
(a)
v
v V1
(%) t3
o 1 o1 \E !
(b)
Fig. 12-7

I a,
ay = 0 as

(b)
Fig. 12-8
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ag

tl
Av = f() adt
/
S|
(a)
v
v Av
Vo]
S|
(b)
Fig. 12-9

As

S1
SO/

h
(b)
Fig. 12-10

KINEMATICS OF A PARTICLE

If the a—t graph is given, Fig. 12-9a, the v—t graph may be constructed
using a = dv/dt, written as

Av=/adt

changein  area under

velocity a—t graph

Therefore, to construct the v—¢ graph, we begin with the particle’s initial
velocity v, and then add to this small increments of area (Av) determined
from the a—t graph. In this manner successive points, v; = v, + Av, etc.,
are determined, Fig. 12-9b. When doing this, an algebraic addition of the
area increments of the a—t graph is necessary, since areas lying above the
t axis correspond to an increase in v (“positive” area), whereas those
lying below the axis indicate a decrease in v (“negative” area).

Similarly,if the v—t graph is given, Fig. 12-10a, it is possible to determine
the s—t graph using v = ds/dt, written as

As = /vdt

. area under
displacement =
v—t graph

Here we begin with the particle’s initial position s, and add
(algebraically) to this small area increments As determined from the
v—t graph, Fig. 12-10b.

Due to the integration, if segments of the a—t graph can be described
by a series of equations, then each of these equations can be successively
integrated to yield equations describing the corresponding segments of
the v—f and s— graphs. As a result, if the a—¢ graph is linear (a first-degree
curve), integration will yield a v—¢ graph that is parabolic (a second-
degree curve) and an s—¢ graph that is cubic (third-degree curve).
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The v—s and a-s Graphs. If the a—s graph can be constructed,
then points on the v—s graph can be determined by using v dv = a ds.
Integrating this equation between the limits v = vgats = spand v = v,
ats = s, we have,

51
0= [ o
So

area under
a—s graph vy
Yo
51 §
For example, if the red area in Fig. 12-11a is determined, and the initial (b)
velocity vy atsy = 0is known, then v; = (2 fo “ads + v%)l/ 2, Fig. 12-11b. Fig. 12-11

Other points on the v—s graph can be determined in this same manner.
If the v—s graph is known, the acceleration a at any position s can be

determined using a ds = v dv, written as do /
ds

Vo v
(&)
a = v\ — s
ds s
velocity times @
acceleration = slope of p
v—s graph
o
a = v(dv/ds)
For example, at point (s, v) in Fig. 12-12q, the slope dv/ds of the
v-s graph is measured. Then with v and dv/ds known, the value of a can s
be calculated, Fig. 12-12b. — s —]
The v—s graph can also be constructed from the a—s graph, or vice (b)

versa, by approximating the known graph in various intervals with Fig. 12-12

mathematical functions,v = f(s) or a = g(s), and then usinga ds = v dv
to obtain the Other graph, Refer to the companion website for Lecture
Summary and Quiz videos.
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EXAMPLE 12.6

v (m/s)
v = 0.6t -y
6 —
10 30
(b)
a (m/s?)

0.6

10 30
(©

Fig.12-13

t(s)

t(s)

A bicycle moves along a straight road such that its position is described
by the graph shown in Fig. 12-13a. Construct the v—t and a—t graphs for
0=1t=30s.

s (m)
150 Cﬁ)
5= 6030

s =034

30 |00
10 30 '©
(a)
SOLUTION

v—t Graph. Since v = ds/dt, the v—t graph can be determined by
differentiating the equations defining the s—¢ graph, Fig. 12-13a. We have

d

0=tr<10s; s = (0.3t)m v = d% = (0.6f) m/s
ds

10s <t = 30s; s = (6t — 30) m v=a=6m/s

These results are plotted in Fig. 12-13b. We can also obtain specific
values of v by measuring the slope of the s— graph at a given instant.
For example, at t = 20 s, the slope of the s— graph is determined from
the straight line from 10 s to 30 s, i.e.,

_As  150m —30m

=——————=6m/s

£=20s; YT At 30s - 10s

a-t Graph. Since a = dv/dt, the a—t graph can be determined by
differentiating the equations defining the lines of the v—¢ graph. This yields

d
0=r<10s; v = (0.6f) m/s a= ??: 0.6 m/s?
d
10 <t =30s; v=0.6m/s a=£=0

These results are plotted in Fig. 12-13c.

NOTE: The sudden change in a at = 10 s represents a discontinuity, but
actually this change must occur during a short, but finite time.
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EXAMPLE 12.7

The car in Fig. 12-14a starts from rest and travels along a straight track
such that it accelerates at 10 m/s” for 10 s, and then decelerates at
2 m/s?. Draw the v—t graph and determine the time ¢’ needed to stop
the car.

SOLUTION

10

Ay

" ((s)

(@)

v—t Graph. Since dv = adt, the v—t graph is determined by v (m/s)

integrating the straight-line segments of the a—t graph. Using the initial v =10z
condition v = 0 when t = 0, we have 100 —/—
v=—2t+ 120
v t

0=t<10s; a= (10)m/s% /dv=/10dt, v = 10¢

0 0
When ¢t = 10s, v = 10(10) = 100 m/s. Using this as the initial 10 = 60 )
condition for the next time period, we have ®)

! ! Fig. 12-14
10s<t=t; a=(-2) m/sz;/ dv = / =2dt, v=(-2t+ 120)m/s b
100 m/s 10s

When ¢ = t' we require v = 0. This yields, Fig. 12-14b,
" =60s Ans.

A direct solution for ¢’ is also possible by realizing that the area under
the a—t graph is equal to the change in the car’s velocity. We require
Av =0 = A, + A,, Fig. 12-14a. Thus

0 =10m/s*(10s) + (—2m/s?) (¢' — 10s)
t"=60s Ans.
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EXAMPLE 12.8

Y & J
v (m/s)
v=02s +3
15 v =15
3

60 120 s (m)

(a)
s (m)

(b)

Fig. 12-15

o

Refer to the companion website for a self quiz of these
Example problems.

The v—s graph describing the motion of a motorcycle is shown in
Fig. 12-15a. Construct the a—s graph of the motion and determine the
time needed for the motorcycle to reach the position s = 120 m.

SOLUTION
a-s Graph. Since the equations for segments of the v—s graph are
given, the a—s graph can be determined using a ds = v dv.

0=s<60m; v =(02s +3)m/s

dv d
= v— = (0.2s + 3)—(0.2s + 3) = 0.04s + 0.
a vds (0.2s + 3) I (0.2s + 3) = 0.04s + 0.6

60m < s = 120 m; v=15m/s
dv d
=v—=(15)—(15) =0
a=v_-=(15--05)

The results are plotted in Fig. 12-15b.

Time. The time can be obtained using the v—s graph and v = ds/dt,
because this equation relates v, s, and ¢. For the first segment of
motion,s = 0 whent = 0, so

d d
0=s<60m;  v=(02s+3)m/s; dr == <

v 025 + 3
t S
d
/dt:/s
0 0 02s + 3

t=(5In(0.2s + 3) — 5In3)s

At s =60m, ¢=5In[0.2(60) + 3] — 5In3 = 8.05s. Therefore,
using these initial conditions for the second segment of motion,

60m < s = 120 m; v =15m/s; dtzézé
v 15
t s
d
/ dt=/ &
8.05s 60m15
s
t—805=—-—4
15 ’
s
=|—=+4
t (15 OS)S
Therefore, at s = 120 m,
120
=—— t40 =12 Ans.
15 4.05 =12.0s ns

NOTE: The graphical results can be checked in part by calculating slopes.
For example, at s =0, a = v(dv/ds) = 3(15 — 3)/60 = 0.6 m/s°.
Also, the results can be checked in part by inspection. The v—s graph
indicates the initial increase in velocity (acceleration) followed by constant
velocity (a = 0).
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. FUNDAMENTAL PROBLEMS

12-9. Due to an external force, the particle travels along
a straight track such that its position is described by the
s—t graph. Construct the v—t graph for the same time
interval. Take v =0,a =0 when t = 0.

s (m)

Q

s =108

108 A

1 t(s)
8 10

Prob. F12-9
12-10. The sports car travels along a straight road such
that its position is described by the graph. Construct the v—¢
and a—t graphs for the time interval 0 <¢<10s.

s (m)
225
s =30t =75
75
s =32
0 1 —1(s)
5 10

Prob. F12-10

F12-11. The rider begins to apply a force to the rear wheel
of his bicycle, thereby initiating an acceleration. If his velocity
is described by the v—s graph, construct the a—s graph for the
same interval.

v (m/s)

10

v=025s

s (m)

40
Prob. F12-11

[112-12. The sports car starts from rest and travels along a
straight road. Its initial increasing acceleration is caused by the
rear wheels of the car as shown on the graph. Construct the v—s
graph. What is the velocity of the car when s =10 m and s =15 m?

a (m/s?)
10
8o
0 : : —— s (m)

5 10 15

Prob. F12-12
[12-13. The dragster starts from rest and has an
acceleration described by the graph. Construct the v—¢ graph
for the time interval 0 = ¢t = ', where ¢’ is the time for the
car to come to rest.

a (m/s?)

2 _So==

t
0 £(s)

—10

Prob. F12-13
[12-14. The dragster starts from rest and has a velocity
described by the graph. Construct the s—¢ graph during the
time interval 0 = ¢ = 15 s. Also, determine the total distance
traveled during this time interval.

v (m/s)

o ey

v=230t
150 —

v=—151+225

; 51

Prob. F12-14
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. PROBLEMS

KINEMATICS OF A PARTICLE

12-35. If the position of a particle is defined by
s = [3sin(7/4)t + 8] m, where ¢ is in seconds, construct the
s—t,v—t,and a—t graphs for 0 = ¢ = 10ss.

*12-36. A train starts from station A and for the first
kilometer, it travels with a uniform acceleration. Then,
for the next two kilometers, it travels with a uniform
speed. Finally, the train decelerates uniformly for another
kilometer before coming to rest at station B. If the time for
the whole journey is six minutes, draw the v—¢ graph and
determine the maximum speed of the train.

12-37. From experimental data, the motion of a jet plane
while traveling along a runway is defined by the v—¢ graph.
Construct the s—¢ and a—t graphs for the motion. When
t=0,s=0.

v (m/s)
60
20
t
5 20 30 ©
Prob. 12-37

12-38. Two rockets start from rest at the same elevation.
Rocket A accelerates vertically at 20 m/s” for 12 s and then
maintains a constant speed. Rocket B accelerates at 15 m /s>
until reaching a constant speed of 150 m/s. Construct the
a-t,v—t, and s—t graphs for each rocket until # =20 s. What is
the distance between the rockets when t =20 s?

12-39. A particle starts from s = 0 and travels along a
straight line with a velocity » = (© — 4t + 3) m/s, where ¢
is in seconds. Construct the v—¢ and a—t graphs for the time
interval 0 = ¢t = 4s.

*12-40. If the position of a particle is defined by
s = [2sin (7 /5)t + 4] m, where ¢ is in seconds, construct
the s—t, v—t, and a—t graphs for 0 = ¢t = 10s.

12-41. A car starting from rest moves along a straight
track with an acceleration as shown. Determine the time ¢
for the car to reach a speed of 50 m/s and construct the
v—t graph that describes the motion until the time «.

a (m/s?)

; t(s)
10 t

Prob. 12-41

12-42. The velocity of a car is plotted as shown. Determine
the total distance the car moves until it stops (r = 80s).
Construct the a—t graph.

v (m/s)

10

t(s
40 80 ©

Prob. 12-42



12-43. The vt graph for a particle moving through an
electric field from one plate to another has the shape shown
in the figure. The acceleration and deceleration that occur
are constant and both have a magnitude of 4 m/s% If the
plates are spaced 200 mm apart, determine the maximum
velocity vy, and the time ¢’ for the particle to travel from
one plate to the other. Also draw the s—t graph. When
t = t'/2 the particle is at s = 100 mm.

*12-44. The v—t graph for a particle moving through an
electric field from one plate to another has the shape shown
in the figure, where ' = 0.2s and v, = 10 m/s. Draw
the s—t and a—t graphs for the particle. When ¢ = ¢'/2 the
particle is at s = 0.5 m.

[ Smax |

©)
-

Vmax

/2 r

Probs. 12-43/44

12-45. A two-stage rocket is fired vertically from rest at
s = 0 with the acceleration as shown. After 30 s the first
stage, A, burns out and the second stage, B, ignites. Plot the
v—t and s—t graphs which describe the motion of the second
stage for 0= t= 60s.

a (m/s?)
B
24
A
12
t(s)

30 60

Prob. 1245

PROBLEMS 47

12-46. The rocket has an acceleration described by the
graph. If it starts from rest, construct the v—¢ and s—¢ graphs
for the motion for the time interval 0 = r= 14s.

a(m/s?)

T T t(s)
9 14

Prob. 12-46

12-47. The race car starts from rest and travels along
a straight road until it reaches a speed of 26 m/s in 8 s as
shown on the v—t graph. The flat part of the graph is caused
by shifting gears. Draw the a—t graph and determine the
maximum acceleration of the car.

v (m/s)
26
v=4t—6
14
v =235t
t
4 5 8 ©)
Prob. 12-47
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*12-48. The jet car is originally traveling at a velocity
of 10 m/s when it is subjected to the acceleration shown.
Determine the car’s maximum velocity and the time ¢’
when it stops. When =0, s = 0.

a (m/s?)
6
t
s ()
—4
Prob. 12-48

12-49. The s—t graph for a train has been determined
experimentally. From the data, construct the v—¢ and
a—t graphs for the motion.

s (m)
600
s =24t — 360
360
s = 0.412\
t(s
30 40 ©

Prob. 12-49

12-50. The v—t graph for a train has been experimentally
determined. From the data, construct the s—¢ and a—f graphs
for the motion for 0 =¢=180s. When t=0,s=0.

v (m/s)

ECEEEEEEE] | EEEEEEEEL

10

t(s)

60 120 180

Prob. 12-50

12-51. From experimental data, the motion of a jet plane
while traveling along a runway is defined by the v—¢ graph
shown. Construct the s— and a—t graphs for the motion.

v(m/s)

"o

80

; t(s)
10 40

Prob. 12-51



*#12-52. The v—t graph for the motion of a car as it moves
along a straight road is shown. Draw the s—t and a—t graphs.
Also determine the average speed and the distance traveled
for the 15-s time interval. When t =0, s = 0.

— I\

® @5

v (m/s)

15
v = 0.612

\ \ t(s)

Prob. 12-52

12-53. A motorcycle starts from rest at s = 0 and travels
along a straight road with the speed shown by the v—f graph.
Determine the total distance the motorcycle travels until it
stops when ¢ = 15 s. Also plot the a—t and s—¢ graphs.

12-54. A motorcycle starts from rest at s = 0 and travels
along a straight road with the speed shown by the vt
graph. Determine the motorcycle’s acceleration and
position whent=8s andt=12s.

v=—t+15

t(s
4 10 15 ©

Probs. 12-53/54

PROBLEMS 49

12-55. A two-stage rocket is fired vertically from rest with
the acceleration shown. After 15 s the first stage A burns out
and the second stage B ignites. Plot the v—t and s—t graphs
which describe the motion of the second stage for 0= t= 40s.

a(m/s’)

B
A

20

15

t
15 40 ©)
Prob. 12-55

*12-56. A car travels along a straight road with the speed
shown by the vt graph. Plot the a—t graph.

12-57. A car travels along a straight road with the speed
shown by the v—t graph. Determine the total distance the
car travels until it stops when ¢ = 48s. Also plot the s—¢
graph.

v (m/s)
TS
® ®._
6
V=Sl o= (- 48)

t(s)
30 48

Probs. 12-56/57
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12-58. Two cars start from rest side by side and travel
along a straight road. Car A accelerates at 4 m/s” for 10 s
and then maintains a constant speed. Car B accelerates at
5m/s? until reaching a constant speed of 25 m/s and then
maintains this speed. Construct the a—t, v—t, and s—t graphs
for each car until r = 15 s. What is the distance between the
two cars when t = 15s?

12-59. A motorcyclist starting from rest travels along
a straight road and for 10 s has an acceleration as shown.
Draw the vt graph that describes the motion and find the
distance traveled in 10 s.

a (m/s?)

t(s)

Prob. 12-59

*12-60. The speed of a train during the first minute has
been recorded as follows:

t(s) 0 20 40 60
v(m/s) 0 16 21 24

Plot the v— graph, approximating the curve as straight-line
segments between the given points. Determine the total
distance traveled.

12-61. A particle travels along a curve defined by the
equation s = (r* — 3¢> + 2f) m, where ¢ is in seconds. Draw
the s—t, v—t, and a—t graphs for the particle for 0 < ¢ =< 3s.

12-62. The boat is originally traveling at a speed of 8 m/s
when it is subjected to the acceleration shown in the graph.
Determine the boat’s maximum speed and the time ¢ when
it stops.

a(m/s)

1(s)

Prob. 12-62

12-63. If the position of a particle is defined as s =
(5t— 312) m, where ¢ is in seconds, construct the s—, v—¢, and
a—t graphsfor0=r=25s

*12-64. The jet bike is moving along a straight road
with the speed described by the v—s graph. Construct the
a-s graph.

v(m/s)

75—
v=—02s + 120

15

T s (m)

Prob. 12-64



12-65. The a-s graph for a freight train is given for the
first 200 m of its motion. Plot the v—s graph. The train starts
from rest.

a (m/s?)

100 200 s(m)

Prob. 12-65

12-66. The motion of a train is described by the a—s graph
shown. Draw the v—s graph if v =0 at s =0.

a(m/s?)

s (m)

300 600

Prob. 12-66

PROBLEMS 51

12-67. The boat travels along a straight line with the speed
described by the graph. Construct the s—t and a—s graphs.
Also, determine the time required for the boat to travel a
distance s = 400 mif s = 0 when ¢ = 0.

v (m/s)
80
v=02s
V2 = ds
20
; ‘ s (m)
100 400
Prob. 12-67

*12-68. The v—s graph for a test vehicle is shown.
Determine its acceleration when s = 100 m and when
s =175m.

v (m/s)

50

I s (m)
150 200

Prob. 12-68
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Position

(a)

Displacement

(®)

o

Velocity
(0)
Fig. 12-16

KINEMATICS OF A PARTICLE

12.4 GENERAL CURVILINEAR MOTION

Curvilinear motion occurs when a particle moves along a curved path.
Since this path is often described in three dimensions, vector analysis will
be used to formulate the particle’s position, velocity, and acceleration.*
In this section the general aspects of curvilinear motion are discussed,
and in subsequent sections we will consider three types of coordinate
systems often used to analyze this motion.

Consider a particle located at a point on a space curve
defined by the path function s(¢), Fig. 12-16a. The position of the particle,
measured from a fixed point O, will be designated by the position vector
r = r(f).

If the particle moves a distance As along the
curve to a new position, defined by r’ = r + Ar, Fig. 12-16b, then the
displacement Ar represents the change in the particle’s position and is
determined by vector subtraction;i.e., Ar = r’ — r.

If Ar occurs during the time A¢, then the average velocity of
the particle is

Ar
Vavg = E

The instantaneous velocity is determined from this equation by letting
At — 0, and consequently the direction of Ar approaches the tangent to
the curve. Hence, v = Altiglo(Ar/ Af) or

_dr

Y

(12-7)

Since dr will be tangent to the curve, the direction of v is also tangent
to the curve, Fig. 12-16¢. The magnitude of v, which is called the speed,
is obtained by realizing that the length of the straight-line segment Ar
in Fig. 12-16b approaches the arc length As as Ar— 0, and so we have
v = Altiglo(Ar/At) = Altiglo(As/At), or

_ ds

v = E (12—8)

Thus, the speed can be obtained by differentiating the path function s
with respect to time.

* A summary of some of the important concepts of vector analysis is given in Appendix B.
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If the particle has a velocity v at time ¢ and a velocity
v =v + Avatt + At Fig. 12-16d, then the average acceleration of the
particle during the time interval At is

Av
Aayg = E

where Av = v’ — v. To study this time rate of change, the two velocity
vectors in Fig. 12-16d are plotted in Fig. 12-16e such that their tails are
located at the fixed point O’ and their arrowheads touch points on a
curve.This curve is called a hodograph,and when constructed, it describes
the locus of points for the arrowhead of the velocity vector in the same
manner as the path describes the locus of points for the arrowhead of the
position vector, Fig. 12-16a.

To obtain the instantaneous acceleration, let At—0, and so
a= Altiglo(Av/At), or

a="— (12-9)

Substituting Eq. 127 into this result, we can also write

i
dr?

By definition of the derivative, a acts tangent to the hodograph,
Fig. 12-16f, and, in general it is not tangent to the path of motion,
Fig. 12-16g.

(d)

(e)

[0k

Hodograph

®

Acceleration

(@)
Fig. 12-16

Path

53
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12.5 CURVILINEAR MOTION:
RECTANGULAR COMPONENTS

Occasionally the motion of a particle can best be described along a path
that is expressed in terms of its x, y, z coordinates.

Position. If the particle is at point (x, y, z) on the path shown in
Fig. 12-17a, then its location is defined by the position vector

r =xi+ yj + zk (12-10)

When the particle moves, the x, y, z components of r will be functions of
time;i.e.,x = x(f),y = y(t), z = z(t), so thatr = r(¢).

At any instant the magnitude of r is determined from Eq. B-3 in
Appendix B as

y
r=\Vx*+ y2 + z2
X
And the direction of r is specified by the unit vector u, = r/r.
Position i
@) Velocity. The time derivative of r yields the velocity of the
particle. Hence,
z _dr _ d

d d
= — = —(x1 + — 3 + —
V= dt(m) dt()’J) dt(zk)

/\\ When taking this derivative, it is necessary to account for changes in both
s the magnitude and direction of each of the vector’s components. For

v=udtoit ek ovample, the derivative of the i component of r is

y
d (xi) dx, N di
— i) = —i+x—
* dt dt dt
Velocity
(b) The last term is zero, because the x, y, z reference frame is fixed, and
Fig. 12-17 therefore the direction (and the magnitude) of i does not change with

time. Differentiation of the j and k components are carried out in a
similar manner, and so the final result is

d
v= d—: = v + v,j + vk (12-11)
where
v=X =y v, =2 (12-12)

The “dot” notation &, y, z represents the first time derivatives of x = x(¢),
y = (1), z = z(1), respectively.
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The velocity has a magnitude that is found from
v =Vl + v+ v

and a direction that is specified by the unit vector u,, = v/v. As discussed
in Sec. 12.4, this direction is always tangent to the path, as shown in
Fig. 12-17b.

Acceleration. The acceleration of the particle is obtained by taking
the time derivative of Eq. 12-11 (or the second time derivative of
Eq. 12-10). We have

a=—=uai+aj+ak (12-13)

where

a,=b, =y (12-14)

S

a=ad+aj+ak

Acceleration

(©)
Fig. 12-17

Here ay, a,, a, represent the time derivatives of v, = v,(t), v, = v,(2),
v, = v,(f), or the second time derivatives of x = x(¢), y = y(¢), z = z(¢).
The acceleration has a magnitude

a = \/a)%+a§+a§

and a direction specified by the unit vector u, = a/a. Since a represents
the time rate of change in both the magnitude and direction of the
velocity, in general a will not be tangent to the path, Fig. 12-17c.
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Refer to the companion website for Lecture
Summary and Quiz videos.

- IMPORTANT POINTS

Curvilinear motion will generally cause changes in both the
magnitude and direction of the particle’s position, velocity, and
acceleration.

The velocity is always directed tangent to the path.

In general, the acceleration is not tangent to the path, but
rather, it is tangent to the hodograph.

If the motion is described using rectangular coordinates, then
the components along the x, y, z axes do not change direction,
only their magnitude and sense (algebraic sign) will change.

. PROCEDURE FOR ANALYSIS

Coordinate System.

e A rectangular coordinate system should be used to solve

problems in cases where the motion can conveniently be
expressed in terms of its x, y, z components.

Kinematic Quantities.

e Since rectilinear or straight-line motion occurs along each

coordinate axis, then v = ds/dt and a = dv/dt; or in cases
where the motion is not expressed as a function of time, the
equation a ds = v dv can be used.

In two dimensions, the equation of the path y = f(x) can
be used to relate the x and y components of velocity and
acceleration by applying the chain rule of calculus. A review of
this concept is given in Appendix C.

Once the x, y, z components of v and a have been determined,
the magnitudes of these vectors are found from the
Pythagorean theorem, Eq. B-3, and their coordinate direction
angles from the components of their unit vectors, Eqs. B—4
and B-5.




12.5 CURVILINEAR MOTION: RECTANGULAR COMPONENTS

EXAMPLE 12.9

At any instant the horizontal position of the weather balloon in
Fig. 12-18a is defined by x = (2.4f) m, where ¢ is in seconds. If the
equation of the path is y = x?/3, determine the magnitude and
direction of the balloon’s velocity and acceleration when ¢ = 2's.

SOLUTION
Velocity. The velocity component in the x direction is
d
vy =& = 5(2.41‘) =24m/s—

To find the relationship between the velocity components we will
use the chain rule of calculus. When ¢t = 2s,x = 2.4(2) = 4.8 m,
Fig. 12-18a, and so

v

y =y = %(x2/3) = 2xx/3 = 2(4.8)(24)/3 = 7.68 m/s |

When ¢ = 2 s, the magnitude of velocity is therefore

v =\V(24 m/s)> + (7.68 m/s)> = 8.05m/s Ans.

The velocity is tangent to the path, Fig. 12-18b, where

,7.68

= tan 2 = 72.6° Ans.

v
1y
6, = tan ' —
X

Acceleration. The relationship between the acceleration components
is determined using the chain rule. (See Appendix C.) We have

d
=9, =—(24) =0
ax Ux dt( )

a, = b, = %(2)656/3) = 2(x)x/3 + 2x(X)/3

2(2.4)*/3 + 2(4.8)(0)/3 = 3.84m/s* |
Thus,

a = V() + (3.84)> = 3.84 m/s’ Ans.

The direction of a, as shown in Fig. 12-18c, is

,3.84

0, = tan = 90° Ans.

NOTE: It is also possible to obtain v, and a, by first expressing
y = f(t) = (2.4¢)*/3 = 1.92¢> and then taking successive time derivatives.

v = 8.05m/s

6, =726

(b)

a=3.84m/s?
\;{D 0, =90°
B
)

(c
Fig. 12-18
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EXAMPLE 12.10

For a short time, the path of the plane in Fig. 12-19a is described by
y = (0.001x?) m. If the plane is rising with a constant upward velocity
of 10 m/s, determine the magnitudes of the velocity and acceleration
of the plane when it reaches an altitude of y = 100 m.

SOLUTION

When y = 100 m, then 100 = 0.001x? or x = 316.2 m. Also, due to
constant velocity v, = 10 m/s, and so the time is

y = 08 100 m = (10 m/s) ¢ t=10s

Velocity. Using the chain rule (see Appendix C, Eq. C-1) to find the
relationship between the velocity components, we have

y = 0.001x*
—'—d—y'—i(OOOI 2) = (0.002x)x = 0.002 (1)
y vy =y =5 %= (0001 .002x)x .002xv,
Thus
/y ~ 0.001x2 10 m/s = 0.002(316.2 m)(v,)
v, = 1581 m/s
100 m > . o g
+ The magnitude of the velocity is therefore
© v="\Vvl+ =V(1581m/s)> + (10m/s)> = 187m/s  Ans
a
y Acceleration. Using the chain rule, or Eq. C-2, the time derivative
of Eq. 1 gives the relation between the acceleration components.
vy v a, = b, = (0.002%)x + 0.002x(¥) = 0.002(vy +xa,)
a(—
Vv = = . = =
100m >V When x = 316.2m, v, = 1581 m/s, b, = a, = 0, so that
X
0 = 0.002[ (15.81 m/s)? + 316.2 m(a,)]
(b) a, = —0.791 m/52
Fig. 12-19 The magnitude of the plane’s acceleration is therefore

a=Va +a="\V(-0791m/s’ + (0 m/s>)>
= 0.791 m/s? Ans.

Refer to the companion website for a self quiz of these

Example problems. These results are shown in Fig. 12-19b.
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12.6 MOTION OF A PROJECTILE

It is convenient to analyze the free-flight motion of a projectile in terms
of its rectangular components. To illustrate, consider a projectile launched
at point (xg, yg), with an initial velocity of vy, having components (vy),
and (vg),, Fig. 12-20. When air resistance is neglected, the only force
acting on the projectile is its weight, and this causes the projectile to have a
constant downward acceleration of a, = g = 9.81 m/s°.»

Fig. 12-20

Since a, = 0, application of the constant
acceleration equations, 12—4 to 12-6, yields

(5) v =1t oad, vy = (V)y
(5) x = xo + vt + Lat% x = xo + (vo)yt
(5) v* = 0§ + 2a.(x — xp); vy = (V)y

The first and last equations simply indicate that the horizontal component
of velocity always remains constant during the motion.

Since a, = —g, then applying Egs. 12-4 to 12-6,

we get

+1) v =1y + adt, v, = (vg), — gt

+M Y = yo + vt + had’; y = yo + (o)t — 58t
+1 v* =5 + 2a.(y — yo); vy = (w)y — 28(y = yo)

Since the last equation can be formulated on the basis of eliminating
the time ¢ from the first two equations, then only two of the above three
equations are independent of one another.

* This assumes that the earth’s gravitational field does not vary with altitude.

Each picture in this sequence is taken after
the same time period. In the horizontal
direction the distance between the ball is
the same because its velocity component
is constant. The vertical distance between
the ball is different because of the vertical
deceleration-acceleration due to gravity.
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To summarize, problems involving the motion of a projectile can have
at most three unknowns since only three independent equations can be
written; that is, one equation in the horizontal direction and two in the
vertical direction. Once v, and v, are obtained, the resultant velocity v,
which is always tangent to the path, can be determined by the vector
sum of v, and vy, as shown in Fig. 12-20.

Once thrown, the basketball follows a
parabolic trajectory.

. PROCEDURE FOR ANALYSIS

Coordinate System.

e Establish the x, y coordinate axes and sketch the trajectory of
the particle. Between any two points on the path specify the
given problem data and identify the three unknowns. In all
cases the acceleration of gravity acts downward and equals
9.81 m/s?. The particle’s initial and final velocities should be
represented in terms of their x and y components.

e Positive and negative position, velocity, and acceleration
components always act in accordance with their associated
coordinate directions.

Kinematic Equations.

¢ Depending upon the known data and what is to be determined,
a choice should be made as to which three of the following
four equations should be applied between the two points on
the path to obtain the most direct solution to the problem.

Horizontal Motion.

e The velocity in the horizontal or x direction is constant, i.e.,
v, = (vg)x, and

x = xy + (vg)st

Vertical Motion.

e In the vertical or y direction only two of the following three
equations can be used for the solution.

vy = (v)y + act

— 1.2
y =yo+ (v)yt + zact
Refer to the companion website for Lecture
S d Quiz videos. 2 — 2 —
ummary and Quiz videos. /Uy = (/Uo)y + zac(y }’0)
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EXAMPLE 12.11

A sack slides off the ramp, shown in Fig. 12-21, with a horizontal
velocity of 12 m/s. If the height of the ramp is 6 m from the floor,
determine the time needed for the sack to strike the floor and the
range R where the sack strikes the ground.

Fig. 12-21

SOLUTION

Coordinate System. The origin of coordinates is established at
the beginning of the path, point A, Fig. 12-21. The initial velocity
of the sack has components (v4), = 12m/s and (v4), = 0. Also,
between points A and B the acceleration is a, = —9.81 m/s” Since
(vg)y = (v4)y = 12m/s, the three unknowns are (vg),, R, and the
time of flight £, 5. Here we do not need to determine (vg),.

Vertical Motion. The vertical distance from A to B is known, and
therefore we can obtain a direct solution for 74 by using the equation

+1 VB = Ya T Waltap + 3alip
—6m =0+ 0 + (—9.81 m/s?)Ap
tyg = 1.11s Ans.

Horizontal Motion. Since ¢, has been calculated, R is determined
as follows:
() xXp = X4 + (Va)ulan

R=0+12m/s (1.115s)

R =133m Ans.

NOTE: The calculation for z45 also indicates that if the sack was
released from rest at A, it would take the same amount of time to
strike the floor at C, Fig. 12-21.
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EXAMPLE 12.12

The chipping machine is designed to eject wood chips at vp = 7.5 m/s
as shown in Fig. 12-22. If the tube is oriented at 30° from the horizontal,
determine how high, £, the chips strike the pile if they land on the pile
6 m from the tube.

Fig. 12-22

SOLUTION

Coordinate System. The three unknowns are the height A, time
of flight 7o, and vertical component of velocity (v,),. [Note that
(v4)x = (vo),.] With the origin of coordinates at O, Fig. 12-22, the
initial velocity of a chip has components of

(vo)y = (7.5c0s30°) m/s = 6.495m/s —
(vo)y = (7.5sin30°) m/s = 3.75m/s?

Also, (v4), = (Vo) = 6.495m/s and a, = —9.81 m/ s2. Since we do
not need to determine (v4),, we have

Horizontal Motion.

(5) X4 = X0 + (vo)toa
6m =0 + (6.495m/s)to,
tOA = 0.9238 s

Vertical Motion. Relating ¢,,4 to the initial and final elevations of a
chip, we have

(+1) ya =yo + (Wo)toa + 3actoa
(h —12m) = 0 + (3.75m/s)(0.9238 s) + 5(—9.81 m/s?)(0.9238 5)?
h =0479m Ans.
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EXAMPLE 12.13

The track for this racing event was designed so that riders jump off the
slope at 30°, from a height of 1 m. During a race it was observed that
the rider shown in Fig. 12-23a remained in mid air for 1.5 s. Determine
the speed at which he was traveling off the ramp, the horizontal
distance he travels before striking the ground, and the maximum
height he attains. Neglect the size of the bike and rider.

(a)

SOLUTION

Coordinate System. As shown in Fig. 12-23b, the origin of
the coordinates is established at A. Between the end points of the
path AB the three unknowns are the initial speed v,, range R, and
the vertical component of velocity (vg),.

Vertical Motion. Since the time of flight and the vertical distance
between the ends of the path are known, we can determine vy .

+h VB =Ya + (Va)ytap + Yatip
—1m =0 + vysin30°(1.5s) + 3(—9.81 m/s?)(1.5s)?
vy = 1338 m/s = 13.4m/s Ans.
Horizontal Motion. The range R can now be determined.
(5) xp = xa T (Va)idap
R =0+ 13.38 cos 30°m/s(1.5s)
=174 m Ans.

In order to find the maximum height # we will consider the path AC,
Fig. 12-23b. Here the three unknowns are the time of flight 7,4, the
horizontal distance from A to C, and the height 4. At the maximum
height (v¢), = 0, and since v4 is known, we can determine & directly
without considering t4 ¢ using the following equation.

(o)y = (Wa)y + 2ac[yc = yal
02 = (13.38 sin 30° m/s)> + 2(—9.81 m/s?)[(h — 1 m) — 0]
h =328m Ans.

NOTE: Show that the bike will strike the ground at B with a velocity
having components of

(vg), = 11.6m/s —, (vg), = 8.02m/s!

y
30° C

T X
| T

| 4 B

R \
(b)
Fig. 12-23

Refer to the companion website for a self quiz of these
Example problems.
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. FUNDAMENTAL PROBLEMS

F12-15. If the x and y components of a particle’s velocity
are v, = (32r) m/s and v, = 8m/s, determine the equation
of the path y = f(x),if x = 0and y = O when¢ = 0.

[12-16. A particle is traveling along the straight path.
If its position along the x axis is x = (8f) m, where ¢ is in
seconds, determine its speed when t = 2s.

y = 0.75x

x =8t

4 m

Prob. F12-16

[12-17. A particle is constrained to travel along the
path. If x = (4¢*) m, where ¢ is in seconds, determine the
magnitudes of the particle’s velocity and acceleration when
t=05s.

N
—_—

x = (4Y)m

Prob. F12-17

12-18. A particle travels along a straight-line path
y = 0.5x. If the x component of the particle’s velocity
is v, = (21%) m/s, where ¢ is in seconds, determine the
magnitudes of the particle’s velocity and acceleration when
t=4s.

-

y =0.5x

Prob. F12-18

F12-19. A particle is traveling along the parabolic path
y =025x% If x =8 m, v, =8 m/s, and a, = 4 m/s2 when
t =2 s, determine the magnitudes of the particle’s velocity

and acceleration at this instant.
% 0.25¢2

Prob. F12-19

112-20. The box slides down the path described by the
equation y = (0.05x%) m, where x is in meters. If the box has
x components of velocity and acceleration of v, = =3 m/s
anda, = —1.5m/s? at x = 5 m,determine the y components
of the velocity and the acceleration of the box at this instant.

y

y = 0.05x%

)

Prob. F12-20



I'12-21. The ball is kicked from point A with the initial

velocity v, = 10 m/s. Determine the maximum height 4 it
reaches.

112-22. The ball is kicked from point A with the initial
velocity v4 = 10 m/s. Determine the range R, and the
speed when the ball strikes the ground.

s E—

=10
V4 m/s

| |
- R

Probs. F12-21/22

112-23. Determine the speed at which the basketball at A
must be thrown at the angle of 30° so that it makes it to the
basket at B.

10 m

Prob. F12-23

F12-24. Water is sprayed at an angle of 90° from the slope
at 20 m/s. Determine the range R.

Prob. F12-24
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F12-25. A ball is thrown from A. If it is required to clear
the wall at B, determine the minimum magnitude of its
initial velocity v,4.

3.6 mr

Prob. F12-25

I12-26. A projectile is fired with an initial velocity of
vy = 150 m/s off the roof of the building. Determine the
range R where it strikes the ground at B.

vy =150 m/s

150 m

‘ R

Prob. F12-26
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. PROBLEMS

KINEMATICS OF A PARTICLE

12-69. When a rocket reaches an altitude of 40 m it
begins to travel along the parabolic path (y — 40)? = 160x,
where the coordinates are measured in meters. If the
component of velocity in the vertical direction is constant
at v, = 180 m/s, determine the magnitudes of the rocket’s
velocity and acceleration when it reaches an altitude of 80 m.

' (v — 40 = 160x

Prob. 12-69

12-70. If the velocity of a particle is defined as v(¢) =
(0.8 + 12t1/2j + 5k} m/s, determine the magnitude
and coordinate direction angles «, B, y of the particle’s
acceleration when t=2s.

12-71. 'The velocity of a particle is v= {3i+ (6 —2¢)j } m/s,
where ¢ is in seconds. If r = 0 whent = 0, determine
the displacement of the particle during the time interval
t=1stot=3s.

*12-72. A particle travels along the parabolic path
y = bx’. If its component of velocity along the y axis is
vy, = c?, determine the x and y components of the particle’s
acceleration. Here b and c are constants.

12-73. A particle travels along the circular path
x*+y? = 2. If the y component of the particle’s velocity is
v, = 2r cos 2f, determine the x and y components of its
acceleration at any instant.

12-74. A particle travels along the curve from A to Bin 5s.
It takes 8 s for it to go from B to C and then 10 s to go from
C to A. Determine its average speed when it goes around
the closed path.

20 m

A 30m C

Prob. 12-74

12-75. The velocity of a particle is given by v = {16¢2%i +
413 + (5t + 2)k} m/s, where ¢ is in seconds. If the particle
is at the origin when ¢ = 0, determine the magnitude of the
particle’s acceleration when ¢ = 2 s. Also, what is the x, y, z
coordinate position of the particle at this instant?

*12-76. A particle travels along the curve from A to Bin 2s.
It takes 4 s for it to go from B to C and then 3 s to go from
C to D. Determine its average speed when it goes from A
to D.

Sm
| 15m
B B/C
r—————— O

Prob. 12-76



12-77. The motorcycle travels with constant speed v,
along the path that, for a short distance, takes the form of a
sine curve. Determine the x and y components of its velocity
at any instant on the curve.

Yo
y = csin (%x)

Lo~ *
S

Prob. 12-77

12-78. Show that if a projectile is fired at an angle 6 from
the horizontal with an initial velocity vg, the maximum
range the projectile can travel is given by Rpya.x = vo°/gs
where g is the acceleration of gravity. What is the angle 6 for
this condition?

12-79. A rocket is fired from rest at x = 0 and travels
along a parabolic trajectory described by y? = [120(10%)x] m.
If the x component of acceleration is a, = (} #) m/s?, where
t is in seconds, determine the magnitudes of the rocket’s
velocity and acceleration when t = 10s.

*12-80. A particle travels along the curve from A to B in
1 s. If it takes 3 s for it to go from A to C, determine its
average velocity when it goes from B to C.

30°
le 45°
30 m

Prob. 12-80

PROBLEMS 67

12-81. The roller coaster car travels down the helical path
at constant speed such that the parametric equations that
define its position are x = ¢ sin kt, y = ¢ cos kt, z = h — bt,
where c, h, and b are constants. Determine the magnitudes
of its velocity and acceleration.

-

XS y
/

12-82. A car traveling along the road has the velocities
indicated in the figure when it arrives at points A, B, and C.
If it takes 10 s to go from A to B, and then 15 s to go from B
to C, determine the average acceleration between points A
and B and between points A and C.

Prob. 12-82
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12-83. The flight path of the helicopter as it takes off from
A is defined by the parametric equations x = (27) m and
y = (0.04£) m, where ¢ is the time in seconds. Determine the
distance the helicopter is from point A and the magnitudes
of its velocity and acceleration when = 10s.

==

Y/ -~ - | N X

Prob. 12-83

*12-84. Pegs A and B are restricted to move in the
elliptical slots due to the motion of the slotted link. If the link
moves with a constant speed of 10 m/s, determine the
magnitudes of the velocity and acceleration of peg A when
x = 1m.

Prob. 12-84

12-85. Itis observed that the time for the ball to strike the
ground at B is 2.5 s. Determine the speed v4 and angle 6, at
which the ball was thrown.

Va
A EA
12m

50 m |

Prob. 12-85

12-86. Neglecting the size of the ball, determine the
magnitude v, of the basketball’s initial velocity and its
velocity when it passes through the basket.

A T

w
<
MX
<

)
=]
PR

10 m

Prob. 12-86

12-87. Determine the minimum initial velocity vy and the
corresponding angle 6, at which the ball must be kicked in
order for it to just cross over the 3-m-high fence.

-

Yo 3m

o

! 6m \

Prob. 12-87

*12-88. The particle travels along the path defined by the
parabola y = 0.5x%. If the component of velocity along
the x axis is v, = (5¢) m/s, where ¢is in seconds, determine the
particle’s distance from the origin O and the magnitude of
its acceleration whent = 1s. Whent = 0,x = 0,y = 0.

y = 0.5x°

Prob. 12-88



12-89. A projectileis given a velocity vy at an angle ¢ above
the horizontal. Determine the distance d to where it strikes
the sloped ground. The acceleration due to gravity is g.

12-90. A projectile is given a velocity vy. Determine the
angle ¢ at which it should be launched so that d is a
maximum. The acceleration due to gravity is g.

Probs. 12-89/90

12-91. The girl at A can throw a ball at v4 = 10 m/s.
Calculate the maximum possible range R = Ry, and the
associated angle 6 at which it should be thrown. Assume the
ball is caught at B at the same elevation from which it is
thrown.

*12-92. Show that the girl at A can throw the ball to the
boy at B by launching it at equal angles measured up or
down from a 45° inclination. If v4 = 10 m/s, determine the
range R if this value is 15° i.e., §; = 45° — 15° = 30° and
0, = 45° + 15° = 60°. Assume the ball is caught at the same
elevation from which it is thrown.

vy =10m/s

R

Probs. 12-91/92

PROBLEMS 69

12-93. The pitching machine is adjusted so that the
baseball is launched with a speed of v4 =30 m/s. If the ball
strikes the ground at B, determine the two possible angles
0 4 at which it was launched.

vy =30m/s
A _Xp
N
1.2
. B

Prob. 12-93

12-94. It is observed that the skier leaves the ramp A at
an angle 6, = 25° with the horizontal. If he strikes the
ground at B, determine his initial speed v4 and the time
of ﬂlght tap.

12-95. Itis observed that the skier leaves the ramp A at an
angle 6, = 25° with the horizontal. If he strikes the ground
at B, determine his initial speed v4 and the speed at which
he strikes the ground.

Probs. 12-94/95
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*12-96. The skateboard rider leaves the ramp at A with an
initial velocity v4 at a 30° angle. If he strikes the ground at B,
determine v 4 and the time of flight.

Prob. 12-96

12-97. The boy at A attempts to throw a ball over the roof
of a barn with an initial speed of v4 =15 m/s. Determine the
angle 0,4 at which the ball must be thrown so that it reaches
its maximum height at C. Also, find the distance d where the
boy should stand to make the throw.

12-98. The boy at A attempts to throw a ball over the
roof of a barn such that it is launched at an angle 6, = 40°.
Determine the minimum speed v,4 at which he must throw
the ball so that it reaches its maximum height at C. Also, find
the distance d where the boy must stand so that he can
make the throw.

x| B
— i

Probs. 12-97/98

12-99. The missile at A takes off from rest and rises
vertically to B, where its fuel runs out in 8 s. If the
acceleration varies with time as shown, determine
the missile’s height 4z and speed vp. If by internal controls
the missile is then suddenly pointed 45° as shown, and
allowed to travel in free flight, determine the maximum
height attained, s¢, and the range R to where it crashes at D.

o
>
o)

hp
Al \D
‘ R |
a (m/s?)
40
S £(s)
Prob. 12-99

*12-100. A projectile is fired from the platform at B.
The shooter fires his gun from point A at an angle of 30°.
Determine the muzzle speed of the bullet if it hits the
projectile at C.

B
\c
A 10 m
A _A 300
£l Tism
20 m
Prob. 12-100



12-101. If the dart is thrown with a speed of 10 m/s,
determine the shortest possible time before it strikes the
target. Also, what is the corresponding angle 64 at which it
should be thrown, and what is the velocity of the dart when
it strikes the target?

12-102. If the dart is thrown with a speed of 10 m/s,
determine the longest possible time when it strikes the
target. Also, what is the corresponding angle 64 at which it
should be thrown, and what is the velocity of the dart when
it strikes the target?

4m
Ala—
B
Probs. 12-101/102

12-103. The drinking fountain is designed such that the
nozzle is located a distance away from the edge of the basin
as shown. Determine the maximum and minimum speed at
which water can be ejected from the nozzle so that it does
not splash over the sides of the basin at B and C.

Prob. 12-103

PROBLEMS 71

*12-104. The velocity of a water jet discharging from an
orifice can be obtained from v = V2gh, where h =2 m
is the depth of the orifice from the free water surface.
Determine the time for a particle of water leaving the
orifice to reach a point B and the horizontal distance x
where it hits the surface.

2m
l —
1.5m
B
m——
Prob. 12-104

12-105. The man at A wishes to throw two darts at the
target at B so that they arrive at the same time. If each dart
is thrown with a speed of 10 m/s, determine the angles
0c and 0p at which they should be thrown and the time
between each throw. Note that the first dart must be thrown
at ¢ (> 0p), then the second dart is thrown at 6.

Prob. 12-105
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12-106. The balloon A is ascending at the rate *12-108. A boy throws a ball at O in the air with a speed

v, = 12 km/h and is being carried horizontally by the wind v at an angle ;. If he then throws another ball with the
at v, = 20 km/h. If a ballast bag is dropped from the same speed vy at an angle 6, < 6;, determine the time
balloon at the instant 47 = 50 m, determine the time needed between the throws so that the balls collide in midair at B.

for it to strike the ground. Assume that the bag was released
from the balloon with the same velocity as the balloon.
Also, with what speed does the bag strike the ground?

TUA =12km/h

>

>

S
#ga‘

X

Prob. 12-108

Prob. 12-106 12-109. Small packages traveling on the conveyor belt
fall off into a l-m-long loading car. If the conveyor is
running at a constant speed of vc = 2 m/s, determine the
smallest and largest distance R at which the end A of the

car may be placed from the conveyor so that the packages
12-107. The snowmobile is traveling at 10 m/s when it enter the car.

leaves the embankment at A. Determine the time of flight
from A to B and the range R of the trajectory.

Prob. 12-107 Prob. 12-109
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12.7 CURVILINEAR MOTION: NORMAL
AND TANGENTIAL COMPONENTS

When the path along which a particle travels is known, then it is often
convenient to describe the motion using » and ¢ axes that are normal and
tangent to the path, respectively, and at the instant considered have their
origin located at the particle.

Planar Motion. To establish these axes, consider the particle in
Fig. 12-24a, which is at position s, measured from point O. The ¢ axis
is tangent to the curve at the particle and is positive in the direction
of increasing s. We will designate this positive direction with the unit
vector u,. A unique choice for the normal axis can be made by noting
that geometrically the curve is constructed from a series of differential
arc segments ds, Fig. 12-24b. Each segment ds is formed from the arc
of an associated circle having a radius of curvature p (rho) and center
of curvature O'. The normal axis n is perpendicular to the ¢ axis and
its positive direction is fowards the center of curvature O’, Fig. 12-24a.
This direction, which is always on the concave side of the curve, will be
designated by the unit vector u,,. The plane which contains the » and ¢
axes is referred to as the embracing or osculating plane, and in this case
it is fixed in the plane of motion.

Velocity. As indicated in Sec. 12.4, the particle’s velocity v has a
direction that is always tangent to the path, Fig. 12-24c, and a magnitude
that is determined by taking the time derivative of the path function
s = s(t),i.e.,v = ds/dt (Eq. 12-8). Hence,

vV = oy, (12-15)
v = ou|

where

v =3 (12-16)

Position

(a)

Radius of curvature

(b)

Velocity
(©)
Fig. 12-24
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(d)

Acceleration
()
Fig. 12-24 (cont.)

Acceleration. The acceleration of the particle is the time rate of
change of the velocity. Therefore,

a=v=bu +on (12-17)

To determine the time derivative u,, note that as the particle moves along
the arc ds in time dt, u, preserves its magnitude of unity; however, its
direction changes, and becomes u;, Fig. 12-24d. As shown in Fig. 12-24e,
we require u; = u; + du,, where du, acts between the arrowheads of u,
and w,. Since u, = u', = 1, then du, has a magnitude of du, = (1) df, and
its direction is defined by u,. Consequently, du, = d6u,,, and therefore
the time derivative becomes u, = 6u,,. Since ds = pdf, Fig. 12-24d,
then § = §/p, and therefore

<

u, = 6u, = —u, = —u,
p p

Substituting this into Eq. 12-17, a can be written as the sum of its two
components,

a = au, + a,u, (12-18)
where
a =" or a;ds = v dv (12-19)
and
2
v
a, = — 12-20
; (12-20)

These two mutually perpendicular components are shown in Fig. 12-24f.
Therefore, the magnitude of acceleration is

a=Va + d (12-21)
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To better understand these results, consider the following two special
cases of motion.

1. If the particle moves along a straight line, then p — % and from
Eq. 12-20, a, = 0. Therefore, a = a, = ¥, and so the tangential
component of acceleration represents the time rate of change in the
magnitude of the velocity.

2. If the particle moves along a curve with a constant speed, then
a,=v=0anda =aqa, = vz/ p. Therefore, the normal component
of acceleration represents the time rate of change in the direction of
the velocity. Since a,, always acts towards the center of curvature,
this component is sometimes referred to as the centripetal (or center
seeking) acceleration.

As a result of these interpretations, a particle moving along the curved
path in Fig. 12-25 will have an acceleration directed as shown.

Change in
direction of
velocity >
Increasing -

an
speed

=
Change in
magnitude of
velocity

Fig. 12-25

If the particle moves along a space
curve, Fig. 12-26, then at a given instant the ¢ axis is uniquely specified;
however, an infinite number of straight lines can be constructed normal to
the tangent axis. As in the case of planar motion, however, we will choose
the positive n axis directed toward the path’s center of curvature O'. This
axis is referred to as the principal normal to the curve. With the n and ¢
axes so defined, Egs. 12-15 through 12-21 can then be used to determine
v and a. Since u, and u,, are always perpendicular to one another and lie in
the osculating plane, for spatial motion a third unit vector, u,,, defines the
binormal axis b which is perpendicular to u, and u,,, Fig. 12-26.

Since the three unit vectors are related to one another by the vector cross
product,e.g..u, = u, X u,, Fig. 12-26,it may be possible to use this relation to
establish the direction of one of the axes if the directions of the other two are
known. For example, no motion occurs in the u, direction, and if this direction
and u, are known, then u,, can be determined fromu,, = u; X u,, Fig. 12-26.

As the boy swings upward with a velocity v,
his motion can be analyzed using n-t
coordinates. As he rises, the magnitude of
his velocity (speed) is decreasing, and so
a, will be negative. The rate at which the
direction of his velocity changes is a,,, which
is always positive, that is, towards the center
of rotation.

b osculating plane

Fig. 12-26
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Once the rotation is constant, the riders
will then have only a normal component of
acceleration.

Motorists traveling along this cloverleaf
interchange  experience a  normal
acceleration due to the change in direction
of their velocity. A tangential component
of acceleration occurs when the cars’
speed is increased or decreased.

Refer to the companion website for Lecture
Summary and Quiz videos.

’} .PE’UGEDURE FOR ANALYSIS

Coordinate System.

e Provided the path of the particle is known, we can establish
a set of n and ¢ coordinates having a fixed origin, which is
coincident with the particle at the instant considered.

e The positive tangent axis acts in the direction of motion and the
positive normal axis is directed toward the path’s center of curvature.

Velocity.

e The particle’s velocity is always tangent to the path.
¢ The magnitude of velocity is found from the time derivative of
the path function.

Tangential Acceleration.

e The tangential component of acceleration represents the time
rate of change in the magnitude of velocity. This component acts
in the positive s direction if the particle’s speed is increasing or
in the opposite direction if the speed is decreasing.

e The relations between a,, v, t, and s are the same as for
rectilinear motion, namely,

a=v ads=vdv
e If g, is constant,a, = (a;)., then
s = 5o + vt + 3a).t?
v =1y + (a)t
2 _ .2
v” = 5 + 2(a)(s — o)
Normal Acceleration.

¢ The normal component of acceleration represents the time
rate of change in the direction of the velocity. This component
is always directed toward the center of curvature of the path,
i.e., along the positive n axis.

e The magnitude of this component is determined from

an=;

e If the pathis expressed as y = f(x), the radius of curvature p at
any point on the path is determined from the equation

_ [+ (dy/do)P?
|y /dx’|
The derivation of this result is given in any standard calculus text.
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EXAMPLE 12.14

The skier has a speed of 6 m/s at point A, Fig. 12-27a, which is increasing
at 2 m/s. Determine the direction of the velocity and the direction and
magnitude of acceleration at this instant. Neglect the size of the skier in
the calculation.

SOLUTION

Coordinate System. Although the path has been expressed in
terms of its x and y coordinates, we can still establish the origin of the
n, t axes at the fixed point A on the path and determine the components
of v and a along these axes, Fig. 12-27a.

Velocity. By definition, the velocity is always tangent to the path.
Since y = %xz, dy/dx = %x, thenatx = 10 m, dy/dx = 1. Hence, at
A, v makes an angle of § = tan"'1 = 45° with the x axis, Fig. 12-27b.
Therefore,

vy =6m/s 45°F Ans.

The acceleration is determined from a = iu,+ (v*/p)u,. However, ‘
we must first determine the radius of curvature of the path at A | Y
(10 m, 5 m). Since d?y/dx?> = -, then
[+ @y/doyP? 1+ (%)
p= 7 G = N = 2828 m
|d y/dx | |E| x=10m

The acceleration is therefore

o
a, = vu, + —u,
\
6 m/s)? |
= 2u, + 6 m/s) .
28.28 m
= {2u, + 1.273u,}m/s’ &
n
1.273 m/s?
As shown in Fig. 12-27b, \ 90?1 /s

45°
a= \/(2 m/s?)? + (1.273 m/s%)* = 2.37 m/s? a
2
— fan-1 _ 0
¢ = tan 1273 57.5 t/
Thus, 45° + 90° + 57.5° — 180° = 12.5°, so that (b)

a = 2.37 m/s2 12.5° &= Ans. Fig. 12-27
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EXAMPLE 12.15

A race car C travels around the horizontal circular track that has a
radius of 90 m, Fig. 12-28. If the car increases its speed at a constant
rate of 2.1 m/s? starting from rest, determine the time needed for it
to reach an acceleration of 2.4 m /s, What is its speed at this instant?

Fig. 12-28
SOLUTION
Coordinate System. The origin of the n and ¢ axes is coincident
with the car at the instant considered. The ¢ axis is in the direction of
motion, and the positive n axis is directed toward the center of the
circle. This coordinate system is selected since the path is known.

Acceleration. The magnitude of acceleration can be related to
its components using a = Va? + a>. Here a, = 2.1 m/sz. Since
a, = v /p, the velocity as a function of time must be determined first.
v =1y + (a)t
v=0+ 21t
Thus

=7 90

2 (2102
v _ G oagms?

The time needed for the acceleration to reach 2.4 m/s? is therefore
a="V atz + afl

24 m/SZ — \/(21 m/52)2 + (004912)2

Solving for the positive value of ¢ yields

0.0492 = V(2.4 m/s?)? — (2.1 m/s%)?
t =4387s Ans.
Velocity. The speed at time ¢t = 4.87 s is
v =21t =21(4.87) = 102 m/s Ans.

NOTE: Remember the velocity will always be tangent to the path, whereas
the acceleration will be directed within the curvature of the path.
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EXAMPLE 12.16

If the box in Fig. 12-29a starts from rest at A and increases its speed,
such that a, = (0.2f) m/s%, where ¢ is in seconds, determine the time
needed for the box to reach B and the magnitude of its acceleration
when it arrives at this point.

SOLUTION

Coordinate System. The position of the box at any instant is
defined from the fixed point A using the position or path coordinate s,
Fig. 12-29a. The acceleration is to be determined at B, so the origin of
the n, t axes is at this point.

Time. Since vy = 0 whent = 0, then

a,=b=02 (1)

v t
/ dv / 0.2t dt
0 0

v =017 (2)

Here sz = 3 + 27(2)/4 = 6.142m, Fig. 12-29a, and since s4, = 0
when t = 0 we have

M
d >
V= Ei = 0.1¢ B

6.142m 5 (a)
/ ds = / 0.1¢%dt
0 0

6.142 m = 0.033313

tg = 5.690s Ans.
Acceleration. Substituting ¢ into Egs. 1 and 2 yields +
|
(ap), = by = 0.2(5.690) = 1.138 m /s> 5242 m/s? P
vg = 0.1(5.69)* = 3.238 m/s §
At B,pp = 2m, so that !
B 1138 m/s?

2 2
v (3238m/s)” , (b)
(ap), = s~ om0 m/s

Fig. 12-29
The magnitude of ag, Fig. 12-29b, is therefore @

ap = V(1138 m/s2)% + (5242 m/s?)? = 536 m/s>  Ans.

Refer to the companion website for a self quiz of these
Example problems.



80 CHAPTER 12 KINEMATICS OF A PARTICLE

. FUNDAMENTAL PROBLEMS

F12-27. The boat is traveling along the circular path

with a speed of v = (0.0625:%) m/s, where ¢ is in seconds.

Determine the magnitude of its acceleration when ¢t = 10s.
t

v = 0.0625¢
40 m\/ n
(0]
Prob. F12-27

[112-28.  The car is traveling along the road with a speed
of v = (2s)m/s, where s is in meters. Determine the
magnitude of its acceleration when s = 10 m.

v = (25) m/s

Prob. F12-28

1112-29. If the car decelerates uniformly along the curved
road from 25m/s at A to 15m/s at C, determine the
acceleration of the car at B.

o

Prob. F12-29

12-30. When x = 3 m, the crate has a speed of 6 m/s
which is increasing at 2 m/s% Determine the direction of
the crate’s velocity and the magnitude of its acceleration at
this instant.

6m/s

pes

~—3m ——‘
Prob. F12-30

I'12-31. If the motorcycle has a deceleration of
a, = —(0.001s) m/s? and its speed at position A is 25 m/s,
determine the magnitude of its acceleration when it passes
point B.

Prob. F12-31

I'12-32. The car travels up the hill with a speed of
v = (0.25) m/s, where s is in meters, measured from A.
Determine the magnitude of its acceleration when it is at
s = 50 m, where p = 500 m.

Prob. F12-32
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12-110. The car travels along the curve having a radius of
300 m. If its speed is uniformly increased from 15 m/s to
27 m/s in 3 s, determine the magnitude of its acceleration at
the instant its speed is 20 m/s.

20 m/s
bl ol

300 m

\

Prob. 12-110

12-111. Determine the maximum constant speed a race
car can have if the acceleration of the car cannot exceed
7.5 m/s? while rounding a track having a radius of curvature
of 200 m.

*12-112. At a given instant, a car travels along a circular
curved road with a speed of 20 m /s while decreasing its speed
at the rate of 3 m /s2. If the magnitude of the car’s acceleration
is 5 m/s?, determine the radius of curvature of the road.

12-113. The motion of a particle is defined by the
equations x = (2t + t>) m and y = (¢*) m, where ¢ is in
seconds. Determine the normal and tangential components
of the particle’s velocity and acceleration whent = 2s.

12-114. The position of a particle is defined by
r = {4(t — sin )i + (2> — 3)j} m, where ¢ is in seconds and the
argument for the sine is in radians. Determine the speed of
the particle and its normal and tangential components of
acceleration when r=1s.

12-115. Starting from rest, the motorboat travels around
the circular path, p = 50 m, at a speed v = (0.8¢) m/s,
where ¢ is in seconds. Determine the magnitudes of the
boat’s velocity and acceleration when it has traveled 20 m.

*12-116. Starting from rest, the motorboat travels around
the circular path, p = 50 m, at a speed v = (0.2t%) m/s,
where ¢ is in seconds. Determine the magnitudes of the
boat’s velocity and acceleration at the instant 1 =3's.

Probs. 12-115/116

12-117. When the car reaches point A it has a speed of
25 m/s. If the brakes are applied, its speed is reduced
by a, = (—5¢"%) m/s>. Determine the magnitude of
acceleration of the car just before it reaches point C.

12-118. When the car reaches point A, it has a speed of
25 m/s. If the brakes are applied, its speed is reduced by
a, = (0.001s — 1) m/s>. Determine the magnitude of
acceleration of the car just before it reaches point C.

200 m

Probs. 12-117/118
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12-119. The car travels along the circular path such that
its speed is increased by a, = (0.5¢) m/s?, where ¢ is in
seconds. Determine the magnitudes of its velocity and
acceleration after the car has traveled s = 18 m starting
from rest. Neglect the size of the car.

\

s=18m

p=30m

Prob. 12-119

#12-120. The satellite S travels around the earth in
a circular path with a constant speed of 20 Mm/h. If the
acceleration is 2.5 m/s?, determine the altitude 4. Assume
the earth’s diameter to be 12 713 km.

Prob. 12-120

12-121. When the bicycle passes point A, it has a speed of
6 m/s, which is increasing at the rate of v = 0.5 m/s’.
Determine the magnitude of its acceleration when it is at
point A.

Y _ X
y=121n (20)
A -
_—
v
X
/
50 m
/
Prob. 12-121

12-122. The car passes point A with a speed of 25 m/s
after which its speed is defined by v = (25 — 0.15s) m/s,
where s is in meters. Determine the magnitude of the car’s
acceleration when it reaches point B, where s = 51.5 m and
x = 50m.

12-123. If the car passes point A with a speed of 20 m/s
and begins to increase its speed at a constant rate of
a, = 0.5m/s?, determine the magnitude of the car’s
acceleration when s = 101.68 m and x = 0.

_qe_ 1 2
y=16 625x

s
fom wx

Probs. 12-122/123

*12-124. The motorcycle travels up the hill at a constant
speed of 15 m/s. Determine the magnitude of its acceleration
as a function of x.

Prob. 12-124



12-125. At a given instant the train engine at E has a
speed of 20 m/s and an acceleration of 14 m/s? acting in
the direction shown. Determine the rate of increase in the
train’s speed and the radius of curvature p of the path.

Prob. 12-125

12-126. A racing car travels with a constant speed of
240 km/h around the elliptical race track. Determine the
acceleration experienced by the driver at A.

12-127. The racing car travels with a constant speed of
240 km/h around the elliptical race track. Determine the
acceleration experienced by the driver at B.

==

N | A

——4 km

Probs. 12-126/127

PROBLEMS 83

*12-128. A particle travels around a circular path having
a radius of 50 m. If it is initially traveling with a speed of
10 m/s and its speed then increases at a rate of
»=(0.05 v) m/s? determine the magnitude of the particle’s
acceleration four seconds later.

12-129. The car has an initial speed vy = 20 m/s at
s = 0. If it increases its speed along the circular track at
a, = (0.8s) m/ s2, where s is in meters, determine the time
needed for the car to travel s =25 m.

12-130. The car starts from rest at s = 0 and increases
its speed at a, = 4 m/s’. Determine the time when the
magnitude of acceleration becomes 20 m/s’. At what
position s does this occur?

L Bl

p 40mﬁ/

Probs. 12-129/130

12-131. The position of a particle traveling along a curved
path is s = (3> — 4¢> + 4) m, where ¢ is in seconds. When
t = 2 s, the particle is at a position on the path where the
radius of curvature is 25 m. Determine the magnitude of the
particle’s acceleration at this instant.

*12-132. A boat is traveling along a circular path having
a radius of 20 m. Determine the magnitude of the boat’s
acceleration when the speed is ¥ = Sm/s and the rate of
increase in the speedis » = 2 m/s’.

12-133. Starting from rest, a bicyclist travels around
a horizontal circular path, p = 10m, at a speed of
v = (0.09¢2 + 0.1f) m/s, where ¢ is in seconds. Determine
the magnitudes of her velocity and acceleration when she
has traveled s = 3 m.
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12-134. A train is traveling with a constant speed of 12-137. At a given instant the jet plane has a speed of

14 m/s along the curved path. Determine the magnitude of 550 m/s and an acceleration of 50 m/s’ acting in the

the acceleration of the front of the train, B, at the instant it direction shown. Determine the rate of increase in the

reaches point A (y =0). plane’s speed, and also the radius of curvature p of the path.
y (m)

~——10m

x (m)

Prob. 12-134
Prob. 12-137

12-135. The motorcycle is traveling at a constant speed of
60 km/h. Determine the magnitude of its acceleration when
itis at point A.

12-138. The ball is ejected horizontally from the tube with
a speed of 8 m/s. Find the equation of the path, y = f(x),

X and then find the ball’s velocity and the normal and tangen-
tial components of acceleration when ¢ = 0.25 s.

25 m#

Prob. 12-135

*]12-136. When ¢ = 0, the train has a speed of 8§ m/s,
which is increasing at 0.5 m/s’. Determine the magnitude
of the acceleration of the engine when it reaches point A, at
t=20s. Here the radius of curvature of the tracks is p4 =400 m. y

vy =8m/s

Prob. 12-136 Prob. 12-138



12-139. The motorcycle is traveling at 40 m/s when it is
at A. If the speed is then decreased at v = — (0.05 5) m/s?,
where s is in meters measured from A, determine its speed
and acceleration when it reaches B.

Prob. 12-139

*12-140. The car is traveling at a constant speed of 30 m/s.
The driver then applies the brakes at A and thereby reduces
the car’s speed at the rate of a, = (—0.08v) m/s?, where v is
in m/s. Determine the magnitude of the acceleration of the
car just before it reaches point C on the circular curve. It
takes 15 s for the car to travel from A to C.

12-141. The car is traveling at a speed of 30 m/s. The
driver then applies the brakes at A and thereby reduces the
speed at the rate of a, = (—§f) m/s%, where ¢ is in seconds.
Determine the magnitude of the acceleration of the car just
before it reaches point C on the circular curve. It takes 15 s
for the car to travel from A to C.

A e

100 mJ s

Probs. 12-140/141

PROBLEMS 85

12-142. The motorcycle travels along the elliptical track
at a constant speed v. Determine its greatest acceleration if
a>b.

12-143. The motorcycle travels along the elliptical track at
a constant speed v. Determine its smallest acceleration if
a > b.

Probs. 12-142/143

*]12-144. The race car has an initial speed v4 = 15m/s at A.
If it increases its speed along the circular track at the rate
a, = (0.4s) m/s?, where s is in meters, determine the time
needed for the car to travel 20 m. Take p = 150 m.

Prob. 12-144




86 CHAPTER 12 KINEMATICS OF A PARTICLE

12-145. The jet plane is traveling with a speed of 120 m/s
which is decreasing at 40 m/s> when it reaches point A.
Determine the magnitude of its acceleration when it is at
this point. Also, specify the direction of flight, measured
from the x axis.

12-146. The jet plane is traveling with a constant speed of
110 m/s along the curved path. Determine the magnitude
of the acceleration of the plane at the instant it reaches
point A(y = 0).

y

y=15(g5)

80m‘>‘

A

/

Probs. 12-145/146

12-147. Particles A and B are traveling counterclockwise
around a circular track at a constant speed of 8 m/s. If at the
instant shown the speed of A begins to increase by (a,)4 =
(0.4s4) m/s?, where s4 is in meters, determine the distance
measured counterclockwise along the track from B to A
when ¢ = 1 s. What is the magnitude of the acceleration of
each particle at this instant?

*12-148. Particles A and B are traveling around a circular
track at a speed of 8 m/s at the instant shown. If the speed of
B is increasing by (a,)3 =4 m/s? and at the same instant A has
an increase in speed of (a,)4 = 0.8t m/ s%, where ¢ is in seconds,
determine how long it takes for a collision to occur. What is the
magnitude of the acceleration of each particle just before the
collision occurs?

Probs. 12-147/148

12-149. The particle travels with a constant speed of
300 mm/s along the curve. Determine the particle’s
acceleration when it is located at point (200 mm, 100 mm)
and sketch this vector on the curve.

y (mm)

20(10%)
X

I x (mm)

Prob. 12-149

12-150. The train passes point B with a speed of 20 m/s
which is decreasing at @, = —0.5 m/s’>. Determine the
magnitude of acceleration of the train at this point.

12-151. The train passes point A with a speed of 30 m/s
and begins to decrease its speed at a constant rate of
a, = —025 m/s’>. Determine the magnitude of the
acceleration of the train when it reaches point B, where
sap=412 m.

X

y = 200 ¢100

~—400 m——

Probs. 12-150/151
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*]2-152. The motorcycle is traveling at 1 m/s when it is
at A.If the speed is then increased at 9 =0.1 m/s?, determine
its speed and acceleration at the instant 1 =5s.

Prob. 12-152

ol

=

\
P

AL

T
Y

Prob. 12-153

12-154. A car travels around a circular track having
a radius of r = 300 m such that when it is at point A it
has a velocity of 5 m/s, which is increasing at the rate of
v = (0.06r) m/s?, where ¢ is in seconds. Determine the
magnitudes of its velocity and acceleration when it has
traveled one-third the way around the track.

W12-153. A particle P travels along an elliptical
spiral path such that its position vector r is defined by
r = {2cos(0.10)i + 1.5sin(0.17)j + (2/)k} m, where ¢ is
in seconds and the arguments for the sine and cosine are
given in radians. When ¢ = 8 s, determine the coordinate
direction angles «, B8, and vy, which the binormal axis to
the osculating plane makes with the x, y, and z axes. Hint:
Solve for the velocity vp and acceleration ap of the particle
in terms of their i, j, k components. The binormal is parallel
to vp X ap. Why?

*12.8 CURVILINEAR MOTION:
CYLINDRICAL COMPONENTS

Sometimes the motion of the particle is constrained on a path that is
best described using cylindrical coordinates. If motion is restricted to the
plane, then polar coordinates are used.

We can specify the location of the particle
shown in Fig. 12-30a using a radial coordinate r, which extends outward
from the fixed origin O to the particle, and a transverse coordinate 6,
which is the counterclockwise angle between a fixed reference line and
the r axis. This angle is generally measured in degrees or radians, where
1 rad = 180°/7r. The positive directions of the r and 6 coordinates are
defined by the unit vectors u, and u,, respectively. Here u, is in the
direction of increasing » when 6 is held fixed, and u, is in a direction of
increasing # when r is held fixed.

y
t/ijijj§§}x
[1

Prob. 12-154

N
/ "
“r
r
'\ 6
Position
(a)
Fig. 12-30
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Position
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(b)
v
/
Vo
VV
r
16
O
Velocity

(c)
Fig. 12-30 (cont.)

At any instant the position of the particle, Fig. 12-30a, is
defined by the position vector

r = ru, (12-22)

The velocity v is obtained by taking the time derivative of r.
Using a dot to represent the time derivative, we have

v=r=riu,+ ru,

To evaluate u,, notice that u, only changes its direction with respect
to time, since the magnitude of this vector is always one unit. During
the time Az, a change Ar will not cause a change in the direction of u,;
however, a change A6 will cause u, to become u;, where u, = u, + Au,,
Fig. 12-30b. The time change in u, is then Au,. For small angles A#
this vector has a magnitude Au, = 1(A0) and acts in the u, direction.
Therefore, Au, = Afuy, and so

i, = fu, (12-23)

Substituting this result into the above equation, the velocity can then be
written in component form as

vV = v, + vu, (12-24)
where
v, =T
. 12-25
Vg = ro ( )

These components are shown graphically in Fig. 12-30c. The radial
component v, is a measure of the rate of increase or decrease in the length
of the radial coordinate, i.e., 7; whereas the transverse component vy can
be interpreted as the velocity along the circumference of a circle having a
radius r. In particular, the term § = d6/dt is called the angular velocity,
since it indicates the time rate of change of the angle §. Common units
used for this measurement are rad/s.

Since v, and v, are mutually perpendicular, the magnitude of velocity
or speed is simply

v = V(i) + () (12-26)

and the direction of v is, of course, tangent to the path, Fig. 12-30c.
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Taking the time derivatives of Eq. 12-24, using
Eqgs. 12-25, we obtain the particle’s acceleration,

a=v=ru+ i, + ifu, + ré'u(, + rou,

To evaluate uy, it is necessary only to find the change in the direction of
u, since its magnitude is always unity. During the time A¢, a change Ar
will not change the direction of u,; however, a change A6 will cause u, to
become uy, where uy = uy + Auy, Fig. 12-30d. The time change in uy is
thus Au,. For small angles this vector has a magnitude Au, ~ 1(A6) and
acts in the —u, direction;i.e., Auy = —A6u,. Thus,

C i Au, I Ag
Yo = A Ao a M
i, = —6u, (12-27)

Substituting this result and Eq. 12-23 into the above equation for a, we
can write the acceleration in component form as

a = au, + auy (12-28)

where

a,='r'—rt92

.. . 12-2
ap = rf + 2i6 ( %)

The term § = d?0/dt*> = d/dt(d6/dt) is called the angular acceleration
since it measures the change made in the angular velocity during an
instant of time. Units for this measurement are rad /s.

Since a, and a, are perpendicular to one another, the magnitude of
acceleration is

a="\(—ré® + (r6 + 2i6) (12-30)

The direction is determined from the vector addition of its two
components, and as shown in Fig. 12-30e, in general a will not be tangent
to the path.

(d)

Acceleration

(e)
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~N

Fig. 12-31

The spiral motion of this girl can
be followed by using cylindrical
components. Here the radial
coordinate r is constant, the
transverse coordinate 6 will increase
with time as the girl rotates about
the vertical, and her altitude z will
decrease with time.

A\

uy

Cylindrical Coordinates. If the particle moves along a space
curve, Fig. 12-31, then its location can be specified by the three cylindrical
coordinates, r, 6, z, where the z coordinate is identical to that used for
rectangular coordinates. Since the unit vector defining its direction, u,,
is constant, the time derivatives of this vector are zero, and therefore the
position, velocity, and acceleration of the particle can be written in terms
of its cylindrical coordinates as

Irp = ru, + zu,

(12-31)
(12-32)

i, + rfu, + Zu,
a=(—rfHu, + (r6 + 2if)u, + 7u,

Time Derivatives. The above equations require that we obtain
the time derivatives 7, ¥, 6, and 6 in order to determine the r and 0
components of v and a. Two types of problems generally occur:

1. If the polar coordinates are specified as time parametric equations,
r = r(t) and 0 = 6(t), then the time derivatives can be found directly.

2. If the time parametric equations are not given, then the path
r = f(#) must be known. Using the chain rule of calculus we can
then find the relation between 7 and 6, and between 7 and 6.

. PROCEDURE FOR ANALYSIS

Coordinate System.

e Polar coordinates are a suitable choice for solving problems
where the angular motion of the radial coordinate r is given to
describe the particle’s motion. Also, some paths of motion can
conveniently be described in terms of these coordinates.

e To use polar coordinates, the origin is established at a fixed
point, and the radial line r is directed to the particle.

e The transverse coordinate 0 is measured from a fixed reference
line to the radial line.

Velocity and Acceleration.

e Once r and the four time derivatives 7, 7, 6, and 6 have been
evaluated at the instant considered, their values are substituted
into Egs. 12-25 and 12-29 to obtain the radial and transverse
components of v and a.

e If it is necessary to take the time derivatives of r = f(6), then
the chain rule must be used. See Appendix C.

e Motion in three dimensions requires a simple extension of the
above procedure to include 7z and 7.
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EXAMPLE 12.17

The amusement park ride shown in Fig. 12-32a consists of a chair that
is rotating in a horizontal circular path of radius r such that the arm OB
has an angular velocity 6 and angular acceleration #. Determine the
radial and transverse components of velocity and acceleration of the
car. Neglect its size in the calculation.

(a) (b)

SOLUTION Fig. 12-32

Coordinate System. Since the angular motion of the arm is known,
polar coordinates will be used for the solution, Fig. 12-32a.

Velocity and Acceleration. Tt is first necessary to specify the first
and second time derivatives of r and 6. Since r is constant, we have

r=r =0 =0
Thus,
v,=7=0 Ans.
vy = 1 Ans.
a, =7 — rg> = —ré? Ans.
ag = rb + 216 = ro Ans.

These results are shown in Fig. 12-32b.

NOTE: The n, ¢ axes are also shown in Fig. 12-32b, which in this special
case of circular motion happen to be collinear with the r and 0 axes,
respectively. Since v = vy = v, = r6, then by comparison,

G )

v .
= r6?
p

—a, = a, =

= —dl—i(ré)—ﬂé-i-rdfé—o—kré
== 0 T & T dt dr
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EXAMPLE 12.18

The rod OA in Fig. 12-33a rotates in the horizontal plane such that
6 = (*)rad. At the same time, the collar B is sliding outward along
OA so that r = (100¢2) mm. If ¢ is in seconds, determine the velocity
and acceleration of the collar when ¢ = 1s.

SOLUTION

Coordinate System. Since time parametric equations of the path
are given, it is not necessary to relate r to 6.

Velocity and Acceleration. Determining the time derivatives of r
and 6 and evaluating them when ¢ = 1 s, we have

r = 100¢? =100mm 6 = ¢3 = 1lrad = 57.3°
t=1s t=1s
i = 200t =200mm/s 6 = 3 = 3rad/s
t=1s t=1s
7 = 200 =200mm/s> 6§ = 6t = 6rad/s’
t=1s =1s

As shown in Fig. 12-33b,
v = iu, + ru,
= 200u, + 100(3)uy; = {200u, + 300u,} mm/s

The magnitude of v is

v = V(200)> + (300)> = 361 mm/s Ans.

300
5= tan_1<%> = 563° &+ 57.3° = 114° Ans.

As shown in Fig. 12-33c,
a=(¥—ru, + (r6 + 2i0)u,

= [200 — 100(3)*]u, + [100(6) + 2(200)3]u,

6 =573 P
- = {—700u, + 1800u,} mm/s’
a, = 1800 mm/s’

The magnitude of a is

— 2]
= 700 mmys ) a = V(=700)? + (1800)° = 1930 mm/s’ Ans
1800
© = tan_1<m) = 687 (180° — ) + 573° = 169° Ans.

Fig. 12-33
NOTE: The velocity is tangent to the path; however, the acceleration is
directed within the curvature of the path, as expected.
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EXAMPLE 12.19

The searchlight in Fig. 12-34a casts a spot of light along the wall that is
located 100 m from the searchlight. Determine the magnitudes of the
velocity and acceleration at which the light appears to travel across
the wall at the instant 6 = 45°. The searchlight rotates at a constant
rate of § = 4 rad/s.

SOLUTION

Coordinate System. Polar coordinates will be used to solve this problem
since the angular rate of the searchlight is given. To find the necessary time
derivatives it is first necessary to relate r to . From Fig. 12-34aq,

r = 100/cos 6 = 100 sec 0
Velocity and Acceleration. Using the chain rule, noting that
d(sec §) = sec 6 tan 6 df, and d(tan 6) = sec’ 6 df, we have
i = 100(sec 6 tan )0
7 = 100(sec @ tan #)(tan 6)8 + 100 sec O(sec’)d(6)
+ 100 sec 6 tan 6(6)
100 sec 6 tan? @ (6)> + 100 sec®d (6)*> + 100(sec 6 tan 6)6

Since 6 = 4 rad/s = constant, then 6 = 0, and the above equations,
when 6 = 45°, become

r = 100 sec45° = 141.4

i = 400 sec 45° tan 45° = 565.7

7 = 1600 (sec 45° tan® 45° + sec>45°) = 6788.2
As shown in Fig. 12-34b,

v =iu, + réug
= 565.7u, + 141.4(4)u,
= {565.7u, + 565.7uy} m/s

v = Vo2 + v} = V(565.7) + (565.7)2
= 800 m/s Ans.
As shown in Fig. 12-34c,

a=(¥—r6u, + (r6 + 2i0)u,

= [6788.2 — 141.4(4)’Ju, + [141.4(0) + 2(565.7)4]u,

= {4525. Su, + 4525.5u,} m/s?
a=\Va + a =\ (452557 + (4525.5)*

= 6400 m/s’ Ans.

NOTE: It is also possible to find a without having to calculate 7 (or a,).
As shown in Fig. 12-34d, since a, = 4525.5m/s? then by vector
resolution, a = 4525.5/cos 45° = 6400 m /s>,

(b)

a

0 = 45°
a, a, = 4525.5 m/s?

(d)
Fig. 12-34
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EXAMPLE 12.20

r=0.15(1 — cos §) m

v=12m/sy \

Due to the rotation of the forked rod, the ball in Fig. 12-35a travels
around the slotted path, a portion of which is in the shape of a
cardioid, r = 0.15(1 — cos ) m, where 6 is in radians. If the ball’s
velocity is » = 1.2m/s and its acceleration is @ = 9 m/s*> at the
instant § = 180°, determine the angular velocity 6 and angular
acceleration 6 of the fork.

SOLUTION

Coordinate System. This path is most unusual, and mathematically
it is best expressed using polar coordinates, as done here, rather than
using rectangular coordinates. Also, since § and # must be determined,
then r, # coordinates are an obvious choice.

Velocity and Acceleration. The time derivatives of r and 6 can be
determined using the chain rule.

r=0.15(1 — cos )
i = 0.15(sin 0)6
7 = 0.15(cos )(6)2 + 0.15(sin 6)6

Evaluating these results at § = 180°, we have
r=03m i=0 ¥=-0150°

Since v = 1.2 m/s, using Eq. 12-26 to determine 6 yields
v = V(i) + ()
12 = V/(0)> + (0.36)?
6 = 4rad/s Ans.

In a similar manner, 6 can be found using Eq. 12-30.

a= \/(r — r¢9'2)2 + (r¢'9' + 2}"9)2

9 = V[-0.15(4)* — 0.3(4)%] + [0.36 + 2(0)(4)]2
(9)> = (=7.2)> + 0.096>

6 = 18 rad/s? Ans.

Vectors a and v are shown in Fig. 12-35b.
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. FUNDAMENTAL PROBLEMS

[12-33. The car has a speed of 16.5 m/s. Determine the

angular velocity 6 of the radial line OA at this instant.

=120m

. 12—
0 Prob. F12-33

112-34. The platform is rotating about the vertical axis
such that at any instant its angular positionis § = (4¢%/?) rad,
where ¢ is in seconds. A ball rolls outward along the radial
groove so that its position is r = (0.1£%) m, where ¢ is in
seconds. Determine the magnitudes of the velocity and
acceleration of the ball whent = 1.5s.

Prob. F12-34

[12-35. Peg P is driven by the fork link OA along the
curved path described by r = (0.60) m. At the instant
6 = /4 rad, the angular velocity and angular acceleration
of the link are § = 3rad/s and § = 1rad/s’. Determine
the magnitude of the peg’s acceleration at this instant.

Prob. F12-35

["12-36. Peg Pis driven by the forked link OA along the path
described by r = e, where r is in meters. When 6 = 7 rad,
the link has an angular velocity and angular acceleration of
6 = 2rad/s and 6 = 4rad/s>. Determine the radial and
transverse components of the peg’s acceleration at this instant.

o 66
Prob. F12-36
[112-37. The collars are pin connected at B and are free
to move along rod OA and the curved guide OC having
the shape of a cardioid, r = [0.2(1 + cos 6)] m. At = 30°,
the angular velocity of OA is § = 3 rad/s. Determine the
magnitude of the velocity of the collars at this point.

. » 12—
0 = 3rads Prob. F12-37

I'12-38. At the instant § = 45°, the athlete is running with
a constant speed of 2 m/s. Determine the angular velocity
at which the camera must turn in order to follow the motion.

r=(30csc ) m

~

30 m

Prob. F12-38

Py
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. PROBLEMS

12-155. The small washer is sliding down the cord OA.
When it is at the midpoint, its speed is 28 m/s and its
accelerationis 7m/ s. Express the velocity and acceleration
of the washer at this point in terms of its cylindrical
components.

o
=]

0]
&Wy
2 m
3 v’

X m\/\\

Prob. 12-155

*12-156. If a particle’s position is described by the polar
coordinates » = 4(1 + sin £) m and 6 = (2¢”) rad, where ¢
is in seconds and the argument for the sine is in radians,
determine the radial and transverse components of the
particle’s velocity and acceleration when t =2 s.

12-157. For a short time a rocket travels up and to the
right at a constant speed of 800 m/s along the parabolic
path y = 600 — 35x%. Determine the radial and transverse
components of velocity of the rocket at the instant § = 60°,
where 6 is measured counterclockwise from the x axis.

12-158. A particle travels around a limagon, defined by
the equation r = b — a cos 6, where a and b are constants.
Determine the particle’s radial and transverse components
of velocity and acceleration as a funcion of 6 and its time
derivatives.

12-159. A particle is moving along a circular path having a
radius of 150 mm such that its position as a function of time
is given by 6 = sin 3¢, where 6 and the argument for the sine
are in radians, and ¢ is in seconds. Determine the magnitude
of the acceleration of the particle at § = 30°. The particle
starts from rest at 6 = 0°.

*12-160. The driver of the car maintains a constant speed
of 40 m/s. Determine the angular velocity of the camera
tracking the car when 6 = 15°.

12-161. When 6 =15°, the car has a speed of 50 m/s which
is increasing at 6 m/s%. Determine the angular velocity of
the camera tracking the car at this instant.

r = (100 cos 20) m

Probs. 12-160/161

12-162. A radar gun at O rotates with the angular
velocity of # = 0.1 rad/s and angular acceleration of 6=
0.025 rad/sz, at the instant § = 45°, as it follows the motion
of the car traveling along the circular road having a radius
of r =200 m. Determine the magnitudes of velocity and
acceleration of the car at this instant.

r=200m

o
Prob. 12-162

12-163. If a particle moves along a path such that 7= (¢*) m
and 6 = 1, where ¢ is in seconds, plot the path r = f(6), and
determine the particle’s radial and transverse components
of velocity and acceleration.

*12-164. If a particle’s position is described by the polar
coordinates r = (2 sin 20) m and 6 = (4¢) rad, where ¢ is in
seconds, determine the radial and transverse components of
its velocity and acceleration when = 1.



12-165. A particle travels along the portion of the “four-
leaf rose” defined by the equation r = (5 cos 20) m. If the
angular velocity of the radial coordinate line is 6 = (3/?) rad /s,
where ¢ is in seconds, determine the radial and transverse
components of the particle’s velocity and acceleration at the
instant 6 =30°. When r=0,60 =0.

r =(5cos 20)

Prob. 12-165

12-166. The time rate of change of acceleration is referred
to as the jerk, which is often used as a means of measuring
passenger discomfort. Calculate this vector, a, in terms of its
cylindrical components, using Eq. 12-32.

12-167. The position of a particle is described by
r=(300e" %) mm and 6 = (0.3°) rad, where ¢ is in seconds.
Determine the magnitudes of the particle’s velocity and
acceleration at the instant r=1.5s.

*12-168. The slotted link is pinned at O, and as a result of
the constant angular velocity § = 3 rad/s it drives the peg P
for a short distance along the spiral guide r = (0.4 6) m,
where 6 is in radians. Determine the radial and transverse
components of the velocity and acceleration of P at the
instant § = 7 /3 rad.

Prob. 12-168
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12-169. The mechanism of a machine is constructed so
that the roller at A follows the surface of the cam described
by the equation = (0.3 + 0.2 cos ) m. If § = 0.5 rad /s and
6 =0, determine the magnitudes of the roller’s velocity and
acceleration when 6 = 30°. Neglect the size of the roller.
Also determine the velocity components (v4), and (v4),
of the roller at this instant. The rod to which the roller is
attached remains vertical and can slide up or down along
the guides while the guides translate horizontally to the left.

[
IKe

(VA) 'y

-— (VA)x

r=03+02cos6

Prob. 12-169

12-170. The slotted link is pinned at O, and as a result of
the constant angular velocity § = 3 rad/s it drives the peg P
for a short distance along the spiral guide r = (0.4 6) m,
where 6 is in radians. Determine the velocity and
acceleration of the particle at the instant it leaves the slot in
the link,i.e., when r = 0.5 m.

Prob. 12-170

12-171. A particle moves along a circular path of radius
300 mm. If its angular velocity is 6 = (2¢%) rad/s, where ¢
is in seconds, determine the magnitude of the particle’s
acceleration when t=2s.
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*12-172. A block moves outward along the slot in the
platform with a speed of i = (4¢) m/s, where ¢ is in seconds.
The platform rotates at a constant rate of 6 rad/s. If the block
starts from rest at the center, determine the magnitudes of its
velocity and acceleration when ¢ = 1 s.

26 = 6rad

Prob. 12-172

12-173. The rod OA rotates clockwise with a constant
angular velocity of 6 rad/s. Two pin-connected slider
blocks, located at B, move freely on OA and the curved
rod whose shape is a limagon described by the equation
r =200(2 — cos #) mm. Determine the speed of the slider
blocks at the instant 6 = 150°.

12-174. Determine the magnitude of the acceleration of
the slider blocks in Prob. 12-173 when 6 = 150°.

L— 600 mm *»P—J

200 mm
Probs. 12-173/174

12-175. The link is pinned at O, and as a result of its
rotation it drives the peg P along the vertical guide.
Calculate the magnitudes of the velocity and acceleration of
P if 6 = ct rad, where c is a constant.

Prob. 12-175

*12-176. Themotionofthepin Piscontrolledbytherotation
of the grooved link OA. If the link is rotating at a constant
angular rate of # = 6 rad /s, determine the magnitudes of the
velocity and acceleration of P at the instant § = /2 rad.
The spiral path is defined by the equation r = (40 #) mm,
where 6 is in radians.

Prob. 12-176

12-177. The box slides down the helical ramp with a
constant speed of v = 2 m/s. Determine the magnitude of
its acceleration. The ramp descends a vertical distance of
1 m for every full revolution. The mean radius of the ramp
isr=0.5m.

12-178. The box slides down the helical ramp such that
r=0.5m,6 = (05 rad, and z = (2-0.2/*) m, where ¢ is
in seconds. Determine the magnitudes of the velocity and
acceleration of the box at the instant =27 rad.

Probs. 12-177/178



12-179. A particle is moving along a circular path having a
400-mm radius. Its position as a function of time is given by
6= (21%) rad, where t is in seconds. Determine the magnitude
of the particle’s acceleration when 6 = 30°. The particle
starts from rest when 6 = 0°.

*12-180. If the circular plate rotates clockwise with a
constant angular velocity of § = 1.5 rad/s, determine the
magnitudes of the velocity and acceleration of the follower
rod AB when 6 = (2/3 ) rad.

12-181. When 6 = (2/3m) rad, the angular velocity and
angular acceleration of the circular plate are 6 = 1.5 rad/s
and 6 = 3 rad /s, respectively. Determine the magnitudes of
the velocity and acceleration of the rod AB at this instant.

1/2

r= (10 +5060"") mm

Probs. 12-180/181

12-182. The motion of peg P is constrained by the
lemniscate curved slot in OB and by the slotted arm OA.
If OA rotates counterclockwise with a constant angular
velocity of § = 3 rad/s, determine the magnitudes of the
velocity and acceleration of peg P at = 30°.

12-183. The motion of peg P is constrained by the
lemniscate curved slot in OB and by the slotted arm OA.
If OA rotates counterclockwise with an angular velocity of
9=(313/ 2) rad/s, where ¢ is in seconds, determine the
magnitudes of the velocity and acceleration of peg P at
0=230°.Whent=0,60=0°

Probs. 12-182/183
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*12-184. The rod OA rotates counterclockwise with a
constant angular velocity of =5 rad/s. Two pin-connected
slider blocks, located at B, move freely on OA and the
curved rod whose shape is a limacon described by the
equation r = 100(2 — cos #) mm. Determine the speed of
the slider blocks at the instant § = 120°.

12-185. Determine the magnitude of the acceleration of
the slider blocks in Prob. 12-184 when 6 = 120°.

/i

6 = 5rad/s

r =100 (2 — cos ) mm

Probs. 12-184/185

12-186. For a short time the jet plane moves along a
path in the shape of a lemniscate, 7> = (2500 cos 26) km?.
At the instant § = 30°, the radar tracking device is rotating at
6 = 5(10%) rad/s with 6 = 2(10°) rad/s>. Determine the
radial and transverse components of velocity and acceleration
of the plane at this instant.

7 = 2500 cos 26

Prob. 12-186
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12-187. The car travels around the circular track with a
constant speed of 20 m/s. Determine the car’s radial and
transverse components of velocity and acceleration at the
instant § = 7 /4 rad.

*]12-188. 'The car travels around the circular track such that
its transverse component is § = (0.006°) rad, where ¢ is in
seconds. Determine the car’s radial and transverse
components of velocity and acceleration at the instantt=4s.

Probs. 12-187/188

12-189. If the cam rotates clockwise with a constant
angular velocity of § = 5 rad/s, determine the magnitudes
of the velocity and acceleration of the follower rod AB at
the instant # = 30°. The surface of the cam has the shape of a
limacon defined by r = (200 + 100 cos §) mm.

12-190. At the instant 6 = 30°, the cam rotates with a
clockwise angular velocity of § = 5 rad/s and angular
acceleration of § = 6 rad/s>. Determine the magnitudes of
the velocity and acceleration of the follower rod AB at this
instant. The surface of the cam has the shape of a limacon
defined by = (200 + 100 cos #) mm.

__ r=(200 + 100 cos #) mm

Probs. 12-189/190

12-191. The slotted arm OA rotates counterclockwise
about O with a constant angular velocity of 6. The motion of
pin B is constrained such that it moves on the fixed circular
surface and along the slot in OA. Determine the magnitudes
of the velocity and acceleration of pin B as a function of 6.

*12-192. The slotted arm OA rotates counterclockwise
about O such that when 6 = 7 /4, arm OA is rotating with
an angular velocity of § and an angular acceleration of 6.
Determine the magnitudes of the velocity and acceleration
of pin B at this instant. The motion of pin B is constrained
such that it moves on the fixed circular surface and along
the slot in OA.

Probs. 12-191/192

12-193. A truck is traveling along the horizontal circular
curve of radius r = 60 m with a constant speed v =20 m/s.
Determine the angular rate of rotation § of the radial line r
and the magnitude of the truck’s acceleration.

12-194. A truck is traveling along the horizontal circular
curve of radius » = 60 m with a speed of 20 m/s which is
increasing at 3 m/s?, Determine the truck’s radial and
transverse components of acceleration.

r =60 m;\/

Probs. 12-193/194
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12.9 ABSOLUTE DEPENDENT MOTION
ANALYSIS OF TWO PARTICLES

In some types of problems the motion of one particle will depend on the
corresponding motion of another particle. This dependency commonly
occurs if the particles, here represented by blocks, are interconnected by
inextensible cords which are wrapped around pulleys. For example, the
movement of block A downward along the inclined plane in Fig. 12-36 will
cause a corresponding movement of block B up the other incline.

Although this may seem obvious, we can show this mathematically by first
specifying the location of the blocks using position coordinates s, and sg,
where each of the coordinate axes is (1) measured from a fixed point (O) or
fixed datum line, (2) measured along each inclined plane in the direction of
motion of each block, and (3) has a positive sense from the fixed datums to A
and to B.If the total cord length is /7, then the two position coordinates can
be related by the equation

SA+ICD+SB=IT

Here I¢p is the length of the cord passing over arc CD. Taking the time
derivative of this expression, realizing that /- and [ remain constant, while
s4 and s measure the segments of the cord that change in length, we have

dsa , dsp

r r =0 or Vp = —Uy

The negative sign indicates that when block A has a velocity downward,
i.e., in the direction of positive s4, it causes a corresponding upward
velocity of block Bj;i.e., B moves in the negative sg direction.

In a similar manner, time differentiation of the velocities yields the
relation between the accelerations, i.e.,

ag = —ay

A more complicated example is shown in Fig. 12-37a. In this case, the
position of block A is specified by s,, and the position of the end of
the cord from which block B is suspended is defined by sz. As above,
we have chosen position coordinates which (1) have their origin at
fixed points or datums, (2) are measured in the direction of motion of
each block, and (3) from the fixed datums are positive to the right for
s4 and positive downward for sg. During the motion, the length of the
red colored segments of the cord in Fig. 12-37a remains constant. 1f [
represents the total length of cord minus these segments, then the two
position coordinates can be related by the equation

2s B +h+s A = l
Since / and 4 are constant during the motion, the two time derivatives yield
2'UB = —Vy 2613 = —day

Hence, when B moves downward (+sg), A moves to the left (—s,) with
twice the motion.

101

Fig. 12-36
) Datum
<~
SB
|
B h

o | —

Datum SA »‘
(a)
Fig. 12-37
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Datum

&

D A
atum
ﬁ( ‘

Datum SA »‘

(b)
Fig. 12-37 (cont.)

78
7N

I

—

é

The cable is wrapped around several pulleys
on this crane in order to reduce the required
force needed to hoist a load.

Refer to the companion website for Lecture
Summary and Quiz videos.

This example can also be worked by defining the position of block B
from the center of the bottom pulley (a fixed point), Fig. 12-37b. In this
case

2(h —sg) +h +s4 =1
Time differentiation yields
Z’UB = Vy 2613 = au

Here the signs are the same because when A moves to the right (+s4), B
moves up (+sp).

. PROCEDURE FOR ANALYSIS

Position-Coordinate Equation.

e Establish each position coordinate with an origin located at a
fixed point or datum.

e [t is not necessary that the origin be the same for each of the
coordinates; however, it is important that each coordinate be
directed along the path of motion of the particle.

e Using geometry or trigonometry,relate the position coordinates
to the total length of the cord, /7, or to that portion of cord, /,
which excludes the segments that do not change length as the
particles move —such as arc segments wrapped over pulleys.

e If two or more cords are wrapped around pulleys, then
the position of a point on one cord must be related to the
position of a point on another cord using the above procedure.
Separate equations are written for each cord and the positions
of the two particles are then related by these equations (see
Examples 12.22 and 12.23).

Time Derivatives.

e Two successive time derivatives of the position-coordinate
equations will give the velocity and acceleration equations
which relate the motions of the particles.

e The signs of the terms in these equations will be consistent
with those that specify the positive and negative sense of the
position coordinates.
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EXAMPLE 12.21

Determine the speed of block A in Fig. 12-38 if block B is moving
upward at 1.8 m/s.

C D Datum

Fig. 12-38

SOLUTION

Position-Coordinate Equation. There is one cord in this system
having segments which change length. Position coordinates s, and
sp will be used since each is measured from a fixed point (C or D)
and extends along each block’s path of motion. Here, sy is directed to
point E since motion of B and E is the same.

The four red colored segments of the cord in Fig. 12-38 maintain a
constant length and do not have to be considered as the blocks move.
The remaining length of cord, /, is also constant and is related to the
changing position coordinates s, and s by the equation

sq + 3sp =1
Time Derivative. Taking the time derivative,
v4 +30p =0
so that when vy = —1.8 m/s (upward),

vy =54m/s | Ans.
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EXAMPLE 12.22

Determine the speed of block A in Fig. 12-39 if block B has an upward
speed of 1.8 m/s.

Datum
Sl

Fig. 12-39

SOLUTION

Position-Coordinate Equation. As shown, the positions of A
and B are defined using coordinates s, and sg. Since the system has
two cords with segments that change length, it will be necessary to use
a third coordinate, s, in order to relate s4 to sg. In other words, the
length of one of the cords can be expressed in terms of s4 and s¢, and
the length of the other cord can be expressed in terms of sz and s¢.

The red colored segments of the cords in Fig. 12-39 do not have to
be considered in the analysis. Why? For the remaining cord lengths,
say /; and [,, we have

SA+2SC=ll SB+(SB_SC)=12

Time Derivative. Taking the time derivative of these equations
yields

V4t 20c=0 205 —vc=0

Eliminating v¢ produces the relationship between the motions of each
block.

v4 t 4UB =0
so that when vy = —1.8 m/s (upward),

vy = +72m/s =72m/s | Ans.
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EXAMPLE 12.23

Determine the speed of block B in Fig. 1240 if the end of the cord at
A is pulled down with a speed of 2 m/s.

Datum

’ & .

Fig. 12-40
SOLUTION
Position-Coordinate Equation. The position of A is defined by s,
and the position of block B is specified by sp since point E on the pulley
will have the same motion as the block. Both coordinates are measured
from a horizontal datum passing through the fixed pin at pulley D.
Since the system consists of two cords, the coordinates s, and sz cannot
be directly related. Instead, by establishing a third position coordinate,
sc, we can now express the length of one of the cords in terms of sg
and s¢, and the length of the other cord in terms of 54, 55, and s¢.
Excluding the four red colored segments of the cords in Fig. 1240,
the remaining constant cord lengths /; and /, (along with the hook and
link dimensions) can be expressed as
Sc + s B — ll
(sa =5¢) + (53 = sc) +sp =1
Time Derivative. The time derivative of each equation gives
ve+vp =10
UA_zvc+ZUB=O
Eliminating v, we obtain
vy +4vp =0
so that when v, = 2 m/s (downward),
vg = —05m/s = 0.5m/s | Ans.
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EXAMPLE 12.24

The person at A is hoisting a safe S as shown in Fig. 12-41 by walking to
the right with a constant velocity v, = 0.5 m/s. Determine the velocity
and acceleration of the safe when it reaches an elevation of 10 m.
The rope is 30 m long and passes over a small pulley at D.

SOLUTION

Position-Coordinate Equation. This problem is unlike the previous
examples since rope segment DA changes both direction and magnitude.
However, the ends of the rope, A and C, move along the x and y axes,
respectively.

These coordinates may be related since the rope has a fixed length
[ = 30 m, which at all times is equal to the length of segment DA
plus CD. Using the Pythagorean theorem to determine /p,4, we have

Ipg = \/(15)2 + x2. Also, lep = 15 — y,and so

l = lDA + lCD
=0.5m/s 30 =V (15)2 + x2 + (15 —vy)
y=V225+x*-15 (1)

Time Derivatives. Taking the time derivative, using the chain rule
(see Appendix C), where vg = dy/dt and v, = dx/dt, we have

N O
ST dt 2/25 1 2] dt
X

SRS S—. 2
V225 + 22 @

Aty = 10 m, x is determined from Eq. 1,i.e., x = 20 m. Hence, from
Eq.2 withv, = 0.5 m/s,
20
g = —————=(0.5) = 04m/s = 400 mm/s } Ans.

V225 + (20)?

The acceleration is determined by taking the time derivative of Eq. 2.
Since v, is constant, then a4, = dv,/dt = 0, and so

d’y —x(dx/dr) 1 dx 1 dv, 22502
dt (225 + x?) V225 + x2J\dt V225 + x21 dt (225 + %)

At x = 20 m, with v, = 0.5 m/s, the acceleration becomes
_225(0.5m/s)?
[225 + (20 m)?]?/?

NOTE: The constant velocity at A causes the other end C of the rope
to have an acceleration since v, causes segment DA to change its

ag = 0.00360 m/s> = 3.60mm/s> T  Ans.

o

Refer to the companion website for a self quiz of these

Example problems. direction as well as its length.
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112-39. Determine the velocity of block D if end A of the
rope is pulled down with a speed of v4 = 3 m/s.

Prob. F12-39

[112-40. Determine the velocity of block A if end B of the
rope is pulled down with a speed of 6 m/s.

Prob. F12-40

[12-41. Determine the velocity of block A if end B of the
rope is pulled down with a speed of 1.5 m/s.

Prob. F12-41

[112-42.  Determine the velocity of block A if end F of the
rope is pulled down with a speed of v = 3 m/s.

lvF =3m/s
Prob. F12-42

[112-43. Determine the velocity of car A. The motor M
winds in the cable such that vp=4 m/s.

Prob. F12-43

F12-44. Determine the velocity of block B if block A
moves downward with a speed of vy, = 1.2 m/s.

AlvA =12m/s

Prob. F12-44
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. PROBLEMS

12-195. The motor at C pulls in the cable with an 12-197. The motor draws in the cable at C with a constant
acceleration ac- = (3t?) m/s?, where ¢ is in seconds. The velocity of v¢ =4 m/s. The motor draws in the cable at D
motor at D draws in its cable atap = Sm/ s2. If both motors with a constant acceleration of ap =8 m/ s2.If vp = 0 when
start at the same instant from rest when d = 3 m, determine t = 0, determine (a) the time needed for block A to rise
(a) the time needed for d = 0, and (b) the velocity of 3 m, and (b) the relative velocity of block A with respect to
block A relative to block B when this occurs. block B when this occurs.

e
a0
—

Prob. 12-195

*12-196. If the end of the cable at A is pulled down with a Prob. 12-197
speed of 2 m/s, determine the speed at which block B rises.

12-198. If the end of the cable at A is pulled down with a
speed of 5 m/s, determine the speed at which block B rises.

Prob. 12-196 Prob. 12-198



12-199. Determine the constant speed at which the cable
at A must be drawn in by the motor in order to hoist the
load 6min 1.5s.

*12-200. Starting from rest, the cable can be wound onto
the drum of the motor at a rate of v, = (3t*) m/s, where t is
in seconds. Determine the time needed to lift the load 7 m.

BA

Probs. 12-199/200

12-201. Determine the displacement of the log if the truck
at C pulls the cable 1.2 m to the right.

Prob. 12-201

PROBLEMS 109

12-202. Determine the time needed for the load at B to
attain a speed of 10 m/s, starting from rest, if the cable is
drawn into the motor with an acceleration of 3 m/s’.

12-203. The cable at A is being drawn toward the motor at
v, =8 m/s. Determine the velocity of the block.

Probs. 12-202/203

*12-204. If the end A of the cable is moving at v4 =3 m/s,
determine the speed of block B.

Prob. 12-204
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12-205. Determine the speed of the block at B. 12-207. Determine the speed of block A if the end of the
rope is pulled down with a speed of 4 m/s.

Prob. 12-205

Prob. 12-207

12-206. Determine the speed of B if A is moving
downward with a speed of v4 =4 m/s at the instant shown.

*12-208. The motor draws in the cable at C with a
constant velocity of v¢ = 4 m/s. The motor draws in the
cable at D with a constant acceleration of ap = 8 m/s%. If
vp = 0 when ¢ = 0, determine (a) the time needed for
block A to rise 3 m, and (b) the relative velocity of block A
with respect to block B when this occurs.

A lvA=4m/s

Prob. 12-206 Prob. 12-208



12-209. The roller at A is moving with a velocity of
v4 = 4m/s and has an acceleration of a, = 2m/s’> when
x4 = 3m. Determine the velocity and acceleration of
block B at this instant.

vy =4m/s

Prob. 12-209

12-210. The cylinder C is being lifted using the cable and
pulley system shown. If point A on the cable is being drawn
toward the drum with a speed of 2 m/s, determine the speed
of the cylinder.

12-211. The cylinder C can be lifted with a maximum
acceleration of ac = 3 m/s> without causing the cables to
fail. Determine the speed at which point A is moving toward
the drum when s = 4 m if the cylinder is lifted from rest in
the shortest time possible.

©

\2

A

vl

s

Probs. 12-210/211
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*12-212. The man pulls the boy up to the tree limb C by
walking backward. If he starts from rest when x4, = 0 and
moves backward with a constant accelerationa, = 0.2 m/s%,
determine the speed of the boy at the instant yz = 4 m.
Neglect the size of the limb. When x4 = 0, yg = 8 m, so
that A and B are coincident, i.e., the rope is 16 m long.

XA ‘

Prob. 12-212

12-213. The crate Cis being lifted by moving the roller at A
downward with a constant speed of v, =2 m/s along the
guide. Determine the velocity and acceleration of the crate at
the instant s =1 m. When the roller is at B, the crate rests on
the ground. Neglect the size of the pulley in the calculation.
Hint: Relate the coordinates x¢ and x4 using the problem
geometry, then take the first and second time derivatives.

Prob. 12-213
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12-214. The motor draws in the cord at B with an *12-216. The block B is suspended from a cable that

acceleration of ag =2 m/s>. When s, = 1.5 m, vg =6 m/s. is attached to the block at E, wraps around three pulleys,

Determine the velocity and acceleration of the collar at and is tied to the back of a truck. If the truck starts from

this instant. rest when xp is zero, and moves forward with a constant
acceleration of ap = 0.5 m/s’, determine the speed of
the block at the instant xp = 2 m. Neglect the size of the
pulleys in the calculation. When xp = 0, yo = 5 m, so that
points C and D are at the same elevation.

SA

Prob. 12-214

Prob. 12-216

12-215. If the truck travels at a constant speed of
vr = 1.8 m/s, determine the speed of the crate for any
angle 6 of the rope. The rope has a length of 30 m and passes
over a pulley of negligible size at A. Hint: Relate the
coordinates x7 and x¢ to the length of the rope and take the
time derivative. Then substitute the trigonometric relation 12-217. If block B is moving down with a velocity v
between xc and 6. and has an acceleration ap, determine the velocity and
acceleration of block A in terms of the parameters shown.

SA ‘

X7 *" T vr A 2 Ih

Xc

Vg, ap

¢ [
B

Prob. 12-215 Prob. 12-217

(=)}
‘Baﬂ




12.10 RELATIVE MOTION OF TWO PARTICLES USING TRANSLATING AXES

12.10 RELATIVE MOTION OF
TWO PARTICLES USING
TRANSLATING AXES

Throughout this chapter the absolute motion of a particle has been
determined using a single fixed reference frame. There are many cases,
however, where the path of motion for a particle is complicated, so that
it may be easier to analyze the motion in parts by using two or more
frames of reference. For example, the motion of a particle located at the
tip of an airplane propeller, while the plane is in flight, is more easily
described if one observes first the motion of the airplane from a fixed
reference and then superimposes (vectorially) the circular motion of
the particle measured from a reference attached to the airplane. In this
section translating frames of reference will be considered for the analysis.

Consider particles A and B, which move along the arbitrary
paths shown in Fig. 12-42. The absolute position of each particle, r4 and
rp, is measured from the common origin O of the fixed x, y, z reference
frame. The origin of a translating frame of reference x’, y’, z' is attached
to and moves with particle A.The position of B measured relative to A is
denoted by the relative-position vector rg, 4. The three vectors shown in
Fig. 12-42 are related by vector addition.

I'p = I'y ar rB/A (12—33)

The equation that relates the velocities of the particles is
determined by taking the time derivative of this equation;i.e.,

VB = Va Tt Vpa (12-34)

Here vz = drg/dt and v, = dr,/dt refer to absolute velocities, since
they are observed from the fixed frame; whereas the relative velocity
Vg/a = drg;s/dtis observed from the translating frame. It is important
to note that since the x', y’, z’' axes translate, the components of
rz/4 Will not change direction and therefore the time derivative of
these components will only have to account for the change in their
magnitudes. Equation 12-34 therefore states that the velocity of B is
equal to the velocity of A plus (vectorially) the velocity of “B with
respect to A,” as measured by the translating observer fixed to the
x',y', 7' reference frame.

Fixed
observer

Translating
observer

Fig. 12-42

113



114 CHAPTER 12 KINEMATICS OF A PARTICLE

Acceleration. The time derivative of the velocity equation yields
a similar relationship between the absolute and relative accelerations of
particles A and B.

agp — Ay + aB/A (12—35)

Here ap/4 is the acceleration of B as seen by the observer located at A
and translating with the x’, y’, z’ reference frame.*

. PROCEDURE FOR ANALYSIS

e Specify the particle (A) that is the origin for the translating x’, y’,
7' axes. Usually this point has a known velocity or acceleration.

¢ Since vector addition forms a triangle, there can be at most two
unknowns, represented by the magnitudes and/or directions
of the vector quantities.

e These unknowns can be solved for either graphically, using
trigonometry (law of sines, law of cosines), or, as we will
show, by resolving each of the three vectors into rectangular
or Cartesian components, thereby generating a set of scalar
equations.

The pilots of these close-flying planes
must be aware of their relative positions
and velocities at all times in order to
avoid a collision.

Refer to the companion website for Lecture
Summary and Quiz videos. * An easy way to remember the setup of these equations is to note the “cancellation” of

the subscript A between the two terms, e.g.,ag = ay + ag 4.
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EXAMPLE 12.25

A train travels at a constant speed of 96 km /h and crosses over a road
as shown in Fig. 12-43a. If the automobile A is traveling at 72 km/h
along the road, determine the magnitude and direction of the velocity
of the train relative to the automobile.

SOLUTION |

Vector Analysis. The relative velocity vy/4 is measured from the
translating x’, y’ axes attached to the automobile, Fig. 12-43a. It is
determined from v = v4 + v7/4. Since vy and v, are known in
both magnitude and direction, the unknowns become the x and y
components of v7/4. Using the x, y axes in Fig. 12-43a, we have

Vr = Vyu + VT/A
96i = (72 cos 45°% + 72 sin 45%) + vy

The magnitude of vz, is thus

45.1 km/h
vra = V(451)2 + (=50.9)> = 68.0 km/h Ans. fi
From the direction of each component, Fig. 12-43b, the direction of
VT/A 1S
(v7/4)y 509
tan 0 = = —
(vrya)e 451 50.9 kmy/h Vi
0 = 485° % Ans.
SOLUTION I (b)

Scalar Analysis. The unknown components of v;/,4 can also be
determined by applying a scalar analysis. We will assume these
components act in the positive x and y directions. Thus,

Vr = Vyu + VT/A

[96 km/h] _ [nﬁz/h] . {(vm)x} . {(vm)y}

— — T

Resolving each vector into its x and y components yields vy =72km/h

() 96 = 72 cos 45° + (v7a) + 0 e

+ 0=72sin45° + 0 + (v :

+1 174y vy = 96 km/h
Solving, we obtain the previous results, (c)

(vr/4)y = =509 km/h = 50.9 km/h | Fig. 12-43
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EXAMPLE 12.26

700 km/h

;—\<—

y
600 kny/h Lx

Ak
50 km/hz F .

(@

VB/A
va =700 km/h |v = 600 km/h

(b)

100km/h?2 -
400 km

900 km/h?

ap/A
150 km/h?

(©)

Fig. 12-44

Plane A in Fig. 12-44a is flying along a straight-line path, whereas
plane B is flying along a circular path having a radius of curvature
of pp = 400 km. Determine the velocity and acceleration of B as
measured by the pilot of A.

SOLUTION |

Velocity. Since the motion relative to plane A is to be determined,
the translating frame of reference x’, y' is attached to it, Fig. 12-44a.
Applying the relative-velocity equation in scalar form, since the
velocity vectors of both planes are parallel at the instant shown, we
have

+h Vg = Vg t Vp/a
600 km/h = 700 km/h + vg/4
vg/a = —100 km/h = 100 km/h | Ans.

The vector addition is shown in Fig. 12-44b.

Acceleration. Plane B has both tangential and normal components
of acceleration since it is flying along a curved path. From Eq. 12-20,
the magnitude of the normal component is

vy (600 km/h)?

= 2=~ 17 - km /h?
(a)n p e 900 km/

Applying the relative-acceleration equation, we have

ap — Ay + aB/A
900i — 100j = 50§ + a4

Thus,
ap/4 = {900i — 150j} km/h?

From Fig. 12-44c, the magnitude and direction of ag/4 are therefore

ap/s = 912km/h*> 6 = tan” ;Sg = 9046° g Ans.
NOTE: The solution to this problem was possible using a translating
frame of reference, since the pilot in plane A is “translating.” Observation
of the motion of plane A with respect to the pilot of plane B, however,
must be obtained using a rotating set of axes attached to plane B. (This
assumes, of course, that the pilot of B is fixed in the rotating frame, so she
does not turn her eyes to follow the motion of A.) The analysis for this
case is more difficult and is given in Example 16.21.
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EXAMPLE 12.27

At the instant shown in Fig. 12454, cars A and B are traveling with
speeds of 18 m/s and 12 m/s, respectively. Also at this instant, A has a
decrease in speed of 2 m/s?, and B has an increase in speed of 3 m /s
Determine the velocity and acceleration of B with respect to A.
SOLUTION

Velocity. The fixed x, y axes are established at an arbitrary point on the
ground, and the translating x', y’ axes are attached to car A, Fig. 12-45a.
Why? The relative velocity is determined from vg = v4 + vg 4. What
are the two unknowns? Using a Cartesian vector analysis, we have

VB = V4 + VB/A
—12j = (=18 cos 60°i — 18 sin 60°%) + vp/4
Vi = {9 + 3.588)} m/s

vpa = V(9)* + (3.588) = 9.69 m/s Ans.

Noting that v, 4 has +i and +j components, Fig. 12-45b, its direction is

Thus,

(vB/a)y  3.588
tang = —— = ——
(UB/A)x 9

0 =217 < Ans.

Acceleration. Car B has both tangential and normal components of
acceleration. Why? The magnitude of the normal component is

2 2
(ag), = %B = % = 1.440 m/s?
Applying the equation for relative acceleration yields
ap = a, + ag/y
(—1.440i — 3j) = (2 cos 60°i + 2sin 60°%) + ag/4
ap/4 = {—2.440i — 4732j} m/s’

Here ag/4 has —i and —j components. Thus, from Fig. 12-45c,

aga = V/(2.440)> + (4.732)> = 532 m/s Ans.
(apa)y 4732
(aB/A)x 2.440

¢ =627 F Ans.

tan ¢ =

NOTE: [s it possible to obtain the relative acceleration of a4/ using this
method? Refer to the comment made at the end of Example 12-26.

’

Y/
2 m/s’
/ 60°
A by’
/

N 3m/s? 8 m/s

A
\

p=100m

\
\

llZ m/s
B

/= —

(a)

3.588 m/s Y/
0
i
9m/s
(b)
2.440 ‘m/sz
J)\
e 4732 m/s?
(0)
Fig. 12-45

o

Refer to the companion website for a self quiz of these
Example problems.
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. FUNDAMENTAL PROBLEMS

F12-45. Car A is traveling with a constant speed of F12-47. The boats A and B travel with constant speeds of

80 km/h due north, while car B is traveling with a constant vy = 15m/s and vz = 10 m/s when they leave the pier at
speed of 100 km /h due east. Determine the velocity of car B O at the same time. Determine the distance between them
relative to car A. whent = 4s.

Prob. F12-47
Prob. F12-45

F12-48. Cars A and B are traveling at the speeds shown.

I'12-46. Two planes A and B are traveling with the If B is accelerating at 1200 km/h*> while A maintains a
constant velocities shown. Determine the magnitude and constant speed, determine the velocity and acceleration of
direction of the velocity of B relative to A. A with respect to B.

A

20 km/‘l\
B

@ 65 km/h

_——

Prob. F12-46 Prob. F12-48
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12-218. The boat can travel with a speed of 16 km /h in still
water. The point of destination is located along the dashed
line. If the water is moving at 4 km/h, determine the bearing
angle 6 at which the boat must travel to stay on course.

Prob. 12-218

12-219. Two planes, A and B, are flying at the same
altitude. If their velocities are v, = 500 km/h and
vg = 700 km/h such that the angle between their straight-
line courses is § = 60°, determine the velocity of plane B

with respect to plane A.
1 |

v, = 500 km/h

/

vg = 700 km

Prob. 12-219

#*12-220. The car is traveling at a constant speed of
100 km/h. If the rain is falling at 6 m /s in the direction shown,
determine the velocity of the rain as seen by the driver.

v, vc=100kmm
o e— - .

Prob. 12-220

12-221. Car A travels along a straight road at a speed of
25 m/s while accelerating at 1.5 m/s’. At this same instant
car C is traveling along the straight road with a speed of
30 m/s while decelerating at 3 m/s?. Determine the velocity
and acceleration of car A relative to car C.

12-222. Car B is traveling along the curved road with a
speed of 15 m /s while decreasing its speed at 2 m /s> At this
same instant car C is traveling along the straight road with
a speed of 30 m/s while decelerating at 3 m/s. Determine
the velocity and acceleration of car B relative to car C.

Probs. 12-221/222

12-223. Two boats leave the shore at the same time
and travel in the directions shown. If v, = 10m/s and
vg = 15 m/s, determine the velocity of boat A with respect
to boat B. How long after leaving the shore will the boats be
600 m apart?

Prob. 12-223
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*12-224. A man walks at 5 km/h in the direction of a
20 km/h wind. If raindrops fall vertically at 7 km/h in still
air, determine direction in which the drops appear to fall
with respect to the man.

v, =20 km/h

Prob. 12-224

12-225. At the instant shown, car A has a speed of
20 km /h, which is being increased at the rate of 300 km/h?
as the car enters the expressway. At the same instant,
car B is decelerating at 250 km /h? while traveling forward at
100 km/h. Determine the velocity and acceleration of A
with respect to B.

100 m

o s

Prob. 12-225

12-226. At the instant shown, cars A and B are traveling
at velocities of 40 m/s and 30 m/s, respectively. If B is
increasing its velocity by 2 m/s?, while A maintains a
constant velocity, determine the velocity and acceleration
of B with respect to A. The radius of curvature at B is

12-227. At the instant shown, cars A and B are traveling
at velocities of 40 m/s and 30 m/s, respectively. If A
is increasing its speed at 4 m/s’, whereas the speed of
B is decreasing at 3 m/s?, determine the velocity and
acceleration of B with respect to A. The radius of curvature
at Bis pg =200 m.

. A
\ EL
% - vy =40 m/s

30°

vg =30 m/s

Probs. 12-226/227

*]12-228. At the instant shown, the bicyclist at A is
traveling at 7 m/s around the curve on the race track while
increasing the bicycle’s speed at 0.5 m/s 2. The bicyclist at B
is traveling at 8.5 m/s along the straightaway and increasing
the bicycle’s speed at 0.7 m/s?. Determine the relative
velocity and relative acceleration of A with respect to B at
this istant.

vp=8.5m/s
— vy=7m/s
o <
| B
50 m 50m A
J 40°
/
Prob. 12-228



12-229. A passenger in an automobile observes that
raindrops make an angle of 30° with the horizontal as the
auto travels forward with a speed of 60 km/h. Compute the
terminal (constant) velocity v, of the rain if it is assumed to
fall vertically.

Prob. 12-229

12-230. A man can row a boat at 5 m/s in still water.
He wishes to cross a 50-m-wide river to point B, 50 m
downstream. If the river flows with a velocity of 2 m/s,
determine the speed of the boat and the time needed to
make the crossing.

Prob. 12-230

PROBLEMS 121

12-231. The ship travels at a constant speed of v; = 20 m/s
and the wind is blowing at a speed of v, = 10 m/s, as
shown. Determine the magnitude and direction of the
horizontal component of velocity of the smoke coming from
the smoke stack as it appears to a passenger on the ship.

Prob. 12-231

*12-232. At the instant shown car A is traveling with a
velocity of 30 m/s and has an acceleration of 2 m/s* along
the highway. At the same instant B is traveling on the
trumpet interchange curve with a speed of 15 m/s, which is
decreasing at 0.8 m/s”. Determine the relative velocity and
relative acceleration of B with respect to A at this instant.

Prob. 12-232
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| CHAPTER REVIEW

Rectilinear Kinematics

Rectilinear  kinematics  refers  to
motion along a straight line. A position
coordinate s specifies the location of a
particle on the line, and the displacement
As is the change in its position.

The average velocity is a vector quantity,
defined as the displacement divided by
the time interval.

The average speed is a scalar, and is the
total distance traveled divided by the
time of travel.

The time, position, velocity, and
acceleration are related by three
differential equations.

If the acceleration is known to be
constant, then the differential equations
relating time, position, velocity, and
acceleration can be integrated.

As
vavg = E
ST
('Usp)avg = Ar
dv ds
a—E, v—E, ads = vdv

V=1 + a.t
s =8y + vt + %acz‘2

2 = v} + 2a.(s — sp)

) © s
.
| - As
oC=—=mp
’ o
St

Graphical Solutions

If the motion is erratic, then it can be
described by a graph. If one of these
graphs is given, then the others can
be established using the differential
relations between a, v, s, and .

_
oar
s
dr’
ads = vdv
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Curvilinear Motion, x, y, z Vy =X a, =,
Curvilinear motion along the path can v =y a, =0,
be resolved into rectilinear motion along B B
the x, the y, and the z axes. The equation V=2 ;=
of the path is used to relate the motion
along each axis.
X

Projectile Motion +1) v, = (vo)y + ag
Free-flight motion of a projectile follows +1) y=yo + (vO)yt + %actz
a parabolic path. It has a constant 5 5
velocity in the horizontal direction, and (+1) v = (wo)y + 2ay = yo)
a constant downward acceleration of +

x = xg T (Vo)
g = 9.81 m/s? in the vertical direction. (=) o+ ()
Any two of the three equations for
constant acceleration apply in the
vertical direction, and in the horizontal
direction only one equation applies. y l a=g

vX
v, I
(VO)y 1 0 vy+ v
(VO)X r
y
Yo
| .
]
X
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Curvilinear Motion n, ¢

If normal and tangential axes are used
for the analysis, then v is always in the
positive ¢ direction.

The acceleration has two components.
The tangential component, a,, accounts
for the change in the magnitude of
the velocity; a slowing down is in the
negative ¢ direction, and a speeding up
is in the positive ¢ direction. The normal
component a, accounts for the change
in the direction of the velocity. This
component is always in the positive n
direction.

a,="7v or a,ds = vdv

a, =

=%

Curvilinear Motion r, 6

If the path of motion is expressed in
polar coordinates, then the velocity and
acceleration components can be related
to the time derivatives of r and 6.

To determine the components, it is
necessary to know r, i, ¥, 6, 0 at the
instant considered. If the path r = f(6)
is given, then the chain rule of calculus
must be used to obtain these derivatives.
(See Appendix C.)

ar='r'—r6'2

ag = ro + 2

Velocity

Q

Acceleration
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Absolute Dependent Motion of Two
Particles

The dependent motion of blocks that
are suspended from pulleys and cables
can be related by the geometry of the
system. This is done by first establishing
position coordinates, measured from a
fixed origin and directed along the line
of motion of each block.

Using geometry and/or trigonometry, the
coordinates are then related to the cable
length in order to formulate a position
coordinate equation.

The time derivatives of this equation give
relationships between the velocities and
the accelerations of the blocks.

2sp +h +s4 =1
20 = —vy

2[13 = —ayu

Datum

&

Relative-Motion Analysis Using
Translating Axes

If two particles A and B undergo
independent motions, then these motions
can be related to their relative motion
using a translating set of axes attached to
one of the particles (A).

For planar motion, each vector equation
produces two scalar component
equations, one in the x, and the other in
the y direction. For solution, the vectors
can be expressed in Cartesian form, or
the x and y scalar components can be
written directly.

I'p = Iy + rB/A
VB = Vyu + VB/A

agp = a, + aB/A

Fixed
observer

I

Datum +—54

Translating
observer
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REVIEW PROBLEMS

R12-1. The v—t graph of a car while traveling along a road
is shown. Determine the acceleration when ¢ = 2.5 s, 10 s,
and 25 s. Also if s = 0 when ¢ = 0, find the position when
t=15s,20s,and 30s.

v (m/s)

===y

20

t(s
5 20 30 ®

Prob. R12-1

R12-2. The position of a particle along a straight line is
given by s = (r3 — 9t? + 15¢f) m, where ¢ is in seconds.
Determine its maximum acceleration and maximum
velocity during the time interval 0=¢=10s.

R12-3. If a particle has an initial velocity vy = 12 m/s to
the right, and a constant acceleration of 2 m/ s2 to the left,
determine the particle’s displacement in 10 s. Originally sy =0.

R12-4. A projectile, initially at the origin, moves along a
straight-line path through a fluid medium such that its velocity
is v=1800(1 — ¢~ ®3) mm s where ¢ is in seconds. Determine
the displacement of the projectile during the first 3 s.

R12-5. From a videotape, it was observed that a player
kicked a football 384 m during a measured time of
3.6 seconds. Determine the initial speed of the ball and the
angle 6 at which it was kicked.

b

38.4m !

Prob. R12-5

R12-6. A car traveling along the straight portions of
the road has the velocities indicated in the figure when
it arrives at points A, B, and C. If it takes 3 s to go from
A to B, and then 5 s to go from B to C, determine the
average acceleration between points A and B and between
points A and C.

Prob. R12-6



R12-7. Car B turns such that its speed is increased by
(@) = (0.5¢") m/s?, where ¢ is in seconds. If the car starts
from rest when 6 = 0°, determine the magnitudes of its
velocity and acceleration when ¢ = 2 s. Neglect the size of
the car.

Prob. R12-7

R12-8. The truck travels in a circular path having a radius
of 50 m at a speed of v = 4 m/s. For a short distance from
s = 0, its speed is increased by » = (0.05s) m/s%, where s
is in meters. Determine its speed and the magnitude of its
acceleration when it has moved s = 10 m.

Prob. R12-8
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R12-9. Two planes, A and B, are flying at the same altitude.
If their velocities are v, = 600 km/h and vz = 500 km/h
such that the angle between their straight-line courses is
0 = 75°, determine the velocity of plane B with respect to
plane A.

A\v

A

o

Prob. R12-9

R12-10. A particle is moving along a circular path of
2-m radius such that its position as a function of time is
given by 6 = (5/) rad, where ¢ is in seconds. Determine the
magnitude of the particle’s acceleration when 6 = 30°. The
particle starts from rest when 6 = 0°.

R12-11. Determine the time needed for the load at B to
attain a speed of 8 m/s, starting from rest, if the cable is
drawn into the motor with an acceleration of 0.2 m/s’.

Prob. R12-11
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The design of conveyors for this bakery requires knowing the forces that act on
these loaves of bread and their speed as they move along.
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Lecture Summary and Quiz,
Example, and Problem-

A : A I I ' \ e B solving videos are available
_— |_ e where this icon appears.

— CE AND
ACCELERATION

. CHAPTER OBJECTIVES

B To state Newton’s Second Law of Motion and to define mass and

weight.

m To analyze the accelerated motion of a particle using the equation

of motion with different coordinate systems.

m To investigate central-force motion and apply it to problems

involving space mechanics.

13.1 NEWTON’'S SECOND LAW
OF MOTION

Kinetics is a branch of dynamics that deals with the relationship between
the change in motion of a body and the forces that cause this change.
The basis for kinetics is Newton’s second law, which states that when
an unbalanced force acts on a particle, the particle will accelerate in the
direction of the force with a magnitude that is proportional to the force.

We can determine the constant of proportionality by applying a
known force F to a particle, and then measuring its acceleration a. Since
the force and acceleration are directly proportional, then the constant of
proportionality, m, is determined from the ratio m = F/a. This positive
scalar m is called the mass of the particle. Since it is constant, m provides
a quantitative measure of the resistance of the particle to a change in its
velocity, that is, its inertia.

The jeep leans backward due to its inertia,
which resists its forward acceleration.
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For a particle of mass m, Newton’s second law of motion may therefore
be written in mathematical form as

This equation is referred to as the equation of motion, and it is one of
the most important formulations in mechanics.* In 1905, however, Albert
Einstein developed the theory of relativity and placed limitations on
the use of Newton’s second law, especially when the particle’s speed
approaches the speed of light (0.3 Gm/s). Developments of the theory
of quantum mechanics by Erwin Schrodinger and others indicate further
that conclusions drawn from using this equation are also invalid when
particles approach the size of an atom and move close to one another.
For the most part, however, these requirements regarding particle speed
and size are not encountered in engineering problems, so their effects
will not be considered in this book.

Shortly after
formulating his three laws of motion, Newton postulated a law governing
the mutual attraction between any two particles. In mathematical form
this law can be expressed as

(13-1)

where

F = force of attraction between the two particles
G = universal constant of gravitation; according to experimental
evidence G = 66.73(107?) m?/(kg * s?)
my, m, = mass of each of the two particles
r = distance between the centers of the two particles

* Since m is constant, we can also write the equation of motion in the form F = d(mv)/dt,
where mv is the particle’s linear momentum. In other words, we can state that the
unbalanced force acting on the particle is proportional to the time rate of change of the
particle’s linear momentum.



13.1  NEWTON'S SECOND LAW OF MOTION

In the case of a particle located at or near the surface of the earth, the
only gravitational force having any sizable magnitude is that between
the earth and the particle. This force is termed the “weight” and, for our
purpose, it will be the only gravitational force considered.

From Eq. 13-1, we can develop a general expression for finding the
weight W of a particle having a mass m; = m. Let m, = M, be the mass
of the earth and r the distance between the earth’s center and the particle.
Then, if we let g = GM,/r?, we have

W = mg

By comparison with F = ma, we see that g represents the acceleration
due to gravity. For most engineering calculations we assume g is
measured at a point on the surface of the earth at sea level, and at
a latitude of 45°, which is considered the “standard location.” Here
= 9.81 m/s?
In the SI system the mass of the body is specified in kilograms, and so
the weight must be calculated using the above equation, Fig. 13-1. Thus,

W=mg(N) (g=981m/s? (13-2)

Thus, a 1-kg body weighs 9.81 N; a 2-kg body weighs 19.62 N; and
so on.

m (kg)

a =g (m/s’)

W = mg (N)

Fig. 13-1
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o

F,
a
-
F
(a)
F,
FR =3F - ma
F
Free-body Kinetic
diagram diagram
(b) (©)
Fig. 13-2
y
a
_—

/vo

© Path of particle

Inertial frame of reference

Fig. 13-3

13.2 THE EQUATION OF MOTION

When more than one force acts on a particle, the resultant force is
determined by a vector summation of all the forces; i.e., F = XF. For
this more general case, the equation of motion may be written as

XF = ma (13-3)

For example, consider the particle shown in Fig. 13-2a, which has a
mass m and is subjected to the action of two forces, F; and F,. We can
graphically account for the magnitude and direction of each force acting
on the particle by drawing the particle’s free-body diagram, Fig. 13-2b.
Since the resultant of these forces produces the vector ma, its magnitude
and direction can be represented graphically on the kinetic diagram,
shown in Fig. 13-2c. The equal sign written between the diagrams
symbolizes the graphical equivalency between the free-body diagram
and the kinetic diagram;i.e., XF = ma.*

When applying the equation of
motion, it is important that the acceleration of the particle be measured
from a reference frame that is either fixed or translates with a constant
velocity. In this way, the observer will not accelerate and measurements
of the particle’s acceleration will be the same from any reference of this
type. Such a frame of reference is commonly known as a Newtonian or
inertial reference frame, Fig. 13-3.

When studying the motions of rockets and satellites, it is justifiable
to consider the inertial reference frame as fixed to the stars, whereas
dynamics problems concerned with motions on or near the surface of
the earth may be solved by using an inertial frame which is assumed
fixed to the earth. Even though the earth both rotates about its own
axis and revolves about the sun, the accelerations created by these
rotations are relatively small and so they can be neglected for most
applications.

*The equation of motion can also be rewritten in the form %F — ma = 0. The vector —ma
is referred to as the inertia force vector. 1f it is treated in the same way as a “force vector,”
then the state of “equilibrium” created is referred to as dynamic equilibrium.This method
of application, which will not be used in this book, is often referred to as the DAlembert
principle,named after the French mathematician Jean le Rond dAlembert.
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We are all familiar with the sensation one feels when sitting in a car that is subjected to a forward acceleration. Often
people think this is caused by a “force” which acts on them and tends to push them back in their seats; however, this
is not the case. Instead, this sensation occurs due to their inertia or the resistance of their mass to a change in velocity.

Consider the passenger who is strapped to the seat of a rocket sled. Provided the sled is at rest or is moving with
constant velocity, then no force is exerted on his back as shown on his free-body diagram.

Tt \

Keystone/Hulton Archive/

Getty Images

When the thrust of the rocket engine causes the sled to accelerate, then the seat upon which he is sitting exerts a
force F on him which pushes him forward with the sled. In the photo, notice that the inertia of his head resists this
change in motion (acceleration), and so his head moves back against the seat and his face, which is nonrigid, tends

to distort backward.

Upon deceleration the force of the seatbelt F’ tends to pull his body to a stop, but his head leaves contact with the
back of the seat and his face distorts forward, again due to his inertia or tendency to continue to move forward.
No force is pulling him forward, although this is the sensation he receives.

Z X/

Keystone/Hulton Archive/

Getty Images

Keystone/Hulton Archive/

Getty Images



134 CHAPTER 13 KINETICS OF A PARTICLE: FORCE AND ACCELERATION

13.3 EQUATION OF MOTION FOR A
SYSTEM OF PARTICLES

The equation of motion will now be extended to include a system of
particles enclosed within a region in space, as shown in Fig. 13-4a. At
the instant considered, the arbitrary i-th particle, having a mass m;, is
subjected to both a resultant internal force, f;, and a resultant external
force, F;. The internal force is the resultant of all the forces the other
particles exert on the ith particle. The resultant external force represents,
for example, the effect of gravitational, electrical, magnetic, or contact
forces between the ith particle and adjacent bodies or particles not
included within the system.

The free-body and kinetic diagrams for the ith particle are shown in
Fig. 13-4b. Applying the equation of motion,

>F = ma; F, + f = ma,

When the equation of motion is applied to each of the other particles
of the system, similar equations will result, and if all these equations are
added together, we obtain

EFI' + Efl = Emiai

Free-body Kinetic
diagram diagram
X
Inertial coordinate
system
(a) (b)

Fig. 134
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The summation of the internal forces, if carried out, will equal zero, since
internal forces between any two particles occur in equal but opposite
collinear pairs. Therefore,

3F; = Tma; (13-4)

If r; is the position vector which locates the center of mass G of the
particles, Fig. 13-4a, then by definition of the center of mass, mr; = Zmyr;,
where m = Xm; is the total mass of all the particles. Differentiating this
equation twice with respect to time, assuming that no mass is entering
or leaving the system, we get mag = Xma,. Substituting this result into
Eq. 13-4, we obtain

EF = mag (13—5)

Considering a body composed of this system of particles, we can
therefore state that the sum of the external forces acting on the body
is equal to the mass of the body times the acceleration of its center of
mass G.

The equation of motion is based on experimental evidence and
is valid only when applied within an inertial frame of reference.

The equation of motion states that the unbalanced force on a
particle causes it to accelerate.

An inertial frame of reference does not rotate, rather its axes
either translate with constant velocity or are at rest.

Mass is a property of matter that provides a quantitative
measure of its resistance to a change in velocity. It is an absolute
quantity and so it does not change from one location to another.

Weight is a force that is caused by the earth’s gravitation. It is
not absolute; rather it depends on the altitude of the mass from
the earth’s surface.
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13.4 EQUATIONS OF MOTION:
RECTANGULAR COORDINATES

z When a particle moves relative to an inertial x, y, z frame of reference, the

forces acting on the particle, as well as its acceleration, can be expressed
F in terms of their i, j, k components, Fig. 13-5. Applying the equation of
° motion, we have
e F,
F, ! SF = ma; 3Fi+ 3Fj+ 3SFk = m(ad + a,j + ak)
y
X
R Y To satisfy this equation, the respective i, j, k components on the left side
must equal the corresponding components on the right side. As a result,
Fig. 13-5 we may write the following three scalar equations:

3 F, = ma,
X F, = ma, (13-6)

SF, = ma,

If the particle is constrained to move only in the x—y plane, then only the
first two of these equations are used to specify the motion.

- PROCEDURE FOR ANALYSIS

Application of the equation of motion requires the following steps.

Free-Body Diagram.

e Select the inertial coordinate system. Choose rectangular or
x, y, z coordinates if the particle has rectilinear motion.

e Draw the particle’s free-body diagram in order to account for
all the forces (XF) which act on the particle.

e The direction and sense of the particle’s acceleration a should
also be established. If the sense is unknown, for mathematical
convenience assume its components act along the positive
coordinate axes.
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e The acceleration can be represented as the ma vector on the
kinetic diagram.

e Identify the unknowns in the problem.

Equations of Motion.

® [f the forces can be resolved directly from the free-body
diagram, apply the equations of motion in their scalar
component form.

® [f the geometry of the problem appears complicated, which often
occurs in three dimensions, Cartesian vector analysis can be used
for the solution.

® Friction. If the particle slides on a rough surface, then use the
friction equation, which relates the friction and normal forces
with the coefficient of kinetic friction, i.e., Fy = wN.

® Spring. If the particle is connected to an elastic spring having
negligible mass, the spring force F; can be related to the stretch or
compression s of the spring by the equation F; = ks. Here k is the
spring’s stiffness measured as a force per unit length.

Kinematics.

® Once the particle’s acceleration is known, its velocity or position
can be found, using a kinematic equation.

® If acceleration is a function of time, integrate a = dv/dt and
v = ds/dt to obtain v = v(¢) and s = s(¢).

® [facceleration is a function of displacement, integrate a ds = v dv
to obtain v = f{(s).

® [f acceleration is constant,use v = vy + a.t,s = sy + vt + %actz,

v? = v} + 2a.(s — s,) to determine v and s.

® [f the problem involves the dependent motion of several
particles, use the method outlined in Sec. 12.9 to relate their
accelerations.

Refer to the companion website for
Lecture Summary and Quiz videos.
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EXAMPLE 13.1

490.5 N

(b)

The 50-kg crate shown in Fig. 13-6a rests on a horizontal surface for
which the coefficient of kinetic friction is u; = 0.3. If the crate is
subjected to the 400-N towing force as shown, determine the velocity
of the crate in 3 s starting from rest.

SOLUTION

Free-Body Diagram. The weight of the crate is W = mg=
50 kg (9.81 m/s?) = 490.5 N. As shown in Fig. 13-6b, the frictional
force has amagnitude F = u; N and acts to the left,since it opposes the
motion of the crate. The acceleration a is assumed to act horizontally,
in the positive x direction. There are two unknowns, namely, N and a.

Equations of Motion. From the data shown on the free-body
diagram, we have
£ 3F, = ma,; 400 cos30° — 0.3N¢c = 50a 1
+13F, = ma,;, Nc — 490.5 + 400 sin 30° = ()
Solving Eq. 2 for N, substituting the result into Eq. 1, and solving
for a yields
Nc =2905N
a =5185m/s’
Kinematics. The acceleration is constant, since the applied force P
is constant. Since the initial velocity is zero, the velocity of the crate
in3sis
(5) v = + adt
=0 + 5.185(3)
=156m/s — Ans.

490.5N
400 N

30°

(©
Fig. 13-6
NOTE: An alternative procedure would be to draw the crate’s

free-body and kinetic diagrams, Fig. 13-6¢, prior to applying the
equations of motion.
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EXAMPLE 13.2

A 10-kg projectile is fired vertically upward from the ground, with an e
initial velocity of 50 m/s, Fig. 13-7a. Determine the maximum height '
to which it will travel if (a) atmospheric resistance is neglected; and
(b) atmospheric resistance is measured as F;, = (0.01v?) N, where v is
the speed of the projectile at any instant, measured in m/s.

SOLUTION

Part (a) Free-Body Diagram. Asshown in Fig. 13-7b, the projectile’s
weightis W = mg = 10(9.81) = 98.1 N. We will assume the unknown
acceleration a acts upward in the positive z direction.

Equation of Motion. (a)
+13F, = ma; —98.1 = 10a, a=-9.81m/s’ .
The result indicates that the projectile, like every object having
free-flight motion near the earth’s surface, is subjected to a constant
downward acceleration of 9.81 m /s T .
Kinematics. Initially,zy = 0 and vy = 50 m/s, and at the maximum 98.1N
height z = h, v = 0. Since the acceleration is constant, then
b

+Mh v = v} + 2a.(z — zp) ®)

0 = (50)* + 2(—9.81)(h — 0) %

h =127m Ans. lFD
Part (b) Free-Body Diagram. Since the force Fp = (0.010%) N I .
tends to retard the upward motion of the projectile, it acts downward l
as shown on the free-body diagram, Fig. 13-7c. 98.1N
Equation of Motion. ©
+13F, = ma,;; —0.01v> — 98.1 = 10a, a = —(0.001v> + 9.81) Fig. 13-7

Kinematics. Here the acceleration is not constant since Fp, depends
on the velocity. Since the acceleration is a function of velocity, then
the position can be determined from

(+M adz = vdv; —(0.001v* + 9.81) dz = v dv

Separating the variables and integrating, realizing that initially z, = 0,
vg = 50 m/s (positive upward), and at z = h, v = 0, we have

h 0
/ dz = — / _ vdv
7 somys 0.001v* + 9.81

0
h

—500 In(v* + 9810)

50 m/s

h=114m Ans.
NOTE: The answer indicates a lower elevation than that obtained in
part (a) due to atmospheric resistance or drag.
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EXAMPLE 13.3

The baggage truck A shown in the photo has a mass of 410 kg and tows a
250-kg cart B and a 150-kg cart C. For a short time the driving frictional
force developed at the wheels of the truck is F, = (180¢) N, where ¢is in
seconds. If the truck starts from rest, determine its speed in 2 seconds.
Also, what is the horizontal force acting on the coupling between the
truck and cart B at this instant? Neglect the size of the truck and carts.

410 (9.81) N

SOLUTION

Free-Body Diagram. As shown in Fig. 13-8a, it is the frictional
driving force that gives both the truck and carts an acceleration. Here
we have considered all three vehicles as a single system.

Equation of Motion. Only motion in the horizontal direction has
to be considered.

4 SF, = mag 180t = (410 + 250 + 150)a
a = 022221

Kinematics Since the acceleration is a function of time, the velocity
of the truck is obtained using a = dv/dt with the initial condition that
vy = Oatt = 0. We have

2s

v 2s
/ dv = / 0.2222¢ dft, v = 0111172 = 0.444 m/s Ans.
0 0 0

Free-Body Diagram. In order to determine the force between the
truck and cart B, we will consider a free-body diagram of the truck so
that we can “expose” the coupling force T as external to the free-body
diagram, Fig. 13-8b.

410 (9.81) N

Equation of Motion. When ¢ = 25, then
& 2F, = may; 180(2) — T = (410)[0.2222(2)]
T=178N Ans.

®) NOTE: Try and obtain this same result by considering a free-body
Fig. 13-8 diagram of carts B and C as a single system.



13.4 EQUATIONS OF MOTION: RECTANGULAR COORDINATES

EXAMPLE 13.4

A smooth 2-kg collar, shown in Fig. 13-9a, is attached to a spring
having a stiffness k = 3 N/m and an unstretched length of 0.75 m. If
the collar is released from rest at A, determine its acceleration and the
normal force of the rod on the collar at the instant y = 1 m.

SOLUTION

Free-Body Diagram. The free-body diagram of the collar when it is
located at the arbitrary position y is shown in Fig. 13-9b. Furthermore,
the collar is assumed to be accelerating so that “a” acts downward in
the positive y direction. There are four unknowns, namely, N¢, F;, a,
and 6.

Equations of Motion.
X 2F, = may —~N¢ + Fycos0 =0 (1)
+|3F, = may,; 19.62 — Fysin6 = 2a 2)

From Eq. 2 it is seen that the acceleration depends on the magnitude
and direction of the spring force. Solution for N, and a is possible
once F; and 6 are known.

The magnitude of the spring force is a function of the stretch s of the
spring; i.e., F; = ks. Here the unstretched length is AB = 0.75 m,

Fig. 13-9a; therefore, s = CB — AB = Vy? + (0.75)> — 0.75. Since
k = 3 N/m, then

F, = ks = 3(\Vy? + (0.75)* — 0.75) (3)

From Fig. 13-9a, the angle 0 is related to y by trigonometry.

)
tan 0 = 70‘75

Substituting y = 1 m into Egs. 3 and 4 yields F;, = 1.50 N and
0 = 53.1°. Substituting these results into Egs. 1 and 2, we obtain

N¢e = 0.900 N Ans.
a=921m/s*| Ans.
NOTE: This is not a case of constant acceleration, since the spring force

changes both its magnitude and direction as the collar moves
downward.

(a)
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EXAMPLE 13.5

Sa 981N
(©

196.2 N
SB

(d)
Fig. 13-10

KINETICS OF A PARTICLE: FORCE AND ACCELERATION

Datum
LA

SB

The 100-kg block A shown in Fig. 13-10a is released from rest. If
the masses of the pulleys and the cord are neglected, determine the
acceleration of the 20-kg block B.

SOLUTION

Free-Body Diagrams. Since the mass of pulley C is neglected,
(m¢ = 0) then T" =2T as shown in Fig. 13-10b. The free-body diagrams
for blocks A and B are shown in Figs. 13-10c and d, respectively. If A
were to remain stationary, then 7' = 490.5 N; whereas for B to remain
stationary, 7 = 196.2 N. Hence A will move down while B moves
up. Although this is the case, we will assume both blocks accelerate
downward, in the direction of +s, and +sg. The three unknowns are
T, agy, and ag.

Equations of Motion. Block A,

+|3F, = may; 981 — 2T = 100a, (1)
Block B,

+|3F, = may; 196.2 — T = 20ay )
Kinematics. The necessary third equation is obtained by relating a4

to ap using a dependent motion analysis, discussed in Sec. 12.9. The
coordinates s, and sg in Fig. 13-10a measure the positions of A and B
from the fixed datum. It is seen that

2SA+SB:l

where / is constant and represents the total vertical length of cord.
Differentiating this expression twice with respect to time yields

2ap = —ap 3)

Equations 1 to 3 have all been written so that the positive direction
was always assumed downward. This is very important since we are
seeking a simultaneous solution of equations. The results are

T=3270N
a, = 327m/s?
ag = —6.54m/s? Ans.

Hence when block A accelerates downward, block B accelerates

upward as expected.
Refer to the companion website for a
self quiz of these Example problems.
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. FUNDAMENTAL PROBLEMS

113-1. The motor winds in the cable with a constant
acceleration, such that the 20-kg crate moves a distance
s = 6m in 3 s, starting from rest. Determine the tension
developed in the cable. The coefficient of kinetic friction
between the crate and the plane is u, = 0.3.

Prob. F13-1

I13-2. If motor M exerts a force of F = (10> + 100) N
on the cable, where ¢ is in seconds, determine the velocity of
the 25-kg crate when ¢ = 4 s. The coefficients of static and
kinetic friction between the crate and the plane are u, = 0.3
and w, = 0.25, respectively. The crate is initially at rest.

5 ol

Prob. F13-2

F13-3. A spring of stiffness £ = 500 N/m is mounted
against the 10-kg block. If the block is subjected to the force
of F = 500N, determine its velocity at s = 0.5 m. When
s = 0, the block is at rest and the spring is uncompressed.
The contact surface is smooth.

Prob. F13-3

F13-4. The 2-Mg car is being towed by a winch. If the
winch exerts a force of 7 = 100(s + 1) N on the cable,
where s is the displacement of the car in meters, determine
the speed of the car when s = 10 m, starting from rest.
Neglect rolling resistance of the car.

Prob. F13-4

F13-5. The spring has a stiffness kK = 200 N/m and is
unstretched when the 25-kg block is at A. Determine the
acceleration of the block when s = 0.4 m. The contact
surface between the block and the plane is smooth.

F=100N

=

IF
k =200 N/m
0.3 m

Prob. F13-5

I'13-6. Block B rests upon a smooth surface. If the
coefficients of static and kinetic friction between A and B
are u, = 0.4 and p, = 0.3, respectively, determine the
acceleration of each block if P = 30 N.

10 kg

B X X X - |25kg

Prob. F13-6
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KINETICS OF A PARTICLE: FORCE AND ACCELERATION

All solutions must include a free-body diagram.

13-1. If the coefficient of kinetic friction between the
50-kg crate and the ground is u, = 0.3, determine the
distance the crate travels and its velocity when ¢ = 3.
The crate starts from rest and P = 200 N.

13-2. If the 50-kg crate starts from rest and achieves a
velocity of v = 4 m/s when it travels a distance of 5 m to
the right, determine the magnitude of force P acting on the
crate. The coefficient of kinetic friction between the crate
and the ground is u;, = 0.3.

Probs. 13-1/2

13-3. The crate has a mass of 80 kg and is being towed by
a chain which is always directed at 20° from the horizontal
as shown. If the magnitude of P is increased until the crate
begins to slide, determine the crate’s initial acceleration
if the coefficient of static friction is u; = 0.5 and the
coefficient of kinetic friction is y;, = 0.3.

20°

Prob. 13-3

*13-4. If blocks A and B of mass 10 kg and 6 kg,
respectively, are placed on the inclined plane and released,
determine the force developed in the link. The coefficients
of kinetic friction between the blocks and the inclined plane
are uy = 0.1 and pup = 0.3. Neglect the mass of the link.

)

Prob. 13-4

13-5. The crate has a mass of 80 kg and is being towed by
a chain which is always directed at 20° from the horizontal
as shown. Determine the crate’s acceleration in t = 2 s if
the coefficient of static friction is ug; = 0.4, the coefficient
of kinetic friction is w;, = 0.3, and the towing force is
P = (90%) N, where ¢ is in seconds.

Prob. 13-5



13-6. Cylinder B has a mass m and is hoisted using the
cord and pulley system shown. Determine the magnitude
of force F as a function of the block’s vertical position y
so that when F is applied the block rises with a constant
acceleration ag. Neglect the mass of the cord and pulleys.

Prob. 13-6

13-7. If P =400 N and the coefficient of kinetic friction
between the 50-kg crate and the inclined plane is u; = 0.25,
determine the velocity of the crate after it travels 6 m up the
plane. The crate starts from rest.

*13-8. If the 50-kg crate starts from rest and travels a
distance of 6 m up the plane in 4 s, determine the magnitude
of force P acting on the crate. The coefficient of kinetic
friction between the crate and the ground is u; = 0.25.

Probs. 13-7/8
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13-9. If the force exerted on cable AB by the motor is
F = (1003?) N, where ¢ is in seconds, determine the 50-kg
crate’s velocity when ¢ = 5 s. The coefficients of static and
kinetic friction between the crate and the ground are u, = 0.4
and w, = 0.3, respectively. Initially the crate is at rest.

I

Prob. 13-9

13-10. The conveyor belt is moving at 4 m/s. If the
coefficient of static friction between the conveyor and
the 10-kg package B is p; = 0.2, determine the shortest
time the belt can stop so that the package does not slide
on the belt.

13-11. The conveyor belt is designed to transport packages
of various weights. Each 10-kg package has a coefficient of
kinetic friction w, = 0.15. If the speed of the conveyor is
5 m/s, and then it suddenly stops, determine the distance
the package will slide on the belt before coming to rest.

Probs. 13-10/11

*13-12. The 75-kg man pushes on the 150-kg crate with
a horizontal force F. If the coefficients of static and kinetic
friction between the crate and the surface are u, = 0.3 and
e = 0.2, and the coefficient of static friction between the
man’s shoes and the surface is w;, = 0.8, show that the man
is able to move the crate. What is the greatest acceleration
the man can give the crate?

Prob. 13-12
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13-13. The motor lifts the 50-kg crate with an acceleration
of 6 m/s. Determine the components of force reaction and
the couple moment at the fixed support A.

4m

Prob. 13-13

13-14. Determine the acceleration of the blocks when the
system is released. The coefficient of kinetic friction is uy,
and the mass of each block is m. Neglect the mass of the
pulleys and cord.

Prob. 13-14

13-15. The 2-Mg truck is traveling at 15 m/s when the
brakes on all its wheels are applied, causing it to skid for
a distance of 10 m before coming to rest. Determine the
constant horizontal force developed in the coupling C, and
the frictional force developed between the tires of the truck
and the road during this time. The total mass of the boat and
trailer is 1 Mg.

Prob. 13-15

KINETICS OF A PARTICLE: FORCE AND ACCELERATION

*13-16. A 60-kg suitcase slides from rest 5 m down the
smooth ramp. Determine the distance R where it strikes the
ground at B. How long does it take to go from A to B?

13-17. Solve Prob. 13-16 if the suitcase has an initial
velocity down the ramp of v, = 2 m/s, and the coefficient
of kinetic friction along AC is p;, = 0.2.

Probs. 13-16/17

13-18. Team A and team B consist of four members of total
mass 320 kg and 330 kg, respectively. If the average coefficients
of static and kinetic friction for team A are u, = 0.52 and p; =
0.5,and for team B, ug = 0.48 and p; = 0.46, which team will win
the tug of war? Also, what is the acceleration of the losing team
if the winning team develops its maximum static friction force?

Prob. 13-18

13-19. Block A has a mass of 60 kg and rests on block B,
which has a mass of 30 kg. If the coefficients of static and
kinetic friction are indicated in the figure, determine the
largest horizontal force P which can be applied to block B
so that block A does not slip on block B while block B slides.

4
= 0.30 A Mk} =035
P
N -
Prob. 13-19



*13-20. The 50-kg block A isreleased from rest. Determine
the velocity of the 15-kg block B in 2 s.

Prob. 13-20

13-21. The 400-kg mine car is hoisted up the incline using
the cable and motor M. For a short time, the force in the
cable is F = (3200/%) N, where ¢ is in seconds. If the car
has an initial velocity v; =2 m/s when ¢ = 0, determine its
velocity when t=2s.

13-22. The 400-kg mine car is hoisted up the incline using
the cable and motor M. For a short time, the force in the
cable is F = (3200¢%) N, where ¢ is in seconds. If the car has
an initial velocity v; = 2 m/s when ¢ = 0, determine the
distance it moves up the plane whent=2s.

Probs. 13-21/22

PROBLEMS 147

13-23. The conveyor belt delivers each 12-kg crate to
the ramp at A such that the crate’s speed is v, = 2.5m/s,
directed down along the ramp. If the coefficient of kinetic
friction between each crate and the ramp is w; = 0.3,
determine the speed at which each crate slides off the ramp
at B. Assume that no tipping occurs. Take 6 = 30°.

*13-24. The conveyor belt delivers each 12-kg crate to
the ramp at A such that the crate’s speed is v, = 2.5m/s,
directed down along the ramp. If the coefficient of kinetic
friction between each crate and the ramp is w; = 0.3,
determine the smallest incline 6 of the ramp so that the
crates will slide off and fall into the cart.

Probs. 13-23/24

13-25. Determine the acceleration of each block if A
and B have a mass m and C has a mass 2 m. Neglect the mass
of the cords and the pulleys.

Prob. 13-25
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13-26. The 20-kg block A rests on the 60-kg plate B in the *13-28. The conveyor belt is moving downward at 4 m/s.

position shown. Neglecting the mass of the rope and pulley, If the coefficient of static friction between the conveyor and
and using the coefficients of kinetic friction indicated, the 15-kg package B is u, = 0.8, determine the shortest
determine the time needed for block A to slide 0.5 m on the time the belt can stop so that the package does not slide
plate when the system is released from rest. on the belt.

Prob. 13-26 Prob. 13-28

13-27. The 15 Mg sports car has a tractive force of 13-29. The force of the motor M on the cable is shown

F=45kN.Ifit P rodupes the velocity descrlbe?d l?y ot grgph in the graph. Determine the velocity of the 400-kg crate A
shown, plot the air resistance R versus ¢ for this time period. whent = 25

R P
— &) @,
‘_
F
v (m/s)
v = (-0.05t2+ 3r) m/s
45 C

\

30 t(s)

Prob. 13-27 Prob. 13-29



13-30. The tractor is used to lift the 150-kg load B with
the 24-m-long rope, boom, and pulley system. If the
tractor travels to the right at a constant speed of 4 m/s,
determine the tension in the rope when s4, = 5 m. When
sS4 = 0, Sp — 0.

13-31. The tractor is used to lift the 150-kg load B with
the 24-m-long rope, boom, and pulley system. If the tractor
travels to the right with an acceleration of 3 m/s> and has
a velocity of 4 m/s at the instant s, = 5 m, determine the
tension in the rope at this instant. When s, = 0, s = 0.

Probs. 13-30/31

#13-32. The four 2-kg metal plates are stacked on top of
one another. If the coefficient of static friction between any
two plates is us = 0.3, determine the smallest horizontal
force F that can be applied to the bottom plate which will
cause any one of the plates to slip relative to another. The
floor is smooth.

o
o S

Prob. 13-32
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13-33. The 3-kg crate rests on the 10-kg cart where the
coefficients of static and kinetic friction are u; = 0.25 and
i = 0.2, respectively. Determine the smallest constant force
P needed to cause the crate to slip. How much time does it
take for the crate to slip off the cart?

9 9 }
1 3m 7‘ ZmJ

Prob. 13-33

13-34. Block A and B each have a mass m. Determine the
largest horizontal force P which can be applied to B so that
it will not slide on A. Also, what is the corresponding
acceleration? The coefficient of static friction between
A and B is u, Neglect any friction between A and the
horizontal surface.

\

A\

0

Prob. 13-34
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13-35. Determine the velocity of the cylinder A whent=4s
if the system is released from rest. Cylinder A has a mass of
8 kg and cylinder B has a mass of 6 kg. Neglect the mass of
the pulleys and cords.

-A

Prob. 13-35

*#13-36. The coefficient of staticfriction between the 200-kg
crate and the flat bed of the truck is u, = 0.3. Determine
the shortest time for the truck to reach a speed of 60 km/h,
starting from rest with constant acceleration, so that the
crate does not slip.

Prob. 13-36

KINETICS OF A PARTICLE: FORCE AND ACCELERATION

13-37. Block A has a mass of 20 kg and block B has a mass
of 50 kg. If the spring is stretched 0.2 m at the instant shown,
determine the acceleration of block B at this instant if it is
(a) originally at rest, (b) moving downward with a speed of
3 m/s. Neglect friction.

k = 30 N/m

Prob. 13-37

13-38. If the motor draws in the cable with an acceleration
of 3 m/s?, determine the reactions at the supports A and B.
The beam has a uniform mass of 30 kg/m, and the crate has
a mass of 200 kg. Neglect the mass of the motor and pulleys.

3m/s’

Prob. 13-38



13-39. The 300-kg bar B, originally at rest, is being towed
over a series of small rollers. Determine the force in the
cable when ¢t = 5 s, if the motor M is drawing in the cable
for a short time at a rate of v = (0.4t%) m/s, where ¢ is in
seconds (0 = ¢ = 65). How far does the bar move in 5 s?
Neglect the mass of the cable, pulley, and the rollers.

Prob. 13-39

*13-40. An electron of mass m is discharged with an
initial horizontal velocity of vy, If it is subjected to two fields
of force for which F, = Fy and F, = 0.3F,, where Fj is
constant, determine the equation of the path, and the speed
of the electron at any time .

B ot kSRS A A
[ L) [

Yo ~

o —

\\\}

Prob. 13-40
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13-41. The 2-kg collar C is free to slide along the smooth
shaft AB. Determine the acceleration of collar C if collar A
is subjected to an upward acceleration of 4 m /s>,

452 C

Prob. 13-41

13-42. The 2-kg collar C is free to slide along the
smooth shaft AB. Determine the acceleration of collar C
if (a) the shaft is fixed from moving, (b) collar A, which is
fixed to shaft AB, moves downward at constant velocity
along the vertical rod, and (c) collar A is subjected to a
downward acceleration of 2 m/s%. In all cases, the collar
moves in the plane.

452 C

Prob. 13-42
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13-43. Determine the tension developed in the cords
attached to each block and the accelerations of the blocks.
Neglect the mass of the pulleys and cords.

Prob. 13-43

*13-44. A parachutist having a mass m opens his
parachute from an at-rest position at a very high altitude.
If the atmospheric drag resistance is F;, = kv?, where k is
a constant, determine his velocity when he has fallen for a
time ¢. What is his velocity when he lands on the ground?
This velocity is referred to as the terminal velocity, which is
found by letting the time of fall 1 — .

Fp

—_—

Prob. 13-44

KINETICS OF A PARTICLE: FORCE AND ACCELERATION

13-45. Blocks A and B each have a mass m. Determine
the largest horizontal force P which can be applied to B so
that A will not move relative to B. All surfaces are smooth.

13-46. Blocks A and B each have a mass m. Determine
the largest horizontal force P which can be applied to B so
that A will not slip on B. The coefficient of static friction
between A and B is u, Neglect any friction between B
and C.

e

Probs. 13-45/46

13-47. A projectile of mass m is fired into a liquid at an
angle 6, with an initial velocity vy as shown. If the liquid
develops a frictional or drag resistance on the projectile
which is proportional to its velocity, i.e., F = kv, where k is a
constant, determine the x and y components of its position
at any instant. Also, what is the maximum distance x,, that
it travels?

Yo

o

Prob. 13-47



*13-48. A freight elevator, including its load, has a mass
of 1 Mg. It is prevented from rotating due to the track and
wheels mounted along its sides. If the motor M develops a
constant tension 7" = 4 kN in its attached cable, determine
the velocity of the elevator when it has moved upward 6 m
starting from rest. Neglect the mass of the pulleys and
cables.

Prob. 13-48

13-49. The smooth block B of negligible size has a mass m
and rests on the horizontal plane. If the board AC pushes
on the block at an angle 6 with a constant acceleration ay,
determine the velocity of the block along the board and the
distance s the block moves along the board as a function of
time t. The block starts from rest whens = 0,¢ = 0.

T,
= &
-

Prob. 13-49
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13-50. The block A has a mass m,4 and rests on the pan
B, which has a mass mpg. Both are supported by a spring
having a stiffness k that is attached to the bottom of the pan
and to the ground. Determine the distance d the pan should
be pushed down from the equilibrium position and then
released from rest so that separation of the block will take
place from the surface of the pan at the instant the spring
becomes unstretched.

Prob. 13-50

13-51. The rock is dropped from rest within the thick
liquid. If the drag force acting on it is F = cv, where ¢ is
a constant, determine the velocity and position of the rock
as a function of time. Plot the velocity and position time

graphs.
s/

Prob. 13-51
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Inertial coordinate
system

Fig. 13-11

OF A PARTICLE: FORCE AND ACCELERATION

13.5 EQUATIONS OF MOTION:
NORMAL AND TANGENTIAL
COORDINATES

When a particle moves along a curved path which is known, the equation
of motion for the particle may be expressed in terms of components
along the tangential, normal, and binormal directions, Fig. 13—11. There is
no motion of the particle in the binormal direction, since the particle is
constrained to move along the path. Therefore

3F = ma
S Fu, + YFu, + 3Fu, = ma, + ma,

This equation is satisfied provided

3 F, = ma,
SF, = ma, (13-7)
EFb =0

Recall that a, (= dv/dt) represents the time rate of change in the
magnitude of velocity. So if the resultant of XF, acts in the direction
of motion, the particle’s speed will increase; whereas if it acts in the
opposite direction, the particle will slow down. Likewise, a, (= v*/p)
represents the time rate of change in the velocity’s direction. It is
caused by the centripetal force or the resultant of 3F,, which always
acts in the positive n direction, i.e., toward the path’s center of
curvature.

As a roller coaster falls downward along
the track, the cars have both normal and
tangential components of acceleration.
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. PROCEDURE FOR ANALYSIS

When a problem involves the motion of a particle along a
known curved path, normal and tangential coordinates should
be considered for the analysis since the acceleration components
can be readily formulated. The method for applying the equations
of motion, which relate the forces to the acceleration, has been
outlined in the procedure given in Sec. 13-4. Specifically, for ¢, n, b
coordinates it may be stated as follows.

Free-Body Diagram.

e Establish the inertial ¢, n, b coordinate system at the particle
and draw the particle’s free-body diagram.

e The particle’s normal acceleration a, always acts in the
positive n direction.

e If the tangential acceleration a, is unknown, assume it acts in
the positive ¢ direction.

e There is no acceleration in the b direction.

e Identify the unknowns in the problem.

Equations of Motion.

e Apply the equations of motion, Eq. 13-7.

Kinematics.

e Formulate the tangential and normal components of
acceleration;i.e.,a, = dv/dt or a, = v dv/ds and a,, = v*/p.

e If the path is defined as y = f(x), the radius of curvature

at the point where the particle is located can be obtained from Reer o e
eler to the companion website for
p = [1 + (dy/dx)z]S/z/ | dzy/dx2| . Lecture Summary and Quiz videos.
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EXAMPLE 13.6

b
an
e
ZT.
NC "
W =mg

KINETICS OF A PARTICLE: FORCE AND ACCELERATION

Determine the banking angle 6 for the race track so that the wheels
of the racing cars shown in Fig. 13-12a will not have to depend upon
friction to prevent any car from sliding up or down the track. Assume
the cars have negligible size, a mass m, and travel around the curve of
radius p with a constant speed v.

SOLUTION
Before looking at the following solution, give some thought as to why
it should be solved using ¢, n, b coordinates.

Free-Body Diagram. As shown in Fig. 13-12b, and as stated in the
problem, no frictional force acts on the car. Here N represents the
resultant of the ground on all four wheels. Since a,, can be calculated,
the unknowns are N and 6.

Equations of Motion. Using the n, b axes shown,

2
X SF, = may; Ncsinf = m% (1)

+13F, = 0; Nccos® —mg =0 ()

Eliminating Nc and m from these equations by dividing Eq. 1 by
Eq. 2, we obtain

v
tanf = —
&p
2
v
6 = tan"! <—) Ans.
8gp

NOTE: The result is independent of the mass of the car. Also, a force
summation in the tangential direction is of no consequence to the
solution. If it were considered, then a, = dv/dt = 0, since the car
moves with constant speed. A further analysis of this problem is
discussed in Prob. 21-52.
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EXAMPLE 13.7

The 3-kg disk D is attached to the end of a cord as shown in Fig. 13-13a.
The other end of the cord is attached to a ball-and-socket joint located
at the center of a platform. If the platform rotates rapidly, and the
disk is placed on it and released from rest, determine the time it takes
for the disk to reach a speed great enough to break the cord. The
maximum tension the cord can sustain is 100 N, and the coefficient of
kinetic friction between the disk and the platform is w, = 0.1.

Motion of
"~~~ _ platform

\
\

SOLUTION

Free-Body Diagram. The frictional force has a magnitude
F = wNp = 0.1Np and a sense of direction that opposes the relative
motion of the disk with respect to the platform. It is this force that
gives the disk a tangential component of acceleration causing v to
increase, thereby causing 7 to increase until it reaches 100 N. The
weight of the disk is W = 3(9.81) = 29.43 N. Since a, can be related
to v, the unknowns are Np, a,, and v.

Equations of Motion.

0
3 F, = may; T = 3<T> (1)
SF, = may 0.1Np = 3a, ()
SF, = 0; Np — 29.43 = 0 3)

Setting 7= 100 N, Eq. 1 can be solved for the critical speed v,, of the
disk needed to break the cord. Solving all the equations, we obtain

Np = 2943 N
a, = 0.981 m/s?
Vor = 5.77m/s

Kinematics. Since q, is constant, the time needed to break the cord is
Vo = Vg + ag
577 = 0 + (0.981)¢
t=589s Ans.

b
2943N
F=01N, «T‘—>\Tk
“a PN
Np
(b)
Fig. 13-13

157




158

CHAPTER 13 KINETICS OF A PARTICLE: FORCE AND ACCELERATION

EXAMPLE 13.8

y
; AT
60 m ‘
| <_ A
(a)
n
a|
70(9.81) N
a;
—
TNA
(b)
Fig. 13-14

If the ski jump can be approximated by the parabola shown in
Fig. 13-14a, determine the normal force on the 70-kg skier the instant
she arrives at the end of the jump, point A, where her velocity is
20 m/s. Also, what is her acceleration at this point?

SOLUTION
Why consider using n, ¢ coordinates to solve this problem?

Free-Body Diagram. Since dy/dx = x/30|,—¢ = 0, the slope at A
is horizontal. Therefore, a free-body diagram of the skier when she is
at A is shown in Fig. 13-14b. Since the path is curved, there are two
components of acceleration, a,, and a,.

Here we can calculate a,, and so the unknowns are a, and N .

Equations of Motion.

+12F, = ma,; N, — 70(9.81) = 70 [ (22)2] (1)

& 3F, = ma; 0 = 70a, ()

The radius of curvature p for the path must be determined at point
A(0, =60 m). Here y = 61—0x2 — 60, dy/dx = 3%x, d?y/dx* = 3%, SO
that at x = 0,

[+ /PR [+ PP
[@y/ad] Lo |4

30 m

Substituting this into Eq. 1 and solving for N4, we obtain

N, = 1.62kN Ans.
Kinematics. From Eq.2,
a =20
Thus,
2
a, = %2 = (23%) = 13.33m/s’
a, =a, =133m/s* | Ans.

NOTE: Apply the equation of motion in the y direction and show that
when the skier is in mid air, her downward acceleration is 9.81 m /s>
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EXAMPLE 13.9

The 60-kg skateboarder in Fig. 13-15a coasts down the
circular track. If he starts from rest when 6 = 0°, determine
the magnitude of the normal reaction the track exerts on him
when 6 = 60°. Neglect his size for the calculation.

SOLUTION
Free-Body Diagram. The free-body diagram of the
skateboarder when he is at an arbitrary position 6 is shown in
Fig. 13-15b.

At 6 = 60° there are three unknowns, Ny, a,, and a,, (or v).

Equations of Motion.

2
+/ SF, =ma,; N, — [609.81)N]sin6 = (60 kg)(f—m) 1)

+N 3 F, = may; [60(9.81) N] cos 0 = (60 kg) a,

a;, = 9.81 cos 0

Kinematics. Since the increase in speed, a,, is expressed in terms of
0, the equation v dv = a, ds must be used to determine the speed of
the skateboarder when # = 60°. Using the geometric relation s = 6r,
where ds = rdf = (4 m) df, Fig. 13-15¢, and the initial condition
v = 0at 6 = 0°, we have,

vdv = a,ds
v 60°
/ vdv = / 9.81 cos 0(4 do)
0 0
2| 60°
—| =39.24sin6
0 0
2

5~ 0 = 39.24(sin 60° — 0)
v? = 67.97 m*/s*

Substituting this result and # = 60° into Eq. 1 yields

(a)

60 (9.81) N

(b)

4m
do

ds = 4d6

()
Fig. 13-15

N, = 152923 N = 1.53kN

Ans.

Refer to the companion website for a
self quiz of these Example problems.
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. FUNDAMENTAL PROBLEMS

KINETICS OF A PARTICLE: FORCE AND ACCELERATION

1"13-7. The block rests at a distance of 2 m from the center
of the platform. If the coefficient of static friction between the
block and the platform is g, = 0.3, determine the maximum
speed which the block can attain before it begins to slip.
Assume the angular motion of the disk is slowly increasing.

_2m \

Prob. F13-7

F13-8. Determine the maximum speed that the jeep can travel
over the crest of the hill and not lose contact with the road.

p=T75m

+
Prob. F13-8

F13-9. A pilot has a mass of 70 kg and is traveling at a
constant speed of 36 m/s. Determine the normal force he
exerts on the seat of the plane when he is upside down at A.
The loop has a radius of curvature of 120 m.

lA

120;\
Z‘”"

Prob. F13-9

[13-10. The sports car is traveling along a 30° banked
road having a radius of curvature of p = 150 m. If the
coefficient of static friction between the tires and the road
is uy = 0.2, determine the maximum speed so no slipping
occurs. Neglect the size of the car.

p=150m——

Prob. F13-10

F13-11. If the 10-kg ball has a velocity of 3 m/s when it
is at the position A, along the vertical path, determine the
tension in the cord and the increase in the speed of the ball
at this position.

Prob. F13-11

["13-12. The motorcycle has a mass of 0.5 Mg and a
negligible size. It passes point A traveling at a speed of
15 m/s, which is increasing at a constant rate of 1.5 m/s.
Determine the resultant frictional force exerted by the road
on the tires at this instant.

pa=200m

Prob. F13-12
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All solutions must include a free-body diagram.

*13-52. The 2-kg block B and 15-kg cylinder A are
connected to a light cord that passes through a hole in the
center of the smooth table. If the block is given a speed
of v = 10 m/s, determine the radius r of the circular path
along which it travels.

13-53. The 2-kg block B and 15-kg cylinder A are
connected to a light cord that passes through a hole in
the center of the smooth table. If the block travels along

a circular path of radius r = 1.5m, determine the speed of
the block.

Probs. 13-52/53

13-54. The 4-Mg helicopter maneuvers a horizontal turn
having a radius of curvature p = 400 m. Determine the lift
force Fj required and the angle of the bank 6 when it is
flying horizontally with a constant speed of v = 40 m/s.
Show that 6 increases if v increases by also calculating 6
when v =60 m/s.

£

p = 400 m

Prob. 13-54

13-55. Cartons having a mass of 5 kg are required to
move along the assembly line at a constant speed of 8 m/s.
Determine the smallest radius of curvature p for the
conveyor so the cartons do not slip. The coefficients of static
and kinetic friction between a carton and the conveyor are
us = 0.7 and w, = 0.5, respectively.

Prob. 13-55

*13-56. Determine the maximum constant speed at which
the pilot can travel around the vertical curve having a radius
of curvature p = 800 m, so that he experiences a maximum
acceleration a, = 8g = 78.5 m/s?. If he has a mass of 70 kg,
determine the normal force he exerts on the seat of the
airplane when the plane is traveling at this speed and is at
its lowest point.

p=2800m

—_—s

Prob. 13-56
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13-57. The 2-kg spool § fits loosely on the inclined rod
for which the coefficient of static friction is pu, = 0.2. If the
spool is located 0.25 m from A, determine the minimum
constant speed the spool can have so that it does not slip
down the rod.

13-58. The 2-kg spool S fits loosely on the inclined rod for
which the coefficient of static friction is u, = 0.2. If the spool
is located 0.25 m from A, determine the maximum constant
speed the spool can have so that it does not slip up the rod.

Probs. 13-57/58

13-59. Calculate the constant speed of the cars on the
amusement-park ride if it is observed that the cables
are directed at 30° from the vertical. Each car, including
its passengers, has a mass of 550 kg. Also, what are the
components of force in the n, t, and z directions which a
60-kg passenger exerts on the car during the motion?

FSmH‘ \

/ 15m
30° 30°

Prob. 13-59

KINETICS OF A PARTICLE: FORCE AND ACCELERATION

*13-60. A girl having a mass of 25 kg sits at the edge of
the merry-go-round so her center of mass G is at a distance
of 1.5 m from the axis of rotation. If the angular motion of
the platform is slowly increased so that the girl’s tangential
component of acceleration can be neglected, determine the
maximum speed which she can have before she begins to
slip off the merry-go-round. The coefficient of static friction
between the girl and the merry-go-round is u, = 0.3.

Prob. 13-60

13-61. A 5-Mg airplane is flying at a constant speed of
350 km/h along a horizontal circular path of radius
r = 3000 m. Determine the uplift force L acting on the
airplane and the banking angle 6. Neglect the size of the
airplane.

13-62. A 5-Mg airplane is flying at a constant speed of
350 km/h along a horizontal circular path. If the banking
angle 6 = 15°, determine the uplift force L acting on the
airplane and the radius r of the circular path. Neglect the
size of the airplane.

Probs. 13-61/62



13-63. The 1.40-Mg helicopter is traveling at a constant
speed of 40 m/s along the horizontal curved path while
banking at § = 30°. Determine the force acting normal to
the blade, i.e.,in the y’ direction, and the radius of curvature
of the path.

*13-64. The 1.40-Mg helicopter is traveling at a constant
speed of 33 m/s along the horizontal curved path having a
radius of curvature of p = 300 m. Determine the force the
blade exerts on the frame and the bank angle 6.

y
b 0
— |
=
N W\ s
p
Probs. 13-63/64

13-65. Determine the constant speed of the passengers on
the amusement-park ride if it is observed that the supporting
cables are directed at 6 = 30° from the vertical. Each chair
including its passenger has a mass of 80 kg. Also, what are
the components of force in the n, ¢, and b directions which
the chair exerts on a 50-kg passenger during the motion?

Prob. 13-65

PROBLEMS 163

13-66. The vehicle is designed to combine the feel of a
motorcycle with the comfort and safety of an automobile. If
the vehicle is traveling at a constant speed of 80 km/h along
a circular curved road of radius 100 m, determine the tilt
angle 0 of the vehicle so that only a normal force from the
seat acts on the driver. Neglect the size of the driver.

Prob. 13-66

13-67. A motorcyclist in a circus rides his motorcycle
within the confines of the hollow sphere. If the coefficient
of static friction between the wheels of the motorcycle and
the sphere is u, = 0.4, determine the minimum speed at
which he must travel if he is to ride along the wall when
0 = 90°. The mass of the motorcycle and rider is 250 kg, and
the radius of curvature to the center of gravity is p = 20 m.
Neglect the size of the motorcycle for the calculation.

Prob. 13-67




164 CHAPTER 13

*13-68. Determine the maximum speed at which the car
with mass m can pass over the top point A of the vertical
curved road and still maintain contact with the road. If the
car maintains this speed, what is the normal reaction the
road exerts on the car when it passes the lowest point B on
the road?

Prob. 13-68

13-69. The collar has amass of 2kg and s free to slide along
the smooth rod, which rotates in the horizontal plane. The
attached spring has a stiffness k=1kN/m,and when no force
is applied to the spring its unstretched length is dy = 0.5 m.
Determine the force which the spring exerts on the collar
when the collar is at rest with respect to the rod, yet due
to the rod’s rotation it is moving with a constant speed
v=6m/s.

13-70. The collar has a mass of 2 kg and is free to slide
along the smooth rod, which rotates in the horizontal plane.
The attached spring has a stiffness k = 1 kN/m, and when
no force is applied to the spring its unstretched length is
dy=0.6 m. Determine the length d if the collar is at rest with
respect to the rod, yet due to the rod’s rotation it is moving
with a constant speed v =5m/s.

Probs. 13-69/70

KINETICS OF A PARTICLE: FORCE AND ACCELERATION

13-71. The 0.8-Mg car travels over the hill having the
shape of a parabola. If the driver maintains a constant speed
of 9 m/s, determine both the resultant normal force and the
resultant frictional force that all the wheels of the car exert
on the road at the instant it reaches point A. Neglect the size
of the car.

y
2
— _ X
/y =201~ o)
\%A
X
80 m l
Prob. 13-71

*13-72. The 0.8-Mg car travels over the hill having the
shape of a parabola. When the car is at point A, it is traveling
at 9 m/s and increasing its speed at 3 m/s% Determine both
the resultant normal force and the resultant frictional force
that all the wheels of the car exert on the road at this instant.
Neglect the size of the car.

y
2
= — X
/y =200~ %50
X
80 m l
Prob. 13-72



13-73. Determine the maximum constant speed at which
the 2-Mg car can travel over the crest of the hill at A without
leaving the surface of the road. Neglect the size of the car in
the calculation.

y=20(1—i

4 / 10 000

—

100 m ‘

Prob. 13-73

13-74. The 52-kg skier is coasting freely down the hill with
a speed of 4 m/s at x =10 m. Determine the normal reaction
on the ground and the rate of increase in speed at the instant
shown. Neglect friction and the size of the skier.

y= 30 (1_67()5)5)

10 m———

Prob. 13-74

PROBLEMS 165

13-75. Prove that if the block is released from rest at
point B on a smooth path of arbitrary shape, the speed it
attains when it reaches point A is equal to the speed it attains
when it falls freely through a distance A;i.e., v = V2gh.

Prob. 13-75

*13-76. The box has a mass m and slides down the
smooth chute having the shape of a parabola. If it has an
initial velocity of v, at the origin determine its velocity as a
function of x. Also, what is the normal force on the box, and
the tangential acceleration as a function of x?

Prob. 13-76
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13-77. The collar has a mass of 5 kg and is confined
to move along the smooth circular rod which lies in the
horizontal plane. The attached spring has an unstretched
length of 200 mm. If at the instant § = 30° the collar has a
speed v = 2 m/s, determine the magnitudes of the normal
force of the rod on the collar and the collar’s acceleration.

Prob. 13-77

13-78. The rotational speed of the disk is controlled by
a 30-g smooth contact arm AB which is spring mounted
on the disk. When the disk is at rest, the center of mass G
of the arm is located 150 mm from the center O, and the
preset compression in the spring is 20 mm. If the initial gap
between B and the contact at C is 10 mm, determine the
(controlling) speed v of the arm’s mass center, G, which
will close the gap. The disk rotates in the horizontal plane.
The spring has a stiffness of k = 50 N/m, and its ends are
attached to the contact arm at D and to the disk at E.

Prob. 13-78

KINETICS OF A PARTICLE: FORCE AND ACCELERATION

13-79. The 2-kg pendulum bob moves in the vertical plane
with a velocity of 8 m/s when § = 0°. Determine the initial
tension in the cord and also at the instant the bob reaches
0 = 30°. Neglect the size of the bob.

\ 2m |

Prob. 13-79

*13-80. The airplane, traveling at a constant speed of 50m/s,
is executing a horizontal turn. If the plane is banked at
0 = 15°, when the pilot experiences only a normal force on
the seat of the plane, determine the radius of curvature p of
the turn. Also, what is the normal force of the seat on the
pilot if he has a mass of 70 kg?

Prob. 13-80
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13-81. The cyclist is coasting freely down the hill with 13-83. The 600-kg wrecking ball is suspended from the

a speed of 15 m/s at y = 0.2 m. Determine the resultant crane by a cable having a negligible mass. If the ball has a
normal reaction on the bicycle and the rate of increase in speed v = 8m/s at the instant it is at its lowest point, § = 0°,
speed at the instant shown. The bicycle and rider have a determine the tension in the cable at this instant. Also,
total mass of 80 kg. Neglect friction, the mass of the wheels, determine the angle 6 to which the ball swings before it
and the size of the bicycle. stops.

Prob. 13-81 Prob. 13-83

*13-84. The ball has a mass m and is attached to the cord
of length /. The cord is tied at the top to a swivel and the
ball is given a velocity vy. Show that the angle 6 which the
. ) cord makes with the vertical as the ball travels around the
13-82. The 2-kg pendulum bob moves in the vertical plane circular path must satisfy the equation tan 6 sin = v§/gl.
with a velocity of 6 m/s when § = (°. Determine the angle 6 Neglect air resistance and the size of the ball.
where the tension in the cord becomes zero.

Prob. 13-82 Prob. 13-84
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SFu,
A

S Fgu,

P SFu,

e

r

Inertial coordinate system

Fig. 13-16

Motion of the roller coaster along this spiral
can be studied using cylindrical coordinates.

*13.6 EQUATIONS OF MOTION:
CYLINDRICAL COORDINATES

When all the forces acting on a particle are resolved into cylindrical
components, i.e., along the unit-vector directions u,, u,, u,, Fig. 13-16,
the equation of motion can be expressed as

>F = ma
SFu, + SFuy + SFu, = mau, + maguy + mau,

To satisfy this equation, we require

> F, = ma,
EFQ = may (13—8)
SF, = ma,

If the particle is constrained to move only in the r—6 plane, then only the
first two of Eq. 13-8 are used to specify the motion.

Tangential and Normal Forces. When a particle is constrained
to move along a path, as in Fig. 13-17a, then the free-body diagram for
the particle must include a normal force N which the path exerts on the
particle. Also, if the path is rough, then a friction force F must be included.
As shown, these forces act normal to the tangent to the path and along the
tangent in the opposite direction of motion. When the path is described as
r = f(0), then the directions of N and F can be specified relative to the
radial coordinate by using the angle ¢ (psi), Fig. 13-17b, which is defined
between the extended radial line and the tangent to the curve.

r=7(0) r=1(0)
tangent tangent
4
N
r r
F

0

o o 0
(a) (b)
Fig. 13-17
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This angle can be obtained by noting that when the particle is displaced
a distance ds along the path, Fig. 13-17¢, the component of displacement
in the radial direction is dr and the component of displacement in the
transverse direction is r df. Since these two components are mutually
perpendicular, the angle ¢ can be determined from tan s = r df/dr, or

7
tan ¢y = m (13—9)

If ¢ is calculated as a positive quantity, it is measured from the extended
radial line to the tangent in a counterclockwise sense or in the positive
direction of 6, Fig.13-17c. If it is negative, it is measured in the
opposite direction to positive 6. For example, consider the cardioid r =
a(l + cos 0), shown in Fig. 13-18. Because dr/df® = —a sin 6, then when
0 = 30° tany = a(l + cos 30°)/(—asin 30°) = —3.732, or ¢ = —75°
measured clockwise, opposite to +6 as shown in the figure.

. PROCEDURE FOR ANALYSIS

Cylindrical or polar coordinates are a suitable choice for the
analysis of a problem for which data regarding the angular motion
of the radial line r are given, or in cases where the path can be
conveniently expressed in terms of these coordinates.

Free-Body Diagram.

e Establish the 7, 6, z inertial coordinate system and draw the
particle’s free-body diagram.

e Assume that a,, ay, a, act in the positive directions of r, 6, z if
they are unknown.

e Identify the unknowns in the problem.
Equations of Motion.

e Apply the equations of motion, Eq. 13-8.
Kinematics.

e Use the methods of”Sec. 12.8 to determine r and the time
derivatives 7, ¥, 0, 0, 7, and "ghen evaluate the acceleration
components a, = ¥ — r62,ay, = 16 + 2if,a, = 7.

e When taking the time derivatives of r=f(0), it is very important
to use the chain rule, which is discussed in Appendix C.

r=£(6)

tangent

169
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Fig. 13-17(cont.)
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EXAMPLE 13.10

The smooth 0.5-kg double-collar in Fig. 13-19a can freely slide on
arm AB and the circular guide rod. If the arm rotates with a constant
angular velocity of § = 3 rad/s, determine the force the arm exerts
on the collar at the instant # = 45°. Motion is in the horizontal plane.

SOLUTION

Free-Body Diagram. Only the normal reaction N of the guide rod
and the force F of arm AB act on the collar, Fig. 13-19b. Here F acts
perpendicular to arm AB, that is, in the direction of the 6 axis, while
N¢ acts perpendicular to the tangent of the circular path at 6§ = 45°.
The acceleration components a, and ay are assumed to act in the
positive r and 0 directions. The four unknowns are N, F, a,, ay.

6 = 3 rad/s

Equations of Motion.

+/3%F, = ma,; —Nccos45° = (0.5 kg) a, (1)

+NIF, = mayg; F — N¢sin45° = (0.5 kg) ay )

Kinematics. Using the chain rule (see Appendix C), the first and

second time derivatives of r when 6 =45°, 6 =3 rad /s, 6= 0, are
r=0.8cosf = 0.8cos45° = 0.5657m

i = —0.8sin06 = —0.8sin 45°(3) = —1.6971 m/s

¥ —0.8[sin0 (9’+cosl99'2]

tangent

—0.8sin 45°(0) + cos 45°(3%)] = —5.091 m/s>

We have
(b) a, =7 —r6> = —5.091 m/s> — (0.5657 m)(3 rad/s)> = —10.18 m/s>
Fig. 13-19 ay = 16 + 2 = (0.5657 m)(0) + 2(—1.6971 m/s)(3 rad/s)
= —10.18 m/s?
Substituting these results into Egs. 1 and 2 and solving, we get

Nc=720N
F=0 Ans.
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EXAMPLE 13.11

The smooth 2-kg cylinder C in Fig. 13-20a has a pin P through its
center which passes through the slot in arm OA. If the arm is forced to
rotate in the vertical plane at a constant rate § = 0.5 rad/s, determine
the force that the arm exerts on the peg at the instant 6 = 60°.

SOLUTION

Why is it a good idea to use polar coordinates to solve this problem?

Free-Body Diagram. The free-body diagram for the cylinder is
shown in Fig. 13-20b. The force on the peg, Fp, acts perpendicular

to the slot in the arm. As usual, a, and a, are assumed to act in the
directions of positive r and 6, respectively. Identify the four unknowns.

Equations of Motion. Using the data in Fig. 13-20b, we have

+v%F, = ma,; 19.62sin60 — N¢sin 0 = 2a, (1)
+NFy = may;, 19.62cosf + Fp — Nocos 0 = 2a, (2)

Kinematics. From Fig. 13-20a, r can be related to 6 by the equation
04
sin 6
Since d(csc 8) = —(csc 6 cot 0) df and d(cot §) = —(csc? ) db, then r
and the necessary time derivatives become
=05 r=04csch
6=0 i = —0.4(csc 6 cot 0)0
= —0.2csccot b
7 = —0.2(—csc 6 cot 8)(A) cot & — 0.2 csc O(—csc? H)0
= 0.1 csc B(cot> 6 + csc? f)
Evaluating these formulas at § = 60°, we get
6 =05 r = 0.462
=0 i = —0.133
7= 0.192
a, =7 — 6> = 0.192 — 0.462(0.5)*> = 0.0770
ag = r6 + 2i0 = 0 + 2(—0.133)(0.5) = —0.133

= 0.4 csch

Substituting these results into Eqgs. 1 and 2 with § = 60° and solving
yields
Ne =194N Fp=-035N Ans.

The negative sign indicates that Fp acts opposite to the direction
shown in Fig. 13-205b.

171

(b)
Fig. 13-20
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EXAMPLE 13.12

A can C, having a mass of 0.5 kg, moves along a grooved horizontal slot
shown in Fig. 13-21a. The slot is in the form of a spiral, which is defined
by the equation » = (0.10) m, where 6 is in radians. If the arm OA
rotates at a constant rate § = 4 rad/s, determine the force it exerts on
the can at the instant # = 7 rad. Neglect friction and the size of the can.

A SOLUTION
8= 4radfs Free-Body Diagram. The driving force F. acts perpendicular to
the arm OA, whereas the normal force of the slot on the can, N, acts
Top View perpendicular to the tangent to the curve at 6 = = rad, Fig. 13-21b. As
usual, a, and a4 are assumed to act in the positive directions of r and 6.
(a) Since the path is specified, the angle s which the extended radial line r
makes with the tangent, Fig. 13-21c, can be determined from Eq. 13-9.
We have r = 0.16, so that dr/df = 0.1, and therefore
_r 0160
Fc tany = e o1 o
a, When 6 = 7, y = tan 'm = 72.3°, so that ¢ = 90° — ¢y = 17.7°, as
r ) shown in Fig. 13-21c¢. Identify the four unknowns in Fig. 13-215.
N
¢ Equations of Motion. Using ¢ = 17.7° and the data shown in
b Fig. 13-21b, we have
tangent laﬂ OE, SF, = ma,; Nccos 17.7° = 0.5a, (1)
+3SF, = may; Fo — Ngsin 17.7° = 0.5a, )
0
®) Kinematics. The time derivatives of r and 6 are
6 = 4rad/s r=0.10
=0 i =016 = 0.1(4) = 0.4m/s
F=010=0
At the instant § = 7 rad,
a, =7 —r6* =0 — 0.1(7)(4)*> = —5.03 m/s>
\ ag = rd + 21 = 0 + 2(0.4)(4) = 320 m/s?
W
) Substituting these results into Eqgs. 1 and 2 and solving yields
tangent ¢ N¢c = —2.64N

(c) F-=0800N Ans.
Fig.13-21 What does the negative sign for N indicate?
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. FUNDAMENTAL PROBLEMS

F13-13. Determine the constant angular velocity 6 of the
vertical shaft of the amusement ride if ¢ = 45°. Neglect the
mass of the cables and the size of the passengers.

Prob. F13-13

I'13-14. The 0.2-kg ball is blown through the smooth
vertical circular tube whose shape is defined by
r = (0.6 sin ) m, where 6 is in radians. If § = (7 ¢?) rad,
where ¢ is in seconds, determine the magnitude of force F
exerted by the blower on the ball when ¢t = 0.5s.

F13-15. The 2-Mg car is traveling along the curved
road described by r = (50e?’) m, where 6 is in radians.
If a camera is located at A and it rotates with an angular
velocity of § = 0.05rad/s and an angular acceleration of
6 = 0.01rad/s® at the instant § = Zrad, determine the
resultant friction force developed between the tires and the
road at this instant.

;% o

A4

Prob. F13-15

[113-16. The 0.2-kg pin P is constrained to move in the
smooth curved slot, which is defined by the lemniscate
r = (0.6 cos 20) m. Its motion is controlled by the rotation
of the slotted arm OA, which has a constant clockwise
angular velocity of § = —3rad/s. Determine the force
arm OA exerts on the pin P when 6 = 0°. Motion is in the
vertical plane.

Prob. F13-14

Prob. F13-16
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All solutions must include a free-body diagram.

13-85. The path of motion of a 2.5-kg particle in the
horizontal plane is described in terms of polar coordinates
asr = (0.6t + 0.3)m and 6 = (0.5t> — ) rad, where ¢ is in
seconds. Determine the magnitude of the unbalanced force
acting on the particle whent = 2 s.

13-86. The 2-kg rod AB moves up and down as its end
slides on the smooth contoured surface of the cam, where
r=0.1 m and z = (0.02 sin 26) m. If the cam is rotating at
a constant rate of 5 rad/s, determine the maximum and
minimum force the cam exerts on the rod.

z =10.02 sin 260

=75 rad/s{j/\

Prob. 13-86

13-87. Determine the magnitude of the resultant force
acting on a 5-kg particle at the instant t = 2 s, if the particle
is moving along a horizontal path defined by the equations
r=(2t+ 10)m and 6 = (1.5> — 6r) rad, where ¢ is in
seconds.

*13-88. The boy of mass 40 kg is sliding down the spiral
slide at a constant speed such that his position, measured
from the top of the chute, has components r = 1.5 m,
6 = (0.7t) rad, and z = (—0.5¢) m, where ¢ is in seconds.
Determine the components of force F,, Fy, and F, which the
slide exerts on him at the instant ¢+ = 2's. Neglect the size
of the boy.

Prob. 13-88

13-89. The tube rotates in the horizontal plane at a
constant rate of § = 4 rad/s. If a 0.2-kg ball B starts at the
origin O with an initial radial velocity of 7 = 1.5 m/s and
moves outward through the tube, determine the radial and
transverse components of the ball’s velocity at the instant
it leaves the outer end at C, r = 0.5 m. Hint: Show that
the equation of motion in the r direction is ¥ — 16r = 0.
The solution is of the form r = Ae™ + Be*. Evaluate the
integration constants A and B, and determine the time ¢
when r = 0.5 m. Proceed to obtain v, and vy.

Prob. 13-89



13-90. Using a forked rod, a 0.5-kg smooth peg P is
forced to move along the vertical slotted path r = (0.56) m,
where 6 is in radians. If the angular position of the arm is
6 = (%t*) rad, where ¢ is in seconds, determine the force of
the rod on the peg and the normal force of the slot on the
peg at the instant t = 2s. The peg is in contact with only
one edge of the rod and slot at any instant.

r
&
Prob. 13-90

13-91. The 40-kg boy is sliding down the smooth spiral
slide such that z = —2 m when he rotates § = 360° and his
speed is 2 m/s. Determine the r, 6, z components of force
the slide exerts on him at this instant. Neglect the size of
the boy.

Prob. 13-91
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*13-92. Determine the normal and frictional driving forces
that the partial spiral track exerts on the 200-kg motorcycle
at the instant 6 = 37 rad, 6 = 0.4rad/s, § = 0.8 rad/s>.
Neglect the size of the motorcycle.

Prob. 13-92

13-93. A boy standing firmly spins the girl sitting on a
circular “dish” or sled in a circular path of radius rp =3 m
such that her angular velocity is §,=0.1 rad /s. If the attached
cable OC is drawn inward such that the radial coordinate r
changes with a constant speed of 7 = —0.5 m/s, determine
the tension it exerts on the sled at the instant » =2 m. The
sled and girl have a total mass of 50 kg. Neglect the size of
the girl and sled and the effects of friction between the sled
and ice. Hint: First show that the equation of motion in the
6 direction yields ay=ré + 278 =(1/r)d/dt (r*6) =0.When
integrated, 7260 = C, where the constant C is determined
from the problem data.

Prob. 13-93
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13-94. Using air pressure, the 0.5-kg ball is forced to move
through the tube lying in the horizontal plane and having the
shape of a logarithmic spiral. If the tangential force exerted
on the ball due to air pressure is 6 N, determine the rate
of increase in the ball’s speed at the instant 6 = /2. Also,
what is the angle ¢ from the extended radial coordinate r to
the line of action of the 6-N force?

_— : 7= 0.2e"1
Prob. 13-94

13-95. The smooth pin P has a mass of 80 g. It is attached
to an elastic cord extending from O to P and, due to the
slotted arm guide, moves along the horizontal circular path
r = (0.8 sin §) m. If the cord has a stiffness k = 30 kN/m
and an unstretched length of 0.25 m, determine the force of
the guide and the normal force of the circular path on the
pin when 6 = 60°. The guide has a constant angular velocity
6=5rad/s.

Prob. 13-95

KINETICS OF A PARTICLE: FORCE AND ACCELERATION

*13-96. The particle has a mass of 0.5 kg and is confined
to move along the smooth vertical slot due to the rotation of
the arm OA. Determine the force of the rod on the particle
and the normal force of the slot on the particle when
0 = 30°. The rod is rotating with a constant angular velocity
6 = 2rad/s. Assume the particle contacts only one side of
the slot at any instant.

r
0
\ f
(0]
0 =2rad/s ]
l 0.5m
Prob. 13-96

13-97. If the coefficient of static friction between the
conical surface and the block of mass m is u, = 0.2,
determine the minimum constant angular velocity 6§ so that
the block does not slide downwards.

13-98. If the coefficient of static friction between the conical
surface and the block is u, = 0.2, determine the maximum
constant angular velocity § without causing the block to slide
upwards.

300 mm —

Probs. 13-97/98



13-99. For a short time, the 250-kg roller-coaster car with
passengers is traveling along the spiral track at a constant
speed of v =8 m/s. If the track descends d =12 m for every
full revolution, # = 27r rad, determine the magnitudes of the
components of force which the track exerts on the car in the
r,0, and z directions. Neglect the size of the car.

*13-100. For ashort time, the 250-kg roller-coaster car with
passengers is traveling along the spiral track at a constant
speedsuch thatits position measured from the top of the track
has components » =10 m, § = (0.2¢) rad, and z = (-0.3¢) m,
where ¢ is in seconds. Determine the magnitudes of the
components of force which the track exerts on the car in the
r, 6, and z directions at the instant t = 2 s. Neglect the size
of the car.

R

=S
le— . —»

Probs. 13-99/100

13-101. If the position of the 3-kg collar C on the smooth
rod AB is held at r = 720mm, determine the constant
angular velocity 6 at which the mechanism is rotating
about the vertical axis. The spring has an unstretched
length of 400 mm. Neglect the mass of the rod and the size
of the collar.

300 mm

Prob. 13-101
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13-102. The amusement park ride rotates with a constant
angular velocity of # = 0.8 rad/s. If the path of the ride is
defined by r= (3 sin 6 + 5) m and z = (3 cos ) m, determine
the r, 6, and z components of force exerted by the seat on
the 20-kg boy when 6 = 120°.

Prob. 13-102

13-103. Using air pressure, the 0.5-kg ball is forced to
move through the tube lying in the horizontal plane and
having the shape of a logarithmic spiral. If the tangential
force exerted on the ball due to the air is 6 N, determine the
rate of increase in the ball’s speed at the instant 6 = /2.
What direction does the tangential force act in?

r=02¢"0

Prob. 13-103
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*13-104. The smooth surface of the vertical cam is defined
in part by the curve r = (0.2 cos 6 + 0.3) m. The forked rod
is rotating with an angular acceleration of § =2 rad/ s?,and
when 6 = 45°, the angular velocity is § = 6 rad /s. Determine
the force the cam and the rod exert on the 2-kg roller at this
instant. The attached spring has a stiffnesss £ = 100 N/m
and an unstretched length of 0.1 m.

Prob. 13-104

13-105. The collar has a mass of 2 kg and travels along
the smooth horizontal rod defined by the equiangular spiral
r = (e%) m, where 6 is in radians. Determine the tangential
force F and the normal force N acting on the collar when
0 = 45°, if the force F maintains a constant angular motion
6 = 2rad/s.

A

Prob. 13-105

KINETICS OF A PARTICLE: FORCE AND ACCELERATION

13-106. The pilot of the airplane executes a vertical
loop which in part follows the path of a cardioid,
r = 200(1 + cos #) m,where 6 is in radians. If his speed at A
is a constant v, = 85m/s, determine the vertical reaction
the seat of the plane exerts on the pilot when the plane is
at A. He has a mass of 80 kg. Hint: To determine the
time derivatives necessary to calculate the acceleration
components a, and ay, take the first and second time
derivatives of r = 200(1 + cos ). Then, for further
information, use Eq. 12-26 to determine 6.

r=200(1+ cosf)m

A
Prob. 13-106

13-107. The smooth surface of the vertical cam is defined
in part by the curve r= (0.2 cos 0 + 0.3) m. If the forked rod
is rotating with a constant angular velocity of § = 4 rad/s,
determine the force the cam and the rod exert on the 2-kg
roller when # = 30°. The attached spring has a stiffnesss
k=30 N/m and an unstretched length of 0.1 m.

Prob. 13-107



*13-108. Rod OA rotates counterclockwise at a constant
angular rate 6 = 4rad/s. The double collar B is pin
connected together such that one collar slides over the
rotating rod and the other collar slides over the circular rod
described by the equation r = (1.6 cos 6) m. If both collars
have a mass of 0.5 kg, determine the force which the circular
rod exerts on one of the collars and the force that OA exerts
on the other collar at the instant § = 45°. Motion is in the
horizontal plane.

13-109. Solve Prob. 13-108 if motion is in the vertical
plane.

Probs. 13-108/109

13-110. The spool, which has a mass of 2 kg, slides along
the smooth horizontal spiral rod, r = (0.4060) m, where 6 is in
radians. If its angular rate of rotation is constant and equals
6 = 6 rad/s, determine the horizontal tangential force
P needed to cause the motion, and the horizontal normal
force component that the spool exerts on the rod at the
instant 6 = 45°.

Prob. 13-110

PROBLEMS 179

13-111. The airplane executes the vertical loop defined by
? = [810(10*)cos 26] m?. If the pilot maintains a constant
speed v = 120 m/s along the path, determine the normal
force the seat exerts on him at the instant # = 0°. The pilot
has a mass of 75 kg.

7 = [810(10%) cos 26] m?

Prob. 13-111

*13-112. A 0.2-kg spool slides down along a smooth rod.
If the rod has a constant angular rate of rotation § = 2 rad/s
in the vertical plane, show that the equations of
motion for the spool are r — 4r — 9.81sinf = 0 and
0.8i + Ny, — 1.962 cos 6 = 0, where Ny is the magnitude
of the normal force of the rod on the spool. Using the
methods of differential equations, it can be shown
that the solution of the first of these equations is
r=Cpe? + Cye* — (9.81/8)sin 2. If r, 7, and 6 are zero
when t = 0, evaluate the constants C; and C, and determine
r at the instant § = 7 /4 rad.

6 = 2rad/s \r

VS

Prob. 13-112
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*13.7 CENTRAL-FORCE MOTION AND
SPACE MECHANICS

If a particle is moving only under the influence of a force F which is
always directed toward a fixed point, as in Fig. 13-22a, the motion is
called central-force motion. This type of motion is commonly caused by
electrostatic and gravitational forces.

For this case, the free-body diagram for the particle is shown in
Fig. 13-22b. Using polar coordinates (r, 6), the equations of motion,
Eq. 13-8, become

d’r de\?
EFr = ma,; —F = m|:d[2 - r(dt> :| (13—10)
d*0 _drdo
S F, = may; 0= m(rdt2 + 2dtdt>

The second of these equations may be written in the form
11 d( ,db
—| = - =0
r th <r dt > }

240 _
"
Here £ is the constant of integration.
From Fig. 13-22a notice that the shaded area described by the radius r,
as r moves through an angle df, is a triangle having two sides r, and,
neglecting higher order derivatives, a base of rdf. The area of this triangle
is therefore dA = 1r? df. If the areal velocity is defined as

so that integrating yields

h (13-11)

dA 1 ,d0 _h
e~ 2" dt 2 (13-12)
then itis seen that this term is constant. In other words, the particle will sweep
out equal segments of area per unit of time as it travels along the path.

To obtain the path of motion,r = f(6), the independent variable r must
be eliminated from Eq. 13-10. Using the chain rule, the time derivative
d’r/dt* may be replaced by

dr _drdd _ hdr

e dodt 12 df

d’r _ d(hd’> _ d<hd’>‘19 _ {d<hdr>]h
dr? dt\ r? de do\r%de) dt do\r?2de) | r?
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Substituting a new dependent variable (xi) £ = 1/r into this equation,
we have

d’r -

d2
T

de?

Also, the square of Eq. 13-11 becomes

Finally, substituting these two equations into Eq. 13-10 we get

d’¢ F
_h2§2 dez _ h2§3 — _E
or
d’¢ F
— t+¢= 13-13
dae? ¢ mh*&? ( )

This differential equation defines the path over which the particle travels
when it is subjected to the central force F.

To illustrate a common application, consider the trajectory of a space
satellite or space vehicle launched into free-flight orbit with an initial
velocity vy, Fig. 13-23. Here, it will be assumed that this velocity is initially
parallel to the tangent at the surface of the earth, as shown in the figure.*
Also, just after the satellite is released, the only gravitational force of any
sizable magnitude will be the gravitational force of the earth. According
to Newton’s law of gravitation, this force will always act between the
mass centers of the earth and the satellite, Fig. 13-23, and from Eq. 13-1,
this force has a magnitude of

where M, and m represent the mass of the earth and the satellite,
respectively, G is the gravitational constant, and r is the distance between

* The case where v, acts at some initial angle 6 to the tangent is best described using the
conservation of angular momentum. See Prob. 15-112.
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This satellite is subjected to a central
force and its orbital motion can be closely
predicted using the equations developed
in this section. (Universal ImagesGroup/
Getty Images)

Free-flight
trajectory

». Satellite

, Power-flight
trajectory

N
\
~ »>—§

r=r,

Launching

Fig. 13-23
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D
Fig. 13-24

focus

the mass centers. To obtain the orbital path, we set £ = 1/r in the
foregoing equation and substitute the result into Eq. 13-13. This yields

d* L= GM,
d6? h?

(13-14)

The solution of this second-order differential equation is the sum of its
complementary and particular solutions given by

1 GM,
&= P Ccos (6 — ¢) + B (13-15)

where C and ¢ are constants of integration.

When graphed it represents the equation of a conic section, expressed
in terms of polar coordinates. As shown in Fig. 13-24, a conic section is
defined as the locus of a point P that moves in such a way that the ratio of
its distance FP from a focus, or fixed point F, to its perpendicular distance
PA measured to the fixed line DD called the directrix, is constant.
This constant ratio will be denoted as e and is called the eccentricity.
Therefore,

From Fig. 13-24,
FP =r = e(PA) = ¢e[p — rcos( — ¢)]
or
1 1 1
o= ;cos(f) —¢) + o

Comparing this equation with Eq. 1315, it is seen that the fixed distance
from the focus to the directrix is

1
= — 13-16
P=% ( )
And the eccentricity of the conic section is
Ch?
= 13-17
= GM, (13-17)
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When the polar angle 6 in Fig. 13-24 is measured from the x axis rather
than the x’ axis, then the angle ¢ is zero, and therefore Eq. 13-15 reduces
to

1 GM,
—=Ccosh + — (13-18)
r h

The constants 4 and C can be determined from the initial values of the
position and velocity of the satellite just after the end of its power-flight
trajectory. For example, if the initial height or distance to the space
vehicle is ry, measured from the center of the earth, and its initial speed
is vy at the beginning of its free flight, Fig. 13-25, then the constant 7 may
be obtained from Eq. 13-11. When 6 = ¢ = 0°, the velocity v, has no
radial component; therefore, from Eq. 12-25, vy = ry(d@/dt), so that

de
h=nr%Y
"0
or
h = roVy (13—19)

To determine C, use Eq. 13-18 with 6 = 0°,r = ry, and substitute
Eq. 13-19 for h. We get

1 GM,
C= (1 - = ) (13-20)
o roVp

The equation for the free-flight trajectory therefore becomes

1 1 GM, GM,
—= (1 - ;) cos 0 + —— (13-21)
) oV v

The type of path traveled by the satellite is determined from the value
of the eccentricity of the conic section as given by Eq. 13-17 If

e = 0 free-flight trajectory is a circle

e = 1 free-flight trajectory is a parabola 1322
e <1 free-flight trajectory is an ellipse ( )
e > 1 free-flight trajectory is a hyperbola

Each of these trajectories is shown in Fig. 13-25.

183
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Parabolic Path. Tt is seen that when the satellite follows a
hyperbolic orbit, e > 1, it will never return to its starting point. When
e =1, the orbit is parabolic, and it is “on the border” of never returning.
This launch velocity, vy, is called the escape velocity, v,. It can be
determined by using the second of Eqs. 13-22, e = 1, with Egs. 13-17,
13-19, and 13-20. It is left as an exercise to show that

12GM,
v, = (13-23)
To

Circular Orbit. The speed v, required to launch a satellite into a
circular orbit can be found using the first of Eqgs. 13-22, ¢ = 0. Since e
is related to 4 and C, Eq. 13-17, C must be zero to satisfy this equation
(from Eq. 13-19, h cannot be zero); and therefore, using Eq. 13-20, we
have

GM,

ro

v, = (13-24)

Any speed at launch which is less than v, will cause the satellite to reenter
the earth’s atmosphere and either burn up or crash, Fig. 13-25.

Hyperbolic trajectory
e>1

Parabolic trajectory
e=1

Elliptical trajectory
e<l1

Circular
trajectory
e=10

Fig. 13-25
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a a

Fig. 13-26

Elliptical Orbit. All the trajectories attained by planets and
most satellites are elliptical, Fig. 13-26. For a satellite, the minimum
distance from the orbit to the center of the earth O (which is
located at one of the foci of the ellipse) is 7, and can be found using Eq.
13-21 with § = 0°. Therefore

r, =1 (13-25)

This distance is called the perigee of the orbit. The apogee or maximum
distance r, can be found using Eq. 13-21 with # = 180°.* Thus,

r, = i
(2GM,/rgvg) — 1

(13-26)

From Fig. 13-26, the half-length of the major axis of the ellipse is

rp+ra
2

Using analytical geometry, it can be shown that the half-length of the
minor axis is determined from the equation

b = Vrr, (13-28)

(13-27)

a =

* Actually, the terminology perigee and apogee pertains only to orbits about the earth.
If any other heavenly body is located at the focus of its elliptical orbit, the minimum and
maximum distances are referred to respectively as the periapsis and apoapsis of the orbit.
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Finally, by direct integration, the area of an ellipse is

A = mab = g(rp + r) Vo, (13-29)

and since the areal velocity has been defined by Eq. 13-12,dA /dt = h/2,
then integrating yields A = hT/2, where T is the period of time required
to make one orbital revolution. From Eq. 13-29, the period is therefore

T
T = ﬁ(rp + 1)) Vrr, (13-30)

In addition to predicting the orbital trajectory of earth satellites, the
theory developed in this section is also valid, to a surprisingly close
approximation, at predicting the actual motion of the planets orbiting
the sun. In this case the mass of the sun, M, should be substituted for M,
when the appropriate formulas are used.

The fact that the planets do indeed follow elliptic orbits about the
sun was discovered by the German astronomer Johannes Kepler in the
early seventeenth century. Since his discovery was made before Newton
had developed the laws of motion and the law of gravitation, it provided
important proof as to the validity of these laws.

Kepler’s three laws, developed after 20 years of planetary observation,
are summarized as follows:

1. Every planet travels in its orbit such that the radial line measured
to it from the center of the sun sweeps over equal areas in equal
intervals of time.

2. The orbit of every planet is an ellipse with the sun placed at one of
its foci.

3. The square of the period of any planet is directly proportional to the
cube of the major axis of its orbit.

A mathematical statement of the first and second laws is given by
Egs. 13-12 and 13-21, respectively. The third law can be shown from
Eq. 13-30 using Eqgs. 13-18, 13-27 and 13-28. (See Prob. 13-113.)
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EXAMPLE 13.13

A satellite is launched 600 km from the surface of the earth, with an
initial velocity of 30 Mm/h acting parallel to the tangent at the surface
of the earth, Fig. 13-27 Assuming that the radius of the earth is 6378 km
and that its mass is 5.976(10°%) kg, determine (a) the eccentricity of
the orbital path, and (b) the velocity of the satellite at apogee.

SOLUTION

Part (a). The eccentricity of the orbit is obtained using Eq. 13-17
The constants 4 and C are first determined from Eq. 13-19 and 13-20.
Since

r, = ry = 6378 km + 600 km = 6.978(10°) m

vy = 30 Mm/h
o = 30 Mm/h = 8333.3m/s

then

h = ruy = 6.978(10°)(8333.3) = 58.15(10°) m%/s

1 GM,
C=—1-—7
p Fpvo 600 km
={2) 24
_ 1 [, 6673(107")[5.976(10 )]} 25410 ¥ym-l  Fig 1327
6.978(10%) 6.978(10%)(8333.3)2
Hence,

_CR? 2.54(107%)[58.15(10°%) )
GM, 66.73(10712)[5.976(10**) ]

e =0.125 <1 Ans.

From Eqgs. 13-22, observe that the orbit is an ellipse.

Part (b). If the satellite were launched at the apogee A shown in
Fig. 13-27 with a velocity v4, the same orbit would be maintained
provided

h = ruy = 1y = 58.15(10°) m?/s
Using Eq. 13-26, we have

o=t — 6.978(10°) = 10.804(10°) m
‘ 2GM, | 2[66.73(107%)][5.976(10*)] '
7y 6.978(10°) (8333.3)?
Thus,
58.15(10%)
Vy = = 53822m/s = 19.4Mm/h Ans.

10.804(10°)

NOTE: The farther the satellite is from the earth, the slower it moves,
which is to be expected since /4 is constant.
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In the following problems, except where otherwise
indicated, assume that the radius of the earth is 6378 km,
the earth’s mass is 5.976(10**) kg, the mass of the
sun is 1.99(10%°) kg, and the gravitational constant is
G = 66.73(10" %) m*/ (kg - s).

13-113. Prove Kepler’s third law of motion. Hint: Use
Egs. 13-18, 13-27,13-28, and 13-30.

13-114. The earth has an orbit with eccentricity 0.0167
around the sun. Knowing that the earth’s minimum distance
from the sun is 146(10°%) km, find the speed at which the
earth travels when it is at this distance. Determine the
equation in polar coordinates which describes the earth’s
orbit about the sun.

13-115. A communications satellite is in a circular orbit
above the earth such that it always remains directly over
a point on the earth’s surface. As a result, the period of
the satellite must equal the rotation of the earth, which is
approximately 24 hours. Determine the satellite’s altitude &
above the earth’s surface and its orbital speed.

*#13-116. The speed of a satellite launched into a circular
orbit about the earth is given by Eq. 13-24. Determine the
speed of a satellite launched parallel to the surface of
the earth so that it travels in a circular orbit 800 km from
the earth’s surface.

13-117. The rocket is docked next to a satellite located
18 Mm above the earth’s surface. If the satellite is traveling
in a circular orbit, determine the speed tangent to the earth’s
surface which must suddenly be given to the rocket, relative
to the satellite, such that it travels in free flight away from
the satellite along a parabolic trajectory as shown.

Prob. 13-117

13-118. A satellite is to be placed into an elliptical orbit
about the earth such that at the perigee of its orbit it has
an altitude of 800 km, and at apogee its altitude is 2400 km.
Determine its required launch velocity tangent to the
earth’s surface at perigee, and the period of its orbit.

Prob. 13-118

13-119. The satellite is in an elliptic orbit around the earth
as shown. Determine its velocity at perigee P and apogee A,
and the period of the satellite.

2 Mm

Prob. 13-119

*13-120. The rocket is traveling in free flight along the
elliptical orbit. The planet has no atmosphere, and its mass is
0.60 times that of the earth. If the rocket has the orbit shown,
determine the rocket’s speed when it is at A and at B.

L=

18.3 Mm \ \
7.60 Mm

Prob. 13-120



13-121. The rocket shown is originally in a circular orbit
6 Mm above the surface of the earth. It is required that it
travel in another circular orbit having an altitude of 14 Mm.
To do this, the rocket is given a short pulse of power at A
so that it travels in free flight along the dashed elliptical
path from the first orbit to the second orbit. Determine the
necessary speed it must have at A just after the power pulse,
and the time required to get to the outer orbit along the
path AA’. What adjustment in speed must be made at A’ to
maintain the second circular orbit?

Prob. 13-121

13-122. The rocket is traveling in free flight along an
elliptical trajectory A’A. The planet has a mass 0.60 times
that of the earth. If the rocket has an apoapsis and periapsis
as shown in the figure, determine the speed of the rocket
when it is at point A.

‘ 16 Mm

Prob. 13-122
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13-123. The rocket is in free flight along an elliptical
trajectory A’A. The planet has no atmosphere, and its mass
is 0.60 times that of the earth. If the orbit has the apoapsis
and periapsis shown, determine the rocket’s velocity when
it is at point A.

*13-124. If the rocket is to land on the surface of the
planet, determine the required free-flight speed it must
have at A’ so that the landing occurs at B. How long does
it take for the rocket to land, in going from A’to B? The
planet has no atmosphere, and its mass is 0.6 times that of
the earth.

Probs. 13-123/124

13-125. The rocket is initially in free-flight circular orbit
around the earth. Determine the speed of the rocket at A.
What change in the speed at A is required so that it can
move in an elliptical orbit to reach point A'?

13-126. The rocket is in free-flight circular orbit around
the earth. Determine the time needed for the rocket to
travel from the inner orbit at A to the outer orbit at A’'.

8 Mm

19 Mm —|

Probs. 13-125/126
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13-127. A rocket is in free-flight elliptical orbit around
the planet Venus. Knowing that the periapsis and apoapsis
of the orbit are 8 Mm and 26 Mm, respectively, determine
(a) the speed of the rocket at point A’, (b) the required
speed it must attain at A just after braking so that it
undergoes an 8-Mm free-flight circular orbit around Venus,
and (c) the periods of both the circular and elliptical orbits.
The mass of Venus is 0.816 times the mass of the earth.

A’ @ A
8 Mm

T

~—18 Mm

—_

Prob. 13-127

*13-128. The rocket is in a free-flight elliptical orbit about
the earth such that the eccentricity of its orbit is e and its
perigee is ry. Determine the minimum increment of speed it
should have in order to escape the earth’s gravitational field
when it is at this point along its orbit.

Prob. 13-128

KINETICS OF A PARTICLE: FORCE AND ACCELERATION

13-129. The rocket is traveling around the earth in free
flight along an elliptical orbit AC. If the rocket has the orbit
shown, determine the rocket’s velocity when it is at point A.

13-130. The rocket is traveling around the earth in free
flight along the elliptical orbit AC. Determine its change in
speed when it reaches A so that it travels along the elliptical
orbit AB.

e
///’ —\\\\\
// N
C Be A
\ b .
\\\ ///
¥/
~— 8 Mm 8 Mm 10 Mm

Probs. 13-129/130

13-131. The rocket is traveling in free flight along an
elliptical trajectory A’A. The planet has no atmosphere, and
its mass is 0.60 times that of the earth. If the rocket has the
orbit shown, determine the rocket’s velocity when it is at
point A.

*13-132. If the rocket is to land on the surface of the
planet, determine the required free-flight speed it must have
at A’ so that the landing occurs at B. How long does it take
for the rocket to land, going from A’ to B? The planet has
no atmosphere, and its mass is 0.6 times that of the earth.

100 Mm

70 Mm

Probs. 13-131/132
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Kinetics

Kinetics is the study of the relationship between
forces and the acceleration they cause. This
relationship is based on Newton’s second law of
motion, expressed mathematically as XF = ma.

Before applying the equation of motion, it is
important to first draw the particle’s free-body
diagram in order to account for all of the forces
that act on the particle. Graphically, this diagram is
equal to the kinetic diagram, which shows the result
of the forces, that is, the ma vector.

Inertial Coordinate System

When applying the equation of motion, it is
important to measure the acceleration from an
inertial coordinate system. This system has axes
that do not rotate but are either fixed or translate
with a constant velocity. Various types of inertial
coordinate systems can be used to apply 3F = ma
in component form.

)
= = 2 o
F,
Free-body Kinetic
diagram diagram
y
a
_—
Path of particle

/vo

0 . X
Inertial frame of reference

often used when the path is known. The normal
component of acceleration, a,, is always directed
in the +n direction. It indicates the change in the
velocity direction. The tangential component, a,, is
tangent to the path. It indicates the change in the
velocity magnitude.

Rectangular x, y, z axes are used to describe the S F, = ma, 3F, = ma, XF, = ma,
motion along each of the straight-line axes.
Normal, tangential, and binormal axes n, ¢, b are SF, = ma, 3F, = ma, 3F,=0

a, = dv/dt or a;=vdv/ds

[1+ (dy/dx)’P?

L= 0 here p =
R N o

Cylindrical coordinates are useful when angular
motion of the radial line r is known or when the
path can conveniently be described with these
coordinates.

SF, = m(F — r6%)
SF, = m(ro + 2/6)
SF, = m%

Central-Force Motion

When a single force acts upon a particle, such as during the free-flight trajectory of a satellite in a gravitational field, then
the motion is referred to as central-force motion. The orbit depends upon its eccentricity e; and as a result, the trajectory
can either be circular, parabolic, elliptical, or hyperbolic.
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KINETICS OF A PARTICLE: FORCE AND ACCELERATION

. REVIEW PROBLEMS

R13-1. The motor M pulls in its attached rope with an
acceleration a, = 6 m/ 2. Determine the towing force
exerted by M on the rope in order to move the 50-kg crate
up the inclined plane. The coefficient of kinetic friction
between the crate and the plane is u;, = 0.3. Neglect the
mass of the pulleys and rope.

Prob. R13-1

R13-2. If the motor draws in the cable at a rate of
v = (0.055%?) m/s, where s is in meters, determine the
tension developed in the cable when s = 10 m. The crate
has a mass of 20 kg, and the coefficient of kinetic friction
between the crate and the ground is p;, = 0.2.

Prob. R13-2

R13-3. The van is traveling at 20 km /h when the coupling
of the trailer at A fails. If the trailer has a mass of 250 kg and
coasts 45 m before coming to rest, determine the constant
horizontal force F created by rolling friction which causes
the trailer to stop.

Prob. R13-3

R13-4. Block B rests on a smooth surface. If the
coefficients of friction between A and B are u, = 0.4 and
mr = 0.3, determine the acceleration of each block if
F = 250N.

o 2skg

Prob. R13-4



R13-5. The bottle rests at a distance of 1.5 m from the
center of the horizontal platform. If the coefficient of static
friction between the bottle and the platform is u, = 0.3,
determine the maximum speed that the bottle can attain
before slipping. Assume the angular motion of the platform
is slowly increasing.

Aotion

Prob. R13-5

R13-6. The spool, which has a mass of 4 kg, slides along
the rotating rod. At the instant shown, the angular rate
of rotation of the rod is 6=6rad/s and this rotation is
increasing at # =2 rad/s%. At this same instant, the spool
has a velocity of 3 m/s and an acceleration of 1 m/s?, both
measured relative to the rod and directed away from the
center O when r = 0.5 m. Determine the radial frictional
force and the normal force, both exerted by the rod on the
spool at this instant.

6 = 2 rad/s?

6 = 6rad/s

v, =3m/s

a, = 1m/s?

Prob. R13-6
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R13-7. The ball has a mass of 30 kg and aspeed v = 4 m/s
at the instant it is at its lowest point, # = 0°. Determine the
tension in the cord and the rate at which the ball’s speed
is decreasing at the instant 6 = 20°. Neglect the size of the
ball.

Prob. R13-7

R13-8. The 5-kg suitcase slides down the curved ramp
for which the coefficient of kinetic friction is u;, = 0.2. If
at the instant it reaches point A it has a speed of 2.5 m/s,
determine the normal force on the suitcase and the rate of
increase of its speed.

Prob. R13-8
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The power requirements of this crane and the motion of this hook
involve work and energy principles that can be analyzed using the
methods outlined in this chapter.
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Lecture Summary and Quiz,
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solving videos are available
where this icon appears.

. CHAPTER OBJECTIVES

m To develop the principle of work and energy and apply it to solve
kinetic problems.

m To study problems that involve power and efficiency.

m To introduce the concept of a conservative force and apply the
theorem of conservation of energy to solve kinetic problems.

14.1 THE WORK OF A FORCE

In this chapter, we will analyze the motion of a particle using the
concepts of work and energy. Before we do this, however, we must first
define the work of a force. Specifically, a force will do work on a particle
only when the particle undergoes a displacement in the direction of the
force. For example, if the force F in Fig. 14-1a causes the particle to move
along the path s from position r to a new position r’, the displacement
is then dr = r’ — r. The magnitude of dr becomes ds, the length of the
differential segment along the path. If the angle between the tails of dr
and F is 0, Fig. 14-1a, then the work dU done by F is a scalar quantity,
defined by the product of the force magnitude F times the component of
displacement in the direction of the force, ds cos 6, i.e., dU = F (ds cos )

dU = F(ds cos 0) (a)

195
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dU = F (ds cos 0)
(a)

dU = (F cos 0)ds

(b)
Fig. 14-1

We can also interpret the work as the product of displacement ds
and the component of force, F cos 6, in the direction of displacement,
dU = (F cos 0 ds). Note that if 0° = § < 90°, then the force component
and the displacement have the same sense so that the work is positive;
whereas if 90° < § = 180°, these vectors will have opposite sense, and
therefore the work is negative. Also, dU = 0 if the force is perpendicular
to displacement, since cos 90° = 0, or if the force is applied at a fixed
point,in which case the displacement is zero.

By definition of the dot product (see Eq. B-14) either one of the above
equations can also be written as

dU = F-dr

The unit of work in SI units is the joule (J), which is the amount of
work done by a one-newton force when it moves through a distance of
one meter in the direction of the force (1J = 1 N-m).

If the particle acted upon by the
force F undergoes a finite displacement along its path from r; to r, or
s1 to s,, Fig. 14-2a, the work of force F is determined by integration.
Provided F and 6 can be expressed as a function of position, then

I K
U1_2:/F-dr=/Fcoseds (14-1)

Sometimes, this relation may be obtained by using experimental data
to plot a graph of F cos 6 vs. s. Then the area under this graph bounded
by s; and s, represents the total work, Fig. 14-2b.

Fcos 6
Ecos 6

51 —] = Ay
ds

(a) (b)
Fig. 14-2
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Fcos 0
F. F.cos 0
/@
N \J > A
51 F.cos %2 5 55 s
() (b)
Fig. 14-3

Work of a Constant Force Moving Along a Straight
Line. If the force F, has a constant magnitude and acts at a constant
angle 0 from its straight-line path, Fig. 14-3a, then the component of F,
in the direction of displacement is always F, cos 6. The work done by F.
when the particle is displaced from s, to s, is determined from Eq. 14-1,
in which case

\‘\'ﬂlh"'. o i O = o

52
U,_, = F,cos 0/ ds
S1

or
The crane must do work in order to hoist the

Uy_, = F.cos (s, — 1) (14-2) weight of the pipe.

Here the work of F, represents the area of the rectangle in Fig. 14-3b.

Worl of a Weight. Consider a particle of weight W, which moves
up along the path s shown in Fig. 14—4 from position s; to position s,. At
an intermediate point, the displacement dr = dxi + dyj + dzk. Since
W = —Wj, applying Eq. 14-1 we have

I
U _, = /F-dr = / (=Wj) - (dxi + dyj + dzk)
r

y
Y2
= [ —Wdy=-W(,—y) w
Y1
or 52 /
dr
U1,2 =-W Ay (14—3) St
s I 2
Y2
Here the work is independent of the path and is equal to the magnitude of N *
the particle’s weight times its vertical displacement. In the case shown, the

work is negative, since W is downward and Ay is upward. If the particle is
displaced downward (—Ay), then work of the weight is positive.
Fig. 144



198

Unstretched
position, s = 0

Force on
Particle
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Work of a Spring Force. 1If an elastic spring is elongated a
distance ds, Fig. 14-5a, then the work done by the force that acts on the
attached particle is dU = —F;ds = —ks ds. The work is negative since F;
acts in the opposite sense to ds. If the particle displaces from s; to s,, the

work of F; is then
k) 5
U _, = / F,ds = / —ks ds
K S1

U1_2 = —(%ks% - %ks%)

(144)

This work represents the trapezoidal area under the line F; = ks,
Fig. 14-5b.

A mistake in sign can be avoided when applying this equation if one
simply notes the direction of the spring force acting on the particle and
compares it with the sense of direction of displacement of the particle —
if both are in the same sense, positive work results; if they are opposite to
one another, the work is negative.

S1 52

(b)
Fig. 14-5

The forces acting on the cart, as it is pulled
a distance s up the incline, are shown
on its free-body diagram. The constant
towing force T does positive work of
Ur = (Tcos ¢)s, the weight does
negative work of Uy = —(Wsin 0)s,
and the normal force N does no work
since there is no displacement of this
force along its line of action.




EXAMPLE 14.1

The 10-kg block in Fig. 14—6a rests on the smooth incline. If the
spring is originally stretched 0.5 m, determine the total work
done by all the forces acting on the block when a horizontal
force P = 400 N pushes the block up the plane s = 2 m.

2sin 30° m
SOLUTION
First the free-body diagram of the block is drawn in order to
account for all the forces that act on the block, Fig. 14-6b.

Horizontal Force P. Since this force is constant, the work is
determined using Eq. 14-2. The result can be calculated as the force
times the component of displacement in the direction of the force;i.e.,

Up = 400 N (2 m cos 30°) = 692.8 ]

or the displacement times the component of force in the direction of
displacement, i.e.,

Up = 400 N cos 30°(2 m) = 692.8

Spring Force F,. In the initial position the spring is stretched
st =05m and in the final position it is stretched
s, = 0.5m + 2m =2.5 m. We require the work to be negative since
the force and displacement are opposite to each other. The work of the
spring force is thus

U, = —[ 330 N/m)(2.5 m)? — }(30 N/m)(0.5m)?| = =907
Weight W. Since the weight acts in the opposite sense to its vertical
displacement, the work is negative;i.e.,

Uy = —(98.1N) (2msin 30°) = —98.17J

Note that it is also possible to consider the component of weight in the
direction of displacement;i.e.,

Uy = —(98.1sin30°N) 2m) = —98.1J
Normal Force Ng. This force does no work since it is always
perpendicular to the displacement.

Total Work. The work of all the forces when the block is displaced
2 m is therefore

Ur=6928] —90J —98.1J =5057J Ans.

14.1 THE WORK OF A FORCE 199

(b)

Initial
position of spring
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14.2 PRINCIPLE OF WORK
AND ENERGY

If the particle in Fig. 14-7 has a mass m and is subjected to a system of
external forces represented by the resultant F, = 3F, then the equation
of motion for the particle in the tangential direction is 3F, = ma,.
Substituting the kinematic equation a, = v dv/ds and integrating both
sides, assuming initially that the particle has a position s = s; and a speed
v = vy, and later ats = s,, v = v,, we have

) e
E/ F,ds—/mvdv

$2
by / F,ds = mv3 — smu? (14-5)
S1

From Fig. 14-7 note that % F, = X F cos 6, and since all work is defined
from Eq. 14-1, the final result can be written as

SU_, = tmvd — tme? (14-6)

This equation is called the principle of work and energy for the particle.
The term on the left is the sum of the work done by all the forces acting
on the particle as the particle moves from point 1 to point 2. The
two terms on the right side, which are of the form 7 = %mvz, define
the particle’s final and initial kinetic energy. Like work, kinetic energy
is a scalar and has units of joules (J). However, unlike work, which
can be either positive or negative, the kinetic energy is always positive,
regardless of the direction of motion of the particle. Remember though
that it is important that the velocities are measured from an inertial
coordinate system.
When Eq. 14-6 is applied, it is often expressed in the form

T1 2 2U1_2 = T2 (14—7)

which states that the particle’s initial kinetic energy plus the work done
by all the forces acting on the particle as it moves from its initial to its
final position is equal to the particle’s final kinetic energy.
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. PROCEDURE FOR ANALYSIS

The principle of work and energy is used to solve problems
involving force, displacement, and velocity, since these terms
are involved in the formulation. For application the following
procedure is suggested.

Work (Free-Body Diagram).

e FEstablish the inertial coordinate system and draw a free-body
diagram of the particle in order to account for all the forces
that do work on the particle as it moves along its path.

Principle of Work and Energy.
e Apply the principle of work and energy, T + SU,_, = T>.

e The kinetic energy at the initial and final points is always
positive, since it involves the speed squared (T = 1mv?).

e A force does work when it moves through a displacement in
the direction of the force.

e Work is positive when the force component is in the same sense
of direction as its displacement, otherwise it is negative.

e Forces that are functions of displacement must be integrated
to obtain the work. Graphically, the work is equal to the area
under the force-displacement curve.

e The work of a weight is the product of the weight and the
vertical displacement, Uy, = * Wy. It is positive when the
weight moves downwards.

e The work of a spring is of the form U, = Lks?, where k is the
spring stiffness and s is the stretch or compression of the spring.

Numerical application of this procedure is illustrated in the examples
following Sec. 14.3.

If an oncoming car strikes these crash barrels, the car’s kinetic energy will be
transformed into work, which causes the barrels, and to some extent the car, to be
deformed. By knowing the amount of energy that can be absorbed by each barrel it is
possible to design a crash barrier such as this.
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14.3 PRINCIPLE OF WORK AND
ENERGY FOR A SYSTEM
OF PARTICLES

The principle of work and energy can be extended to include a system
of particles isolated within an enclosed region of space as shown in
Fig. 14-8. Here the arbitrary ith particle, having a mass m;, is subjected
to a resultant external force F; and a resultant internal force f; which all
the other particles exert on the ith particle. If we apply the principle of
work and energy to this and each of the other particles in the system,
then since work and energy are scalar quantities, the equations can be
summed algebraically, which gives

ETl + 2U172 = ETZ (14—8)

In this case, the initial kinetic energy of the system plus the work done
by all the external and internal forces acting on the system is equal to the
final kinetic energy of the system.

If the system represents a tramslating rigid body, or a series of
connected translating bodies, then all the particles in each body will
undergo the same displacement. Therefore, the work of all the internal
forces will occur in equal but opposite collinear pairs and so it will
cancel out. On the other hand, if the body is assumed to be nonrigid,
the particles of the body may be displaced along different paths, and
some of the energy due to force interactions would be given off and lost
as heat or stored in the body if permanent deformations occur. We will
discuss these effects briefly in what follows, and in Sec. 15.4. Throughout
this book, however, the principle of work and energy will be applied
to problems where direct accountability of such energy losses does not
have to be considered.

Inertial coordinate system
Fig. 14-8



14.3 PRINCIPLE OF WORK AND ENERGY FOR A SYSTEM OF PARTICLES

A special class of
problems will now be investigated which requires a careful application
of Eq. 14-8. These problems involve cases where friction occurs as a
body slides over the surface of another body. Consider, for example, a
block which is translating a distance s over the rough surface shown in
Fig. 14-9a. If the applied force P just balances the resultant frictional
force w;N, Fig. 14-9b, then due to equilibrium a constant velocity v is
maintained, and one would expect Eq. 14-8 to be applied as follows:

1

2 — 1.2
smv- + Ps — uyNs = 3mv

Indeed this equation is satisfied if P = w,/N; however, as one realizes
from experience, the sliding motion will generate heat, a form of energy
which seems not to be accounted for in the work-energy equation. In
order to explain this paradox and thereby more closely represent the
nature of friction, we should actually model the block so that the surfaces
of contact are deformable (nonrigid).* Recall that the rough portions at
the bottom of the block act as “teeth,” and when the block slides these
teeth deform slightly and either break off or vibrate as they pull away
from “teeth” at the contacting surface, Fig. 14-9c. As a result, frictional
forces that act on the block at these points are displaced slightly, due to
the localized deformations, and later they are replaced by other frictional
forces as other points of contact are made. At any instant, the resultant
F of all these frictional forces remains essentially constant, i.e., w;N;
however, due to the many localized deformations, the actual displacement
s' of wN is not the same as the displacement s of the applied force P.
Instead, s’ will be less than s (s’ < s), and therefore the external work
done by the resultant frictional force will be w,Ns' and not wu,Ns. The
remaining amount of work, u; N(s — s'), manifests itself as an increase in
internal energy, which in fact causes the block’s temperature to rise.

In summary then, Eq. 14-8 can be applied to problems involving
sliding friction; however, it should be fully realized that the work of the
resultant frictional force is not represented by w,Ns; instead, this term
represents both the external work of friction (u;Ns') and internal work
[xN(s — s')] which is converted into various forms of internal energy,
such as heat.t

* See Chapter 8 of Engineering Mechanics: Statics.

1 See B. A. Sherwood and W. H. Bernard, “Work and Heat Transfer in the Presence of
Sliding Friction,” Am. J. Phys. 52,1001 (1984).
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EXAMPLE 14.2

6m/s
-«

The 1600-kg automobile shown in Fig. 14-10a travels down the 10°
inclined road at a speed of 6 m/s. If the driver jams on the brakes,
causing the wheels to lock, determine how far s the tires skid on the
road. The coefficient of kinetic friction between the wheels and the
road is u; = 0.5.

SOLUTION
This problem can be solved using the principle of work and energy,
since it involves force, velocity, and displacement.

Work (Free-Body Diagram). As shown in Fig. 14-10b, the normal
force N, does no work since it never undergoes displacement along
its line of action. The weight, 1600(9.81) N, is displaced s sin 10° and
does positive work. Why? The frictional force F, does both external
and internal work when it undergoes a displacement s. This work is
negative since it is in the opposite sense of direction to the displacement.
Applying the equation of equilibrium normal to the road, we have

+N3F, =0; N, — 1600(9.81)cos 10°N =0 N, = 154575N
Thus,
Fy =Ny =05(154575N) = 772877 N
Principle of Work and Energy.
T+ 3U1,=T,

1
5(1600kg)(6 m/s)? + 1600(981)N (s sin 10°) — (7728.77 N)s = 0

Solving for s yields
s =576m Ans.

NOTE: If this problem is solved by using the equation of motion, two steps
are involved. First, from the free-body diagram, Fig. 14-10b, the equation of
motion is applied along the incline to obtain the deceleration. This yields

+¢'3F; = mag; 1600(9.81) sin 10° N — 7728.77N = (1600 kg) a
a = —-3127m/s?
Then, since a is constant, we have
(+v) 0 =} + 2a.(s — so);
(0)> = (6 m/s)> + 2(—3.127 m/s?)(s — 0)
s =5.76m Ans.



14.3 PRINCIPLE OF WORK AND ENERGY FOR A SYSTEM OF PARTICLES

EXAMPLE 14.3

For a short time the crane in Fig. 14-11a lifts a 2.50-Mg beam with a
force of F = (28 + 3s%) kN. Determine the speed of the beam when
it has risen s = 3 m. Also, how much time does it take to attain this
height starting from rest?

SOLUTION

We can solve part of this problem using the principle of work
and energy since it involves force, velocity, and displacement.
Kinematics must be used to determine the time. Note that at s = 0,

F =28(10°) N > W = 2.50(10%)(9.81) N, so motion will occur.

Work (Free-Body Diagram). As shown on the free-body diagram,
Fig. 14-11b, the lifting force F does positive work, which must be
determined by integration since this force is a variable. Also, the weight
is constant and will do negative work since the displacement is upward.

Principle of Work and Energy.

Tl iy EUl_z = Tz
0+ / 3(28 + 352)(10%) ds — (2.50)(10°)(9.81)s = 3(2.50)(10%)v?
0

28(10%)s + (10%)s® — 24.525(10%)s = 1.25(10°)?
v = (2.78s + 0.85%): 1)
When s = 3 m,
v =547m/s Ans.

Kinematics. Since we were able to express the velocity as a function
of displacement, Eq. 1, the time can be determined using v = ds/dt.
In this case,

ds

2785 + 0.85%) =
(2785 + 0857 =

- /3 ds
0 (2.78s + 0.85):

The integration can be performed numerically using a pocket calculator.
The result is

t=1.79s Ans.

NOTE: The acceleration of the beam can be determined by integrating
Eq. 1 using v dv = a ds, or more directly, by applying the equation of
motion, 3 F, = ma,.

2.50 (10°)(9.81) N
(b)
Fig. 14-11
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EXAMPLE 14.4

19.62 N

()
Fig. 14-12

The platform P, shown in Fig. 14-12a, has negligible mass and is tied
down so that the 0.4-m-long cords keep a 1-m-long spring compressed
0.6 m when nothing is on the platform. If a 2-kg block is placed on the
platform and released from rest after the platform is pushed down
0.1 m, Fig. 14-12b, determine the maximum height 4 the block rises in
the air, measured from the ground.

k =200 N/m

(a) (b)

SOLUTION

Work (Free-Body Diagram). Since the block is released from rest
and later reaches its maximum height, the initial and final velocities are
zero. The free-body diagram of the block when it is still in contact with
the platform is shown in Fig. 14-12¢. Note that the weight does negative
work and the spring force does positive work. Why? In particular,
the initial compression in the spring is s; = 0.6 m + 0.1 m = 0.7 m.
Due to the cords, the spring’s final compression is s, = 0.6 m (after
the block leaves the platform). The bottom of the block rises from a
height of (0.4 m — 0.1 m) = 0.3 m to a final height A.

Principle of Work and Energy.
Tl oty EUl_z = T2

%mv% + [—(%ks% = %ks%) = WAy] = %mv%

Note that here s; = 0.7m > s, = 0.6 m and so the work of the
spring as determined from Eq. 144 will indeed be positive once the
calculation is made. Thus,

0 + {—[5(200 N/m)(0.6 m)*> — (200 N /m)(0.7 m)? |
— (19.62N)[h — (03m)]} =0

Solving yields
h = 0.963 m Ans.



14.3 PRINCIPLE OF WORK AND ENERGY FOR A SYSTEM OF PARTICLES

EXAMPLE 14.5

The 40-kg boy in Fig. 14-13a slides down the smooth water slide. If he
starts from rest at A, determine his speed when he reaches B and the
normal reaction the slide exerts on the boy at this position.

y = 0.075x%

(a)

n
3

N

SOLUTION
Work (Free-Body Diagram). As shown on the free-body diagram,
Fig. 14-13b, there are two forces acting on the boy as he goes down
the slide. Note that the normal force does no work.
Principle of Work and Energy.

TA e EUAfB = TB

0 + (40(9.81) N) (7.5 m) = 1(40 kg)v}

vg = 12.13m/s = 12.1m/s Ans.

Equation of Motion. Referring to the free-body diagram of the
boy when he is at B, Fig. 14-13c, the normal reaction Nz can now be
obtained by applying the equation of motion along the n axis. Here
the radius of curvature of the path is

{1 ’ <%>2]3/2 [1+ (0.15x)2]32

= = = 6.667
Po |d?y )/ dx? | 10.15] m
Thus,
(1213 m/s)?
—+ =] . — . = _—
13F, = ma,;, Ng— 40(9.81)N = 40 kg( o

Np = 12753 N = 1.28 kN Ans.

n
40(9.81) N

0

N,

(b)

n

40(9.81) N

Ns
(c)
Fig. 14-13
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EXAMPLE 14.6

. @i’ - Datum
SB
-+ By —

B A

100 kg

I_ijl 10 kg
(a)

111

alle
1
¢

981 N

98.1 N
(b)
Fig. 14-14

o

Refer to the companion website for a self quiz of these
Example problems.

Blocks A and B shown in Fig. 14-14a have a mass of 10 kg and 100 kg,
respectively. Determine the distance B travels so that its speed becomes
2 m/s after being released from rest.

SOLUTION

This problem may be solved by considering the blocks separately and
applying the principle of work and energy to each block. However, it
is easier to eliminate the work of the cable tension from the analysis
by considering blocks A and B together as a single system.

Work (Free-Body Diagram). As shown on the free-body diagram
of the system, Fig. 14-14b, the cable force T and reactions R; and R,
do no work, since these forces represent the reactions at the supports
and consequently they do not move while the blocks are displaced.
The weights both do positive work if we assume both move downward,
in the positive sense of direction of s4 and s, Fig. 14-14a.

Principle of Work and Energy. Realizing the blocks are released
from rest, we have

3T + XU, = 2T,
[%mA('UA)% + %mB(vB)ﬂ + [WaAsy + WpAsg] =
[%mA('UA)% + %mB(vB)%]
[0 + 0] + [98.1N (Asy) + 981 N (Asp)] =
[3(10 kg)(v4)3 + 5(100 kg)(2 m/s)*] 1)

Kinematics. Using methods of kinematics, discussed in Sec. 12.9,
the total length / of all the vertical segments of cable in Fig. 14-14a can
be expressed in terms of the position coordinates s, and sg as

SA+4SB:l

Hence, a change in position yields the displacement equation

Asy +4Asp =0

Asy, = —4 Asg (2)
Here a downward displacement of one block produces an upward
displacement of the other block. Taking the time derivative of Eq.2 yields

vy = —4dvg = —4(2m/s) = —8m/s 3)
Retaining the negative sign in Eq. 2 and substituting into Eq. 1 yields
Asz = 0.883m | Ans.

NOTE: Since we had to solve Egs. 1-3 simultaneously, it is important to
write these equations using the same coordinate directions for s4 and sp.
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. FUNDAMENTAL PROBLEMS

I"14-1. The spring is placed between the wall and the 10-kg
block. If the block is subjected to a force of F = 500N,
determine its velocity when s = 0.5 m. When s = 0, the
block is at rest and the spring is uncompressed. The contact
surface is smooth.

S00 N Prob. F14-1

3 S
4

1114-2. If the motor exerts a constant force of 300 N on the
cable, determine the speed of the 20-kg crate when it travels
s = 10 m up the plane, starting from rest. The coefficient of
kinetic friction between the crate and the plane is w;, = 0.3.

Prob. F14-2

F14-3. If the motor exerts a force of F = (600 + 2s) N on
the cable, determine the speed of the 100-kg crate when it
rises to s = 15 m. The crate is initially at rest on the ground.

Prob. F14-3

F14-4. The 1.8-Mg dragster is traveling at 125 m/s when
the engine is shut off and the parachute is released. If the
drag force of the parachute can be approximated by the
graph, determine the speed of the dragster when it has
traveled 400 m.

Fp (kN)

50

20

‘ s (m)
400 Prob. F14-4
I114-5. When s = 0.6 m, the spring is unstretched and the

10-kg block has a speed of 5 m/s down the smooth plane.
Determine the distance s when the block stops.

Prob. F14-5

F14-6. The2.5-kg collar is pulled by a cord that passes around
a small peg at C. If the cord is subjected to a constant force of
F = 50 N, and the collar is at rest when it is at A, determine its
speed the instant before it reaches B. Neglect friction.

Prob. F14-6




210 CHAPTER 14 KINETICS OF A PARTICLE: WORK AND ENERGY

. PROBLEMS

All solutions must include a free-body diagram.

14-1. For protection, the barrel barrier is placed in front
of the bridge pier. If the relation between the force and
deflection of the barrier is F = [800(10%)x'/?] N, where x is
in m, determine the car’s maximum penetration in the
barrier. The car has a mass of 2 Mg and it is traveling with a
speed of 20 m/s just before it hits the barrier.

F(N)

F = 800(10%) x'/

x (m)

A Y
G )=

Prob. 14-1

14-2. The car having a mass of 2 Mg is originally traveling
at2m/s. Determine the distance it must be towed by a force
F=4KkN in order to attain a speed of 5 m/s. Neglect friction
and the mass of the wheels.

Prob. 14-2

14-3. The 100-kg crate is subjected to the forces shown.
If it is originally at rest, determine the distance it slides
in order to attain a speed of v = 8 m/s. The coefficient
of kinetic friction between the crate and the surface is
M = 0.2.

500N

400 N
\VSO"
45° =
=N
AN
Prob. 14-3

*14-4. The collar has mass of 5 kg and is moving at 8 m/s
when x = 0 and a force of F = 60 N is applied to it. The
direction 0 of this force varies such that 6 = 10x, where x is in
meters and 6 is clockwise, measured in degrees. Determine
the speed of the collar when x = 3 m. The coefficient of
kinetic friction between the collar and the rod is u; = 0.3.

6
F=60N
Prob. 14-4



14-5. When the driver applies the brakes of a light truck
traveling 40 km/h, it skids 30 m before stopping. How far
will the truck skid if it is traveling 80 km /h when the brakes
are applied?

Prob. 14-5

14-6. Determine the required height /& of the roller
coaster so that when it is essentially at rest at the crest of
the hill A it will reach a speed of 100 km /h when it comes to
the bottom B. Also, what should be the minimum radius of
curvature p for the track at B so that the passengers do not
experience a normal force greater than 4mg = (39.24m) N?
Neglect the size of the car.

Prob. 14-6
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14-7. If the 50-kg crate is subjected to a force of P =200 N,
determine its speed when it has traveled 15 m starting from
rest. The coefficient of kinetic friction between the crate
and the ground is u;, = 0.3.

*14-8. If the 50-kg crate starts from rest and attains a speed
of 6 m/s when it has traveled a distance of 15 m, determine
the force P acting on the crate. The coefficient of kinetic
friction between the crate and the ground is u;, = 0.3.

Iéi P

Probs. 14-7/8

14-9. Asindicated by the derivation, the principle of work
and energy is valid for observers in any inertial reference
frame. Show that this is so, by considering the 10-kg block
which rests on the smooth surface and is subjected to a
horizontal force of 6 N. If observer A is in a fixed frame x,
determine the final speed of the block if it has an initial
speed of 5 m/s and travels 10 m, both directed to the right
and measured from the fixed frame. Compare the result
with that obtained by an observer B, attached to the
x' axis and moving at a constant velocity of 2 m/s relative
to A. Hint: The distance the block travels will first have to
be calculated for observer B before applying the principle
of work and energy.

Prob. 14-9
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W14-10. A force of F = 250 N is applied to the end at B.
Determine the speed of the 10-kg block when it has moved
1.5 m, starting from rest.

Prob. 14-10

14-11. The force F, acting in a constant direction on the
20-kg block, has a magnitude which varies with the positions
s of the block. Determine how far the block must slide
before its velocity becomes 15m/s. When s = 0 the block is
moving to the right at v = 6m/s. The coefficient of kinetic
friction between the block and surface is w;, = 0.3.

F
F(N) —>
F = 50512
s (m)

Prob. 14-11

*14-12. The “air spring” A is used to protect the support B
and prevent damage to the conveyor-belt tensioning weight C
in the event of a belt failure D. The force developed by the
air spring as a function of its deflection is shown by the
graph. If the block has a mass of 20 kg and is suspended
a height d = 0.4 m above the top of the spring, determine
the maximum deformation of the spring in the event the
conveyor belt fails. Neglect the mass of the pulley and belt.

[, Frm™
1500

=

}

d 0.2 s (m)

A3 f
B
Prob. 14-12

14-13. The 1.5-kg block slides along a smooth plane and
strikes a nonlinear spring with a speed of v = 4 m/s. The
spring is termed “nonlinear” because it has a resistance of
F, = ks*, where k = 900 N/m? Determine the speed of the
block after it has compressed the spring s = 0.2 m.

Prob. 14-13



14-14. The force of F = 50 N is applied to the cord when
s = 2 m. If the 6-kg collar is orginally at rest, determine its
velocity at s = 0. Neglect friction.

Prob. 14-14

14-15. Design considerations for the bumper B on the
5-Mg train car require use of a nonlinear spring having the
load-deflection characteristics shown in the graph. Select
the proper value of k so that the maximum deflection of the
spring is limited to 0.2 m when the car, traveling at 4 m/s,
strikes the rigid stop. Neglect the mass of the car wheels.

s (m)

Prob. 14-15
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*14-16. The sack of mass m has a velocity of vy when it is
at a height # above the unstretched spring. Determine the
maximum compression of the spring if it has a stiffness k.

== |

Prob. 14-16

14-17. A small box of mass mis givenaspeedofv = V %gr

at the top of the smooth half cylinder. Determine the angle
0 at which the box leaves the surface.

o)
Prob. 14-17
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14-18. If the cord is subjected to a constant force of
F = 300 N and the 15-kg smooth collar starts from rest at A4,
determine the velocity of the collar when it reaches point B.
Neglect the size of the pulley.

Prob. 14-18

14-19. The collar has a mass of 20 kg and is supported
on the smooth rod. The attached springs are undeformed
when d = 0.5 m. Determine the speed of the collar after the
applied force F = 100 N causes it to be displaced so that
d = 0.3 m.When d = 0.5 m the collar is at rest.

'4

=]
P k'=15N/m

WL

F=100N

©,
R
o
S
o

:k=25N/m

=
L

Prob. 14-19

*14-20. The steel ingot has a mass of 1800 kg. It travels
along the conveyor at a speed v = 0.5 m/s when it collides
with the “nested” spring assembly. Determine the maximum
deflection in each spring needed to stop the motion of the
ingot. Take k4 =5 kN/m, kg =3 kN /m.

Prob. 14-20

14-21. The steel ingot has a mass of 1800 kg. It travels
along the conveyor at a speed v = 0.5 m/s when it collides
with the “nested” spring assembly. If the stiffness of the
outer spring is k, = 5SkN/m determine the required
stiffness kp of the inner spring so that the motion of the
ingot is stopped at the moment the front, C, of the ingot is
0.3 m from the wall.

<~—0.5m —
< 0.45 m —|

Prob. 14-21



14-22. The collar has a mass of 20 kg and slides along the
smooth rod. Two springs are attached to it and the ends
of the rod as shown. If each spring has an uncompressed
length of 1 m and the collar has a speed of 2 m/s when
s = 0, determine the maximum compression of each spring
due to the back-and-forth (oscillating) motion of the collar.

7sﬂ‘

k4= 50N/m kg = 100 N/m

[ 1m Im |
0.25m

Prob. 14-22

14-23. The 8-kg block is moving with an initial speed of
5 m/s. If the coefficient of kinetic friction between the block
and plane is u;, = 0.25, determine the compression in the
spring when the block momentarily stops.

k, = 200 N/m
Sm/s 2m <
—
B
A
Prob. 14-23

*14-24. 'The force F, acting in a constant direction on the
20-kg block, has a magnitude which varies with position s of
the block. Determine the speed of the block after it slides
3 m. When s = 0 the block is moving to the right at 2 m/s.
The coefficient of kinetic friction between the block and
surface is y;, = 0.3.

F(N)

F = 505°

s (m)

Prob. 14-24
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14-25. The catapulting mechanism is used to propel the
10-kg slider A to the right along the smooth track. The
propelling action is obtained by drawing the pulley attached
to rod BC rapidly to the left by means of a piston P. If the
piston applies a constant force F = 20 kN to rod BC such
that it moves it 0.2 m, determine the speed attained by the
slider if it was originally at rest. Neglect the mass of the
pulleys, cable, piston, and rod BC.

Prob. 14-25

14-26. The block has a mass of 0.8 kg and moves within
the smooth vertical slot. If it starts from rest when the
attached spring is in the unstretched position at A, determine
the constant vertical force F which must be applied to the
cord so that the block attains a speed vz = 2.5 m/s when
it reaches B; s = 0.15 m. Neglect the size and mass of the
pulley. Hint: The work of F can be determined by finding
the difference Al in cord lengths AC and BC and using
Up=F AL

03 m i

—k = 100 N/m

Prob. 14-26
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14-27. The 20-kg crate is subjected to a force having a constant
direction and a magnitude F = 100 N. When s = 15 m, the
crate is moving to the right with a speed of 8 m/s. Determine
its speed when s = 25 m. The coefficient of kinetic friction
between the crate and the ground is w;, = 0.25.

Prob. 14-27

*14-28. The “flying car” is a ride at an amusement park
which consists of a car having wheels that roll along a track
mounted inside a rotating drum. By design the car cannot
fall off the track, however motion of the car is developed
by applying the car’s brake, thereby gripping the car to the
track and allowing it to move with a constant speed of the
track, v, = 3 m/s. If the rider applies the brake when going
from B to A and then releases it at the top of the drum,
A, so that the car coasts freely down along the track to B
(6 = 7 rad), determine the speed of the car at B and the
normal reaction which the drum exerts on the car at B.
Neglect friction during the motion from A to B. The rider
and car have a total mass of 250 kg, and the center of mass
of the car and rider moves along a circular path having a
radius of 8 m.

Prob. 14-28

14-29. Marbles having a mass of 5 g are dropped from rest
at A through the smooth glass tube and accumulate in the
can at C. Determine the placement R of the can from the
end of the tube and the speed at which the marbles fall into
the can. Neglect the size of the can.

_eA
-

3m
|
\

2m

I R ul

Prob. 14-29

14-30. The crate, which has a mass of 100 kg, is subjected
to the action of the two forces. If it is originally at rest,
determine the distance it slides in order to attain a speed of
6 m/s. The coefficient of kinetic friction between the crate
and the surface is u, = 0.2.

1000 N
800 N
E
30° 1
> ]
PN
Prob. 14-30

14-31. The 2-kg block is subjected to a force having a
constant direction and a magnitude F = (300/(1 + s)) N,
where s is in meters. When s = 4 m, the block is moving to
the left with a speed of 8 m/s. Determine its speed when
s = 12 m. The coefficient of kinetic friction between the
block and the ground is w; = 0.25.

F
-~ ‘/\30’

]

Prob. 14-31




*14-32. The conveyor belt delivers each 12-kg crate to the
ramp at A such that the crate’s velocity is v, = 2.5m/s,
directed down along the ramp. If the coefficient of kinetic
friction between each crate and the ramp is p; = 0.3,
determine the speed at which each crate slides off the ramp
at B. Assume that no tipping occurs.

Prob. 14-32

14-33. The 8-kg cylinder A and 3-kg cylinder B are released
from rest. Determine the speed of A after it has moved 2 m
starting from rest. Neglect the mass of the cord and pulleys.

14-34 Cylinder A has a mass of 3 kg and cylinder B has a
mass of 8 kg. Determine the speed of A after it has moved
2 m starting from rest. Neglect the mass of the cord and
pulleys.

B

Probs. 14-33/34
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14-35. The man at the window A wishes to throw the
30-kg sack on the ground. To do this he allows it to swing
from rest at B to point C, when he releases the cord at
0 = 30°. Determine the speed at which it strikes the ground
and the distance R.

A
B 8m
8 m
6
16 m
C
D
R |

Prob. 14-35

*14-36. The skier starts from rest at A and travels down
the ramp. If friction and air resistance can be neglected,
determine his speed v when he reaches B. Also, find the
distance s to where he strikes the ground at C, if he makes
the jump traveling horizontally at B. Neglect the skier’s size.
He has a mass 75 kg.

50 m

Prob. 14-36
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14-37. If the track is to be designed so that the passengers
of the roller coaster do not experience a normal force equal
to zero or more than 4 times their weight, determine the
limiting heights 44 and A so that this does not occur. The
roller coaster starts from rest at position A. Neglect friction.

Ai,
C  pc=20m N\
Ny
B

Prob. 14-37

14-38. If the force exerted by the motor M on the cable
is 250 N, determine the speed of the 100-kg crate when it is
hoisted to s =3 m. The crate is at rest when s =0.

Prob. 14-38

14-39. If the 60-kg skier passes point A with a speed of
5 m/s, determine his speed when he reaches point B. Also
find the normal force exerted on him by the slope at this
point. Neglect friction.

y = (0.025x* + 5) m

Prob. 14-39

*14-40. If the 75-kg crate starts from rest at A, determine
its speed when it reaches point B. The cable is subjected to
a constant force of F = 300 N. Neglect friction and the size
of the pulley.

14-41. If the 75-kg crate starts from rest at A, and its speed
is 6 m/s when it passes point B, determine the constant
force F exerted on the cable. Neglect friction and the size
of the pulley.

6m Zm»‘

Probs. 14-40/41



14.4 POWER AND EFFICIENCY

Power. The term “power” provides a useful basis for choosing the
type of motor or machine which is required to do a certain amount of
work in a given time. For example, two pumps may each be able to empty
a reservoir if given enough time; however, the pump having the larger
power will complete the job sooner.

The instantaneous power generated by a force that performs an
amount of work dU within the time interval dt is therefore

dU
pP=="
dt

If the work AU occurs over a finite time At, then the average power is
determined from

AU
avg E
We can also obtain the instantaneous power of a force F by expressing
the work as dU = F - dr. Then

P (14-9)

_dU _ F-dr

au L
i di d
or

P=F-v (14-10)

Hence, power is a scalar, where in this formulation v represents the
velocity of the force F which acts on the particle.

The basic unit of power in the SI system is the watt (W). This unit is
defined as

1W=1J/s=1N-m/s

Efficiency. The mechanical efficiency of a machine is defined as the
ratio of the output of useful power produced by the machine to the input
of power supplied to the machine. Hence,

power output
&E = —— ——

14-11
power input ( )
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The power output of this locomotive
comes from the driving frictional force
developed at its wheels. It is this force
that overcomes the frictional resistance
of the cars in tow and is able to lift the
weight of the train up a grade.
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If energy supplied to the machine occurs during the same time interval at
which it is drawn, then the efficiency may also be expressed in terms of
the ratio

energy output
energy input

Since machines consist of a series of moving parts, frictional forces will
always be developed within the machine, and as a result, extra energy or
power is needed to overcome these forces. Consequently, power output
will be less than power input, and so the efficiency of a machine is always
less than 1.

. PROCEDURE FOR ANALYSIS

To obtain the power developed by a force consider using the
following procedure.

¢ Determine the magnitude of the force F acting on the body
(or particle) which causes the motion. This force is usually
developed by a machine or engine placed either within or
external to the body.

¢ If the body (or particle) is accelerating, it may be necessary to
draw its free-body diagram and apply the equation of motion
(ZF = ma) to determine F.

¢ Once F and its velocity v have been determined, then the power is
obtained by multiplying the force magnitude with the component
of velocity acting in the direction of F,i.e., P = F-v = Fv cos 6.

e In some problems the average power may be found by
calculating the work done by F during a time period At. It is
Payg=AU/AL

4: L&Eﬁ o

f
|
J .

The power requirement of this hoist depends upon the
vertical force F that acts on the elevator and causes
it to move upward. If the velocity of the elevator is v,
then the instantaneous power outputis P = F-v.

Refer to the companion website for Lecture
Summary and Quiz videos.
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EXAMPLE 14.7

The man in Fig. 14-15a pushes on the 50-kg crate with a force of

F = 150 N. Determine the instantaneous power supplied by the F=150N &
man when ¢ = 4s and the average power during the four seconds.

The coefficient of kinetic friction between the floor and the crate is

e = 0.2. Initially the crate is at rest.

SOLUTION
Instantaneous Power. To determine the power developed by the
man, the velocity of the 150-N force must be obtained when ¢=4s.The ()
free-body diagram of the crate is shown in Fig. 14-15b. Applying the
equations of motion,
y
+13F, = may; N — (£)150N — 50(9.81) N = 0 F=150N_s 50 (9.81) N a
g
N = 580.5N g

HIF =ma;  (%)150N — 0.2(580.5N) = (50 kg)a ——

= 0.078 m/s Py = 0‘—]‘-.2 ~
N

ghre Yelocity of the crate when ¢ = 4 s is therefore
(b)

i
Fig. 14-15

V=1 t+ at
v =0+ (0.078 m/s?)(4s) = 0312 m/s
The power supplied to the crate by the man when ¢ = 4 s is therefore
P=F-v=Fuo=(%)(150N)(0.312m/s)
=374 W Ans.

Average Power. The displacement of the crate can be determined
since the acceleration is known.

s = 59+ vt + %act2

s=0+0+1(0078m/s?)(45)%> = 0.624m

The work done by the 150-N force is therefore

U=150N(%)(0.624 m) = 74.88 J

Therefore, the average power is

U 74887
Pave = 50 T T

= 18.7W Ans.
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EXAMPLE 14.8

y
(b)
Fig. 14-16

350981 NY

o

Refer to the companion website for a self quiz of these
Example problems.

The motor M of the hoist in Fig. 14-16a lifts the 35-kg crate C so that
the acceleration of point Pis 1.2 m/s?. Determine the power that must
be supplied to the motor at the instant P has a velocity of 0.6 m/s.
Neglect the mass of the pulley and cable and take ¢ = 0.85.

SOLUTION
In order to find the power output of the motor, it is first necessary to
determine the tension in the cable since this force is developed by the
motor.

From the free-body diagram, Fig. 14-16b, we have

+|3F, = ma;  —2T + 35(9.81)N = (35kg) ac 1)

The acceleration of the crate can be obtained by using kinematics to
relate it to the known acceleration of point P, Fig. 14-16a. Using the
methods of absolute dependent motion, the coordinates s and sp can
be related to a constant portion of cable length / which is changing in
the vertical and horizontal directions. We have 2s- + sp = [. Taking
the second time derivative of this equation yields

2ac = —ap (2)

Since ap = +1.2m/s?, thenac = —(1.2m/s?)/2 = —0.6 m/s>. What
does the negative sign indicate? Substituting this result into Eq. 1 and
retaining the negative sign since the acceleration in both Eq. 1 and
Eq. 2 was considered positive downward, we have

—2T + 35(9.81) N = (35 kg)(—0.6 m/s?)
T=1822N

The power output required to draw the cable in at a rate of 0.6 m/s is
therefore

P =T-v = (1822 N)(0.6 m/s)
= 1093 W

This power output requires that the motor provide a power input of
) 1
power input = g(power output)

1
= ——(1093 W) = 129 W Ans.
0.85 (

NOTE: Since the velocity of the crate is constantly changing, the
power requirement is instantaneous.
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. FUNDAMENTAL PROBLEMS

F14-7. If the contact surface between the 20-kg crate and F14-10. The coefficient of kinetic friction between the
the ground is smooth, determine the power of force F when 20-kg crate and the inclined plane is p, = 0.2. If the crate
t = 4 s. Initially, the crate is at rest. is traveling up the inclined plane with a constant velocity

v = 5m/s, determine the power of force F.

F=30N F
et
=
Prob. F14-7
| 300
F14-8. If F = (10s) N, where s is in meters, and the > Prob. F14-10

contact surface between the 20-kg crate and the ground
is smooth, determine the power of force F when s = 5 m.
When s =0, the crate is moving at v =1 m/s.

F=(10s)N

Prob. F14-8

I14-11.  Ifthe 50-kg load A is hoisted by motor M so that the
load has a constant velocity of 1.5 m/s, determine the power
input to the motor, which operates at an efficiency ¢ = 0.8.

F14-9. If the motor winds in the cable with a constant
speed of v = 1 m/s, determine the power supplied to
the motor at this instant. The load weighs 450 N and the Tl‘s m/s
efficiency of the motor is ¢ = 0.8. Neglect the mass of the A

pulleys. Prob. F14-11

["14-12. At the instant shown, point P on the cable has
a velocity vp = 12m/s, which is increasing at a rate of
ap = 6 m/s%. Determine the power input to the motor M at
this instant if the motor operates with an efficiency ¢ = 0.8.

The mass of block A is 50 kg.
12 m/s
Pl 6 m/s?
M
A

Prob. F14-9 Prob. F14-12
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. PROBLEMS

All solutions must include a free-body diagram.

14-42. An automobile having a mass of 2 Mg travels up a
7° slope at a constant speed of v = 100 km/h. If mechanical
friction and wind resistance are neglected, determine the
power developed by the engine if the automobile has an
efficiency ¢ = 0.65.

s B
7

Prob. 14-42

14-43. A motor hoists a 60-kg crate at a constant velocity
to a height of # = 5 m in 2 s. If the indicated power of the
motor is 3.2 kW, determine the motor’s efficiency.

o~

Prob. 14-43

*14-44. A car has a mass m and accelerates along a
horizontal straight road from rest such that the power is
always a constant amount P. Determine how far it must
travel to reach a speed of v.

14-45. Using the biomechanical power curve shown,
determine the maximum speed attained by the rider and
his bicycle, which have a total mass of 92 kg, as the rider
ascends the 20° slope starting from rest.

P (W)
1500~
1450 - ———

1400F — =0

| | | | t(s
5 10 20 30 )

Prob. 14-45

14-46. A spring having a stiffness of 5 kN /m is compressed
400 mm. The stored energy in the spring is used to drive
a machine which requires 90 W of power. Determine how
long the spring can supply energy at the required rate.

14-47. To dramatize the loss of energy in an automobile,
consider a car having a weight of 25 000 N that is traveling
at 56 km/h. If the car is brought to a stop, determine how
long a 100-W light bulb must burn to expend the same
amount of energy.

*14-48. If the engine of a 1.5-Mg car generates a constant
power of 15 kW, determine the speed of the car after it has
traveled a distance of 200 m on a level road starting from
rest. Neglect friction.

14-49. The 2-Mg car increases its speed uniformly from
rest to 25 m/s in 30 s up the inclined road. Determine the
maximum power that must be supplied by the engine, which
operates with an efficiency of ¢ = 0.8. Also, find the average
power supplied by the engine.

Prob. 14-49



14-50. The escalator steps move with a constant speed of
0.6 m/s. If the steps are 125 mm high and 250 mm in length,
determine the power of a motor needed to lift an average
mass of 150 kg per step. There are 32 steps.

Prob. 14-50

14-51. A rocket having a total mass of 8 Mg is fired
vertically from rest. If the engines provide a constant thrust
of T=300 kN, determine the power output of the engines as
a function of time. Neglect the effect of drag resistance and
the loss of fuel mass and weight.

T =300 kN

Prob. 14-51
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*14-52. The sports car has a mass of 2.3 Mg, and while it
is traveling at 28 m/s the driver causes it to accelerate at
S5m/ s2. If the drag resistance on the car due to the wind is
Fp = (0.3v%) N, where v is the velocity in m/s, determine
the power supplied to the engine at this instant. The engine
has a running efficiency of ¢ = 0.68.

14-53. Thesportscar hasamass of 2.3 Mg and accelerates at
6 m /s starting from rest. If the drag resistance on the car due
to the wind is Fp = (10v) N, where v is the velocity in m/s,
determine the power supplied to the engine when t =5 s.
The engine has a running efficiency of ¢ = 0.68.

Probs. 14-52/53

14-54. If the escalator in Prob. 14-50 is not moving,
determine the constant speed at which a man having a
mass of 80 kg must walk up the steps to generate 100 W of
power—the same amount that is needed to power a
standard light bulb.

Prob. 14-54
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14-55. The motor is used to lift the loaded 500-kg elevator
with a constant velocity vz = 8 m/s. If the motor draws
60 kW of electrical power, determine the motor’s efficiency.
Neglect the mass of the pulleys and cable.

*14-56. The 500-kg elevator starts from rest and moves
upward with a constant acceleration a, = 2m /s’ Determine
the power output of the motor M when ¢ = 3 s. Neglect the
mass of the pulleys and cable.

vay i

X
i

Probs. 14-55/56

14-57. The elevator E and its freight have a total mass
of 400 kg. Hoisting is provided by the motor M and the
60-kg block C. If the motor has an efficiency of ¢ = 0.6,
determine the power that must be supplied to the motor
when the elevator is hoisted upward at a constant speed of
vp = 4m/s.

Prob. 14-57

14-58. The material hoist and the load have a total mass
of 800 kg and the counterweight C has a mass of 150 kg. At
a given instant, the hoist has an upward velocity of 2 m/s
and an acceleration of 1.5 m/s’. Determine the power
generated by the motor M at this instant if it operates with
an efficiency of ¢ =0.8.

14-59. The material hoist and the load have a total mass of
800 kg and the counterweight C has a mass of 150 kg. If the
upward speed of the hoist increases uniformly from 0.5 m/s
to 1.5 m/s in 1.5 s, determine the average power generated
by the motor M during this time. The motor operates with
an efficiency of £ = 0.8.

Probs. 14-58/59

*14-60. The crate has a mass of 150 kg and rests on a
surface for which the coefficients of static and kinetic
friction are p; = 0.3 and p, = 0.2, respectively. If the
motor M supplies a cable force of F = (8> + 20) N, where
t is in seconds, determine the power output developed by
the motor whent = 5Ss.




14-61. If the jet on the dragster supplies a constant thrust
of T = 20 kN, determine the power generated by the jet as
a function of time. Neglect drag and rolling resistance, and
the loss of fuel. The dragster has a mass of 1 Mg and starts
from rest.

Prob. 14-61

14-62. An athlete pushes against an exercise machine with
a force that varies with time as shown in the first graph.
Also, the velocity of the athlete’s arm acting in the same
direction as the force varies with time as shown in the
second graph. Determine the power applied as a function of
time and the work doneint = 0.3 s.

14-63. An athlete pushes against an exercise machine with
a force that varies with time as shown in the first graph.
Also, the velocity of the athlete’s arm acting in the same
direction as the force varies with time as shown in the
second graph. Determine the maximum power developed
during the 0.3-second time period.

F(N)
800
1 \ t(s)
0.2 0.3
v (m/s)
20
} t(s)
0.3

Probs. 14-62/63

PROBLEMS 227

*14-64. The rocket sled has a mass of 4 Mg and travels
from rest along the horizontal track for which the coefficient
of kinetic friction is w, = 0.2. If the engine provides a
constant thrust 77 = 150 kN, determine the power output
of the engine as a function of time. Neglect the loss of fuel
mass and air resistance.

Prob. 14-64

14-65. The block has a mass of 150 kg and rests on a
surface for which the coefficients of static and kinetic
friction are u, = 0.5 and p; = 0.4, respectively. If a force
F = (60r?) N, where ¢ is in seconds, is applied to the cable,
determine the power developed by the force when t = 5s.
Hint: First determine the time needed for the force to cause
motion.

Prob. 14-65
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4

Gravitational potential energy

Fig. 14-17

Datum

Gravitational potential energy of this
weight is increased as it is hoisted upward.

14.5 CONSERVATIVE FORCES
AND POTENTIAL ENERGY

Conservative Force. If the work of a force is independent of
its path and depends only on the force’s initial and final positions on
the path, then the force is called a conservative force. Examples of
conservative forces are the weight of a particle and the force developed
by a spring. The work done by the weight depends only on the vertical
displacement of the weight, and the work done by a spring force depends
only on the spring’s elongation or compression.

In contrast to a conservative force, consider the force of friction
exerted on a sliding object by a fixed surface. The work done depends
on the path—the longer the path, the greater the work. Consequently,
frictional forces are nonconservative. The work is dissipated from the
body in the form of heat.

Energy. Energy is defined as the capacity for doing work. There are
essentially two types of energy, kinetic and potential. Kinetic energy
is associated with the motion of the particle. For example, if a particle
is originally at rest, then the principle of work and energy requires
S U,_, = T,.In other words, the work done on the particle is transferred
into kinetic energy, which gives the particle a speed v. When the energy
depends upon the position of the particle, measured from a fixed datum
or reference plane, it is called potential energy. Thus, potential energy is
a measure of the amount of work a conservative force must do to move
a particle from a given position to the datum. In mechanics, the potential
energy created by gravity (weight) and an elastic spring is important.

Gravitational Potential Energy. If a particle is located a
distance y above an arbitrarily selected datum, as shown in Fig. 14-17 the
particle’s weight W has positive gravitational potential energy,V,,, since
W has the capacity of doing positive work when the particle is moved
back down to the datum. Likewise, if the particle is located a distance
y below the datum, V, is negative since the weight does negative work
when the particle is moved back up to the datum. At the datum V, = 0."

In general then, if y is positive upward, the gravitational potential
energy of the particle of weight W is

V, = Wy (14-13)

*Here the weight is assumed to be constant. This assumption is suitable for small
differences in elevation Ay. If the elevation change is significant, however, a variation of
weight with elevation must be taken into account (see Prob. 14-83).
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Elastic Potential Energy. When an elastic spring is elongated or
compressed a distance s from its unstretched position, the force on the
spring does work and thereby stores elastic potential energy V, in the
spring. This energy is

V, = +iks? (14-14)

Here V, is always positive since, in the deformed position, the force of
the spring has the capacity or “potential” for always doing positive work
on the particle when the spring is returned to its unstretched position,
Fig. 14-18.

Unstretched
position,s = 0
k
o
—+5—
k

WA= |V, = + ks
-

Elastic potential energy

Fig. 14-18

The weight of the sacks resting on this
platform causes potential energy to be
stored in the supporting springs. As each
sack is removed, the platform will rise
slightly since some of the potential energy
within the springs will be transformed
into an increase in gravitational potential
energy of the remaining sacks. Such a device
is useful for removing the sacks without
having to bend over to pick them up as they
are unloaded.
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In the general case, if a particle is subjected to
both gravitational and elastic forces, the particle’s potential energy can
be expressed as a potential function, which is the algebraic sum

V=V, +V, (14-15)

Measurement of V depends on the location of the particle with respect to
a selected datum in accordance with Egs. 14-13 and 14-14.

The work done by the gravitational and elastic forces in moving the
particle from one point to another point is measured by the difference of
this function, i.e.,

U1,2 = Vl - V2 (14—16)

For example, the potential function for a particle of weight W
suspended from a spring can be expressed in terms of its position, s,
measured from a datum located at the unstretched length of the spring,
Fig. 14-19. We have

V=V, +V,
= —Ws + %ks2

If the particle moves from s; to a lower position s,, then applying Eq. 14-16
the work of W and F; is

U1,2 = Vl - V2 = <_WS1 + %ks%) - (_WSZ + %ks%)
= W(s, — s1) — (%ks% - %ks%)

Datum

Fig. 14-19
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When the displacement along the path is infinitesimal, i.e., from point
(x,y,z)to(x + dx,y + dy,z + dz),Eq. 14-16 becomes

dU = V(x,y,z) — V(x + dx,y + dy, z + dz)
= —dV(x,y, z2) (14-17)

If we represent both the force and its displacement as Cartesian vectors,
then the work can also be expressed as

dU = F+dr = (Fi + Fj + FK)-(dxi + dyj + dzk)
= F.dx + F,dy + F,dz

Substituting this result into Eq. 14-17 and expressing the differential
dV(x,y, z) in terms of its partial derivatives yields

1% aV aV
F.dx + F,dy + F,dz = —| —dx + —dy + —d
x 4% y & 4z <6x o ay Y 9z z)

Since changes in x, y, and z are all independent of one another, this
equation is satisfied provided

Vv 14 1%
= -, F,=— F,=— (14-18)
ox ay 0z

Thus,
F=—i—-——j——k (14-19)

This equation relates a force F to its potential function V and thereby
provides a mathematical criterion for proving that F is conservative.
For example, the gravitational potential function for a weight located a
distance y above a datum is V, = Wy. To prove that W is conservative, it
is necessary to show that it satisfies Eq. 14-18 (or Eq. 14-19), in which case

aV J
Fy=— F, = ——(Wy) = -W
dy ady

The negative sign indicates that W acts downward, opposite to positive
v, which is upward. Use Eq. 14-19 to show the spring force F = kx is a
conservative force.

231
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@ Potential Energy (max)

Kinetic Energy (zero)

I @ Potential Energy and
T Kinetic Energy

Potential Energy (zero)

@ Kinetic Energy (max)

Fig. 14-20

14.6 CONSERVATION OF ENERGY

When a particle is acted upon by a system of both conservative and
nonconservative forces, the portion of the work done by the conservative
forces can be written in terms of the difference in their potential energies
using Eq. 14-16,1.e., (2U; _2)cons. = V1 — V. As aresult, the principle of
work and energy can be written as

Tl + Vl + (2U172)n0ncons. = T2 + V2 (14_20)

Here (2 U _2)noncons. TePresents the work of the nonconservative forces
acting on the particle. If only conservative forces do work then we have

Tl r V1 = T2 aF V2 (14—21)

This equation is referred to as the conservation of mechanical energy
or simply the conservation of energy. It states that during the motion
the sum of the particle’s kinetic and potential energies remains constant.
For this to occur, kinetic energy must be transformed into potential
energy, and vice versa.

For example, if a ball of weight W is dropped from a height 4 above
the ground (datum), Fig. 14-20, the potential energy of the ball is
maximum before it is dropped, at which time its kinetic energy is zero.
The total mechanical energy of the ball in its initial position is thus

E=T,+V,=0+ Wh=Wh

When the ball has fallen a distance //2, its speed can be determined by
using v* = v + 2a.(y — y), which yields v = V2g(h/2) = Vgh. The
energy of the ball at the mid-height position is therefore

1 h
E=T,+V,= 5%(\/5’}1)2 + W(2> = Wh

Just before the ball strikes the ground, its potential energy is zero and its
speed is v = V2gh. Here, again, the total energy of the ball is

E=T;+ V3=%%(\/2gh)2+0= Wh

Note that when the ball comes in contact with the ground, it deforms
somewhat, and provided the ground is hard enough, the ball will rebound
off the surface, reaching a new height /', which will be less than the
height /4 from which it was first released. Neglecting air friction, the
difference in height accounts for an energy loss, £, = W(h — h'), which
occurs during the collision. Portions of this loss produce noise, localized
deformation of the ball and ground, and heat.
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If a system of particles is subjected only to
conservative forces, then an equation similar to Eq. 14-21 can be written
for the particles. Applying the ideas of the preceding discussion, Eq. 14-8
(XT, + 2U,_, = XT,) becomes

STy + 3V, = 3T, + 3V, (14-22)

Here, the sum of the system’s initial kinetic and potential energies is
equal to the sum of the system’s final kinetic and potential energies. In
other words, for the system %7 + %V = const.

. PROCEDURE FOR ANALYSIS

The conservation of energy equation can be used to solve
problems involving velocity, displacement, and conservative force
systems. It is generally easier to apply than the principle of work
and energy because this equation requires specifying the particle’s
or system’s kinetic and potential energies at only two points along
the path, rather than finding the work when the particle moves
through a displacement. For application it is suggested that the
following procedure be used.

Potential Energy.

e Draw two diagrams showing the particle or system in its initial
and final position along the path.

e If the particle or system is subjected to a vertical displacement,
establish the fixed horizontal datum from which to measure the
particle’s gravitational potential energy V.

e Determine the elevation y of the particle from the datum and
the stretch or compression s of any connecting springs.

* Recall V, = Wy, where y is positive upward from the datum
and negative downward from the datum; also for a spring,
V, = %ksz, which is always positive.

Conservation of Energy.

e Apply the equation 77 + V; = T, + V,.

e When determining the kinetic energy, 7" = %mvz, remember
that the particle’s speed v must be measured from an inertial
reference frame.

Refer to the companion website for Lecture
Summary and Quiz videos.

233
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EXAMPLE 14.9

8000(9.81) N

(b)
Fig. 14-21

The gantry structure in the photo is used to test the response of an airplane
during a crash. As shown in Fig. 14214, the plane, having a mass of 8 Mg,
is hoisted back until § = 60°, and then the pull-back cable AC is released
when the plane is at rest. Determine the speed of the plane just before
it crashes into the ground, & = 15°. Also, what is the maximum tension
developed in the supporting cable at this instant? Neglect the size of the
airplane and the effect of lift caused by the wings during the motion.

Datum

[&
20 m

(@)

SOLUTION

Since the force of the cable does no work on the plane, it must be
obtained using the equation of motion. First, however, we must
determine the plane’s speed at B.

Potential Energy. For convenience, the datum has been established
at the top of the gantry, Fig. 14-21a.

Conservation of Energy.
TA r VA = TB ol VB
0 — 8000 kg (9.81 m/s?)(20 cos 60° m) =
1(8000 kg)vy — 8000 kg (9.81 m/s?)(20 cos 15° m)
vg = 13.52m/s = 13.5m/s Ans.
Equation of Motion. From the free-body diagram when the plane
is at B, Fig. 14-21b, we have
+N  XF, = ma,;
(13.52m/s)?
T — (8000(9.81) N) cos 15° = (8000 kg)T

T = 149 kN Ans.
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EXAMPLE 14.10

The ram R shown in Fig. 14-22a has a mass of 100 kg and is released
from rest 0.75 m from the top of a spring, A, that has a stiffness
k4 = 12 kN/m. If a second spring B, having a stiffness k3 = 15 kN/m,
is “nested” in A, determine the maximum displacement of A needed to
stop the downward motion of the ram. The unstretched length of each
spring is indicated in the figure. Neglect the mass of the springs.

SOLUTION
Here we will consider the system to be the ram and the two springs.

Potential Energy. We will assume that the ram compresses both
springs at the instant it comes to rest. The datum is located through
the center of gravity of the ram at its initial position, Fig. 14-22b.
When the kinetic energy is reduced to zero (v, = 0), A is compressed
a distance s, and B compresses sz = 54 — 0.1 m.

Conservation of Energy.
TV+Vi=T,+V,
0+0=0+ [Skash + Lkp(sy — 0.1)> — Wh]
0+0=0+ [512000N/m)s] + 515000 N/m)(s, — 0.1 m)?
— 981N (0.75m + s54)]

Rearranging the terms,
13 500s% — 2481s, — 660.75 = 0
Using the quadratic formula and solving for the positive root, we have

s4 = 0331m Ans.

Since sp = 0.331m — 0.1 m = 0.231 m, which is positive, the
assumption that both springs are compressed by the ram is correct.

NOTE: The second root, s, = —0.148 m, does not represent the
physical situation. Since positive s is measured downward, the negative
sign indicates that spring A would have to be “extended” by an amount

(b)
of 0.148 m to stop the ram. Fig. 14-22
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EXAMPLE 14.11

A smooth 2-kg collar, shown in Fig. 14-23a, fits loosely on the vertical
shaft. If the spring is unstretched when the collar is in the position A,
determine the speed at which the collar is moving when y = 1 m, if
(a) it is released from rest at A, and (b) it is released at A with an
upward velocity v, = 2 m/s.

SOLUTION
The system here consists of the collar and spring.

«i:;

Part (a) Potential Energy. For convenience,the datum is established
through AB, Fig. 14-23b. When the collar is at C, the gravitational
potential energy is —(mg)y, since the collar is below the datum. The

¢ elastic potential energy is %ksch, where scg = 0.5 m, which represents
s ¥ the stretch in the spring as shown in the figure.
@ Conservation of Energy.
Th+Vya=Tc+ Ve
T 0+ 0 = ymvg + [yksp — mgy]

V(A m)? + (0.75m)?> =125 m 0+0
w

ve =439m/s | Ans.

(32 kg)vz] + [3(3N/m)(0.5m)? — 2(9.81) N (1 m)]

If this problem was solved using the equation of motion or the
principle of work and energy, then for both of these methods, the
variation of the magnitude and direction of the spring force must
be taken into account (see Example 13.4). Here, however, the above
solution is clearly advantageous since only the energy at the initial
and final points of the path must be determined.

Part (b) Conservation of Energy. If v, = 2 m/s, using the data in
Fig. 14-23b, we have
Scg=125m — 0.75m = 0.5m
(b)
Fig. 14-23 ymvl + 0 = 3mug + [sksgp — mgy)

32kg)2m/s)® + 0 = 32 kg)ve + [5(3 N/m)(0.5 m)’

TA+VA:TCJFVC

— 2(9.81) N (1m)]

ve =4.82m/s | Ans.

@ NOTE: The kinetic energy of the collar depends only on the magnitude
Ref . . , of velocity, and therefore it is immaterial if the collar is moving up or
efer to the companion website for a self quiz of these

Example problems. down at 2 m/s when released at A.
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. FUNDAMENTAL PROBLEMS

114-13.  The 2-kg pendulum bob is released from rest when
itis at A. Determine the speed of the bob and the tension in
the cord when the bob passes through its lowest position, B.

Wi

A

Prob. F14-13

I14-14. The 2-kg package leaves the conveyor belt at A
with a speed of v, = 1 m/s and slides down the smooth
ramp. Determine the required speed of the conveyor belt at
B so that the package can be delivered without slipping on
the belt. Also, find the normal reaction the curved portion
of the ramp exerts on the package at B if pp = 2 m.

vy =1m/s "
A
4m
‘ B —2,
i

Prob. F14-14

114-15. The 2-kg collar is given a downward velocity
of 4m/s when it is at A. If the spring has an unstretched
length of 1 m and a stiffness of & = 30 N/m, determine the
velocity of the collar ats = 1 m.

‘ 2m

Prob. F14-15

[114-16. The 2.5-kg smooth collar is released from rest
at A. Determine its speed when it strikes the stop B. The
spring has an unstretched length of 0.15 m.

A

/k = 60 N/m
0.45 m

L

Prob. F14-16
I'14-17.  The 35-kg block is released from rest 1.5 m above the
plate. Determine the compression of each spring when the block
momentarily comes to rest after striking the plate. Neglect the
mass of the plate. The springs are initially unstretched.

k' =24kN/m Prob. F14-17

F14-18. The 4-kg collar C has a velocity of v4 = 2m/s
when it is at A. If the guide rod is smooth, determine
the speed of the collar when it is at B. The spring has an
unstretched length of /; = 0.2 m.

k = 400 N/m

Prob. F14-18
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. PROBLEMS

14-66. Each of the two elastic rubber bands of the
slingshot has an unstretched length of 180 mm. If they are
pulled back to the position shown and released from rest,
determine the maximum height the 30-g pellet will reach if
it is fired vertically upward. Neglect the mass of the rubber
bands and the change in elevation of the pellet while it is
constrained by the rubber bands. Each rubber band has a
stiffness £ = 80 N/m.

Prob. 14-66

14-67. The girl has a mass of 40 kg and center of mass
at G. If she is swinging to a maximum height defined by
0 = 60°, determine the force developed along each of the
four supporting posts such as AB at the instant § = 0°. The
swing is centrally located between the posts.

Prob. 14-67

*14-68. The bob of the pendulum has a mass of 0.2 kg and
is released from rest when it is in the horizontal position
shown. Determine its speed and the tension in the cord at
the instant the bob passes through its lowest position.

O i

0.75 m

p-

O

Prob. 14-68

14-69. The 5-kg collar has a velocity of 5 m/s to the right
when it is at A. It then travels down along the smooth guide.
Determine the speed of the collar when it reaches point B,
which is located just before the end of the curved portion of
the rod. The spring has an unstretched length of 100 mm. Also,
what is the normal force on the collar at this instant?

14-70. The 10-kg collar has a velocity of 3 m/s to the
right when it is at A. It then travels along the smooth guide.
Determine its speed when it reaches point B, which is
located just before the end of the curved portion of the rod,
and the normal force it exerts on the rod at this point. The
spring has an unstretched length of 150 mm.

%200 mm W
A

k = 50 N/m

Probs. 14-69/70



14-71. The roller coaster car has a mass of 700 kg,
including its passenger. If it starts from the top of the hill A
with a speed v, = 3 m/s, determine the minimum height
h of the hill crest so that the car travels around the inside
loops without leaving the track. Neglect friction, the mass
of the wheels, and the size of the car. What is the normal
reaction on the car when the car is at B and when it is at C?
Take pp = 7.5mand pc = Sm.

*14-72. The roller coaster car has a mass of 700 kg,
including its passenger. If it is released from rest at the
top of the hill A, determine the minimum height 4 of the
hill crest so that the car travels around both inside loops
without leaving the track. Neglect friction, the mass of the
wheels, and the size of the car. What is the normal reaction
on the car when the car is at B and when it is at C? Take
pp = 7.5mand pr = Sm.

15mé ;2 % 10m

Probs. 14-71/72

14-73. 'Two equal-length springs are “nested” together in
order to form a shock absorber. If it is designed to arrest the
motion of a 2-kg mass that is dropped s = 0.5 m above the
top of the springs from an at-rest position, and the maximum
compression of the springs is to be 0.2 m, determine the
required stiffness of the inner spring, kg, if the outer spring
has a stiffness k4, = 400 N/m.

I

Prob. 14-73
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14-74. The assembly consists of two blocks A and B which
have a mass of 20 kg and 30 kg, respectively. Determine
the speed of each block when B descends 1.5 m. The blocks
are released from rest. Neglect the mass of the pulleys and
cords.

e 2

72\

R

Prob. 14-74

14-75. The assembly consists of two blocks A and B,
which have a mass of 20 kg and 30 kg, respectively.
Determine the distance B must descend in order for A to
achieve a speed of 3 m/s starting from rest.

(CmmnG

7\

Q)

Prob. 14-75




240

*14-76. The roller coaster car having a mass m is released

from rest at point A. If the track is to be designed so that the
car does not leave it at B, determine the required height 4.
Also, find the speed of the car when it reaches point C.
Neglect friction.

Prob. 14-76

14-77. The spring has a stiffness £k = S0N/m and an
unstretched length of 0.3 m. If it is attached to the 2-kg
smooth collar and the collar is released from rest at A
(6 = 0°), determine the speed of the collar when 6 = 60°.
The motion occurs in the horizontal plane. Neglect the size
of the collar.

Prob. 14-77

CHAPTER 14 KINETICS OF A PARTICLE: WORK AND ENERGY

14-78. The 2-kg ball of negligible size is fired from point
A with an initial velocity of 10 m/s up the smooth inclined
plane. Determine the distance from point C to where it hits
the horizontal surface at D. Also, what is its velocity when it
strikes the surface?

Prob. 14-78

14-79. The spring has a stiffness kK = 200 N/m and an
unstretched length of 0.5 m. If it is attached to the 3-kg
smooth collar and the collar is released from rest at A,
determine the speed of the collar when it reaches B. Neglect
the size of the collar.

k =200 N/m
2m
| |B
-
} 1.5m |
Prob. 14-79



*14-80. When s = 0, the spring on the firing mechanism is
unstretched. If the arm is pulled back such thats = 100 mm
and released, determine the maximum angle 6 the 0.3-kg
ball will travel without leaving the circular track. Assume
all surfaces of contact to be smooth. Neglect the mass of the
spring and the size of the ball.

k = 1500 N/m

Prob. 14-80

14-81. When s = 0, the spring on the firing mechanism is
unstretched. If the arm is pulled back such thats = 100 mm
and released, determine the speed of the 0.3-kg ball and
the normal reaction of the circular track on the ball when
0 = 60°. Assume all surfaces of contact to be smooth.
Neglect the mass of the spring and the size of the ball.

k = 1500 N/m

Prob. 14-81
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14-82. A rocket of mass m is fired vertically from the
surface of the earth, i.e., at r = r. Assuming that no mass
is lost as it travels upward, determine the work it must do
against gravity to reach a distance r,. The force of gravity
is F = GM,m/r* (Eq. 13-1), where M, is the mass of the
earth and r the distance between the rocket and the center
of the earth.

Prob. 14-82

14-83. If the mass of the earth is M,, show that the
gravitational potential energy of a body of mass m located a
distance r from the center of the earthis V, = —GM,m/r.
Recall that the gravitational force acting between the
earth and the body is F = G(M,m/r?), Eq. 13-1. For the
calculation, locate the datum at r — . Also, prove that F'is
a conservative force.

Prob. 14-83
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*14-84. A 60-kg satellite travels in free flight along 14-86. The block has a mass of 20 kg and is released from

an elliptical orbit such that at A, where r, = 20 Mm, rest when s = 0.5 m. If the mass of the bumpers A and B
it has a speed v, = 40 Mm/h. What is the speed of the can be neglected, determine the maximum deformation of
satellite when it reaches point B, where rg = 80 Mm? each spring due to the collision.

Hint: See Prob. 14-83, where M, = 5.976(10**) kg and
G = 66.73(10" 2y m*/ (kg - s?).

- k, = 500 N/m

2

- kp = 800 N/m

Prob. 14-84
Prob. 14-86

14-85. The 4-kg smooth collar has a speed of 3 m/s when
it is at s = 0. Determine the maximum distance s it travels
before it stops momentarily. The spring has an unstretched
length of 1 m.

14-87. The spring is unstretched when s = 1 m and
the 15-kg block is released from rest at this position.
Determine the speed of the block when s =3 m. The spring
remains horizontal during the motion, and the contact
surfaces between the block and the inclined plane are
smooth.

L

Prob. 14-85 Prob. 14-87



*14-88. The 10-kg block A is released from rest and slides
down the smooth plane. Determine the compression x of
the spring when the block momentarily stops.

k=5kN/m/

Prob. 14-88

14-89. When the 6-kg box reaches point A it has a speed
of v, = 2 m/s. Determine the angle 0 at which it leaves the
smooth circular ramp and the distance s to where it falls
into the cart. Neglect friction.

Prob. 14-89
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14-90. The 0.75-kg bob of a pendulum is fired from rest at
position A, by a spring which has a stiffness of k =6 kN/m
and is compressed 125 mm. Determine the speed of the
bob and the tension in the cord when the bob is at positions
B and C. Point B is located on the path where the radius
of curvature is still 0.6 m, i.e., just before the cord becomes
horizontal.

Prob. 14-90

14-91. When the 5-kg box reaches point A it has a speed
v, = 10 m/s. Determine the normal force the box exerts
on the surface when it reaches point B. Neglect friction and
the size of the box.

9m |

Prob. 14-91
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*14-92. When the 5-kg box reaches point A it has a
speed vy, = 10 m/s. Determine how high the box reaches
up the surface before it comes to a stop. Also, what is the
resultant normal force on the surface at this point and the
acceleration? Neglect friction and the size of the box.

9m |

Prob. 14-92

14-93. The 10-kg sphere C is released from rest when
6 = 0° and the tension in the spring is 100 N. Determine the
speed of the sphere at the instant § = 90°. Neglect the mass
of rod AB and the size of the sphere.

04m k = 500 N/m

Prob. 14-93

14-94. A quarter-circular tube AB of mean radius r
contains a smooth chain that has a mass per unit length
of my. If the chain is released from rest from the position
shown, determine its speed when it emerges completely
from the tube.

Prob. 14-94

14-95. A pan of negligible mass is attached to two
identical springs of stiffness & = 250 N/m. If a 10-kg box
is dropped from a height of 0.5 m above the pan, determine
the maximum vertical displacement d. Initially each spring
has a tension of 50 N.

Im Im

[0, —

0.5m

k = 250 N/m ‘

T

Prob. 14-95
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*14-96. If the 20-kg cylinder is released from rest at 4 =0, 14-97. The cylinder has a mass of 20 kg and is released
determine the required stiffness k of each spring so that its from rest when 4 = 0. Determine its speed when 2 = 3 m.
motion is arrested or stops when 4 = 0.5 m. Each spring has Each spring has a stiffness k = 40 N/m and an unstretched
an unstretched length of 1 m. length of 2 m.
| 2m 2m | | 2m 2m |
h h
k k l k k l

Prob. 14-96 Prob. 14-97
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. CHAPTER REVIEW

Work of a Force F

A force does work when it undergoes a /‘/@
displacement along its line of action. If the K (—1»
force varies with the displacement, then 51 Fcosf 2

the work is U = fF cos 0 ds.

Graphically, this represents the area under Fcos 6
the F—s diagram. Fcos 0
N
S1 — Ay
ds
If the force is constant, then for a y
displacement As in the direction of the
force, U = F,As. A typical example
of this case is the work of a weight, w 5
U= —W (y, — y1)- Here, Ay s the vertical //
displacement.
$1
S
Y2
Y1
z
Unstretched

position, s = 0

s |
FMMMNW\«—OF ‘
k S

Force on
Particle

The work done by a spring force, F = ks,
depends upon the stretch or compression
s of the spring.

U= - (bks - bis)

The Principle of Work and Energy

If the equation of motion in the tangential
direction, XF, = ma, is combined with
the kinematic equation, a,ds = v dv, we
obtain the principle of work and energy. hi+2Ui,=T,
This equation states that the initial kinetic
energy of a particle, plus the work done
on the particle, is equal to the final kinetic
energy of the particle.
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The principle of work and energy is useful
for solving problems that involve force,
velocity, and displacement. For application,
the free-body diagram of the particle
should be drawn in order to identify the
forces that do work.

Power and Efficiency

Power is the time rate of doing work. For P=F-v
application, the force F creating the power
and its velocity v must be specified. P AU
avg AL
Average power is equal to the work done At
divided by the time. power output
e=—"""—"—

Efficiency represents the ratio of power power input

output to power input. Due to frictional
losses, it is always less than one.

Conservation of Energy +Wy

A conservative force does work that is
independent of its path. Two examples
are the weight of a particle and the spring
force.

Friction is a nonconservative force since
the work depends upon the length of
the path. The longer the path, the more
work.

Datum

The work of a conservative force depends
upon its position relative to a datum.
When this work is referenced from a
datum, it is called potential energy. For a
weight,itis V, = £ Wy, and for a spring it is
V, = +5ks.

Gravitational potential energy

Mechanical energy consists of kinetic X ’» s%‘

energy 7 and gravitational and elastic i,
potential energies V. According to the
conservation of energy, this sum is constant

for a system of particles and it has the same Elastic potential energy

value at any position on the path.
T1 + V] = T2 + Vz
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. REVIEW PROBLEMS

R14-1. The small 1-kg collar starting from rest at A slides
down along the smooth rod. During the motion, the collar is
acted upon by a force F = {50i + 60yj + 20zk} N, where
y and z are in meters. Determine the collar’s speed when it
strikes the wall at B.

— 05m

Prob. R14-1

R14-2. The block has a mass of 0.5 kg and moves within
the smooth vertical slot. If the block starts from rest
when the attached spring is in the unstretched position
at A, determine the constant vertical force F which must
be applied to the cord so that the block attains a speed
vg = 2.5m/s when it reaches B; sz = 0.15 m. Neglect the
mass of the cord and pulley.

0.3m ‘
C
0.3m Iz
T F
SB

|k =100 N/m

Prob. R14-2

e '

R14-3. If a 70-kg crate is released from rest at A,
determine its speed after it slides 9 m down the plane. The
coefficient of kinetic friction between the crate and plane is
M = 0.3.

Prob. R14-3

R14-4. The block has a mass of 0.75 kg and slides along
the smooth chute AB. It is released from rest at A, which
has coordinates of A(2.5 m,0,5 m). Determine the speed at
which it slides off at B, which has coordinates of B(0,4 m,0).

Prob. R14-4



R14-5. The 25-kg load is hoisted by the pulley system and
motor M. If the motor exerts a constant force of 150 N on
the cable, determine the power that must be supplied to the
motor if the load has been hoisted s = 3 m starting from rest.
The motor has an efficiency of e = 0.76.

Prob. R14-5

R14-6. The blocks A and B have a mass of 5 kg and 15 kg,
respectively. They are connected together by a light cord
and ride in the frictionless grooves. Determine the speed of
each block after block A moves 1.8 m up along the plane.
The blocks are released from rest.

4.5 m

y

Prob. R14-6
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R14-7. The crate, having a mass of 25 kg, is hoisted by
the pulley system and motor M. If the crate starts from rest
and, by constant acceleration, attains a speed of 6 m/s after
rising 5 m, determine the power that must be supplied to the
motor at the instant s = 5 m. The motor has an efficiency
e = 0.74.

!

Prob. R14-7

R14-8. The collar of negligible size has a mass of 0.25 kg
and is attached to a spring having an unstretched length of
100 mm. If the collar is released from rest at A and travels
along the smooth guide, determine its speed just before it
strikes B.

Prob. R14-8




cHAPTER 1 5

Riders on this amusement park ride obey the conservation of angular momentum.
As their motion changes, it can be determined as discussed in this chapter.
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Lecture Summary and Quiz,

Example, and Problem-

: A I I ' \ e B solving videos are available
_— |_ e where this icon appears.

IMPULSE AND
MOMENTUM

. CHAPTER OBJECTIVES

To develop the principle of linear impulse and momentum for
a particle and apply it to solve problems that involve force,
velocity, and time.

To discuss the conservation of linear momentum for particles.
To analyze the mechanics of impact.
To introduce the concept of angular impulse and momentum.

To solve problems involving steady fluid streams and propulsion
with variable mass.

15.

In this

1 PRINCIPLE OF LINEAR IMPULSE
AND MOMENTUM

section we will integrate the equation of motion with respect to

time and thereby obtain the principle of impulse and momentum. Since
a = dv/dt,we have

dv
p ma = m-— (15-1)

Rearranging the terms and integrating between the limits v = v; when
t = t;and v = v, whent = t,, we have

5 v,
> / Fdt = m / dv
4 v

251
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The impulse tool is used to remove the
dent in the trailer fender. To do so its end
is first screwed into a hole drilled in the
fender, then the weight is gripped and
jerked upwards, striking the stop ring.
The impulse developed is transferred
along the shaft of the tool and pulls
suddenly on the dent.

or
153

2/ Fdt = mv, — mv, (15-2)
A1

This equation is referred to as the principle of linear impulse and
momentum. It provides a direct means of obtaining the particle’s final
velocity v, after a specified time period when the particle’s initial velocity
is known and the forces acting on the particle are either constant or can
be expressed as functions of time.

Linear Momentum. Each of the two vectors of the form L = mv
in Eq. 15-2 is referred to as the particle’s linear momentum. Since the
particle’s mass m is a positive scalar, the linear-momentum vector has the
same direction as v, and its magnitude has units of mass times velocity,
e.g.,kg-m/s.

Linear Impulse. The integral I = [Fdz in Eq. 15-2 is referred to
as the linear impulse. This term is a vector quantity which measures the
effect of a force during the time the force acts. Since time is a positive
scalar, the impulse acts in the same direction as the force, and its
magnitude has units of force times time, e.g., N + s.*

If the force is expressed as a function of time, the impulse can be
determined by direct evaluation of the integral. As a special case, if
the force is constant in both magnitude and direction, then the impulse
becomes

I= ftichdt =F(, — 1)
Graphically the magnitude of the impulse can be represented by the
shaded area under the curve of force versus time, Fig. 15-1. A constant

force creates the shaded rectangular area shown in Fig. 15-2.

F F

F.
— [2
I= j;l Fodt 1 =F( 1)

t t
151 23 51 153

Variable Force Constant Force

Fig. 15-1 Fig. 15-2

* Although the units for impulse and momentum are defined differently, it can be shown
that Eq. 15-2 is dimensionally homogeneous.
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Principle of Linear Impulse and Momentum. For problem
solving, Eq. 15-2 will be rewritten in the form

L
mv; + E/ F dt = mv, (15-3)
h

which states that the initial momentum of the particle at time # plus the
sum of all the impulses applied to the particle from ¢, to ¢, is equivalent
to the final momentum of the particle at time #,. These three terms are
illustrated graphically on the impulse and momentum diagrams shown
in Fig. 15-3.

If each of the vectors in Eq. 15-3 is resolved into its x, y, z components,
we can write the following three scalar equations of linear impulse and
momentum.

The dynamics of many types of sports, such
as golf, requires application of the principle

f of linear impulse and momentum.
m(?)x)l + 2 Fx dt = m(’l)x)z
4]
153
15-4
m(’l)y)l + 2/ Fy dt = m(’l)y)z ( )
151
153
m(ey + 3 [ Fdi = mo),
151
2
s J; “Fdt
1
mvy
Initial Impulse Final
momentum diagram momentum
diagram diagram

Fig. 15-3
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Inertial coordinate system

Fig. 15-4

15.2 PRINCIPLE OF LINEAR IMPULSE
AND MOMENTUM FOR A
SYSTEM OF PARTICLES

The principle of linear impulse and momentum for a system of particles
moving relative to an inertial reference, Fig. 15-4, is obtained from the
equation of motion applied to all the particles in the system, i.e.,

dVi
EF,' = EmlE

The term on the left side represents only the sum of the external
forces F; acting on the particles. The internal forces f; acting between
particles do not appear with this summation, since by Newton’s third
law they occur in equal but opposite collinear pairs and therefore cancel
out. Multiplying both sides of the above equation by dt and integrating
between the limits t = ¢, v; = (v;); and t = 6, v; = (V;),, we have

5]
Sy 2 5 / Fdt = Smy(v)s (15-5)
I

Here the initial linear momentum of the system plus the impulses of
all the external forces acting on the system from # to ¢, is equal to the
system’s final linear momentum.

This equation can be simplified by noting that the location of the
mass center G of the system is determined from mrg = Zmyr;, where
m = 3m; is the total mass of all the particles, Fig. 15-4. Taking the time
derivative, we have

mvg = 2m,v; (15-6)

In words, the total linear momentum of the system of particles, 2m;v;, is
equivalent to the linear momentum of a “fictitious” aggregate particle
of mass m = Zm; moving with the velocity of the mass center of the
system, v. Substituting into Eq. 15-6 yields

153
m(vG)1 + 2/ Fidt - m(vG)2 (15—7)
4]

If the system of particles collectively represents the particles composing
a rigid body, then this result justifies application of the principle of linear
impulse and momentum to a body of finite size.
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- PROCEDURE FOR ANALYSIS

The principle of linear impulse and momentum is used to solve
problems involving force, time, and velocity, since these terms are
involved in the formulation. For application it is suggested that the
following procedure be used.*

Free-Body Diagram.

® Establish the x, y, z inertial frame of reference and draw the
particle’s free-body diagram in order to account for all the forces
that produce impulses on the particle.

® The direction and sense of the particle’s initial and final velocities
should be established.

® [f a vector is unknown, assume that the sense of its components is
in the direction of the positive inertial coordinate(s).

® As an alternative procedure, draw the impulse and momentum
diagrams for the particle as shown in Fig. 15-3.

Principle of Impulse and Momentum.

® Apply the principle of linear impulse and momentum,
mv; + 3 ftizF dt = mv,. If motion occurs in the x—y plane, the two
scalar component equations can be formulated by either resolving
the vector components of F from the free-body diagram, or by
using the data on the impulse and momentum diagrams.

® Realize that every force acting on the particle’s free-body diagram
will create an impulse, even though some of these forces will do
no work.

® Forces that are functions of time must be integrated to obtain the
impulse. Graphically, the impulse is equal to the area under the

force—time curve. Refer to the companion website for Lecture
Summary and Quiz videos.

As the wheels of the pitching machine

rotate, they apply frictional impulses to the [Ndt

ball, thereby giving it a linear momentum.

These impulses are shown on the impulse J¥dr
diagram. Here both the frictional and normal

impulses vary with time. By comparison, the JF'dt
weight impulse is constant and is very small

since the time At the ball is in contact with WAt IN'dt
the wheels will be very small. )

* This procedure will be followed when developing the proofs and theory in the book.
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EXAMPLE 15.1

200 N The 100-kg crate shown in Fig. 15-5a is originally at rest on the smooth
horizontal surface. If a towing force of 200 N, acting at an angle of 45°, is
applied for 10 s, determine the final velocity of the crate and the normal
force which the surface exerts on the crate during this time interval.

SOLUTION
This problem can be solved using the principle of impulse and
momentum since it involves force, velocity, and time.

Free-Body Diagram. Since all the forces acting on the free-body
diagram, Fig. 15-5b, are constant, the impulses are simply the product
of the force magnitude and 10 s [I = F.(#, — 1)]. Note the alternative
procedure of drawing the crate’s impulse and momentum diagrams,

Fig. 15-5c¢.
y Principle of Impulse and Momentum. Applying Egs. 15-4, we have
v 2]
|_—’ . () m(ogy+3 [ Fedi = o,
200N f
= 0 + 200 N cos 45°(10's) = (100 kg)v,
= 45° v, = 141 m/s Ans.
> /
: = ,
NCT (+T) m(vy)l + 2/ Fydt = m(vy)Z
4]
®) 0 + Ne(10s) — 981 N(10's) + 200 N sin 45°(10's) = 0

Nc = 840N Ans.
NOTE: Since no motion occurs in the y direction, direct application of
the equilibrium equation 2 F, = 0 gives the same result for N¢. Try to

solve the problem by first applying % F, = ma,, then v = vy + a..

200N (10's)
981 N (10's)
I
T: A Tt 4?" HH /' H
== |+ |BEE=Y T | BT e
NC (10 S)T
(©

Fig. 15-5
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EXAMPLE 15.2

The 25-kg crate shown in Fig. 15-6a is acted upon by a force having
a variable magnitude P = (90¢) N, where ¢ is in seconds. Determine
the crate’s velocity when ¢ = 2 s if the initial velocity of the crate is
v; = 0.9 m/s down the plane. The coefficient of kinetic friction
between the crate and the plane is w;, = 0.3.

SOLUTION

Free-Body Diagram. See Fig. 15-6b. Since the magnitude of force
P = 90t varies with time, the impulse it creates must be determined
by integrating over the 2-s time interval.

Principle of Impulse and Momentum. Applying Eqs. 154 in the
x direction, we have

(+2) vy + 3 / b = o))

2s
(25kg)(0.9m/s) + / 90t dt — 0.3N¢(2s) + (25 kg)(9.81 m/s?) sin 30°(2's) = (25 kg) v,
0

22.5 + 180 — 0.6N¢ + 245.25 = 250,

The equation of equilibrium can be applied in the y direction. Why?

+N\2F, = 0; N¢c —25(9.81) cos 30°N = 0
Solving,
Nc = 21239N
v, =128 m/s Ans.

NOTE: We can also solve this problem using the equation of motion.
From Fig. 15-6b,

+/SF, = may; 90 — 0.3(212.39) + 25(9.81) sin 30° = 254
a =360+ 2356

Using kinematics,

V, 2s

+/dv = adr, / dv= [ (3.6t + 2.356)dt
0.9 m/s 0

v, = 128 m/s Ans.
By comparison, application of the principle of impulse and momentum

eliminates the need for using kinematics (¢ = dv/dt) and thereby
yields an easier method for solution.

25(9.81)N

257
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EXAMPLE 15.3

Ty

T, =2Ty

T

2T

SA

3(9.81)N

Ty

!

[

SB

5(9.81) N

(b)
Fig. 15-7

o

Refer to the companion website for a self quiz of these

Example problems.

V
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Blocks A and B shown in Fig. 15-7a have a mass of 3 kg and 5 kg,
respectively. If the system is released from rest, determine the velocity
of block B in 6 s. Neglect the mass of the pulleys and cord.

SOLUTION

Free-Body Diagram. See Fig. 15-7b. Since the weight of each block
is constant, the cord tensions will also be constant. Furthermore, since
the mass of pulley D is neglected, the cord tension 7, = 2Ty. Note
that the blocks are both assumed to be moving downward in the
positive coordinate directions, s4 and sp.

Principle of Impulse and Momentum.

Block A:
(+1) m(va) + 3 / tsz dt = m(vy),
0 — 2T4(65) + 3(9.81) ;\1(6 5) = (3 kg)(va)s 1)
Block B:
+) monn + % Fydt = m(us)
0+ 5(9.81) N(6s) — ;3(6 s) = (5kg)(vp), 2)

Kinematics. Since the blocks are subjected to dependent motion,
the velocity of A can be related to that of B by using the kinematic
analysis discussed in Sec. 12-9. A horizontal datum is established
through the fixed point at C, Fig. 15-7a, and the position coordinates,
s, and sp, are related to the constant total length / of the vertical
segments of the cord by the equation

254 + sp =1
Taking the time derivative yields
2v4 = —vp 3)

As indicated by the negative sign, when B moves downward A moves
upward. Substituting this result into Eq. 1 and solving Eqgs. 1 and 2 yields

(vg) = 358m/s |
Tg = 192N Ans.
NOTE: Realize that the positive (downward) direction for v, and vy is

consistent in Figs. 15-7a and 15-7b and in Egs. 1 to 3. This is important
since we are seeking a simultaneous solution of equations.
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. FUNDAMENTAL PROBLEMS

F15-1. The 0.5-kg ball strikes the rough ground and
rebounds with the velocities shown. Determine the
magnitude of the impulse the ground exerts on the ball.
Assume that the ball does not slip when it strikes the
ground, and neglect the size of the ball and the impulse
produced by the weight of the ball.

°

v =25m/s
N

vy, =10 m/s

45° 30°

Prob. F15-1

I115-2. If the coefficient of kinetic friction between the
75-kg crate and the ground is w;, = 0.2, determine the speed
of the crate when t = 4 s. The crate starts from rest and is
towed by the 500-N force.

500 N
30°

Prob. F15-2

I15-3. The motor exerts a force of F = (20t?) N on the
cable, where ¢ is in seconds. Determine the speed of the
25-kg crate when t = 4s. The coefficients of static and
kinetic friction between the crate and the plane are u, = 0.3
and p;, = 0.25, respectively.

A

= o)

Prob. F15-3

F15-4. The wheels of the 1.5-Mg car generate the traction
force F described by the graph. If the car starts from rest,
determine its speed whent = 6s.

F (kN)
E=E T
E—
F
6 kN |—

f f t(s)

2 6

Prob. F15-4

[15-5. The 2.5-Mg four-wheel-drive SUV tows the 1.5-Mg
trailer. The traction force developed at the wheels is
Fp = 9kN. Determine the speed of the truck in 20s,
starting from rest. Also, determine the tension developed in
the coupling, A, between the SUV and the trailer. Neglect
the mass of the wheels.

Prob. F15-5

[15-6. The 4.5-kg block A attains a velocity of 0.3 m/s in
5 seconds, starting from rest. Determine the tension in the
cord and the coefficient of kinetic friction between block A
and the horizontal plane. Neglect the weight of the pulley.
Block B has a mass of 3.6 kg.

A

.

Prob. F15-6
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All solutions must include a free-body diagram.

15-1. A man kicks the 150-g ball such that it leaves the
ground at an angle of 60° and strikes the ground at the same
elevation a distance of 12 m away. Determine the impulse of
his foot on the ball at A. Neglect the impulse caused by the
ball’s weight while it’s being kicked.

Prob. 15-1

15-2. A 2.5-kgblock is given an initial velocity of 3 m/s up
a 45° smooth slope. Determine the time for it to travel up
the slope before it stops.

15-3. The 20-kg crate is lifted by a force of
F = (100 + 5¢*) N, where ¢ is in seconds. Determine the
speed of the crate when ¢ = 3 s, starting from rest.

*15-4. The 20-kg crate is lifted by a force of
F = (100 + 5¢%) N, where tis in seconds. Determine how high
the crate has moved upward when ¢ = 3 s, starting from rest.

8%

Probs. 15-3/4

ZIIIN

15-5. The jet plane has a mass of 250 Mg and a horizontal
velocity of 100 m/s when ¢ = 0. If both engines provide
a horizontal thrust which varies as shown in the graph,
determine the plane’s velocity in ¢ = 5s. Neglect air
resistance and the loss of fuel during the motion.

F(kN)

F =200+ 27

«s)
Prob. 15-5

15-6. A hockey puck is traveling to the left with a velocity
of v; = 10 m/s when it is struck by a hockey stick and
given a velocity of v, = 20 m/s as shown. Determine the
magnitude of the net impulse exerted by the hockey stick
on the puck. The puck has a mass of 0.2 kg.

/ o
40°

vy =10m/s

Prob. 15-6



15-7. A train consists of a 50-Mg engine and three cars,
each having a mass of 30 Mg. If it takes 80 s for the train to
increase its speed uniformly to 40 km/h, starting from rest,
determine the force T developed at the coupling between
the engine E and the first car A. The wheels of the engine
provide a resultant frictional tractive force F which gives
the train forward motion, whereas the car wheels roll freely.
Also, determine F acting on the engine wheels.

Prob. 15-7

*15-8. The 50-kg crate is pulled by the constant force P. If
the crate starts from rest and achieves a speed of 10 m/s in
5 s, determine the magnitude of P. The coefficient of kinetic
friction between the crate and the ground is w;, = 0.2.

\30°

Prob. 15-8
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15-9. The force acting on a projectile having a mass m as
it passes horizontally through the barrel of the cannon is
F = Csin (wt/t"). Determine the projectile’s velocity when
t = t'. If the projectile reaches the end of the barrel at this
instant, determine the length s.

Prob. 15-9

15-10. The 200-kg crate rests on the ground for which the
coefficients of static and kinetic friction are yg; = 0.5 and
1= 0.4, respectively. The winch delivers a horizontal towing
force T to its cable at A which varies as shown in the graph.
Determine the speed of the crate when =4 s. Originally the
tension in the cable is zero. Hint: First determine the force
needed to begin moving the crate.

T (N)
800
T = 400 12
1 t(s)
Prob. 15-10
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15-11. The 2.5-Mg van is traveling with a speed of
100 km/h when the brakes are applied and all four wheels
lock. If the speed decreases to 40 km/h in 5 s, determine the
coefficient of kinetic friction between the tires and the road.

Prob. 15-11

*15-12. During operation the jack hammer strikes the
concrete surface with a force which is indicated in the graph.
To achieve this the 2-kg spike S is fired into the surface at
90 m/s. Determine the speed of the spike just after rebounding.

F (kN)

1500

0 t (ms)
0.4

Prob. 15-12

15-13. For a short period of time, the frictional driving
force acting on the wheels of the 2.5-Mg van is Fj = (600£) N,
where ¢ is in seconds. If the van has a speed of 20 km/h
when ¢ =0, determine its speed when t=35s.

Prob. 15-13

KINETICS OF A PARTICLE: IMPULSE AND MOMENTUM

15-14. The motor, M, pulls on the cable with a force
F = (102 + 300) N, where ¢ is in seconds. If the 100 kg
crate is originally at rest at = 0, determine its speed when
t = 4. Neglect the mass of the cable and pulleys. Hint: First
find the time needed to begin lifting the crate.

D000

¥4

Prob. 15-14

Q000

15-15. A tankcar has a mass of 20 Mg and is freely rolling
to the right with a speed of 0.75 m/s. If it strikes the barrier,
determine the horizontal impulse needed to stop the car if
the spring in the bumper B has a stiffness (a) k— (bumper
is rigid), and (b) k = 15 kN /m.

Prob. 15-15



*15-16. The towing force acting on the 400-kg safe varies
as shown in the graph. Determine its speed, starting from
rest, when =8 s. How far has it traveled during this time?

= F‘
F(N)
750 /
600|—
5 8 1)
Prob. 15-16

15-17. The choice of a seating material for moving vehicles
depends upon its ability to resist shock and vibration. From
the data shown in the graphs, determine the impulses
created by a falling weight onto a sample of urethane foam
and CONFOR foam.

F(N)
1.2

urethane

CONFOR

0.5 +—
0.4

T T f f— ¢ (ms)
2 4 7 10 14

Prob. 15-17
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15-18. The 30-kg slider block is moving to the left with a
speed of 5 m/s when it is acted upon by the forces F; and
F,. If these loadings vary in the manner shown in the graph,
determine the speed of the block at ¢ = 6 s. Neglect friction
and the mass of the pulleys and cords.

F(N)
40 F
30
20}
10 b
0 2 4 6 'O
Prob. 15-18

15-19. The motor exerts a force F on the 40-kg crate as
shown in the graph. Determine the speed of the crate when
t =3 s and when ¢ = 6 s. When ¢ = 0, the crate is moving
downward at 10 m/s.

150

t(s)

Prob. 15-19
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*15-20. Ifit takes 35 s for the 50-Mg tugboat to increase its
speed uniformly to 25 km/h, starting from rest, determine
the force of the rope on the tugboat. The propeller provides
the propulsion force F on the tugboat which gives it forward
motion, whereas the barge moves freely. Also, determine
the magnitude of F. The barge has a mass of 75 Mg.

Prob. 15-20

15-21. Determine the maximum speed attained by the
1.5-Mg rocket sled if the rockets provide the thrust shown
in the graph. Initailly, the sled is at rest. Neglect friction and
the loss of mass due to fuel consumption.

T (kN)
90

60

30

T £(s)

Prob. 15-21

KINETICS OF A PARTICLE: IMPULSE AND MOMENTUM

15-22. The train consists of a 30-Mg engine E, and cars A,
B, and C, which have a mass of 15 Mg, 10 Mg, and 8 Mg,
respectively. If the tracks provide a traction force of
F = 30kN on the engine wheels, determine the speed of
the train when ¢ = 30 s, starting from rest. Also, find the
horizontal coupling force at D between the engine E and
car A. Neglect rolling resistance.

Prob. 15-22

15-23. The tanker has a mass of 130 Gg. If it is originally at
rest, determine its speed when =10 s. The horizontal thrust
provided by its propeller varies with time as shown in the
graph. Neglect the effect of water resistance.

——

LA S

F=30(1-e¢"")

F (MN)

1(s)
Prob. 15-23

*15-24. The thrust on the 4-Mg rocket sled is shown in
the graph. Determine the sleds maximum velocity and the
distance the sled travels when ¢ = 35 s. Neglect friction.

ray —H

20

T=4¢17

25 35 £)

Prob. 15-24



15-25. As indicated by the derivation, the principle of
impulse and momentum is valid for observers in any inertial
reference frame. Show that this is so, by considering the
10-kg block which slides along the smooth surface and is
subjected to a horizontal force of 6 N. If observer A is in
a fixed frame x, determine the final speed of the block in
4 s if it has an initial speed of 5 m/s measured from the
fixed frame. Compare the result with that obtained by an
observer B, attached to the x' axis that moves at a constant
velocity of 2 m/s relative to A.

A X
B x'
e
2m/s
Sm/s
e
6 N =——>
Prob. 15-25

15-26. The balloon has a total mass of 400 kg including the
passengers and ballast. The balloon is rising at a constant
velocity of 18 km/h when 4 = 10 m. If the man drops the
40-kg sand bag, determine the velocity of the balloon when
the bag strikes the ground. Neglect air resistance.

Prob. 15-26
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15-27. In case of emergency, the gas actuator is used
to move a 75-kg block B by exploding a charge C near a
pressurized cylinder of negligible mass. As a result of the
explosion, the cylinder fractures and the released gas forces
the front part of the cylinder, A, to move B forward, giving
it a speed of 200 mm/s in 0.4 s. If the coefficient of kinetic
friction between B and the floor is u;, = 0.5, determine the
impulse that the actuator imparts to B.

B

;
v = 200 mm/s
—
B

Prob. 15-27

*15-28. 'The winch delivers a horizontal towing force F to
its cable at A which varies as shown in the graph. Determine
the speed of the 70-kg bucket when ¢ = 18 s. Originally the
bucket is moving upward at v; =3 m/s.

15-29. The winch delivers a horizontal towing force F to
its cable at A which varies as shown in the graph. Determine
the speed of the 80-kg bucket when ¢ = 24 s. Originally the
bucket is released from rest.

12 24 )

Probs. 15-28/29
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15-30. The 100-kg crate is hoisted by the motor M. If the
velocity of the crate increases uniformly from 1.5 m/s to
4.5m/s in 5 s, determine the tension developed in the cable
during the motion.

15-31. The 100-kg crate is hoisted by the motor M. The
motor exerts a force on the cable of T = (2002 + 150) N,
where ¢ is in seconds. If the crate starts from rest at the
ground, determine the speed of the crate when t=35s.

Probs. 15-30/31

*15-32. A jet plane having a mass of 7 Mg takes off from
an aircraft carrier such that the engine thrust varies as
shown by the graph. If the carrier is traveling forward with
a speed of 40 km /h, determine the plane’s airspeed after 5 s.

F(kN)
40 km/h
ks
% '
15
5 L
t
0 2 5 (s)

Prob. 15-32

KINETICS OF A PARTICLE: IMPULSE AND MOMENTUM

15-33. Theloghas a mass of 500 kg and rests on the ground
for which the coefficients of static and kinetic friction are
ms = 0.5 and w;, = 0.4, respectively. The winch delivers a
horizontal towing force 7 to its cable at A which varies as
shown in the graph. Determine the speed of the log when
t = 5. Originally the tension in the cable is zero. Hint: First
determine the force needed to begin moving the log.

T (N)

1800

T=200¢

Prob. 15-33

15-34. The 0.15-kg baseball has a speed of v; = 30 m/s
just before it is struck by the bat. It then travels along the
trajectory shown before the outfielder catches it. Determine
the magnitude of the average impulsive force imparted to
the ball if it is in contact with the bat for 0.75 ms.

Prob. 15-34
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15.3 CONSERVATION OF LINEAR
MOMENTUM FOR A SYSTEM
OF PARTICLES

When the sum of the external impulses acting on a system of particles is
zero, Eq. 15-5 reduces to a simplified form, namely,

2mi(vi)1 = 2m(vi), (15-8)

This equation is referred to as the conservation of linear momentum.
It states that the total linear momentum for a system of particles
remains constant during the time period ¢ to t,. From Eq. 15-7, we can
also write

(voh = (V)2 (15-9)

which indicates that the velocity v of the mass center for the system
of particles does not change if no external impulses are applied to
the system.

The conservation of linear momentum is often applied when particles
collide or interact. For application, a careful study of the free-body
diagram for the entire system of particles should be made in order
to identify the forces which create external impulses and thereby
determine in what direction(s) linear momentum is conserved. If the
time over which the motion is studied is very short,some of the impulses
may also be neglected or considered approximately equal to zero.
The forces causing these negligible impulses are called nonimpulsive
Jorces. By comparison, forces which are very large and act for a very
short period of time produce a significant change in momentum and
are called impulsive forces. They, of course, cannot be neglected in the
impulse-momentum analysis.

Impulsive forces normally occur due to an explosion or the striking of
one body against another, whereas nonimpulsive forces may include the
weight of a body, the force imparted by a slightly deformed spring having
a relatively small stiffness, or for that matter, any force that is very small
compared to other larger (impulsive) forces. When making this distinction
between impulsive and nonimpulsive forces, it is important to realize that
this only applies during the time ¢ to t,. To illustrate, consider the effect
of striking a tennis ball with a racket as shown in the photo on the next
page. During the very short time of interaction, the force of the racket on
the ball is impulsive since it changes the ball’s momentum drastically. By

The hammer in the top
photo applies an impulsive
force to the stake. During
this extremely short time
of contact the weight of the
stake can be considered
nonimpulsive, and provided
the stake is driven into soft
ground, the impulse of the
ground acting on the stake
can also be considered
nonimpulsive. By contrast,
if the stake is used in a
concrete chipper to break
concrete, then two impulsive
forces act on the stake: one at
its top due to the chipper and
the other on its bottom due
to the rigidity of the concrete.

267
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Refer to the companion website for Lecture
Summary and Quiz videos.

comparison, the ball’s weight will have a negligible effect on the change
in momentum, and therefore it is nonimpulsive. Consequently, it can be
neglected from an impulse-momentum analysis during this time. If an
impulse-momentum analysis is considered during the much longer time
of flight after the racket-ball interaction, then the impulse of the ball’s
weight is important since it, along with air resistance, causes the change
in the momentum of the ball.

. PROCEDURE FOR ANALYSIS

Generally, the principle of linear impulse and momentum or
the conservation of linear momentum are applied to a system of
particles in order to determine the final velocities of the particles
just after the time period considered. By applying these principles
to the entire system, the internal impulses acting within the system
are eliminated from the analysis. For application it is suggested
that the following procedure be used.

Free-Body Diagram.

e Establish the x, y, z inertial frame of reference and draw the
free-body diagram for each particle of the system in order to
identify the internal and external forces.

e The conservation of linear momentum applies to the system in
a direction which either has no external forces or the forces can
be considered nonimpulsive.

e Establish the direction and sense of the particles’ initial and
final velocities. If the sense is unknown, assume it is in the
positive coordinate direction.

Momentum Equations.

e Apply the principle of linear impulse and momentum or the
conservation of linear momentum in the appropriate directions.

e If it is necessary to determine the internal impulse f Fdt
acting on only one particle of a system, then the particle must
be isolated (free-body diagram), and the principle of linear
impulse and momentum must be applied to this particle.

e After the impulse is calculated, and provided the time Af for
which the impulse acts is known, then the average impulsive
force F,, can be determined from F,,, = f F dt/At.
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EXAMPLE 15.4

The 15-Mg boxcar A is coasting at 1.5 m/s on the horizontal track
when it encounters a 12-Mg tank car B coasting at 0.75 m/s toward it as
shown in Fig. 15-8a. If the cars collide and couple together, determine
(a) the speed of both cars just after the coupling, and (b) the average
force between them if the coupling takes place in 0.8 s.

_15m/s 0.75 m/s

A -—
#ﬁ-‘ﬁ"‘ﬁ.

(a)

SOLUTION

Part (a) Free-Body Diagram.* As shown in Fig. 15-8b, we have v_
considered both cars as a single system. By inspection, momentum —
is conserved in the x direction since the coupling force F is internal DDA

to the system and will therefore cancel out. It is assumed that when F

coupled, both cars move at v, in the positive x direction. (b)

Conservation of Linear Momentum.

(5) ma(va)y + mp(vp)) = (my + mp)v,
(15 000 kg)(1.5 m/s) — 12 000 kg(0.75 m/s) = (27 000 kg)v,
v, =05m/s— Ans.

Part (b). The average (impulsive) coupling force, F,.,, can be
determined by applying the principle of linear momentum to either
one of the cars.

Free-Body Diagram. As shown in Fig. 15-8c, by isolating the
boxcar the coupling force is external to the car.

Principle of Impulse and Momentum. Since detz [y N
= F,y,(0.8 5), we have

(5) ma(va) + E/Fdf = myv,
(15000 kg)(1.5m/s) — F,,(0.8s) = (15000 kg)(0.5 m/s)
Foyg = 188 kN Ans.

NOTE: Try solving for F,,, by applying the principle of impulse and
momentum to the tank car.

* Only horizontal forces are shown on the free-body diagram.
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EXAMPLE 15.5

The bumper cars A and B in Fig. 15-9a each have a mass of 150 kg and
are coasting with the velocities shown before they freely collide head
on. If no energy is lost during the collision, determine their velocities
after collision.

SOLUTION
Free-Body Diagram. The cars will be considered as a single system.
The free-body diagram is shown in Fig. 15-9b.

Conservation of Momentum.

() my(va)1 + mp(vp) = my(vy), + mp(vp),
(150 kg)(3m/s) + (150 kg)(—2 m/s) = (150 kg)(v4), + (150 kg)(vp),
(va)2 = 1 = (vB)2 (1)

Conservation of Energy. Since no energy is lost, the conservation
of energy theorem gives

T1+V1:T2+V2

(b)
Fig. 15-9

1 1 1 1
EmA(vA)% + 5’”3(”3)12 +0= EmA(vA)ZZ + EmB(vB)% +0

%(150 kg)(3m/s)> + %(150 kg)2m/s)> + 0 = %(150 kg)(v4)3

-+ %(150 kg)(vg); + 0
(va); + (vp)3 =13 (2)
Substituting Eq. 1 into Eq. 2 and simplifying, we get
(vg); — (vp)2 — 6 =10
Solving for the two roots,
(vg), = 3m/s and (vg)r, = —2m/s

Since (vg), = —2 m/s refers to the velocity of B just before collision,
then the velocity of B just after the collision must be

(vg), =3m/s — Ans.
Substituting this result into Eq. 1, we obtain

(v4),=1—-3m/s = —2m/s =2m/s < Ans.
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EXAMPLE 15.6

An 800-kg rigid pile P shown in Fig. 15-10a is driven into the ground
using a 300-kg hammer. The hammer falls from rest at a height
vo = 0.5 m and strikes the top of the pile. Determine the impulse which
the pile exerts on the hammer if the pile is surrounded entirely by loose
sand, so that after striking, the hammer does not rebound off the pile.

SOLUTION

Conservation of Energy. The velocity at which the hammer strikes the
pile can be determined using the conservation of energy equation applied
to the hammer. With the datum at the top of the pile, Fig. 15-10a, we have

TO + V() = T1 + V1
1 2 1 2
EmH(vH)O + Wayo = EmH(vH)l + Wyt

1
0 + 300(9.81) N(0.5m) = 5(300 kg)(vp)? + 0
(vg) = 3.132m/s

Free-Body Diagram. From the physical aspects of the problem, the
free-body diagram of the hammer and pile, Fig. 15-10b, indicates that
during the short time from just before to just after the collision, the
weights of the hammer and pile and the resistance force F; of the sand
are all nonimpulsive. The impulsive force R is internal to the system
and therefore cancels. Consequently, momentum is conserved in the
vertical direction during this short time.

Conservation of Momentum. Since the hammer does not rebound
off the pile just after collision, then (vy), = (vp)y = v,.

(+1) my(vy) + mp(vp)y = myv, + mpv,
(300 kg)(3.132m/s) + 0 = (300 kg)v, + (800 kg)v,
v, = 0.8542 m/s

Principle of Impulse and Momentum. The impulse which the pile
imparts to the hammer can now be determined since v, is known.
From the free-body diagram for the hammer, Fig. 15-10c, we have

(+l) mH(UH)l P E/ZFydt = Mgy
(300 kg)(3.132 m/s) — / Rdt = (300 kg)(0.8542 m /s)

/R dt = 683N -s Ans.

NOTE: The equal but opposite impulse acts on the pile. Try finding this
impulse by applying the principle of impulse and momentum to the pile.

Yo = 0.5m

N

= Datum

Sand

(a)

5
U
=]

=~ ==
=
—
<

Fig. 15-10



272 CHAPTER 15

EXAMPLE 15.7

F F
F' F'
(a)
Vpox
~—f
Up

e

\ &= 2
(b)

Fig. 15-11

KINETICS OF A PARTICLE: IMPULSE AND MOMENTUM

The 80-kg man can throw the 20-kg box horizontally at 4 m/s when
standing on the ground. If instead he firmly stands in the 120-kg boat
and throws the box, as shown in the photo, determine how far the boat
will move in three seconds. Neglect water resistance.

SOLUTION

Free-Body Diagram.* If the man, boat, and box are considered as a
single system, the horizontal forces between the man and the boat and
the man and the box become internal to the system, Fig. 15-11a, and
so linear momentum will be conserved along the x axis.

Conservation of Momentum. When writing the conservation of
momentum equation, it is important that the velocities be measured
from the same inertial coordinate system, assumed here to be fixed.
From this coordinate system, we will assume that the boat and man
go to the right while the box goes to the left, as shown in Fig. 15-11b.

Applying the conservation of linear momentum to the man, boat,
box system,

(i)) 0+0+0= (mm + mb)vb — MpoxVbox
0 = (80kg + 120kg)v, — (20kg)vpox
Vpox = 10’()b (1)
Kinematics. Since the velocity of the box relative to the man (and

boat), Upox/b» 18 known, then v, can also be related to vpox using the
relative velocity equation.

(5) Vbox = Up + Ubox/b
“Upox = Up — 4m/s )
Solving Eqgs. 1 and 2,
Vpox = 3.64m/s <
v, = 0.3636m/s —
The displacement of the boat in three seconds is therefore

s, = vpt = (0.3636m/s)(3s) = 1.09m Ans.

* Only horizontal forces are shown on the free-body diagram.
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EXAMPLE 15.8

The 540-kg cannon shown in Fig. 15-12a fires a 3.6-kg projectile with
a muzzle velocity of 450 m/s measured relative to the cannon. If
firing takes place in 0.03 s, determine the recoil velocity of the cannon
just after firing. The cannon support is fixed to the ground, and the
horizontal recoil of the cannon is absorbed by two springs.

SOLUTION

Part (a) Free-Body Diagram.* As shown in Fig. 15-12b, we will
consider the projectile and cannon as a single system, since the
impulsive forces, F and —F, between the cannon and projectile are
internal to the system and will therefore cancel from the analysis.
Furthermore, during the time At = 0.03s, the two recoil springs
which are attached to the support each exert a nonimpulsive force F;
on the cannon. This is because At is very short, so that during this time
the cannon only moves through a very small distance x. Consequently,
F; = kx = 0, where k is the spring’s stiffness, which is also considered
to be relatively small. Hence it can be concluded that momentum for
the system is conserved in the horizontal direction.

Conservation of Linear Momentum.

(5) my(v) + mp(vp)l = —m(v), + mp(vp)z
0+ 0=—(540kg)(v.), + (3.6 kg)(v,)>
(V)2 = 150 (v.), 1)

Kinematics. These two unknown velocities are measured by a
fixed observer. As in Example 15.7, they can also be related using the
relative velocity equation.

() (vp)Z = (V)2 + (Up/c)Z

()2 = —(vc)2 + 450m/s @)
Solving Egs. 1 and 2 yields
(ve), = 2.98m/s Ans.

(vy), = 447m/s

Apply the principle of impulse and momentum to the projectile
(or the cannon) and show that the average impulsive force on the
projectile is 53.6 kN.

NOTE: If the cannon is firmly fixed to its support (no springs), the
reactive force of the support on the cannon must be considered as an
external impulse to the system, since the support would allow no
movement of the cannon. In this case momentum is not conserved.

* Only horizontal forces are shown on the free-body diagram.

- —_—
X
—m;: ———— —
oF, =
(b)
Fig. 15-12

Refer to the companion website for a self quiz of these
Example problems.
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1157, The freight cars A and B have a mass of 20 Mg
and 15 Mg, respectively. Determine the velocity of A
after collision if the cars collide and rebound, such that B
moves to the right with a speed of 2 m/s. If A and B are in
contact for 0.5 s, find the average impulsive force which acts
between them.

Prob. F15-7

F15-8. The cart and package have a mass of 20 kg and
5 kg, respectively. If the cart has a smooth surface and it
is initially at rest, while the velocity of the package is as
shown, determine the final common velocity of the cart and
package after the impact.

10 m/s
AN

4

Prob. F15-8

[15-9. The 5-kg block A has an initial speed of 5 m/s
as it slides down the smooth ramp, after which it collides
with the stationary 8-kg block B. If the two blocks couple
together after collision, determine their common velocity
immediately after collision.

Prob. F15-9

I'15-10. The spring is fixed to block A and block B is
pressed against the spring. If the spring is compressed
s = 200 mm and then the blocks are released, determine
their velocity at the instant block B loses contact with the
spring. The masses of blocks A and B are 10 kg and 15 kg,
respectively.

k =5kN/m

Prob. F15-10

[15-11. Blocks A and B have a mass of 15 kg and 10 kg,
respectively. If A is stationary and B has a velocity of 15 m/s
just before collision, and the blocks couple together after
impact, determine the maximum compression of the spring.

15m/s

k =10 kN/m

Prob. F15-11

['15-12. The cannon and support without a projectile
have a mass of 250 kg. If a 20-kg projectile is fired from the
cannon with a velocity of 400 m/s, measured relative to the
cannon, determine the speed of the projectile as it leaves
the cannon barrel. Neglect rolling resistance.

Prob. F15-12
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15-35. The 2.5-Mg pickup truck is towing the 1.5-Mg car
using a cable as shown. If the car is initially at rest and the
truck is coasting with a velocity of 30 km/h when the cable
is slack, determine the common velocity of the truck and
the car just after the cable becomes taut. Also, find the loss
of energy.

Prob. 15-35

*15-36. The 5-Mg bus B is traveling to the right at 20 m/s.
Meanwhile a 2-Mg car A is traveling at 15 m/s to the right.
If the vehicles crash and become entangled, determine their
common velocity just after the collision. Assume that the
vehicles are free to roll during collision.

vy =15m/s
—_—

A-‘I.\\ A

Prob. 15-36

15-37. 'The 50-kg boy jumps on the 5-kg skateboard with
a horizontal velocity of 5 m/s. Determine the distance s the
boy reaches up the inclined plane before momentarily
coming to rest. Neglect the skateboard’s rolling resistance.

A

Prob. 15-37

15-38. A man wearing ice skates throws an 8-kg block with
an initial velocity of 2 m/s, measured relative to himself, in
the direction shown. If he is originally at rest and completes
the throw in 1.5 s while keeping his legs rigid, determine the
horizontal velocity of the man just after releasing the block.
What is the vertical reaction of both his skates on the ice
during the throw? The man has a mass of 70 kg. Neglect
friction and the motion of his arms.

2m/

Prob. 15-38

15-39. A railroad car having a mass of 15 Mg is coasting
at 1.5m/s on a horizontal track. At the same time another
car having a mass of 12 Mg is coasting at 0.75 m/s in the
opposite direction. If the cars meet and couple together,
determine the speed of both cars just after the coupling.
Find the difference between the total kinetic energy before
and after coupling has occurred, and explain qualitatively
what happened to this energy.

*15-40. A ballistic pendulum consists of a 4-kg wooden
block originally at rest,6 = 0°. When a 2-g bullet strikes and
becomes embedded in it, it is observed that the block swings
upward to a maximum angle of § = 6°. Estimate the initial
speed of the bullet.

S

\

\
N\

04 125m

N\
\

Prob. 15-40
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15-41. The 20-g bullet is traveling at 400 m/s when it
becomes embedded in the 2-kg stationary block. Determine
the distance the block will slide before it stops. The
coefficient of kinetic friction between the block and the
plane is u;, =0.2.

400 m/s
—_—

Prob. 15-41

15-42. The 5-kg spring-loaded gun rests on the smooth
surface. It fires a ball having a mass of 1 kg with a velocity of
v’ = 6 m/s relative to the gun in the direction shown. If the
gun is originally at rest, determine the horizontal distance d
the ball is from the initial position of the gun at the instant
the ball strikes the ground at D. Neglect the size of the gun.

15-43. The 5-kg spring-loaded gun rests on the smooth
surface. It fires a ball having a mass of 1 kg with a velocity
of v’ = 6 m/s relative to the gun in the direction shown. If
the gun is originally at rest, determine the distance the ball
is from the gun at the instant the ball reaches its highest
elevation C. Neglect the size of the gun.

Probs. 15-42/43

KINETICS OF A PARTICLE: IMPULSE AND MOMENTUM

*15-44. The block of mass m travels at v; in the direction
6, shown at the top of the smooth slope. Determine its speed
v, and its direction 6, when it reaches the bottom.

Prob. 15-44

15-45. A toboggan having a mass of 10 kg starts from rest
at A and carries a girl and boy having a mass of 40 kg and
45 kg, respectively. When the toboggan reaches the bottom
of the slope at B, the boy is pushed off from the back with
a horizontal velocity of v, = 2 m/s, measured relative to
the toboggan. Determine the velocity of the toboggan
afterwards. Neglect friction in the calculation.

Prob. 15-45



15-46. Blocks A and B have masses of 40 kg and 60 kg,
respectively. They are placed on a smooth surface and the
spring connected between them is stretched 2 m. If they are
released from rest, determine the speeds of both blocks the
instant the spring becomes unstretched.

k = 180 N/m
A WL B |

Prob. 15-46

15-47. 'The boy B jumps off the canoe at A with a velocity
of 5 m/s relative to the canoe as shown. If he lands in the
second canoe C, determine the final speed of both canoes
after the motion. Each canoe has a mass of 40 kg. The boy’s
mass is 30 kg, and the girl D has a mass of 25 kg. Both canoes
are originally at rest.

Vg4 = Sm/s

Prob. 15-47

*15-48. The 30-Mg freight car A and 15-Mg freight car B
are moving towards each other with the velocities shown.
Determine the maximum compression of the spring
mounted on car A. Neglect rolling resistance.

20 km/h

A —> k=

10 km/h

Prob. 15-48
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15-49. The 10-Mg barge B supports a 2-Mg automobile A.
If someone drives the automobile to the other side of the
barge, determine how far the barge moves. Neglect the
resistance of the water.

40 m

[TTTTTT T T T T TTTTT1

Prob. 15-49

15-50. The crate has a mass m and rests on the barge
which has a mass M and is initially at rest. The coefficient of
kinetic friction between the crate and barge is u. The rope
is pulled (or jerked) such that it snaps and as a result the
impulse gives the barge a sudden velocity v,. Determine the
time the crate slides on the barge before coming to rest on
the barge. Also, what is the final velocity of the barge?

15-51. Using the data in Prob. 15-50, determine the distance
the crate slides on the barge before coming to rest.

Probs. 15-50/51
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*15-52. Block A has a mass of 5 kg and is placed on the
smooth triangular block B having a mass of 30 kg. If the
system is released from rest, determine the distance B
moves from point O when A reaches the bottom. Neglect
the size of block A.

15-53. Solve Prob. 15-52 if the coefficient of kinetic
friction between A and B is u; = 0.3. Neglect friction
between block B and the horizontal plane.

‘ 0.5m ‘

Probs. 15-52/53

15-54. Two cars A and B, each having a mass of 1.6 Mg,
collide on the icy pavement of an intersection. The direction
of motion of each car after collision is measured from
snow tracks as shown. If the driver in car A states that
he was going 50 km/h just before collision and that after
collision he applied the brakes, so that his car skidded
4 m before stopping, determine the approximate speed of
car B just before collision. Assume that the coefficient
of kinetic friction between the car wheels and the pavement
is wx = 0.15. Note: The line of impact has not been defined;
furthermore, this information is not needed for solution.

Prob. 15-54

KINETICS OF A PARTICLE: IMPULSE AND MOMENTUM

15-55. The 10-kg block is held at rest on the smooth
inclined plane by the stop block at A. If the 10-g bullet is
traveling at 300 m/s when it becomes embedded in the
10-kg block, determine the distance the block will slide up
along the plane before momentarily stopping.

Prob. 15-55

*15-56. A box A, having a mass of 20 kg, is released from
rest at the position shown and slides freely down the smooth
inclined ramp. When it reaches the bottom of the ramp, it
slides horizontally onto the surface of a 10-kg cart for which
the coefficient of kinetic friction between the cart and the
box is u, = 0.6. If & = 0.2 m, determine the final velocity
of the cart once the block comes to rest on it. Also,determine
the position s of the box on the cart after it comes to rest
on the cart.

Prob. 15-56

15-57. The cart has a mass of 3 kg and rolls freely from A
down the slope. When it reaches the bottom, a spring loaded
gun fires a 0.5-kg ball out the back with a horizontal velocity
of v/, = 0.6 m/s, measured relative to the cart. Determine
the final velocity of the cart.

A

Prob. 15-57



15.4 IMPACT

Impact occurs when two bodies collide with each other during a very
short period of time, causing relatively large (impulsive) forces to be
exerted between the bodies. The striking of a hammer on a nail, or a golf
club on a ball, are common examples of impact loadings.

In general, there are two types of impact. Central impact occurs when
the direction of motion of the mass centers of the two colliding particles
is along the line of impact that passes through the mass centers of the
particles. This line is perpendicular to the plane of contact, as shown
in Fig. 15-13a. When the motion of one or both of the particles makes
an angle with the line of impact, Fig. 15-13b, the impact is said to be
oblique impact.

To illustrate the method for analyzing the
mechanics of impact, consider the case involving the central impact of
the two particles A and B shown in Fig. 15-14.

® The particles have the initial momenta shown in Fig. 15-14a.
Provided (v4); > (vp);, collision will eventually occur.

® During the collision the particles must be thought of as deformable
or nonrigid. The particles will undergo a period of deformation such
that they exert an equal but opposite deformation impulse f P dt on
each other, Fig. 15-14b.

® Only at the instant of maximum deformation will both particles
move with a common velocity v, since their relative motion is zero,
Fig. 15-14c.

® Afterward a period of restitution occurs, in which case the particles
will either return to their original shape or remain permanently
deformed. The equal but opposite restitution impulse f R dt
pushes the particles apart from one another, Fig. 15-14d. In
reality, the physical properties of any two bodies are such that the
deformation impulse will always be greater than the restitution
impulse, i.e., [ P dt > [ R dt.

® Just after separation the particles will have the final momenta
shown in Fig. 15-14e, where (vg); > (v4),.

—J/Pdt v JR dt

E—

A
Effect of A on B

JPdt

A B
Effect of A on B Effect of Bon A

—/Rdt

B

Effect of Bon A

’Deformation impulse‘ A B

’ Restitution impulse ‘

[Maximum deformation|

(b) (O] (d)
Fig. 15-14
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Plane of contact

[~ B . .
vp  Line of impact
—

Central impact
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Plane of contact

Line of impact

A

A}

Oblique impact

(b)
Fig. 15-13
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In most problems the initial velocities of the particles will be known,
and it will be necessary to determine their final velocities (v,), and (vg),.
To do this we will need two equations that involve these unknowns. The
first equation requires conservation of momentum for the two particle
systems since during collision the internal impulses of deformation and
restitution cancel. Hence, referring to Fig. 15-14a and Fig. 15-14e we
require

() mu(va)1 + mp(vp); = mu(va)r + mp(vp), (15-10)

To obtain a second equation, we will apply the principle of impulse and
momentum to each particle. For example, during the deformation phase
for particle A, Figs. 15-14a, 15-14b, and 15-14c, we have

(5) ma(va)1 — /P dt = myv

For the restitution phase, Figs. 15-14c, 15-14d, and 15-14e,

(%) - / Rdi = my(vy),

If we define the coefficient of restitution, e, as the ratio of the restitution
impulse to the deformation impulse, then from the above equations, this
value for particle A is

/Rdt= v — (V4)2
/Pdr (va)1 — v

In a similar manner, we can establish e by considering particle B, Fig. 15-14.
This yields

e =

/Rdt= (vg)y — v
/Pdt v — (vh

If the unknown v is eliminated from the above two equations, the
coefficient of restitution can be expressed in terms of the particles’ initial
and final velocities as

. (vB)2 — (va)2

; (va)1 — (v (151D

(5)



Provided a value for e is specified, Eqs. 15-10 and 15-11 can be
solved simultaneously to obtain (v,), and (vg),. In doing so, however,
it is important to carefully establish a sign convention for defining the
positive direction for both v, and vz and then use it consistently when
writing both equations. For the case shown in Fig. 15-14, we have defined
the positive direction to the right when referring to the motions of both
A and B. Consequently, if a negative value results from the solution of
either (v,4), or (vp),, it indicates motion is to the left.

From Figs. 15-14a and 15-14e, it
is seen that Eq. 15-11 states that e is equal to the ratio of the relative
velocity of the particles” separation just after impact, (vg)s — (v4)2,
to the relative velocity of the particles’ approach just before impact,
(v4)1 — (vp)1, and so we can also write Eq. 15-11 as

rel. vel. after impact
e = : (15-12)
rel. vel. before impact

By measuring these relative velocities experimentally, it has been
found that e varies appreciably with impact velocity as well as with the
size and shape of the colliding bodies. For these reasons the coefficient
of restitution is reliable only when used with data which closely
approximate the conditions which existed when measurements of e were
made. In general e has a value between zero and one, and one should be
aware of the physical meaning of these two limits.

If the collision between the two particles is
perfectly elastic, the deformation impulse ( f P dt) is equal and opposite
to the restitution impulse ( f R dt) . Although in reality this can never be
achieved, e = 1 for an elastic collision.

The impact is said to be inelastic or plastic
when e = 0. In this case there is no restitution impulse ( JRdt=0 ), SO
that after collision both particles couple or stick together and move with
a common velocity.

From the above derivation it should be evident that the principle of work
and energy cannot be used for the analysis of impact problems since it is
not possible to know how the internal forces of deformation and restitution
vary or displace during the collision. By knowing the particle’s velocities
before and after collision, however, the energy loss during collision can
be calculated on the basis of the difference in the particle’s kinetic energy.
This energy loss, 2 U; _, = 2T, — 3T}, occurs because some of the initial
kinetic energy of the particle is transformed into localized deformation
of the material when the collision occurs. In particular, if the impact is
perfectly elastic, no energy is lost in the collision; whereas if the collision is
plastic, the energy lost during collision is a maximum.
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The quality of a manufactured tennis ball is
measured by the height of its bounce, which
can be related to its coefficient of restitution.
Using the mechanics of oblique impact,
engineers can design a separation device
to remove substandard tennis balls from a
production line.
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(V)2 (vB)2
X
f
%
(Va)

ol
A (‘V\)<

Plane of contact

mA(VAy)z

mA(VAx)l’ . JFdt mA(VAx)z

my (VAy) 11

mB(VBy)z

’H’IB(VBx)l Eii' ‘mB(va)Z

TmB(vBy)l
(b)
Fig. 15-15

Line of impactx

PROCEDURE FOR ANALYSIS
(CENTRAL IMPACT)

In most cases the final velocities of two smooth particles are to be
determined just after they are subjected to direct central impact.
Provided the coefficient of restitution, the mass of each particle,
and each particle’s initial velocity just before impact are known,
the solution to this problem can be obtained using the following
two equations.

e The conservation of momentum applies to the system of particles,
Emvl = Emvz.

e The coefficient of restitution, e = [(vg)> — (V4)>]/[(Va)1 — (Vp)1],
relates the relative velocities of the particles along the line of
impact, just before and just after impact.

When applying these two equations, the sense of an unknown
velocity can be assumed. If the solution yields a negative magnitude,
the velocity acts in the opposite sense.

Oblique Impact.  When oblique impact occurs between two smooth
particles, the particles move away from each other with velocities having
unknown directions as well as unknown magnitudes. Provided the initial
velocities are known, then there are four unknowns in the problem. They
are either (vy4),, (vp),, 05, and ¢,, Fig. 15-15a, or the x and y components
of the final velocities, Fig. 15-15b.

PROCEDURE FOR ANALYSIS @

Refer to the companion website for Lecture
[O B L IQ UE IMPA C TJ Summary and Quiz videos.

If the y axis is established within the plane of contact and the x axis along the line of impact, then the
impulsive forces of deformation and restitution act only in the x direction, Fig. 15-15. By resolving the
velocity or momentum vectors into components along the x and y axes, it is then possible to write four
independent scalar equations in order to determine (v4y)2,(vay)2, (V) 2, and (vgy),.

e Momentum of the system is conserved along the line of impact, x axis, so that Sm(v,); = 2m(vy),.

e The coefficient of restitution, e = [(Vg.)2 — (Vax)2]/[(Vax)1 — (vBy)1], relates the relative-velocity
components of the particles along the line of impact (x axis).

e [f these two equations are solved simultaneously, we obtain (v4,), and (vg,) .

e Momentum of particle A is conserved along the y axis, perpendicular to the line of impact, since no
impulse acts on particle A in this direction. As a result m4(v4,)1 = Ma(Vay)2 0T (V4,)1 = (Vay)2-

e Momentum of particle B is conserved along the y axis, perpendicular to the line of impact,
since no impulse acts on particle B in this direction. Consequently (vg,); = (vg,)2.

Application of these four equations is illustrated in Example 15.11.




EXAMPLE 15.9

The bag A, having a mass of 2.7 kg, is released from rest at the position

= 0°, as shown in Fig. 15-16a. After falling to # = 90°, it strikes an
8.1-kg box B. If the coefficient of restitution between the bag and
box is e = 0.5, determine the velocities of the bag and box just after
impact. What is the loss of energy during collision?

SOLUTION

This problem involves central impact. Why? Before analyzing the
mechanics of the impact, however, it is first necessary to obtain the
velocity of the bag just before it strikes the box.

Conservation of Energy. With the datum at = 0°, Fig. 15-16b,
we have

TO + V() = Tl + Vl

1
0+0= 5(2.7kg)(vA)% —2.7kg(9.81 m/s?)(0.9 m); (v4); = 4.202 m/s
Conservation of Momentum. Just after impact we will assume both

A and B travel to the left. Applying the conservation of momentum to
the system, Fig. 15-16c, we have

(&) mp(vp)1 + ma(va)1 = mp(vp)y + Ma(v4)2
0+ (2.7kg)(4.202m/s) = (8.1kg)(vp), + (2.7kg)(v4),
(v4)2 = 4202 — 3(vp), (1)

15.4 ImPACT
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—— Datum

m

2.7(9.81) N

Coefficient of Restitution. Realizing that for separation to occur
just after collision (vg), > (v4),, Fig. 15-16¢, we have

_ (vg)y = (Va)2 _ (vg)2 = (va)2
(&) o= 2E_tAE g5 i A
('I)A)l - (vB)l 4.202 m/S -0
(va)2 = (vp), — 2.101 ()
Solving Egs. 1 and 2 simultaneously yields
(v4), = —0.525m/s = 0.525m/s— and (vg), = 1.58 m/s < Ans.

0.5

Loss of Energy. Applying the principle of work and energy to the
bag and box just before and just after collision, we have

U, =T, - Ty

SU_, = %(8.1 kg)(1.58 m/s)> + %(2.7 kg)(0.525 m/s)z]

- %(2.7 kg)(4.202 m/s)z]
2U1_2 = —1341] Ans.

NOTE: The energy loss occurs due to inelastic deformation during the
collision.

(b)

A
(vp)1 =0 6
B

-—
(v4)1 =4.202m/s
Just before impact

(vB)2

Just after impact
(0)
Fig. 15-16

e

(Va)2
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B @ @

k=800N/m| y=(1+025m

B - ¥

O w

(VB)Ql 1(1)3)1 =297 m/s

(®)

— | — Datum
@ B

k=800N/m y = (1 +

(c)
Fig. 15-17
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Ball B shown in Fig. 15-17a has a mass of 1.5 kg and is suspended from
the ceiling by a 1-m-long elastic cord. If the cord is stretched downward
0.25 m and the ball is released from rest, determine how far the cord
stretches after the ball rebounds from the ceiling and falls downward.
The stiffness of the cord is k = 800 N/m, and the coefficient of
restitution between the ball and ceiling is ¢ = 0.8. The ball makes a
central impact with the ceiling.

SOLUTION

First we must obtain the velocity of the ball just before it strikes
the ceiling using energy methods, then consider the impulse and
momentum between the ball and ceiling, and finally again use energy
methods to determine the stretch in the cord.

Conservation of Energy. With the datum located as shown in Fig. 15174,
realizing that initially y = yo = (1 + 0.25) m = 1.25 m, we have

T() als VO - Tl ats Vl

3m(vg)s — Way + sks* = sm(vg)i + 0
0 — 1.5(9.81)N(1.25 m) + %(800 N/m)(0.25 m)?> = (1.5 kg)(vp)?

(vp)1 = 2.968 m/s 1
The interaction of the ball with the ceiling will now be considered
using the principles of impact.* Since an unknown portion of the mass
of the ceiling is involved in the impact, the conservation of momentum
for the ball—ceiling system will not be written. The “velocity” of this

portion of ceiling is zero since it (or the earth) are assumed to remain
at rest both before and after impact.

Coefficient of Restitution. Fig. 15-17b.
+1) _ (vg)y — (DA)Z'

_ (vp)y — 0
; (Wa)1 — (vp)’ 08

© 0 - 2.968m/s
(vg), = —2374m/s = 2.374m/s |

Conservation of Energy. The maximum stretch s; in the cord can
be determined by again applying the conservation of energy equation
to the ball just after collision. Assuming that y = y; = (1 + s3)m,
Fig. 15-17¢, then

T+ V,=T5+V;

Im(vp) + 0 = m(vg) — Wyys + Lks?
1(1.5kg)(2.37 m/s)> = 0 — 9.81(1.5) N(1 m + s3) + (800 N/m)s3
40053 — 14.715s; — 18.94 = 0

Solving this quadratic equation for the positive root yields
s3 = 0.237 m = 237 mm Ans.

* The weight of the ball is considered a nonimpulsive force.



EXAMPLE 15.11

Two smooth disks A and B, having a mass of 1 kg and 2 kg, respectively,
slide on the horizontal plane and collide with the velocities shown in
Fig. 15-18a. If the coefficient of restitution for the disks is e = 0.75,
determine the x and y components of the final velocity of each disk
just after collision.

SOLUTION
This problem involves oblique impact. Why? In order to solve it, we
have established the x and y axes along the line of impact and the
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(vp)1 = 1m/s

A /<¢145°
/) x
0, = &V AN % N Line of impact

(va)1 =3m/s

™~Plane of contact

plane of contact, respectively, Fig. 15-18a. 2
Resolving each of the initial velocities into x and y components, we
have
(vay)1 = 3cos30° = 2.598 m/s (vay)1 = 3sin 30° = 1.50 m/s
(vp)1=—1c0s45°=—0.7071m/s (vp,); = —1sin45°=—0.7071 m/s mA(VAx)1® det @Wh(:m)z
The four unknown velocity components after collision are assumed to
act in the positive directions, Fig. 15-18b. Since the impact occurs in the mA(VAy)IT mA(VAy)zT

x direction (line of impact), the conservation of momentum for both
disks can be applied in this direction. Why?

mB(vBy)l

Conservation of “x” Momentum. In reference to the momentumms(vsx)l /th . .mB(VBx)Z

diagrams, we have

(5) mp(Va) + mp(vp)1 = Ma(Var)y + mp(Vpy)2
1kg(2.598 m/s) + 2kg(—0.707 m/s) = 1 kg(vy,)r + 2 kg(vpy),
(Vax)2 + 2(vpy), = 1.184 1)
Coefficient of Restitution (x).
v B3 - v b v X - v X
) 0= = =t e
(vBx)2 — (Vay)2 = 2482 (2)

Solving Egs. 1 and 2 for (v4,), and (vg,), yields
(Vay), = =126 m/s = 1.26 m/s < (vg,), = 1.22m/s — Ans.

Conservation of “y” Momentum. The momentum of each disk
is conserved in the y direction (plane of contact), since the disks are
smooth and therefore no frictional impulse acts in this direction. From
Fig. 15-18b,

(+T) mA(UAy)] = mA(UAy)z; (’UAy)Z = 1.50 m/s T Ans.
(+71) mp(vgy)1 = mg(vgy)o; (vy)2 = —0.707m/s = 0.707 m/s | Ans.

NOTE: Show that when the velocity components are summed
vectorially, one obtains the results shown in Fig. 15-18c.

mB(vBy)Z

(®)

y
(v4), = 1.96 m/s
B

U\QZAZ 30.1° *

(vg)y = 141 m/s

o

Refer to the companion website for a self quiz of these
Example problems.

0, = 50.0°

A
)
N

(0)
Fig. 15-18
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. FUNDAMENTAL PROBLEMS

KINETICS OF A PARTICLE: IMPULSE AND MOMENTUM

1115-13. Determine the coefficient of restitution e between
ball A and ball B.The velocities of A and B before and after
the collision are shown.

8 m/s 2m/s

Before collision

1m/s 9m/s
— —

Q O

After collision

Prob. F15-13

F15-14. The 15-Mg tank car A and 25-Mg freight car B
travel toward each other with the velocities shown. If the
coefficient of restitution between the bumpers is e = 0.6,
determine the velocity of each car just after the collision.

Sm/s 5 7m/s

Prob. F15-14

[15-15. The 15-kg package A has a speed of 1.5 m/s when
it enters the smooth ramp. As it slides down the ramp, it
strikes the 40-kg package B which is initially at rest. If
the coefficient of restitution between A and B is e = 0.6,
determine the velocity of B just after the impact.

Prob. F15-15

F15-16. The ball strikes the smooth wall with a velocity of
(vp)1 = 20 m/s. If the coefficient of restitution between the
ball and the wall is e = 0.75, determine the velocity of the
ball just after the impact.

(V)2 :3
o ==

30° ET
(vp)1 =20m/s |~ 0

Prob. F15-16

F15-17. Disk A has a mass of 2 kg and slides on the
smooth horizontal plane with a velocity of 3 m/s. Disk B
has a mass of 11 kg and is initially at rest. If after impact
A has a velocity of 1 m/s, parallel to the positive x axis,
determine the speed of disk B after impact.

Prob. F15-17

I'15-18. Two disks A and B each have a mass of 1 kg and
the initial velocities shown just before they collide. If the
coefficient of restitution is e = 0.5, determine their speeds
just after impact.

(vg)1 =3m/s

Prob. F15-18
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15-58. Disk A has a mass of 2 kg and is sliding forward
on the smooth surface with a velocity (v4); = 5m/s when
it strikes the 4-kg disk B, which is sliding towards A at
(vg)1 = 2 m/s, with direct central impact. If the coefficient
of restitution between the disks is e = 0.4, compute the
velocities of A and B just after collision.

(va)1 =5m/s (vg)y =2m/s
> &
A B
Prob. 15-58

15-59. Disk A has a mass of 250 g and is sliding on a smooth
horizontal surface with an initial velocity (v4); = 2m/s. It
makes a direct collision with disk B, which has a mass of
175 g and is originally at rest. If both disks are of the same
size and the collision is perfectly elastic (e = 1), determine
the velocity of each disk just after collision. Show that the
kinetic energy of the disks before and after collision is the
same.

*#15-60. The 5-Mg truck and 2-Mg car are traveling with
the free-rolling velocities shown just before they collide.
After the collision, the car moves with a velocity of 15km/h
to the right relative to the truck. Determine the coefficient
of restitution between the truck and car and the loss of
energy due to the collision.

30 km/h
10 km/h
.

Prob. 15-60

15-61. Ball A has a mass of 3 kg and is moving with a
velocity of 8 m/s when it makes a direct collision with ball
B, which has a mass of 2 kg and is moving with a velocity of
4 m/s.If e=0.7 determine the velocity of each ball just after
the collision. Neglect the size of the balls.

8m/s 4m/s
—_— -~
@O @
Prob. 15-61

15-62. The 15-kg block A has a velocity v=10m/s when it
is s =4 m from the 10-kg block B. If the unstretched spring
has a stiffness k = 1000 N/m, determine the maximum
compression of the spring after the collision. Take e = 0.6,
and for block A, u;, = 0.3. Assume block B is smooth.

10 m/s
k = 1000 N/m -
B A

N

Prob. 15-62

15-63. The four smooth balls each have the same mass m.
If A and B are rolling forward with a velocity v and strike
C, explain why after collision C and D each move off with a
velocity v. Why doesn’t D move off with a velocity 2v? The
collision is elastic, e = 1. Neglect the size of each ball.

*15-64. The four balls each have the same mass m. If A
and B are rolling forward with a velocity v and strike C,
determine the velocity of each ball after the first three
collisions. Take e = 0.5 between each ball.

v A\

00 @O

C D

Probs. 15-63/64
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15-65. The pile P has a mass of 800 kg and is being driven
into loose sand using the 300-kg hammer C which is dropped a
distance of 0.5 m from the top of the pile. Determine the initial
speed of the pile just after it is struck by the hammer. The
coefficient of restitution between the hammer and the pile is
e = 0.1.Neglect the impulses due to the weights of the pile and
hammer and the impulse due to the sand during the impact.

15-66. The pile P has a mass of 800 kg and is being driven
into loose sand using the 300-kg hammer C which is dropped
a distance of 0.5 m from the top of the pile. Determine
the distance the pile is driven into the sand after one blow
if the sand offers a frictional resistance against the pile of
18 kN. The coefficient of restitution between the hammer and
the pile is e = 0.1. Neglect the impulses due to the weights
of the pile and hammer and the impulse due to the sand
during the impact.

SO0 S S8 SSS S

Probs. 15-65/66

15-67. Block A, having a mass m, is released from rest, falls
a distance & and strikes the plate B having a mass 2m. If the
coefficient of restitution between A and B is e, determine
the velocity of the plate just after collision. The spring has
a stiffness k.

Prob. 15-67

KINETICS OF A PARTICLE: IMPULSE AND MOMENTUM

*15-68. A 300-g ball is kicked with a velocity of
vy = 25m/s at point A as shown. If the coefficient of
restitution between the ball and the field is e = 0.4,
determine the magnitude and direction 6 of the velocity of
the rebounding ball at B.

vy =25m/s

ST

Prob. 15-68

15-69. Plates A and B each have a mass of 4 kg and are
restricted to move along the smooth guides. If the coefficient
of restitution between the plates is e = 0.7, determine
(a) the speed of both plates just after collision and (b) the
maximum compression of the spring. Plate A has a velocity
of 4 m/s just before striking B. Plate B is originally at rest
and the spring is unstretched.

0.1 m 0.1 m
nin i
[ k=500 N/m
B A
0.5 m— /s
Prob. 15-69



15-70. The 2-kg ball is thrown at the suspended 20-kg
block with a velocity of 4 m/s.If the coefficient of restitution
between the ball and the block is e = 0.8, determine the
maximum height 4 to which the block will swing before it
momentarily stops.

15-71. The 2-kg ball is thrown at the suspended 20-kg block
with a velocity of 4 m/s. If the time of impact between the
ball and the block is 0.005 s, determine the average normal
force exerted on the block during this time. Take e = 0.8.

o || Py

ol g

Probs. 15-70/71

*15-72. Two identical balls A and B of mass m are
suspended from cords of length L/2 and L, respectively.
Ball A is released from rest when ¢ = 90° and swings down
to ¢ = 0°, where it strikes B. Determine the speed of each
ball just after impact and the maximum angle 6 through
which B will swing. The coefficient of restitution between
the balls is e.

Prob. 15-72

PROBLEMS 289

15-73. The 0.5-kg ball is fired from the tube at A with
a velocity of v = 6 m/s. If the coefficient of restitution
between the ball and the surface is e = 0.8, determine the
height /4 after it bounces off the surface.

Prob. 15-73

15-74. 'Two smooth disks A and B each have a mass of 0.5 kg.
If both disks are moving with the velocities shown when they
collide, determine their final velocities just after collision. The
coefficient of restitution is e = 0.75.

15-75. Two smooth disks A and B each have a mass of 0.5 kg.
If both disks are moving with the velocities shown when they
collide, determine the coefficient of restitution between the
disks if after collision B travels along a line 30° counterclockwise
from the y axis.

y
(UA)] =6m/s
a7 aE .
N N\
5/, A
B 3
(vg), =4m/s

Probs. 15-74/75
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*#15-76. The cue ball A is given an initial velocity
(v4); = 5Sm/s. If it makes a direct collision with ball
B (e = 0.8), determine the velocity of B and the angle 6 just
after it rebounds from the cushion at C (e’ = 0.6). Each
ball has a mass of 0.4 kg. Neglect their size.

Prob. 15-76

15-77. A pitching machine throws the 0.5-kg ball toward
the wall with an initial velocity v4 = 10 m/s as shown.
Determine (a) the velocity at which it strikes the wall at B,
(b) the velocity at which it rebounds from the wallife = 0.5,
and (c) the distance s from the wall to where it strikes the
ground at C.

Prob. 15-77

KINETICS OF A PARTICLE: IMPULSE AND MOMENTUM

15-78. The two disks A and B have a mass of 3 kg and 5 kg,
respectively. If they collide with the initial velocities shown,
determine their velocities just after impact. The coefficient
of restitution is e = 0.65.

Prob. 15-78

15-79. Two smooth spheres A and B each have a mass m.
If A is given a velocity of v,, while sphere B is at rest,
determine the velocity of B just after it strikes the wall. The
coefficient of restitution for any collision is e.

Yo
R
A B

Prob. 15-79



*15-80. The 1-kg ball is dropped from rest at point A,2 m
above the smooth plane. If the coefficient of restitution
between the ball and the plane is e = 0.6, determine the
distance d where the ball again strikes the plane.

Prob. 15-80

15-81. A ball of negligible size and mass m is given a
velocity of vy on the center of the cart which has a mass M
and is originally at rest. If the coefficient of restitution
between the ball and walls A and B is e, determine the
velocity of the ball and the cart just after the ball strikes A.
Also,determine the total time needed for the ball to strike A,
rebound, then strike B, and rebound and then return to the
center of the cart. Neglect friction.

Yo

1)
|
|

k4 k-4
(©)

d

T

d

A|'| |'|B
| |

Prob. 15-81

PROBLEMS 291

15-82. The two hockey pucks A and B each have a mass
of 250 g. If they collide at O and are deflected along the
colored paths, determine their speeds just after impact.
Assume that the icy surface over which they slide is smooth.
Hint: Since the y' axis is not along the line of impact, apply
the conservation of momentum along the x’ and y’ axes.

y
\ 60 m/s
® £ 30°
45 o) ,
= X
30° 20
B
/10 m/s
Prob. 15-82

15-83. A ball of mass m is dropped vertically from a
height A above the ground. If it rebounds to a height of A,
determine the coefficient of restitution between the ball
and the ground.

Prob. 15-83
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*15-84. Two smooth billiard balls A and B each have a
mass of 200 g. If A strikes B with a velocity (v4); = 1.5m/s
as shown, determine their final velocities just after collision.
Ball B is originally at rest and the coefficient of restitution is
e = 0.85. Neglect the size of each ball.

@

rd

(vy); = 1.5m/s
m 40°
v N x

Prob. 15-84

15-85. A ball is thrown onto a rough floor at an angle 6.
If it rebounds at an angle ¢ and the coefficient of kinetic
friction is u, determine the coefficient of restitution e.
Neglect the size of the ball. Hint: Show that during
impact, the average impulses in the x and y directions are
related by I, = ul,. Since the time of impact is the same,
Fy At = pF, Ator F, = pF,.

15-86. A ball is thrown onto a rough floor at an angle
of § = 45° If it rebounds at the same angle ¢ = 45°,
determine the coefficient of kinetic friction between the
floor and the ball. The coefficient of restitution is e = 0.6.
Hint: Show that during impact, the average impulses in the
x and y directions are related by I, = ul,. Since the time of
impact is the same, F, At = uF, At or F, = pF,.

Probs. 15-85/86

KINETICS OF A PARTICLE: IMPULSE AND MOMENTUM

15-87. Two smooth disks A and B have the initial
velocities shown just before they collide. If they have masses
m, = 4 kg and mp = 2 kg, determine their speeds just after
impact. The coefficient of restitutionis e = 0.8.

vp=8m/s

Prob. 15-87

*15-88. It is observed that hailstones strike the surface of a
frozen lake at an angle of 60° with the horizontal and rebound
at an angle of 45°. Determine the coefficient of restitution.

15-89. If the hailstones in Prob. 15-88 rise to a height of
0.5 m after rebounding, determine their velocity just before
impact.

Probs. 15-88/89



15-90. The ping-pong ball has a mass of 2 g. If it is struck
with the velocity shown, determine how high # it rises above
the end of the smooth table after the rebound. Take e =0.8.

Prob. 15-90

15-91. The 200-g billiard ball is moving with a speed of
2.5 m/s when it strikes the side of the pool table at A. If
the coefficient of restitution between the ball and the side
of the table is e = 0.6, determine the speed of the ball just
after striking the table twice, i.e., at A, then at B. Neglect the
size of the ball.

PROBLEMS 293

*15-92. Disks A and B have a mass of 15 kg and 10 kg,
respectively. If they are sliding on a smooth horizontal
plane with the velocities shown, determine their speeds just
after impact. The coefficient of restitution between them is
e = 0.8.

Prob. 15-92

15-93. The two billiard balls A and B are originally in
contact with one another when a third ball C strikes each
of them at the same time as shown. If ball C remains at rest
after the collision, determine the coefficient of restitution.
All the balls have the same mass. Neglect the size of
each ball.

Prob. 15-91

Prob. 15-93
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o y
g
mv
X
Fig. 15-19
Z
mv
r
o y
‘-/\ Hp =r X mv
X
Fig. 15-20

15.5 ANGULAR MOMENTUM

The angular momentum of a particle about point O is defined as
the “moment” of the particle’s linear momentum about O. Since this
concept is analogous to finding the moment of a force about a point,
the angular momentum, Hy,, is sometimes referred to as the moment
of momentum.

If a particle moves along a curve lying in
the x—y plane, Fig. 15-19, the angular momentum at any instant can
be determined about point O (actually the z axis) by using a scalar
formulation. The magnitude of Hy is

Hy = (d)(mv) (15-13)

Here d is the moment arm or perpendicular distance from O to the line
of action of mv. Common units for Hy, are kg - m?/s. The direction of Hy,
is defined by the right-hand rule. As shown, the curl of the fingers of the
right hand indicates the sense of rotation of mv about O, so that in this
case the thumb (or Hp) is directed perpendicular to the x—y plane along
the +z axis.

If the particle moves along a space curve,
Fig. 15-20, the vector cross product can be used to determine the angular
momentum about O. In this case

Hp =r X mv (15-14)

Here r denotes a position vector drawn from point O to the particle. As
shown in the figure, Hy, is perpendicular to the shaded plane containing
r and mv.

If r and mv are expressed in terms of their Cartesian components,
then the angular momentum can be determined by evaluating the
determinant:

r (15-15)
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15.6 RELATION BETWEEN THE
MOMENT OF A FORCE
AND ANGULAR MOMENTUM

The moments about point O of all the forces acting on the particle
in Fig. 15-21a can be related to the particle’s angular momentum by
applying the equation of motion. Since the mass of the particle is
constant, we may write

SF = mv

The moments of the forces about point O can be obtained by performing
a cross-product multiplication of each side of this equation by the
position vector r, which is directed from O to the particle. We have

SMy =r X XF =1 X mv

From Appendix B, the derivative of r X mv can be written as
. d . .
HO:E(I‘XmV):erV-Fl'va

The first term on the right side, ¥ X mv = m(& X ) = 0, since the cross
product of a vector with itself is zero. Hence, the above equation becomes

SM, = Ho (15-16)

which states that the resultant moment about point O of all the forces
acting on the particle is equal to the time rate of change of the particle’s
angular momentum about point O.This result is similar to Eq. 15-1, i.e.,

SF =L (15-17)

Here the resultant force acting on the particle is equal to the time rate of
change of the particle’s linear momentum, L = mv.

From the derivations, it is seen that Egs. 15-16 and 15-17 are actually
another way of stating Newton’s second law of motion. In other sections
of this book it will be shown that these equations have many practical
applications when extended and applied to problems involving either a
system of particles or a rigid body.

z 3F

O
Inertial coordinate
system

(a)
Fig. 15-21
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An equation having the same form
as Eq. 15-16 may be derived for the system of particles shown in
Fig. 15-21b. The forces acting on the arbitrary ith particle of the
system consist of a resultant external force F; and a resultant internal
force f;. Expressing the moments of these forces about point O, using
the form of Eq. 15-16, we have

(r; X F) + (; X £) = (H)o

Here (H;,), is the time rate of change of the angular momentum of the
ith particle about O. Similar equations can be written for each of the
other particles of the system. When the results are summed vectorially,
the result is

S(r; X F) + 3(r; X £) = 3(H),

The second term is zero since the internal forces occur in equal but
opposite collinear pairs, and hence the moment of each pair of forces
about point O is zero. Dropping the index notation, the above equation
can be written in a simplified form as

SM, = Hy (15-18)

which states that the sum of the moments about point O of all the external
forces acting on a system of particles is equal to the time rate of change of
the total angular momentum of the system about point O. Although O has
been chosen here as the origin of coordinates, it actually can represent
any fixed point in the inertial frame of reference.

Inertial coordinate
system

(b)
Fig. 15-21(cont.)
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EXAMPLE 15.12

The box shown in Fig. 15-22a has a mass m and travels down the
smooth circular ramp such that when it is at the angle 6 it has a speed v.
Determine its angular momentum about point O at this instant and
the rate of increase in its speed, i.e., a;.

(a) (b)
Fig. 15-22
SOLUTION

Since v is tangent to the path, applying Eq. 15-13 the angular
momentum is

Hp =rmv) Ans.

The rate of increase in its speed (dv/df) can be found by applying
Eq. 15-16. From the free-body diagram of the box, Fig. 15-22b, it can
be seen that only the weight W = mg contributes a moment about
point O. We have

. d
'+3My = Hy; mg(rsin ) = E(r mv)

Since r and m are constant,

. v
mgrsin = rm—
. dt

d
dit) = gsin 6 Ans.

NOTE: This same result can, of course, be obtained from the equation
of motion applied in the tangential direction, Fig. 15-22b, i.e.,

. d
+v3F, = may mgsin § = m((lf)
d
&L= gsin 6 Ans.

dt

297
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15.7 PRINCIPLE OF ANGULAR
IMPULSE AND MOMENTUM

If Eq. 15-16 is rewritten in the form XMydt = dH, and integrated,
assuming that at time =1, Hp = (Hp); and at time ¢ = t,,
H, = (Hp),, we have

153
E/ Mo dt = (Hp), — (Hp);
4]
or
153
(o + 3 [ Modi = (Hop, (15-19)
4]

This equation is referred to as the principle of angular impulse and
momentum. The initial and final angular momenta (Hy); and (Hp),
are defined as the moment of the linear momentum of the particle
(Hp = r X mv) at the instants ¢; and f,, respectively. The second term
on the left side, % f M, dt, is called the angular impulse. It is determined
by integrating, with respect to time, the moments of all the forces acting
on the particle over the time period #; to ,. Since the moment of a force
about point O is My = r X F, the angular impulse may be expressed in
vector form as

0 t
angular impulse = / My dt = / (r X F) dt (15-20)
fH o

Here r is a position vector which extends from point O to any point on
the line of action of F.

In a similar manner, using Eq. 15-19, the principle of angular impulse
and momentum for a system of particles may be written as

15}
E(HO)l + 2/ Modt = E(Ho)z (15—21)
L
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Here the first and third terms represent the angular momenta of all
the particles [SHp = 2(r; X myv;)] at the instants ¢; and ,. The second
term is the sum of the angular impulses given to all the particles from
t; to t,. Recall that these impulses are created only by the moments
of the external forces acting on the system where, for the ith particle,
My =r1; X F,.

Using impulse and momentum principles,
it is therefore possible to write two vector equations which define the
particle’s motion, namely, Eq. 15-3 and Eq. 15-19, restated as

153
mv; + E/ F dt = mv,
" (15-22)

L5}
(Hp)1 + 2/ My dt = (Hp),
4]

In general, the above equations can be
expressed in x, y, z component form. If the particle is confined to move in
the x—y plane, then three scalar equations can be written to describe the
motion, namely,

m + 5 / B = el

m(v); + 3 / ZFydz = m(vy), (15-23)

5]
(Ho), + E/ Mydt = (Hp),
13}

The first two of these equations represent the principle of linear impulse
and momentum in the x and y directions, which has been discussed in
Sec. 15.1, and the third equation represents the principle of angular
impulse and momentum about the z axis.

299
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Fig. 15-23

Provided air resistance is neglected, the
passengers on this amusement-park ride
are subjected to a conservation of angular
momentum about the z axis of rotation. As
shown on the free-body diagram, the line of
action of the normal force N of the seat on
the passenger passes through this axis, and the
passenger’s weight W is parallel to it. Thus, no
angular impulse acts around the z axis.

Refer to the companion website for Lecture
Summary and Quiz videos.

Conservation of Angular Momentum. When the angular
impulses acting on a particle are all zero during the time ¢, to t,, Eq. 15-19
reduces to the following simplified form:

(Hop), = (Ho), (15-24)

This equation is known as the conservation of angular momentum. It
states that from f; to t, the particle’s angular momentum remains constant.
Obviously, if no external impulse is applied to the particle, both linear
and angular momentum will be conserved. In some cases, however, the
particle’s angular momentum will be conserved and linear momentum
may not. An example of this occurs when the particle is subjected only
to a central force (see Sec. 13.7). As shown in Fig. 15-23, the impulsive
central force F is always directed toward point O as the particle moves
along the path. Hence, the angular impulse (moment) created by F about
the z axis is always zero, and therefore angular momentum of the particle
is conserved about this axis.

From Eq. 15-21, we can also write the conservation of angular
momentum for a system of particles as

2(Ho); = X(Ho), (15-25)

In this case the summation must include the angular momenta of all
particles in the system.

. PROCEDURE FOR ANALYSIS

When applying the principles of angular impulse and momentum,
or the conservation of angular momentum, it is suggested that the
following procedure be used.

Free-Body Diagram.

e Draw the particle’s free-body diagram in order to determine
any axis about which angular momentum may be conserved.
For this to occur, the moments of all the forces (or impulses)
must either be parallel or pass through the axis so as to create
zero moment throughout the time period ¢ to ¢,.

e The direction and sense of the particle’s initial and final
velocities should also be established.

Momentum Equations.

e Apply the principle of angular impulse and momentum,
(Hp); +2 ftizMOdt = (Hy),, or if appropriate, the conservation
of angular momentum, (Hp); = (Hp),.
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EXAMPLE 15.13

The 1.5-Mg car travels along the circular road as shown in Fig. 15-24a.
If the traction force of the wheels on the road is F = (150¢?) N, where
t is in seconds, determine the speed of the car when r = 5. The car
initially travels with a speed of 5 m/s. Neglect the size of the car.

~
~
S

(@)

Free-Body Diagram. The free-body diagram of the car is shown
in Fig. 15-24b. If we apply the principle of angular impulse and
momentum about the z axis, then the angular impulse created by the
weight, normal force, and radial frictional force will be eliminated
since they act parallel to the axis or pass through it.

Principle of Angular Impulse and Momentum.

L
(Hz)l + 2/ Mz dt = (HZ)2
gl W = 1500 (9.81) N

n
rmg(v,); + / rFdt = rmJv,),
131

Ss
(100 m)(1500 kg)(5 m/s) + i (100 m)[(150¢%) N] dt P S
= (100 m)(1500 kg)(v.), N
Ss
750(10% + 5000£2| = 150(10°)(v,), .
0 b

(ve)r = 9.17m/s Ans. Fig. 15-24



302 CHAPTER 15 KINETICS OF A PARTICLE: IMPULSE AND MOMENTUM

EXAMPLE 15.14

10(. = 1.8 m/s

Fig. 15-25

The 0.36-kg ball B, shown in Fig. 15-25a, is attached to a cord which
passes through a hole at A in a smooth table. When the ball is
ry = 0.525 m from the hole, it is rotating around in a circle such that
its speed is v; = 1.2 m/s. By applying the force F the cord is pulled
downward through the hole with a constant speed v, = 1.8 m/s.
Determine (a) the speed of the ball at the instant it is r, = 0.18 m
from the hole, and (b) the amount of work done by F in shortening the
radial distance from ry to r,. Neglect the size of the ball.

SOLUTION

Part (a) Free-Body Diagram. As the ball moves from r; to r,,
Fig. 15-25b, the cord force F on the ball always passes through the
z axis, and the weight and N are parallel to it. Hence the moments, or
angular impulses created by these forces, are all zero about this axis.
Therefore, angular momentum is conserved about the z axis.

Conservation of Angular Momentum. The ball’s velocity v, is
resolved into two components. The radial component, 1.8 m/s, is known;
however, it produces zero angular momentum about the z axis. Thus,

Hl = H2
FIMgy = ryMpv)

0.525 m(0.36 kg) (1.2 m/s) = 0.18 m(0.36 kg)v}

vy = 3.50m/s
The speed of the ball is thus

v, = \/(3.50 m/s)> + (1.8 m/s)?
=394m/s Ans.

Part (b). The only force that does work on the ball is F. (The normal
force and weight do not move vertically.) The initial and final kinetic
energies of the ball can be determined so that from the principle of
work and energy we have

1 1
5(0.36 kg)(1.2m/s)*> + Up = 5(0.36 kg)(3.94 m/s)?
Up=2531] Ans.

NOTE: The force F is not constant because the normal component of
acceleration, a, = v*/r, changes as r changes.
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EXAMPLE 15.15

The 2-kg disk shown in Fig. 15-26a rests on a smooth horizontal surface
and is attached to an elastic cord that has a stiffness k., = 20 N/m and
is initially unstretched. If the disk is given a velocity (vp); = 1.5m/s,
perpendicular to the cord, determine the rate at which the cord is
being stretched and the speed of the disk at the instant the cord is
stretched 0.2 m.

SOLUTION
Free-Body Diagram. After the disk has been launched, it
slides along the path shown in Fig. 15-26b. By inspection, angular
momentum about point O (or the z axis) is conserved, since none
of the forces produce an angular impulse about this axis. Also, when
the distance is 0.7 m, only the transverse component (vp), produces
angular momentum of the disk about O.

Conservation of Angular Momentum. To obtain (v}), we have
(Ho)1 = (Ho),

rimp(vp); = romp(vp),

0.5m (2 kg)(1.5m/s) = 0.7 m(2 kg)(vp),

(vp), = 1.071 m/s

Conservation of Energy. The speed of the disk can be obtained by
applying the conservation of energy equation at the point where the
disk was launched and at the point where the cord is stretched 0.2 m.

Th+VvVi=1T,+YV,
smp(vp)i + skxt = smp(vp)3 + 3kx3
52kg)(1.5m/s)* + 0 = 3(2kg)(vp)3 + 5(20 N/m)(0.2 m)?
(vp), = 1.360m/s = 1.36 m/s Ans.

Having determined (vp), and its component (v)p),, the rate of stretch
of the cord, or radial component, (vp), is determined from the
Pythagorean theorem,

(Wh)2 = V(vp)3 — (vp)3
= V(1360 m/s)?> — (1.071 m/s)>

= 0.838 m/s Ans.

\(ED)l = 15m/s

B

0.5m

Refer to the companion website for a self quiz of these
Example problems.
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F15-19. The 2-kg particle A has the velocity shown.
Determine its angular momentum H about point O.

y 10 m/s
g
3
Q
T 2kg | A
3m
\ X
o

4m Prob. F15-19

F15-20. The 2-kg particle A has the velocity shown.
Determine its angular momentum Hp about point P.

15m/s

307 y
EOT

2m

-

X

Prob. F15-20

3m 2m—»‘

[15-21. Initially the 5-kg block is moving with a constant
speed of 2 m/s around the circular path centered at O on
the smooth horizontal plane. If a constant tangential force
F = 5N is applied to the block, determine the block’s
speed when t = 3's. Neglect the size of the block and the
mass of the rod.

Prob. F15-21

F15-22. The 5-kg block is moving around the circular path
centered at O on the smooth horizontal plane when it is
subjected to the force F = (10¢) N, where 7 is in seconds. If
the block starts from rest, determine its speed whent = 4s.
Neglect the size of the block and the mass of the rod. The
force maintains the same constant angle tangent to the path.

o F= (100N

Prob. F15-22
F15-23. The 2-kg sphere is attached to the rod, which
rotates in the horizontal plane centered at O. If the system is
subjected to a couple moment M = (0.9t?) N - m, where ¢ is
in seconds, determine the speed of the sphere at the instant
t = 5 s starting from rest. Neglect the mass of the rod.

/S
M= (0.92) N-m o 06 m\/

Prob. F15-23
[15-24. Two identical 10-kg spheres are attached to
the rod, which rotates in the horizontal plane centered at
pin O. If the spheres are subjected to tangential forces of
P = 10N, and the rod is subjected to a couple moment
M = (8t) N-m, where ¢ is in seconds, determine the speed
of the spheres at the instant t = 4 s. The system starts from
rest. Neglect the size of the spheres and the mass of the rod.

P=10N

0.5m i
¢ M = (8)N'm

‘ 2
e

P =10N Prob. F15-24
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All solutions, where necessary, must include a free-body diagram.

15-94. Determine the angular momentum H,, of each of
the two particles about point O.

15-95. Determine the angular momentum Hp of each of

the two particles about point P.

y

P’-—4m*>

Sm 1.5m
| 4m |

@
‘ 0 the ]\ Jim

3
8 m/s N

3kgo —
A

Probs. 15-94/95
#15-96. Determine the angular momentum Hy, of each of
the two particles about point O. Use a scalar solution.

15-97. Determine the angular momentum Hp of each of
the two particles about point P. Use a scalar solution.

y
Sm }P
15m/s T
5
AO 7 3 4m
2k !
‘ £ 1.5m
O | X
FZm» ‘
4m
300 | B

07
\’Z 1.5ke
10 m/s 1m

Probs. 15-96/97

15-98. The ball B has a mass of 10 kg and is attached to
the end of a rod whose mass may be neglected. If the rod is
subjected to a torque M = (3t> + 5t + 2) N-m, where ¢ is
in seconds, determine the speed of the ball when r=2s.The
ball has a speed v =2 m/s when t=0.

Prob. 15-98

15-99. Determine the angular momentum Hy of the 3-kg
particle about point O.

*15-100. Determine the angular momentum Hp of the
3-kg particle about point P.

Probs. 15-99/100
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15-101. The ball B has a mass of 10 kg and is attached to
the end of a rod whose mass can be neglected. If the shaft
is subjected to a torque M = (2t> + 4) N-m, where ¢ is in
seconds, determine the speed of the ball when =2 s. The
ball has a speed v =2 m/s when t=0.

Prob. 15-101

15-102. The two spheres each have a mass of 3 kg and
are attached to the rod of negligible mass. If a torque
M = (6e"%) N-m, where ¢ is in seconds, is applied to the
rod as shown, determine the speed of each of the spheres in
2 s, starting from rest.

15-103. The two spheres each have a mass of 3 kg and are
attached to the rod of negligible mass. Determine the time
the torque M = (8¢) N-m, where ¢ is in seconds, must be
applied to the rod so that each sphere attains a speed of
3 m/s starting from rest.

Probs. 15-102/103

KINETICS OF A PARTICLE: IMPULSE AND MOMENTUM

*15-104. Each ball has a negligible size and a mass
of 10 kg and is attached to the end of a rod whose mass
may be neglected. If the rod is subjected to a torque
M = (> + 2) N-m, where ¢ is in seconds, determine the
speed of each ball when t = 3 s. Each ball hasaspeedv = 2
m/s whent = 0.

S
M=(t2+2)N~m/ -
/OSm /)
T
L)

Prob. 15-104

15-105. At the instant r = 1.5 m, the 5-kg disk is given
a speed of v = 5 m/s, perpendicular to the elastic cord.
Determine the speed of the disk and the rate of shortening
of the elastic cord at the instant » = 1.2 m. The disk slides on
the smooth horizontal plane. Neglect its size. The cord has
an unstretched length of 0.5 m.

Prob. 15-105



15-106. If the rod of negligible mass is subjected to a
couple moment of M = (30/2) N-m, and the engine of the
car supplies a traction force of F = (15¢) N to the wheels,
where ¢ is in seconds, determine the speed of the car at the
instant t =5 s. The car starts from rest. The total mass of the
car and rider is 150 kg. Neglect the size of the car.

4 m

M = (30%) N-ﬁ

F=15tN

Prob. 15-106

15-107. The twospheres A and B each have a mass of 400 g.
The spheres are fixed to the horizontal rods and their initial
velocity is 2 m/s. If a couple moment of M = 0.6N-m is
applied to the frame, determine the speed of the spheres in
3 s. The mass of the supporting frame is negligible and it is
free to rotate. Neglect the size of the spheres.

Prob. 15-107

PROBLEMS 307

*15-108. A small particle having a mass m is placed
inside the semicircular tube. The particle is placed at the
position shown and released. Apply the principle of angular
momentum about point O (XM, = Hy), and show that
the motion of the particle is governed by the differential
equation § + (g/R)sin6 = 0.

0—.

Prob. 15-108

15-109. The projectile having a mass of 3 kg is fired
from a cannon with a muzzle velocity of vy = 500 m/s.
Determine the projectile’s angular momentum about point O
at the instant it is at the maximum height of its trajectory.

Prob. 15-109
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15-110. A small block having a mass of 0.1 kg is given a
horizontal velocity of v; = 0.4m/s when r; = 500 mm.
It slides along the smooth conical surface. Determine the
distance 4 it must descend to reach a speed of v, = 2m/s.
Also, what is the angle of descent 6, that is, the angle
measured from the horizontal to the tangent of the path?

ry = 500 mm

Prob. 15-110

15-111. The amusement park ride consists of a 200-kg car
and passenger that are traveling at 3 m/s along a circular
path having a radius of 8 m. If at =0, the cable OA is pulled
in toward O at 0.5 m/s, determine the speed of the car when
t=4s. Also, determine the work done to pull in the cable.

Prob. 15-111

KINETICS OF A PARTICLE: IMPULSE AND MOMENTUM

*15-112. An earth satellite of mass 700 kg is launched
into a free-flight trajectory about the earth with an initial
speed of v, = 10 km/s when the distance from the center
of the earth is r4, = 15 Mm. If the launch angle at this
position is ¢4 = 70°, determine the speed v of the satellite
and its closest distance rp from the center of the earth. The
earth has a mass M, = 5.976(10°*) kg. Hint: Under these
conditions, the satellite is subjected only to the earth’s
gravitational force, F = GM,m,/r? Eq. 13-1. For part of
the solution, use the conservation of energy.

VB %5
(ZA\ . s
ra
va

Prob. 15-112

15-113. The 2-kg ball rotates around a 0.5-m-diameter
circular path with a constant speed. If the cord length is
shortened from /=1 m to I’ = 0.5m, by pulling the cord
through the tube, determine the new diameter of the
path d'. Also, what is the tension in the cord in each case?

Prob. 15-113
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15.8 BODIES SUBJECTED
TO A MASS FLOW

In the previous sections we have considered application of impulse and
momentum principles to a system of particles that compose a rigid body,
having a closed boundary. In this section we will apply the principle of
impulse and momentum to a system of particles that can flow either into
or out of volume having an open boundary.

Normally the mass flow for these cases is analyzed using a control
volume approach, and is discussed in the subject of fluid mechanics.*
Here, we will use this method and consider two specific applications that
have widespread application. Before we do this however, we will first
derive a general equation that applies to both cases. The derivation can be
developed by considering the flow of a system of particles, such as a fluid,
that pass through a pipe, Fig. 15-27a. As shown in Fig. 15-27b, the initial
momentum of the particles is (mv),. During the time At, impulsive forces
3. F, such as caused by the wall of the pipe, or the pressure at the entrance
and exit, act on the moving particles and change their velocity in both
magnitude and direction, so the final momentum of the system is (mv),.
If we apply the impulse and momentum principle to the particles, we have

(mv), + XF At = (mv),
SFAt = Amv (15-26)

Finding this time rate of change in momentum, Amv, for all the particles
is rather difficult in this case because of their random motion within the
system. A better way to determine Amyv is to consider this time rate of
change relative to a specific region of space, called a control volume,
Fig. 15-27a. For example, if the particles compose a fluid, then the control
volume may define the size and shape of the solid boundaries and
openings of a conduit or channel, a turbine, or a pump. A rocket or jet
engine can also be selected as a control volume, and in this case we can
consider it to be moving.

* See Fluid Mechanics, R. C. Hibbeler, Pearson Education.

Va

(a)
Fig. 15-27

SF
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Control
Volume

B
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Aout

\N

N/

o
dm

Control
Volume Control

System \—/\mmv)om

Time ¢ Time 1 + At
(©)
Fig. 15-27

For our purposes we will take the control volume to be the region in
the pipe shown in Fig. 15-27c. At time ¢ all the particles in the system
are contained within the control volume, and so the total momentum
of the system is (mv); = (mv),. But at t + At, some of the particles
of the system will flow out of the control volume, while other particles,
not part of the system, will flow into it. The momenta of these particles
are (Amv)y, and (Amv);,, respectively. Within the control volume the
remaining momentum of the system’s particles has changed to (mv),,.
As a result the change in momentum becomes

Amv = (Amv)e + (Amv) g — (Amv);,

To summarize, the change of momentum of the system as seen relative
to the control volume consists of two parts, namely, the change that
occurs within the control volume, (Amv)., = (mv),., — (mv)y,, and
the net change in the momentum of the system that is flowing out of the
control volume, (Amv), — (Amv)j,.

If we substitute the above equation into Eq. 15-26 and divide by At,
allowing At — 0, we get the result

d . .
EF = <Cll(MV)) + MoutYout — MinVin (15_27)

The term m = dm/dt is called the mass flow. It indicates the
number of particles that flow into or out of the control volume
per unit time. If the particles compose a fluid, and the open
control surfaces have cross-sectional areas A;, and Ay, Fig. 15-28,
then the conservation of mass through these surfaces requires
dm = pdV = py(dsipAin) = Pou(dSouAont), Where p is the density of
the system (fluid) and dV = ds A is an element of volume, entering or
leaving a control surface. Hence, during the time dt, since vy, = ds;,/dt
and Vo = dsou/dt, we have m = pivinAin = PoutVoutAout, OF in general

m = pvA = pQ (15-28)
The term Q = vA measures the volume of fluid flow per unit time, and

is referred to as the volumetric flow. In the next two sections we will
consider two important applications of Eq. 15-27



15.9 STEADY FLOW OF A FLUID STREAM 311

15.9 STEADY FLOW OF A FLUID
STREAM

Some problems in engineering require finding the forces acting on a
fluid stream in order to divert it as the fluid passes through a conduit or
over a blade. When this is the case, provided we consider the fluid to be
incompressible and the flow to be steady, that is, independent of time,
then no change in momentum will occur within the control volume. As
a result, the first term on the right of Eq. 15-27 will be equal to zero.
Also, because of the conservation of mass, m = my, = mg,. Therefore,
our result becomes

3F = m(Vou — Vin) (15-29)

The following procedure can be used whenever this equation is applied
to determine the force acting on a device, such as a pipe or blade, that
diverts a fluid stream having steady flow.

The conveyor belt must supply frictional
forces to the gravel that falls upon it in
order to change the momentum of the
gravel stream, so that it begins to travel
along the belt.



312

CHAPTER 15

KINETICS OF A PARTICLE: IMPULSE AND MOMENTUM

The air on one side of this fan is essentially at rest, and as it passes through the blades
its momentum is increased. To change the momentum of the air flow in this manner, the
blades must exert a horizontal thrust on the air stream. As the blades turn faster, the
equal but opposite thrust of the air on the blades could overcome the rolling resistance
of the wheels on the ground and begin to move the frame of the fan.

. PROCEDURE FOR ANALYSIS

Control Volume. Select the control volume so its free-body
diagram includes the unknown forces that are to be determined.
This volume can contain both solid and fluid parts.

Free-Body Diagram. Draw the free-body diagram of the control
volume in order to identify the forces SF that act on it. These
forces may include the support reactions, the weight of the control
volume, and the static gage pressure forces acting on the fluid at
the open control surfaces, or on a closed surface or boundary.*
This gage pressure is the pressure measured above or below
atmospheric pressure. As a result, if an opening is exposed to the
atmosphere, the gage pressure will be zero.

Momentum Equation. The mass flow is determined from
Eq. 15-28. Establish an inertial x, y coordinate system and apply
Eq. 15-29 along the axes using the components of velocity at the
open control surfaces, and the components of the forces shown
on the free-body diagram. If the control volume is moving with a
velocity, then apply the equation relative to the control volume so
that the steady flow will then occur relative to the open control
surfaces.

* In the SI system, a unit of pressure is measured using the pascal (Pa), where 1 Pa=1N/m?.
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EXAMPLE 15.16

Determine the components of force reaction which the fixed
pipe joint at A exerts on the elbow in Fig. 15-29a, if water flowing
through the pipe is subjected to a static gage pressure of 100 kPa
at A. The volumetric flow at B is Qz = 0.2 m?/s. Water has a density
p,» = 1000 kg/m>, and the water-filled elbow has a mass of 20 kg and
center of mass at G.

SOLUTION

We will consider the control volume to be the elbow and the water
within it. Using a fixed inertial coordinate system, the velocity of flow
at A and B and the mass flow can be obtained from Eq. 15-28. Since
the density of water is constant, Oz = Q4 = Q. Hence,

m = p,0 = (1000 kg/m>)(0.2 m>/s) = 200 kg/s

(o) 0.2m’/s
=S =———"—=2546m/s |
YE T A, T w(0.05m) m/s
02m’/s
Q _ / = 637m/s —

Vy=— = ————
4 Ay m(01m)?

Free-Body Diagram. As shown on the free-body diagram of the
control volume (elbow) Fig. 15-29b, the fixed connection at A exerts
a resultant couple moment My, and force components F, and F, on
the elbow. Due to the static pressure of water in the pipe, the pressure
force acting on the open control surface at A is Fy = p4A,4. Since
1 kPa = 1000 N/m?,

Fy = paA, = [100(10°) N/m?][7(0.1 m)?] = 3141.6 N

There is no static pressure acting at B, since the water is discharged
at atmospheric pressure; i.e., the pressure measured by a gage at B is
equal to zero, pp = 0.

Equations of Steady Flow.

K 3F, = m(vg,— vap); —F, +3141.6 N = 200 kg /s(0 — 6.37 m/s)
F. = 441 kN Ans.

+13F, = m(vg, — w,); —F,—20(9.81) N=200 kg/s(~25.46 m/s — 0)
F, = 490 kN Ans.

NOTE: The couple moment My can be determined using an angular
impulse and momentum equation, which is discussed in fluid mechanics.

(a)

125 m

—— 0.3 m

(b)
Fig. 15-29

313
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EXAMPLE 15.17

A 50-mm-diameter water jet having a velocity of 7.5 m/s impinges
upon a single moving blade, Fig. 15-30a. If the blade moves with
a constant velocity of 1.5m/s away from the jet, determine the

B horizontal and vertical components of force that the blade exerts on
the water. What power does the water generate on the blade? Water
has a density of p,, = 1000 kg/m".

50 mm —
N k* Vp = 1.5 m/s
LR SOLUTION
v, =75m/s Kinematic Diagram. Here the control volume will be the stream of
(a) water on the blade. The inertial coordinate system is moving at 1.5 m/s,
so that the flow onto the blade appears as steady flow, Fig. 15-30b. The
rate at which water enters the control volume at A is, therefore
(v)p (VW/CV)A = (VW)A — Vey = 7.51 — 151 = {60i} m/s
(Vw/cv)B A >
y g L7 Also, the velocity of flow at B measured from the control volume is
vCV .
(VW/CV)B = {60.]} m/s
* The mass flow of water through the control volume is
—
A Vv . 25 \?
(Viwser) m = p,(Vy/er)aAa = (1000) (6.0){77(1000) } = 11.78 kg/s

(b)

(0)
Fig. 15-30

Free-Body Diagram. The free-body diagram of the control volume
is shown in Fig. 15-30c. The weight of the water will be neglected in
the calculation, since this force will be small compared to the reactive
components F, and F,,.

Equations of Steady Flow.

3F = m[(vw/cv)B - (VW/CV)A]

—Fd + Fj = 11.78(6.0j — 6.0i)
Equating the respective i and j components gives
F, = 11.78(6.0) = 70.7 N <« Ans.
F, = 11.78(6.0) = 70.7N 1 Ans.

The water exerts equal but opposite forces on the blade.

Since the water force that causes the blade to move forward
horizontally with a velocity of 1.5m/s is F, = 70.7 N, then from
Eq. 14-10 the power is

P=F-v; P =170.7(1.5) = 106 W Ans.
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15.10 BODIES THAT LOSE OR
GAIN MASS

In this section we will apply Eq. 15-27 to cases where a body will lose or
gain mass. Typical examples include an open ended balloon or a moving
shovel. In both of these cases it is important to recognize that the loss
or gain of mass will produce a force or impulse on the inner boundary
of the control volume. Whatever the case, we will consider the control
volume to be the body and its contents, which at a given instant is moving
with a velocity v,. Here the time rate of change of the momentum within
the control volume must now account for the changes in both its mass
and velocity, that is, (d(mv) /dt), = (mv)., + (mv),. Substituting into
Eq. 15-27 we have

EF = (rhv)cv + (m‘.’)cv + moutvout - minvin (15_30)

To illustrate an application, consider a balloon (control volume) which loses
mass (air) as it moves upward with a velocity v, Fig. 15-31a. The last term
in the above equation is zero because the air is self contained within the
balloon. If the rate at which the air is expelled is n1,,, = m,, then there is a
corresponding loss of mass within the control volume, so m,, = —n1,. Also,
if the velocity of the ejected air is (v, ), as measured relative to the balloon,
then the velocity of this air as seen by a fixed observeris vy, = v — (V,)rel-
Substituting these terms into the above equation and simplifying, we obtain

5F = (m‘.’)cv - me(ve)rel (15_31)

As shown on the free-body diagram for the balloon, Fig. 15-31b, the only
forces acting are its weight W and the atmospheric drag force Fp. The last
term on the right of Eq. 15-31 represents the thrust which the exhaust
exerts on the balloon and propels it upwards, giving it an acceleration v'.

In a similar manner, Eq. 15-30 can also be applied to the scoop in
Fig. 15-32, which is moving to the right with a velocity v so that mass is
being injected at the rate of (m)., = m;. Here, my, = 0 and my, = m;. If
the relative velocity of the injected mass is (V;)rel, then viy = v + (V) rel,
and Eq. 15-30 now becomes

5F = (m‘.’)cv - mi(vi)rel (15_32)

The last term represents the magnitude of the force that the injected
mass exerts on the scoop.

As noted by these two examples, when applying Eq. 15-30, whatever
the situation, it is important to first define the control volume and then
draw its free-body diagram in order to identify the forces exerted on the
body and identify the thrust or retardation caused by the fluid or particle
stream.

Fp
v‘ Q
(vuir)rel l
(a) (b)
Fig. 15-31
v 5
Q (Vl)rCI
Fig. 15-32

The scraper box behind this tractor
gains mass at the rate of m'". If the tractor
maintains a constant velocity v, then v = 0
and, because the soil is originally at rest,
(v;)re1 = v. Applying Eq. 15-32, the horizontal
towing force on the scraper box is then
T=0+mv.
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EXAMPLE 15.18

(ONASA)

T

#/

Fig. 15-33

The initial combined mass of a rocket and its fuel is m,. The mass m,
of fuel within the rocket is expelled at a constant rate of m, = ¢ and
at a constant speed of u measured relative to the rocket. Determine
the maximum velocity of the rocket, i.e., at the instant the fuel runs
out. Neglect the change in the rocket’s weight with altitude and the
drag resistance of the air. The rocket is fired vertically from rest.

SOLUTION

Since the rocket loses mass as it moves upward, nig, = —c. Also,
mj, = 0, and Eq. 15-31 applies. The only external force acting on the
control volume (rocket) is its weight W, Fig. 15-33. Hence,

+T2F = (mi))cv - me(ve)rel; W =mv — cu (1)
The rocket’s velocity is obtained by integrating this equation.
At any given instant ¢ during the flight, the mass of the rocket is
m = my — (m,)t = my — ct. Since W = mg, Eq. 1 then becomes
d
—(my — ct)g = (my — Ct)d_lz) - cu

Separating the variables and integrating, realizing that v = 0 when

t = 0, we have
v t cu
0 0 my ct

; =u ln(ﬂ> — gt 2)

mO_Ct

v = —uln(my — ct) — gt

Note that liftoff requires the first term on the right to be greater than
the second term during the initial phase of motion. To find the time ¢’
needed to consume all the fuel, we have

my = ct’
or
= mf/c
Substituting into Eq. 2 yields
m gm
Vmax = U ln(—o) - Ans.
my — my c
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EXAMPLE 15.19

A chain of length [/, Fig. 15-34a, has a mass m. Determine the
magnitude of force F required to (a) raise the chain with a constant
speed v,, starting from rest when y = 0; and (b) lower the chain with
a constant speed v,, starting from rest when y = /.

SOLUTION
Part (a). As the chain is raised, all the suspended links are given a
sudden downward impulse by each added link which is lifted off the
ground. Thus, the suspended portion of the chain may be considered as
a device which is gaining mass. The control volume to be considered is
the length of chain y which is suspended by F at any instant, including
the next link which is about to be added but is still at rest, Fig. 15-34b.
The forces acting on the control volume exclude the internal forces P
and —P, which act between the added link and the suspended portion
of the chain. Hence, 3 F = F — mg(y/]).

Since v, is constant, y = v,.t. Thus, the mass of the control volume
at any instant is m = m(y/l) = m(v.t/l), and therefore the rate at
which mass is added to the control volume is

Applying Eq. 15-32, we have
+T2F = (mq'))cv—’_ mi(vi)rel

Y Ve
F - mg(l) =0+ m<l)vc

F = (m/l)(gy + v?) Ans.

or

Part (b). When the chain is being lowered at v, the (loose) links
which are expelled (given zero velocity) do not impart an impulse or
a force on the remaining suspended links, that is, they do not create an
impulse or force on the control volume, instead, they simply “fall off.”
And so the control volume in Part (a) will not be considered. Rather,
we can apply the equation of motion to obtain the solution. At time ¢
the length of chain still off the floor is y. Using the free-body diagram
for a suspended portion of the chain shown in Fig. 15-34c¢, we have

+13F = ma; F—mg(i)IO

F= mg(i) Ans.

Fig. 15-34
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. PROBLEMS

KINETICS OF A PARTICLE: IMPULSE AND MOMENTUM

15-114. The chute is used to divert the flow of water,
Q = 0.6m’/s. If the water has a cross-sectional area of
0.05 m?, determine the force components at the pin D and
roller C necessary for equilibrium. Neglect the weight of the
chute and weight of the water on the chute. p,, = 1Mg/m’.

0.12 m — I‘»

1.5m }

Prob. 15-114

15-115. Water is discharged at 16 m/s against the fixed
cone diffuser. If the opening diameter of the nozzle is 40 mm,
determine the horizontal force exerted by the water on the
diffuser. p,, = 1Mg/m’.

_ 16 m/s

| a <
o — —
e ——

Prob. 15-115

*15-116. The fire boat discharges two streams of seawater,
each at a flow of 0.25 m%s and with a nozzle velocity of
50 m/s. Determine the tension developed in the anchor
chain, needed to secure the boat. The density of seawater is
Py = 1020 kg/m’.

Prob. 15-116

15-117. The 200-kg boat is powered by the fan which
develops a slipstream having a diameter of 0.75 m. If the
fan ejects air with a speed of 14 m/s, measured relative to
the boat, determine the initial acceleration of the boat if it
is initially at rest. Assume that air has a constant density of
pa = 122 kg/m’ and that the entering air is essentially at
rest. Neglect the drag resistance of the water.

0.75 m

Prob. 15-117



15-118. A snowblower having a scoop S with a cross-
sectional area of A, = 0.12 m° is pushed into snow with a
speed of v, = 0.5 m/s. The machine discharges the snow
through a tube 7 that has a cross-sectional area of A, =
0.03 m? and is directed 60° from the horizontal. If the density
of snow is p, = 104 kg/m®, determine the horizontal force
P required to push the blower forward, and the resultant
frictional force F of the wheels on the ground, necessary
to prevent the blower from moving sideways. The wheels
roll freely.

Prob. 15-118

15-119. The car is used to scoop up water that is lying in
a trough at the tracks. Determine the force needed to pull
the car forward at constant velocity v for each of the three
cases. The scoop has a cross-sectional area A and the density
of water is p,,.

(©)
Prob. 15-119
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*15-120. The water flow enters below the hydrant at C at
the rate of 0.75 m?/s. It is then divided equally between the
two outlets at A and B. If the gauge pressure at C is 300 kPa,
determine the horizontal and vertical force reactions and
the moment reaction on the fixed support at C. The diameter
of the two outlets at A and B is 75 mm, and the diameter
of the inlet pipe at C is 150 mm. The density of water is
pw = 1000 kg/m?>. Neglect the mass of the contained water
and the hydrant.

600 mm

Prob. 15-120

15-121. The gage pressure of water at A is 150.5 kPa.
Water flows through the pipe at A with a velocity of
18 m/s,and out the pipe at B and C with the same velocity .
Determine the horizontal and vertical components of force
exerted on the elbow necessary to hold the pipe assembly in
equilibrium. Neglect the weight of water within the pipe and
the weight of the pipe. The pipe has a diameter of 50 mm at
A, and at B and C the diameter is 30 mm. p,, = 1000 kg/m>.

Prob. 15-121
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15-122. Water is discharged from a nozzle with a velocity
of 12 m/s and strikes the blade mounted on the 20-kg cart.
Determine the tension developed in the cord, needed to
hold the cart stationary, and the normal reaction of the
wheels on the cart. The nozzle has a diameter of 50 mm and
the density of water is p,, = 1000 kg/m’.

Prob. 15-122

15-123. Sand is deposited from a chute onto a conveyor
belt which is moving at 0.5 m/s. If the sand is assumed to fall
vertically onto the belt at A at the rate of 4 kg/s, determine
the belt tension Fp to the right of A.The belt is free to move
over the conveyor rollers and its tension to the left of A is
Fe = 400 N.

‘ 0.5m/s

—_—

Fo=400N @ @ @A@ @ @ F;

Prob. 15-123

*15-124. A scoop in front of the tractor collects snow at
a rate of 200 kg/s. Determine the resultant traction force T
that must be developed on all the wheels as it moves forward
on level ground at a constant speed of 5 km/h. The tractor
has a mass of 5 Mg.

15-125. The boat has a mass of 180 kg and is traveling
forward on a river with a constant velocity of 70 km/h,
measured relative to the river. The river is flowing in the
opposite direction at 5 km/h. If a tube is placed in the water,
as shown, and it collects 40 kg of water in the boat in 80 s,
determine the horizontal thrust 7 on the tube that is required
to overcome the resistance due to the water collection and
yet maintain the constant speed of the boat. p,, = 1 Mg/m’.

- T T T = ’1i7<:[j7

B

T VR = Skm/h

Prob. 15-125

KINETICS OF A PARTICLE: IMPULSE AND MOMENTUM

15-126. Sand is discharged from the silo at A at a rate of
50 kg/s with a vertical velocity of 10 m/s onto the conveyor
belt, which is moving with a constant velocity of 1.5 m/s. If
the conveyor system and the sand on it have a total mass
of 750 kg and center of mass at point G, determine the
horizontal and vertical components of reaction at the pin
support B and roller support A. Neglect the thickness of the

conveyor.
B
2 N

15-127. The rocket car has a mass of 2 Mg (empty) and
carries 120 kg of fuel. If the fuel is consumed at a constant
rate of 6 kg/s and ejected from the car with a relative
velocity of 800 m/s, determine the maximum speed attained
by the car starting from rest. The drag resistance due to the
atmosphere is Fp = (6.8v%) N, where v is the speed in m/s.

4m 4 m

Prob. 15-126

=

Prob. 15-127




*15-128. The toy sprinkler for children consists of a
0.2-kg cap and a hose that has a mass per length of 30 g/m.
Determine the required rate of flow of water through the
5-mm-diameter tube so that the sprinkler will lift 1.5 m from
the ground and hover from this position. Neglect the weight
of the water in the tube. p,, = 1Mg/m’.

1
1.5m ‘
(

Prob. 15-128

15-129. The nozzle has a diameter of 40 mm. If it
discharges water uniformly with a downward velocity of
20 m/s against the fixed blade, determine the vertical force
exerted by the water on the blade. p,, = 1Mg/m’.

40mm ——  «——

45° 45°

Prob. 15-129
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15-130. The 10-Mg helicopter carries a bucket containing
500 kg of water, which is used to fight fires. If it hovers
over the land in a fixed position and then releases 50 kg/s
of water at 10 m/s, measured relative to the helicopter,
determine the initial upward acceleration the helicopter
experiences as the water is being released.

Prob. 15-130

15-131. Sand drops onto the 2-Mg empty rail car at 50 kg /s
from a conveyor belt. If the car is initially coasting at 4 m/s,
determine the speed of the car as a function of time.

Prob. 15-131
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*15-132. The 12-Mg jet airplane has a constant speed of
950 km/h when it is flying along a horizontal straight line.
Air enters the intake scoops S at the rate of 50 m?/s. If the
engine burns fuel at the rate of 0.4 kg/s and the gas (air
and fuel) is exhausted relative to the plane with a speed of
450 m/s, determine the resultant drag force exerted on
the plane by air resistance. Assume that air has a constant
density of 1.22 kg/m?’. Hint: Since mass both enters and exits
the plane, Egs. 15-28 and 15-29 must be combined to yield

dv dm, dm;
= _— = — 4+ —
SE =T e vy,

v =950 km/h

Prob. 15-132

15-133. Aggregates fall off the conveyor belt at 500 kg/s
and into the barge. Determine the force the rope at A exerts
on the barge to hold it in place.

Prob. 15-133

15-134. The tractor together with the empty tank has a total
mass of 4 Mg. The tank is filled with 2 Mg of water. The water is
discharged at a constant rate of 50 kg /s with a constant velocity
of 5 m/s, measured relative to the tractor. If the tractor starts
from rest, and the rear wheels provide a resultant traction
force of 250 N, determine the velocity and acceleration of the
tractor at the instant the tank becomes empty.

Prob. 15-134

KINETICS OF A PARTICLE: IMPULSE AND MOMENTUM

15-135. Determine the magnitude of force F as a function
of time, which must be applied to the end of the cord at A
to raise the hook H with a constant speed v = 0.4 m/s.
Initially the chain is at rest on the ground. Neglect the mass
of the cord and the hook. The chain has a mass of 2 kg/m.

v =04 m/s}

N W

Prob. 15-135

*15-136. A power lawn mower hovers very close over the
ground. This is done by drawing air in at a speed of 6 m/s
through an intake unit A, which has a cross-sectional area
of A, = 0.25m?, and then discharging it at the ground, B,
where the cross-sectional area is Az = 0.35 m?. If air at A is
subjected only to atmospheric pressure, determine the air
pressure which the lawn mower exerts on the ground when
the weight of the mower is freely supported and no load is
placed on the handle. The mower has a mass of 15 kg with
center of mass at G. Assume that air has a constant density
of p, = 1.22 kg/m’.

Prob. 15-136



15-137. The rope has a mass m' per unit length. If the end
length y = hisdraped off the edge of the table,and released,
determine the velocity of its end A for any position y,
as the rope uncoils and begins to fall.

Prob. 15-137

15-138. The truck has a mass of 50 Mg when empty. When
it is unloading 5 m® of sand at a constant rate of 0.8 m?/s,
the sand flows out the back at a speed of 7 m/s, measured
relative to the truck, in the direction shown. If the truck
is free to roll, determine its initial acceleration just as the
load begins to empty. Neglect the mass of the wheels and
any frictional resistance to motion. The density of sand is
ps = 1520 kg/m>.

Prob. 15-138

15-139. The car has a mass m, and is used to tow the
smooth chain having a total length / and a mass per unit of
length m’'. If the chain is originally piled up, determine the
tractive force F that must be supplied by the rear wheels of
the car, necessary to maintain a constant speed v while the
chain is being drawn out.

Prob. 15-139
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*15-140. The hemispherical bowl of mass m is held in
equilibrium by the vertical jet of water discharged through
anozzle of diameter d. If the discharge of the water through
the nozzle is O, determine the height / at which the bowl is
suspended. The water density is p,,. Neglect the weight of
the water jet.

Prob. 15-140

15-141. The jet is traveling at a speed of 720 km /h. If the
fuel is being spent at 0.8 kg/s, and the engine takes in air
at 200 kg/s, whereas the exhaust gas (air and fuel) has a
relative speed of 12 km/s, determine the acceleration of
the plane at this instant. The drag resistance of the air is
Fp = (55 v?), where the speed is measured in m/s. The jet
has a mass of 7 Mg.

720 km/h
4—

Prob. 15-141

15-142. The 1.5-m-long smooth chain hangs over the edge
of the table. If the chain is released from rest, determine its
speed just after the last link clears the table. The chain has a
mass per unit length of 6 kg/m.

i 12m

p
l

Prob. 15-142
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. CHAPTER REVIEW

Impulse

An impulse is defined as the product of force and time.
Graphically it represents the area under the F-¢ diagram. If the
force is constant, then the impulse becomes I = F.(t, — t;).

1=["F()dr

4 153

Principle of Impulse and Momentum

When the equation of motion, XF = ma, and the kinematic
equation, a = dv/dt, are combined, we obtain the principle
of impulse and momentum. This is a vector equation that can
be resolved into rectangular components and used to solve
problems that involve force, velocity, and time. For application,
the free-body diagram should be drawn in order to account
for all the impulses that act on the particle.

L
mvy + E/ F dt = mv,
I

Conservation of Linear Momentum

If the principle of impulse and momentum is applied to a system
of particles, then the collisions between the particles produce
internal impulses that are equal, opposite, and collinear,
and therefore cancel from the equation. Furthermore, if an
external impulse is small, that is, the force is small and the time
is short, then the impulse can be classified as nonimpulsive and
can be neglected. Consequently, momentum for the system of
particles is conserved.

The conservation-of-momentum equation is useful for
finding the final velocity of a particle when internal impulses
are exerted between two particles and the initial velocities
of the particles are known. If the internal impulse is to be
determined, then one of the particles is isolated and the
principle of impulse and momentum is applied to this particle.

2m(vi)y = Zm(vy),

Impact

When two particles A and B have a direct impact, the internal
impulse between them is equal, opposite, and collinear.
Consequently the conservation of momentum for this system
applies along the line of impact.

Plane of contact

\:]

\Z Vs Line of impact
e o IMC 01NN

\

my(va)1 + mp(vp)) = mu(va), + mp(vp),
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If the final velocities are unknown, a second equation is needed
for solution. We must use the coefficient of restitution, e.
This experimentally determined coefficient depends upon the
physical properties of the colliding particles. It can be expressed
as the ratio of their relative velocity after collision to their
relative velocity before collision. If the collision is elastic, no
energy is lost and e = 1. For a plastic collision e = (.

_ (g = (va)y
(va)1 — (vp)

If the impact is oblique, then the conservation of momentum
for the system and the coefficient-of-restitution equation
apply along the line of impact. Also, conservation of
momentum for each particle applies perpendicular to this
line (plane of contact) because no impulse acts on the
particles in this direction.

Plane of contact
5 Line of impact

%>/ A y\/qé

va VB

Principle of Angular Impulse and Momentum

The moment of the linear momentum about an axis (z) is
called the angular momentum.

The principle of angular impulse and momentum is often used
to eliminate unknown impulses by summing the moments
about an axis through which the lines of action of these
impulses produce no moment. For this reason, a free-body

z
|

(Ho); = (d)(mv)

b d HO
Hy), + = / Mpdt = (H O$
( 0)1 i o ( 0)2 db/

mv

diagram should accompany the solution. x

Steady Fluid Streams

Impulse-and-momentum methods are often used to determine SF = dm

the forces that a device exerts on the mass flow of a fluid— T oA (V5 = va)

liquid or gas. To do so, a free-body diagram of the fluid mass
in contact with the device is drawn in order to identify these
forces. Also, the velocity of the fluid as it flows into and out of
a control volume for the device is calculated. The equations of
steady flow involve summing the forces and the moments to
determine these reactions.

d
EMO = 7’?([’3 X vg — 1y X VA)

Propulsion with Variable Mass

Some devices, such as a rocket, lose mass as they are propelled
forward. Others gain mass, such as a shovel. We can account
for this mass loss or gain by applying the principle of impulse
and momentum to a control volume for the device. From this
equation, the force exerted on the device by the mass flow can
then be determined.

dv dm
2:ch = m; - vD/eTte
Loses Mass

dl} dml-
EFCV = mE + ,UD/i?

Gains Mass
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. REVIEW PROBLEMS

R15-1. The 50-kg block is hoisted up the incline using
the cable and motor arrangement shown. The coefficient of
kinetic friction between the block and the surface is u; = 0.4.
If the block is initially moving up the plane at vy = 2m/s,
and at this instant (¢ = 0) the motor develops a tension in
the cord of T = (300 + 120V7) N, where ¢ is in seconds,
determine the velocity of the block when ¢ = 2s.

Prob. R15-1

R15-2. The three freight cars A, B, and C have masses of
10 Mg, 5 Mg, and 20 Mg, respectively. They are traveling
along the track with the velocities shown. Car A collides
with car B first, followed by car C. If the three cars couple
together in sequence after collision, determine the common
velocity of the cars after the two collisions have taken place.

25 km/h

Prob. R15-2

R15-3. Packages having a mass of 6 kg slide down a
smooth chute and land horizontally with a speed of 3 m/s
on the surface of a conveyor belt. If the coefficient of
kinetic friction between the belt and a package is y; = 0.2,
determine the time needed to bring the package to rest on
the belt if the belt is moving in the same direction as the
package with a speed v=1m/s.

1m/s

Prob. R15-3

R15-4. A 20-kg block is originally at rest on a horizontal
surface for which the coefficient of static friction is y; = 0.6
and the coefficient of kinetic friction is y; = 0.5. If a
horizontal force F is applied such that it varies with time as
shown, determine the speed of the block in 10 s. Hint: First
determine the time needed to overcome friction and start
the block moving.

N

F(N)

200

t(s)

5 10
Prob. R15-4



R15-5. Block A has a mass of 3 kg and is sliding on a rough
horizontal surface with a velocity (v4); = 2m/s when
it makes a direct collision with block B, which has a mass
of 2 kg and is originally at rest. If the collision is perfectly
elastic (e = 1), determine the velocity of each block just
after collision and the distance between the blocks when
they stop sliding. The coefficient of kinetic friction between
the blocks and the plane is w;, = 0.3.

(Va
—_—
4 [ 3]
Prob. R15-5

R15-6. The small cylinder C has a mass of 10 kg and is
attached to the end of a rod whose mass may be neglected.
If the frame is subjected to a couple M = (8> + 5)N-m,
where ¢ is in seconds, and the cylinder is subjected to a force
of 60 N, which is always directed as shown, determine the
speed of the cylinder when ¢t = 2 s. The cylinder has a speed
Y9 = 2m/s whent = 0.

Prob. R15-6
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R15-7. The 200-g projectile is fired with a velocity of
900 m/s towards the center of the 15-kg wooden block,
which rests on a rough surface. If the projectile penetrates
and emerges from the block with a velocity of 300 m/s,
determine the velocity of the block just after the projectile
emerges. How long does the block slide on the rough surface,
after the projectile emerges, before it comes to rest again?
The coefficient of kinetic friction between the surface and
the block is u;, = 0.2.

900 m/s

Before

300 m/s
—

After

Prob. R15-7

R15-8. Two smooth billiard balls A and B have an
equal mass of m =200 g. If A strikes B with a velocity of
(v4)1 =2 m/s as shown, determine their final velocities just
after collision. Ball B is originally at rest and the coefficient
of restitution is e = 0.75.

Prob. R15-8
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Kinematics is important for the design of gear trains used in
different mechanisms




U

_ANA

/\

— A Rl

—
=1

NEMATIC

B

Lecture Summary and Quiz,
Example, and Problem-
solving videos are available
where this icon appears.

)Y

. CHAPTER OBJECTIVES

m To classify the various types of rigid-body planar motion.

m To investigate rigid-body translation and angular motion about

a fixed axis.

m To study planar motion using an absolute motion analysis.

m To provide a relative-motion analysis of velocity and acceleration

using a translating frame of reference.

B To show how to find the instantaneous center of zero velocity and

determine the velocity of a point on a body using this method.

m To provide a relative-motion analysis of velocity and acceleration

using a rotating frame of reference.

16.1 PLANAR RIGID-BODY MOTION

In this chapter, the planar kinematics of a rigid body will be discussed.
This study is important for the design of gears, cams, and mechanisms
used for many structural and mechanical operations. Once the kinematics
is thoroughly understood, then we can apply the equations of motion,

which relate the forces on the body to the body’s motion.

The planar motion of a body occurs when all the particles of a rigid
body move along paths which are equidistant from a fixed plane. There
are three types of rigid-body planar motion. In order of increasing

complexity, they are

329
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00 9

Path of rectilinear translation Path of curvilinear translation

(a) (b)

\

\

Rotation about a fixed axis General plane motion
(©) (d)
Fig. 16-1

® Translation. This type of motion occurs when a line in the body
remains parallel to its original orientation throughout the motion.
When the paths of motion for any two points on the body are
parallel straight lines, the motion is called rectilinear translation,
Fig. 16-1a. If the paths of motion are along curved lines, the motion
is called curvilinear translation, Fig. 16-1b.

® Rotation about a fixed axis. When a rigid body rotates about a
fixed axis, all the particles of the body, except those which lie on the
axis of rotation, move along circular paths, Fig. 16-1c.

® General plane motion. When a body is subjected to general plane
motion, it undergoes a simultaneous translation and rotation,
Fig. 16-1d. The translation occurs within a reference plane, and the
rotation occurs about an axis perpendicular to the reference plane.

In the following sections we will consider each of these motions in detail.
Examples of bodies undergoing each type of motion are shown in Fig. 16-2.

Curvilinear translation

General plane motion

Rectilinear translation Rotation about a fixed axis

Fig. 16-2



16.2 TRANSLATION

Consider a rigid body which is subjected to either rectilinear or curvilinear
translation in the x—y plane, Fig. 16-3.

y
y
B
Tp/A
Iy ¥
A Translating
coordinate system
Ta
X
o Fixed
coordinate system
Fig. 16-3

Position. The locations of points A and B on the body are defined
with respect to the fixed x, y reference frame using position vectors r,
and rg. The translating x', y' coordinate system is fixed in the body and
has its origin at A, hereafter referred to as the base point. The position of
B with respect to A is denoted by the relative-position vector rg/4 (“r of
B with respect to A”). By vector addition,

Ip = Iy + l‘B/A

Velocity. A relation between the instantaneous velocities of A and B
is obtained by taking the time derivative of this equation, which yields
Vg = V4 + drg;,/dt. Here v, and vp denote absolute velocities since
they are measured with respect to the x, y axes. The term drg 4 /dt = 0,
since the magnitude of rp/,4 is constant by definition of a rigid body, and
because the body is translating, the direction of rg 4 is also constant.
Therefore,

Vg = V4

Acceleration. Taking the time derivative of the velocity equation
yields a similar relationship between the instantaneous accelerations of
A and B:

ag — ay

The above two equations indicate that all points in a rigid body
subjected to either rectilinear or curvilinear translation move with the same
velocity and acceleration. As a result, the kinematics of points located in
a translating rigid body can be studied using the kinematics of particle
motion studied in Chapter 12.
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Riders on this Ferris wheel are subjected
to curvilinear translation, since the
gondolas move in a circular path, yet they
always remain in the upright position.
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~

?

O,
KP

9 do

(b)
Fig. 164

16.3 ROTATION ABOUT A FIXED AXIS

When a body rotates about a fixed axis, any point P located in the body
travels along a circular path. To study the motion of P it is first necessary
to discuss the angular motion of the body about the axis.

Since a point is without dimension, it cannot
have angular motion. Only lines or bodies undergo angular motion. Here
we will consider the angular motion of a radial line r located within the
shaded plane of the body shown in Fig. 16-4a.

At the instant shown, the angular position of r
is defined by the angle 6, measured from a fixed reference line to r.

The change in the angular position, which
can be measured as a differential d0, is called the angular displacement.*
This vector has a magnitude of df measured in degrees, radians, or
revolutions, where 1 rev = 27 rad. Since motion is about a fixed axis,
the direction of d@ is always along this axis. Specifically, the direction is
determined by the right-hand rule; that is, the fingers of the right hand
are curled with the sense of rotation, so that in this case the thumb, or d@,
points upward, Fig. 16-4a. In two dimensions, as shown by the top view of
the shaded plane, Fig. 16-4b, both @ and d are counterclockwise, and so
the thumb points outward from the page.

The time rate of change in the angular position
is called the angular velocity w (omega). Since d@ occurs during an
instant of time dt, and maintains its fixed position, then

(t+) 0=— (16-1)

The vector e has a magnitude which is often measured in rad/s. Its
direction is always along the axis of rotation, Fig. 16-4a. When indicating
the angular motion in the shaded plane, Fig. 16-4b, we can refer to
the sense of rotation as clockwise or counterclockwise. Here we have
arbitrarily chosen counterclockwise rotations as positive and indicated
this by the curl shown in parentheses next to Eq. 16-1. Realize, however,
that the directional sense of @ is actually outward from the page.

* It is shown in Sec. 20.1 that finite rotations or finite angular displacements are not vector
quantities, although differential rotations d@ are vectors.
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The angular acceleration « (alpha)
measures the time rate of change of the angular velocity. The magnitude
of this vector is

dw
+ = — 16-2
(1) a="2 (16-2)
Using Eq. 16-1, it is also possible to express a as
d*9
(\+) a = E (16-3)

The line of action of « is the same as that for w, Fig. 16-4a; however, its
sense of direction depends on whether w is increasing or decreasing. If
is decreasing, then « is called an angular deceleration, and therefore it
has a sense of direction which is opposite to w.

By eliminating dt from Eqgs. 16-1 and 16-2, we obtain a differential
relation between the angular acceleration, angular velocity, and angular
displacement, namely,

@) 6

The similarity between the differential relations for angular motion
and those developed for rectilinear motion of a particle (v = ds/dt,
a = dv/dt, and a ds = v dv) should be apparent.

If the angular acceleration
of the body is constant, @« = e, then Egs. 16-1, 16-2, and 16-4, when
integrated, yield the following set of formulas.

(R3] 0= wy + at (16-5)

((+) 0 =0y + wyt + 3.’ (16-6)

(+) o = 0} + 2a.(0 — 6)) (16-7)
Constant Angular Acceleration

Here 6, and w, are the initial values of the body’s angular position and
angular velocity, respectively. Note that these equations are similar to
Eqgs. 124 to 12-6 used for rectilinear motion.

The gears used in the operation of a crane
all rotate about fixed axes. Engineers must
be able to relate their angular motions in
order to properly design this gear system.



334 CHAPTER 16 PLANAR KINEMATICS OF A RiGID Bobpy

(0)
Fig. 16-4 (cont.)

<

P
(d)

As the rigid body in Fig. 16-4c rotates, point P
travels along a circular path of radius r with center at point O. This path
is contained within the shaded plane shown in top view, Fig. 16-4d.

The position of P is defined by the
position vector r, which extends from O to P. If the body rotates d6 then
P will displace ds = rdé.

The velocity of P has a magnitude which can be found by
dividing ds = rd6 by dt.This yields

(169

As shown in Figs. 16-4¢ and 16-4d, the direction of v is tangent to the
circular path.

Both the magnitude and direction of v can also be accounted for by
using the cross product of @ and rp (see Appendix B). Here, rp is directed
from any point on the axis of rotation to point P, Fig. 16-4c. We have

V=w X 1p (16-9)

The order of the vectors in this formulation is important, since the
cross product is not commutative, i.e., @ X rp # rp X w. Notice in
Fig. 16-4c how the correct direction of v is established by the right-
hand rule. The fingers of the right hand are curled from @ toward rp
(@ “cross” rp). The thumb indicates the correct direction of v, which
is tangent to the path in the direction of motion. From Eq. B-8, the
magnitude of v in Eq. 16-9 is v = wrpsin ¢, and since r = rpsin ¢,
Fig. 16-4c, then v = wr, which agrees with Eq. 16-8. As a special case,
the position vector r can be chosen for rp. Here r lies in the plane of
motion and again the velocity of point P is

V=wXr (16-10)
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The acceleration of P can be expressed in terms of
its normal and tangential components. For the tangential component,
applying Eq. 12-19 and Eq. 16-8, we have a, = dv/dt = d(wr) /dt = (dw /dt)r,
and since @ = dw/dt, we get

a;, = ar (16-11)

The normal component is determined from Eq. 12-20 and Eq. 16-8. We
have a,, = v*/p = (wr)?/ror

a, = o’r (16-12)

The tangential component of acceleration, Figs. 16—4e and 16-4f,
represents the time rate of change in the velocity’s magnitude. If the
speed of P is increasing, then a, acts in the same direction as v; if the
speed is decreasing, a, acts in the opposite direction of v; and finally, if
the speed is constant, a, is zero.

The normal component of acceleration represents the time rate of
change in the velocity’s direction. The direction of a,, is always toward O,
the center of the circular path, Figs. 16-4¢ and 16-4f.

Like the velocity, the acceleration of point P can be expressed in terms
of the vector cross product. Taking the time derivative of Eq. 16-9 we have

dv  do drp
=—=—XrpteoX—

PR dt

Since @« = dw/dt, and using Eq. 16-9 (drp/dt = v = @ X rp), then
a=aXrp+twX(mXrp) (16-13)

From the definition of the cross product, the first term on the right has a
magnitude g, = arpsin ¢ = ar, and by the right-hand rule, @ X rp is in
the direction of a,, Fig. 16-4e. Likewise, the second term has a magnitude
a, = w’rpsin ¢ = w’r, and applying the right-hand rule twice, first to
determine the result vp = @ X rp then @ X vp, it can be seen that this
result is in the same direction as a,, shown in Fig. 16—4e. Noting that this
is also the same direction as —r, which lies in the plane of motion, we can
express a, in a much simpler form as a, = —w”r. Hence, Eq. 16-13 can
be identified by its two components as

=a, +
R A (16-14)

a Xr— or

Since a, and a,, are perpendicular to one another, if needed the magnitude
of acceleration can be determined from the Pythagorean theorem;
namely,a = Va2 + a?, Fig. 16-4f.

(f)
Fig. 16-4 (cont.)
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If two rotating bodies are in contact, as in Fig. 16-5a, then the points in
contact A and A" move along different circular paths, and the velocity
and tangential components of acceleration of the points will be the same,
v, = vy, Fig. 16-5b, and (ay); = (ay),, Fig. 16-5¢. However, the normal
components of acceleration will not be the same, (a,), # (as),, and
therefore, as shown in Fig. 16-5c,a, # ay.

(aA’)t A

4 (ay),
(b) (c)
Fig. 16-5

- IMPORTANT POINTS

* A body can undergo two types of translation. During rectilinear
translation all points follow parallel straight-line paths, and
during curvilinear translation the points follow curved paths
that are the same shape.

o All the points on a translating body move with the same
velocity and acceleration.

» Points located on a body that rotates about a fixed axis follow
circular paths.

o The relation a df = o dw is derived from a = dw/dt and
® = d6/dt by eliminating dr.

® Once the angular motions w and « are known, the velocity and
acceleration of any point on the body can be determined.

» The velocity always acts tangent to the path of motion.

e The acceleration has two components. The tangential
acceleration measures the time rate of change in the magnitude
of the velocity and can be determined from a, = ar. The
normal acceleration measures the time rate of change in the

direction of the velocity and can be determined from a,, = w’r.
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. PROCEDURE FOR ANALYSIS

The velocity and acceleration of a point located on a rigid body
that is rotating about a fixed axis can be determined using the
following procedure.

Angular Motion.

e Establish the positive sense of rotation about the axis of
rotation and show it alongside each kinematic equation as it
is applied.

e [farelation is known between any two of the four variables «, w,
0, and ¢, then a third variable can be obtained by using one of the
following kinematic equations which relates all three variables.

do dw
w=— o =—
dt dt

e Ifthe body’s angular acceleration is constant, then the following
equations can be used:

adld=owdo

0w = wy + ot
6 = 00 A wot T %actz

o’ = wf + 2a.0 — 6,)

e Once the solution is obtained, the sense of 0, w, and « is

determined from the algebraic signs of their numerical quantities.

Motion of Point P,

e In most cases the velocity of P and its two components of
acceleration can be determined from the scalar equations

V= r
a;, = ar
a, = w’r

e If the geometry of the problem is difficult to visualize, the

following vector equations should be used:

V=wXrp=wXr

a=aXrp=aXr

2, =X (0 X 1p) = —o’r

Here rpis directed from any point on the axis of rotation to point P,
whereas r lies in the plane of motion of P. Either of these vectors,
along with @ and e, should be expressed in terms of its i, j, k
components, and, if necessary, the cross products determined using

a determinant eXpanSiOIl (See Eq B—12) Refer to the companion website for Lecture
Summary and Quiz videos.
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EXAMPLE 16.1

Fig. 16-6

A cord is wrapped around the wheel in Fig. 16-6, which is initially
at rest when 6 = 0. If a force is applied to the cord and gives it an
acceleration a = (4f) m/sz, where ¢ is in seconds, determine, as a
function of time, (a) the angular velocity of the wheel, and (b) the
angular position of line OP.

SOLUTION

Part (a). The wheel is subjected to rotation about a fixed axis passing
through point O.Thus, point P on the wheel has motion about a circular
path, and the acceleration of this point has both tangential and normal
components. The tangential component is (ap), = (4f) m/s?, since the
cord is wrapped around the wheel and moves fangent to it. Hence the
angular acceleration of the wheel is

(r+) (ap); = ar
(4t) m/s*> = a(0.2 m)
a = (20¢) rad /s%)
Using this result, the wheel’s angular velocity w can now be

determined from a = dw/dt, since this equation relates «, ¢, and w.
Integrating, with the initial condition that w = 0 when ¢ = 0, yields

dw

7+ a = — = (20¢) rad /s>
dt
w t
/ dow = /20t dt
0 0
o = 10 rad/s) Ans.

Part (b). Using this result, the angular position 6 of OP can be found
from w = df/dt, since this equation relates 6, w, and ¢. Integrating,
with the initial condition § = 0 when ¢t = 0, we have

(T+) % = w = (10*) rad/s

0 t
/d@ = /10t2dt
0 0

6 = 3.33> rad Ans.

NOTE: We cannot use the equation of constant angular acceleration,
since « is a function of time.
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EXAMPLE 16.2

The motor shown in the photo is used to turn the wheel. The details are
shown in Fig. 16-7a. If the pulley A connected to the motor begins to
rotate from rest with a constant angular acceleration of a4 = 2 rad /s,
determine the magnitudes of the velocity and acceleration of point P
on the wheel, after the pulley has turned two revolutions. Assume the
transmission belt does not slip on the pulley and wheel.

SOLUTION
Angular Motion. First we will convert the two revolutions to
radians. Since there are 27 rad in one revolution, then

27t rad
1rev

0, = 2rev< ) = 12.57 rad

Since a4 is constant, the angular velocity of pulley A is therefore
(") W = wj + 2a.(0 — 6y)
w4 = 0 + 2(2rad/s?)(12.57 rad — 0)
wy = 7.090 rad/s

The belt has the same speed and tangential component of acceleration
as it passes over the pulley and wheel. Thus,

7.090 rad/s (0.15 m) = wp(0.4 m)
wp = 2.659rad/s

V = wpry = WpI'p;

2 rad/s? (0.15m) = ap(0.4 m)
ap = 0.750 rad /s

a; = ayry = Qprp;

Motion of P. As shown on the kinematic diagram in Fig. 16-7b,

we have
vp = wprg = 2.659rad/s (0.4 m) = 1.06 m/s Ans.
(ap), = agrg = 0.750 rad/s* (0.4 m) = 0.3 m/s> (b)
(ap), = wirg = (2.659 rad/s)*(0.4 m) = 2.827 m/s> Fig. 16-7
Thus
ap = \/(0.3 m/s?)? + (2.827 m/s?)? = 2.84m/s’>  Ans. @

Refer to the companion website for a self quiz of these
Example problems.
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. FUNDAMENTAL PROBLEMS

F16-1. When the gear rotates 20 revolutions, it achieves
an angular velocity of w = 30rad/s, starting from rest.
Determine its constant angular acceleration and the time
required.

Prob. F16-1

1'16-2. The flywheel rotates with an angular velocity
of w = (0.0056%) rad /s, where 6 is in radians. Determine
the angular acceleration when the wheel has rotated
20 revolutions.

Prob. F16-2

1"16-3. The flywheel rotates with an angular velocity of
o = (46'?) rad/s, where 0 is in radians. Determine the time
it takes to achieve an angular velocity of w = 150 rad/s.
Whent = 0,60 = 1rad.

Prob. F16-3

116-4. The bucket is hoisted by the rope that wraps around
a drum wheel. If the angular displacement of the wheel is
6 = (0.5£3 + 15¢) rad, where ¢ is in seconds, determine the
velocity and acceleration of the bucket when ¢ = 3s.

Prob. F16-4

F16-5. A wheel has an angular acceleration of
a = (0.5 6) rad/s?, where 6 is in radians. Determine the
magnitude of the velocity and acceleration of a point P
located on its rim after the wheel has rotated 2 revolutions.
The wheel has a radius of 0.2 m and starts when 6 = 0,
wy = 2rad/s.

[16-6. For a short period of time, the motor turns gear A
with a constant angular acceleration of «, = 4.5rad/s?,
starting from rest. Determine the velocity of the cylinder and
the distance it travels in three seconds. The cord is wrapped
around the drum D which is rigidly attached to gear B.

a, = 4.5 rad/s?

Prob. F16-6
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16-1. The angular acceleration of the disk is defined by
a = (37 + 12) rad/s?, where ¢ is in seconds. If the disk
is originally rotating at wy = 12 rad/s, determine the
magnitude of the velocity and the n and ¢ components of
acceleration of point A on the disk whent = 2s.

16-2. The disk is originally rotating at wy = 12 rad/s.
If it is subjected to a constant angular acceleration of
a = 20 rad/s?, determine the magnitudes of the velocity
and the n and  components of acceleration of point A at the
instant t = 2s.

16-3. The disk is originally rotating at wy = 12 rad/s.
If it is subjected to a constant angular acceleration of
a = 20 rad/s%, determine the magnitudes of the velocity and
the n and t components of acceleration of point B when the
disk undergoes 2 revolutions.

Probs. 16-1/2/3

*16—4. The angular velocity of the disk is defined by
o = (5t + 2) rad/s, where ¢ is in seconds. Determine the
magnitudes of the velocity and acceleration of point A on
the disk whent = 0.5s.

©

/

Prob. 164

16-5. For a short time, gear A of the automobile
starter rotates with an angular acceleration of
ay = (45077 + 60) rad /s, where ¢ is in seconds. Determine
the angular velocity and angular displacement of gear B
when ¢ = 2 s, starting from rest. The radii of gears A and B
are 10 mm and 25 mm, respectively.

16-6. For a short time, gear A of the automobile starter
rotates with an angular acceleration of iy = (50w'/?)rad /s,
where w is in rad/s. Determine the angular velocity of gear
B after gear A has rotated 50 rev, starting from rest. The
radii of gears A and B are 10 mm and 25 mm, respectively.

I S S —

[

Probs. 16-5/6

16-7. If gear A rotates with a constant angular acceleration
of ay = 90rad/ s2, starting from rest, determine the time
required for gear D to attain an angular velocity of 600 rpm.
Also, find the number of revolutions of gear D to attain this
angular velocity. Gears A, B, C, and D have radii of 15 mm,
50 mm, 25 mm, and 75 mm, respectively.

Prob. 16-7

*16-8. A wheel has an initial angular velocity of 10 rev/s
and a constant angular acceleration of 3 rad/s®. Determine
the number of revolutions required for the wheel to have an
angular velocity of 20 rev/s. What time is required?
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16-9. The cord, which is wrapped around the disk, is given
an acceleration of a = (10r) m/s?, where ¢ is in seconds.
Starting from rest, determine the angular displacement,
angular velocity, and angular acceleration of the disk when
t=3s.

a = (10r) m/s2
—_—

Prob. 16-9

16-10. The 50-mm-radius pulley A of the clothes dryer
rotates with an angular acceleration of iy = (27604/%) rad /s?,
where 60, is in radians. Determine its angular acceleration
when ¢t = 1 s, starting from rest.

16-11. If the 50-mm-radius motor pulley A of the
clothes dryer rotates with an angular acceleration of
a, = (10 + 50r) rad/s? where ¢ is in seconds, determine its
angular velocity when ¢ = 3 s, starting from rest.

Probs. 16-10/11

*16-12. The disk starts from rest and is given an angular
acceleration o = (2¢%)rad/s?>, where t is in seconds.
Determine the angular velocity of the disk and its angular
displacement when ¢t = 4s.

16-13. The disk starts from rest and is given an angular
acceleration o = (5¢'/%) rad/s?, where t is in seconds.
Determine the magnitudes of the normal and tangential
components of acceleration of a point P on the rim of the
disk whent = 2s.

16-14. The disk starts at wy = 1 rad/s when 6 = 0, and
is given an angular acceleration a = (0.36) rad /s>, where 6
is in radians. Determine the magnitudes of the normal and
tangential components of acceleration of a point P on the
rim of the disk when 6 = 1 rev.

Probs. 16-12/13/14

16-15. At the instant wy = 5 rad/s, pulley A is given
an angular acceleration a = (0.80) rad/s’, where 6 is in
radians. Determine the magnitude of acceleration of point B
on pulley C when A rotates 3 revolutions. Pulley C has an
inner hub which is fixed to its outer one and turns with it.

*16-16. At the instant w4 = 5 rad/s, pulley A is given a
constant angular acceleration ay = 6 rad/s>. Determine
the magnitude of acceleration of point B on pulley C when
A rotates 2 revolutions. Pulley C has an inner hub which is
fixed to its outer one and turns with it.

60 mm

Probs. 16-15/16
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16-17. The motor turns the disk with an angular velocity *16-20. At the instant shown, the horizontal portion of
of w = (57 + 3r) rad/s, where ¢ is in seconds. Determine the belt has an angular acceleration of 3 m/s?, while points
the magnitudes of the velocity and the n and ¢ components in contact with the outer edge of the pulleys have an
of acceleration of the point A on the disk when ¢ = 3s. acceleration magnitude of 5 m/ s2. If the belt does not slip

on the pulleys, determine the belt’s speed due to the motion.

Prob. 16-17 Prob. 16-20

16-18. A motor gives gear A an angular acceleration of
a, = (2 + 0.006 %) rad/s?, where 6 is in radians. If this
gear is initially turning at w, = 15rad/s, determine the
angular velocity of gear B after A undergoes an angular 16-21.

. A motor gives gear A an angular acceleration
displacement of 10 rev. g & g

of ay = (4¢%) rad /s, where ¢ is in seconds. If this gear is
16-19. A motor gives gear A an angular acceleration initially turning at (w4)p = 20 rad/s, determine the angular
of ay = (2% rad/s%, where ¢ is in seconds. If this gear is velocity of gear B whent = 2s.

initially turning at w, = 15rad/s, determine the angular

velocity of gear B whent = 3's.

(wq)o = 20 rad/s
/L
0.05 m

\

ay

Probs. 16-18/19 Prob. 16-21
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16-22. If the motor turns gear A with an angular
acceleration of a, = 3 rad/s> when the angular velocity
is wy, = 60 rad/s, determine the angular acceleration and
angular velocity of gear D.

*16-24. The pinion gear A on the motor shaft is given a
constant angular acceleration o = 3 rad/s?. If the gears A
and B have the dimensions shown, determine the angular
velocity and angular displacement of the output shaft C
when t = 2 s, starting from rest. The shaft is fixed to B and
turns with it.

100 mm

Prob. 16-22

16-23. If the motor turns gear A with an angular
acceleration of a, = 2 rad/s> when the angular velocity
is w, = 20 rad/s, determine the angular acceleration and
angular velocity of gear D.

Prob. 16-23

Prob. 16-24

16-25. A pendulum has a swinging motion such that
6 = [—0.101sin(4.95¢) + 0.3cos(4.95¢)] rad, where ¢ is
in seconds, and the arguments for the sine and cosine are
in radians. Determine the magnitudes of the velocity and
acceleration of the bob when 6 = 0°.

16-26. Determine the maximum angular displacement of
the pendulum in Prob. 16-25.

Probs. 16-25/26



16-27. The power of a bus engine is transmitted using the
belt-and-pulley arrangement shown. If the engine turns
pulley A at wy = (20¢ + 40) rad/s, where ¢ is in seconds,
determine the angular velocities of the generator pulley B
and the air-conditioning pulley C when ¢t = 3 s. The hub at
D is rigidly connected to B and turns with it.

Prob. 16-27

*16-28. The power of a bus engine is transmitted using
the belt-and-pulley arrangement shown. If the engine turns
pulley A at w4 = 60 rad/s, determine the angular velocities
of the generator pulley B and the air-conditioning pulley C.
The hub at D is rigidly connected to B and turns with it.

100 mm

Prob. 16-28
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16-29. Due to an increase in power, the motor M
rotates the shaft A with an angular acceleration of
a = (0.060%) rad/s?, where 6 is in radians. If the shaft is
initially turning at wy = 50 rad/s, determine the angular
velocity of gear B after the shaft undergoes an angular
displacement A§ = 10 rev.

60 mm

Prob. 16-29

16-30. Morse Industrial manufactures the speed reducer
shown. If a motor drives the gear shaft S with an angular
acceleration of a = (0.4¢") rad/s’, where ¢ is in seconds,
determine the angular velocity of shaft E when t = 2 s after
starting from rest. The radius of each gear is listed in the figure.
Note that gears B and C are fixed connected to the same shaft.

ry =20 mm
rg = 80 mm
re =30 mm

rp =120 mm

Prob. 16-30
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16-31. Determine the distance the load W is lifted in
t = 5 s using the hoist. The shaft of the motor M turns with
an angular velocity @ = 100(4 + ¢) rad/s, where ¢ is in
seconds.

Prob. 16-31

*16-32. At the instant shown, gear A is rotating with a
constant angular velocity of w, = 6 rad/s. Determine the
largest angular velocity of gear B and the maximum speed
of point C.

100 mm

7}-— 100 mm —»‘

Prob. 16-32

16-33. For a short time a motor of the random-orbit
sander drives the gear A with an angular velocity of w, =
40(£3 + 6t) rad/s, where ¢ is in seconds. This gear is connected
to gear B, which is fixed connected to the shaft CD.The end
of this shaft is connected to the eccentric spindle EF and pad
P, which causes the pad to orbit around shaft CD at a radius
of 15 mm. Determine the magnitudes of the velocity and the
tangential and normal components of acceleration of the
spindle EF when ¢t = 2 s after starting from rest.

Prob. 16-33

16-34. The driving belt is twisted so that pulley B rotates
in the opposite direction to that of drive wheel A. If the
angular displacement of A is 6, = (5> + 10¢%) rad, where ¢
is in seconds, determine the angular velocity and angular
acceleration of B whent = 3s.

Prob. 16-34



16-35. At the instant shown, the shaft and plate rotates
with an angular velocity of w = 14rad/s and angular
acceleration of @ = 7 rad/s’. Determine the velocity and
acceleration of point D located on the corner of the plate
at this instant. Express the result in Cartesian vector form.

Prob. 16-35

*16-36. If the shaft and plate rotates with a constant
angular velocity of w = 14 rad/s, determine the velocity
and acceleration of point C located on the corner of the
plate at the instant shown. Express the result in Cartesian
vector form.

Prob. 16-36

PROBLEMS 347

16-37. A stamp S, located on the revolving drum, is used
to label canisters. If the canisters are centered 200 mm apart
on the conveyor, determine the radius r4 of the driving
wheel A and the radius rg of the conveyor belt drum so
that for each revolution of the stamp it marks the top of
a canister. How many canisters are marked per minute if
the drum at B is rotating at wg = 0.2 rad/s? Note that the
driving belt is twisted as it passes between the wheels.

Prob. 16-37

16-38. The rod assembly is supported by ball-and-socket
joints at A and B. At the instant shown it is rotating about
the y axis with an angular velocity @ = 5rad/s and has
an angular acceleration « = 8rad/s>. Determine the
magnitudes of the velocity and acceleration of point C at
this instant. Solve the problem using Cartesian vectors and
Eqgs. 16-9 and 16-13.

=

0.4 m

Prob. 16-38
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The dumping bin on the truck
rotates about a fixed axis passing
through the pin at A. It is operated
by the extension of the hydraulic
cylinder BC. The angular position
of the bin can be specified using the
angular position coordinate 6, and
the position of point C on the bin is
specified using the rectilinear position
coordinate s. Since a and b are fixed
lengths, then the two coordinates
can be related by the cosine law,
s = Va® + b> — 2ab cos 6. The time
derivative of this equation relates the
speed at which the hydraulic cylinder
extends to the angular velocity of
the bin.

CHAPTER 16 PLANAR KINEMATICS OF A RIGID BoDY

*16.4 ABSOLUTE MOTION ANALYSIS

A body subjected to general plane motion undergoes a simultaneous
translation and rotation. If the body is represented by a thin slab, the slab
translates in the plane of the slab and rotates about an axis perpendicular
to this plane. The motion can be completely specified by knowing both the
angular rotation of a line fixed in the body and the motion of a point on
the body. One way to relate these motions is to use a rectilinear position
coordinate s to locate the point along its path and an angular position
coordinate 6 to specify the orientation of the line. The two coordinates are then
related using the geometry of the problem. By direct application of the time-
differential equations v = ds/dt, a = dv/dt, ® = df/dt, and a = dw/dt,
the motion of the point and the angular motion of the line can then be related.
This procedure is similar to that used to solve dependent motion problems
involving pulleys, Sec. 12.9. In some cases, this same procedure may be used to
relate the motion of one body to the motion of a connected body.

. PROCEDURE FOR ANALYSIS

The velocity and acceleration of a point P undergoing rectilinear
motion can be related to the angular velocity and angular
acceleration of a line contained within a body using the following
procedure.

Position Coordinate Equation.

e Locate point P on the body using a position coordinate s, which
is measured from a fixed origin and is directed along the straight-
line path of motion of point P.

e Measure from a fixed reference line the angular position 6 of a
line lying in the body.

e From the dimensions of the body, relate s to 0, s = f(0), using
geometry and/or trigonometry.

Time Derivatives.

e Take the first time derivative of s = f(0) to get a relationship
between v and w.

e Take the second time derivative to get a relationship between
a and a.

e In each case the chain rule must be used when taking the time
derivatives of the position coordinate equation. See Appendix C.
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EXAMPLE 16.3

The end of rod R shown in Fig. 16-8 maintains contact with the cam
by means of a spring. If the cam rotates about an axis passing through
point O with an angular acceleration @ and angular velocity w,
determine the velocity and acceleration of the rod when the cam is in
the arbitrary position 6.

SOLUTION

Position Coordinate Equation. Coordinates 6 and x are chosen
in order to relate the rotational motion of the line segment OA on
the cam to the rectilinear translation of the rod. These coordinates are
measured from the fixed point O and can be related to each other
using trigonometry. Since OC = CB = r cos 0, Fig. 16-8, then

x = 2rcos 6

Time Derivatives. Using the chain rule, we have

dx . .df
o —2r(sin 6) ”
v = —2rwsin § Ans.
d d d
d—q; = —2r<d—(:> sin @ — 2rw(cos G)d—€
a = —2r(asin @ + w’cos 6) Ans.

NOTE: The negative signs indicate that v and a are opposite to the
direction of positive x. This seems reasonable if you visualize
the motion.
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EXAMPLE 16.4

At a given instant, the cylinder of radius 7, shown in Fig. 16-9, has an
angular velocity @ and angular acceleration . Determine the velocity
and acceleration of its center G if the cylinder rolls without slipping.

SOLUTION

Position Coordinate Equation. The cylinder undergoes general
plane motion since it simultaneously translates and rotates. By
inspection, point G moves in a straight line to the left, from G to G', as
the cylinder rolls, Fig. 16-9. Consequently its new position G’ will be
specified by the horizontal position coordinate ss. Also, as the cylinder
rolls (without slipping), the length of the arc A’B on the rim, which was
in contact with the ground from A to B, is equivalent to the length sg.
Consequently, the motion requires the radial line GA to rotate 6 to the
position G'A’. Since the arc A'B = rf, then G travels a distance

SG:}’H

Time Derivatives. Taking successive time derivatives of this
equation, realizing that r is constant, w = df/dt,and @ = dw/dt, gives
the necessary relationships:

Sg = ro
VG = rw Ans.
ag = ra Ans.

NOTE: Remember that these relationships are valid only if the cylinder
(disk, wheel, ball, etc.) rolls without slipping.



16.4  ABSOLUTE MOTION ANALYSIS

EXAMPLE 16.5

The window in Fig. 16-10 is opened using a hydraulic cylinder AB.
If the cylinder extends at a constant rate of 0.5 m/s, determine the
angular velocity and angular acceleration of the window at the instant
0 = 30°.

SOLUTION

Position Coordinate Equation. The angular motion of the window
can be obtained using the coordinate 6, whereas the extension or
motion along the hydraulic cylinder is defined using the coordinate s.
These coordinates can be related using the law of cosines, namely,

s = (2m)> + (1 m)> — 2(2m)(1 m) cos @
s> =5 —4cos b (1)

When 6 = 30°,
s = 1.239m

Time Derivatives. Taking the time derivatives of Eq. 1, we have

ds . de
ZSE =0 — 4(—sinh) ”
s(vg) = 2(sin 0)w (2)

Since v, = 0.5 m/s, then at 8 = 30°,

(1.239 m)(0.5 m/s) = 2 sin 30°
® = 0.6197 rad/s = 0.620 rad/s Ans.

Taking the time derivative of Eq. 2 yields

dsv N dv,

@ —t —

dr™ dt
v? + sa; = 2(cos 0)w® + 2(sin )«

2(cos 9)%w + 2(sin 0)%

Since a, = dv;/dt = 0, then

(0.5m/s)* + 0 = 2 cos 30°(0.6197 rad /s)* + 2 sin 30°«
a = —0.415rad/s? Ans.

Because the result is negative, it indicates the window has an angular
deceleration.

Fig. 16-10

351



352 CHAPTER 16 PLANAR KINEMATICS OF A RIGID BobDY

. PROBLEMS

16-39. The bar DC rotates uniformly about the shaft at D
with an angular velocity w and angular acceleration «.
Determine the velocity and acceleration of the bar AB,
which is confined by the guides to move vertically.

Prob. 16-39

*16-40. The bar DC rotates uniformly about the shaft at D
with a constant angular velocity w. Determine the velocity
and acceleration of the bar AB, which is confined by the
guides to move vertically.

Prob. 16-40

16-41. Determine the velocity and acceleration of the
plate at the instant § = 30°,if at this instant the circular cam
is rotating about the fixed point O with an angular velocity
® = 4rad/s and an angular acceleration o = 2 rad /s>

Prob. 16-41

16-42. At the instant § = 50°, the slotted guide is moving
upward with an acceleration of 3m/s?> and a velocity of
2 m/s. Determine the angular acceleration and angular
velocity of link AB at this instant. Note: The upward motion
of the guide is in the negative y direction.

300 mm

Tv=2m/s

a=3m/s

Prob. 16-42



16-43. Determine the velocity and acceleration of
the follower rod CD as a function of # when the contact
between the cam and follower is along the straight region
AB on the face of the cam. The cam rotates with a constant
counterclockwise angular velocity .

Prob. 1643

*16-44. Determine the velocity and acceleration of
platform P as a function of the angle 6 of cam C if the
cam rotates with a constant angular velocity w. The pin
connection does not cause interference with the motion of
P on C. The platform is constrained to move vertically by
the smooth vertical guides.

Prob. 16-44
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16-45. Determine the angular velocity of rod AB when
0 = 30°. The shaft and the center of the roller C move
forward at a constant rate of v = 5Sm/s.

Prob. 16-45

16-46. The circular cam rotates about the fixed point O
with a constant angular velocity w. Determine the velocity
v of the follower rod AB as a function of 6.

Prob. 16-46

16-47. Determine the velocity of the rod R for any
angle 0 of cam C as the cam rotates with a constant angular
velocity w. The pin connection at O does not cause an
interference with the motion of plate A on C.

Prob. 16-47
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*16-48. Wheel A rolls without slipping over the surface
of the fixed cylinder B. Determine the angular velocity
of A if its center C has a speed of 2 m/s. How many
revolutions will A make about its center after link DC
completes one revolution?

Prob. 16-48

16-49. At the instant shown, 6§ = 60°, and rod AB is
subjected to a deceleration of 16 m/s?> when the velocity
is 10 m/s. Determine the angular velocity and angular
acceleration of link CD at this instant.

Prob. 16-49

16-50. The bar remains in contact with the floor and
with point A. If point B moves to the right with a constant
velocity vp, determine the angular velocity and angular
acceleration of the bar as a function of x.

Pt
A
L
0
B LY
—
Prob. 16-50

16-51. End A of the bar moves to the left with a constant
velocity v,4. Determine the angular velocity w and angular
acceleration a of the bar as a function of its position x.

o,
r
\ A 9
-—

I X 1

Prob. 16-51




*16-52. The inclined plate moves to the left with a
constant velocity v. Determine the angular velocity and
angular acceleration of the slender rod of length /. The rod
pivots about the step at C as its slides on the plate.

Prob. 16-52

16-53. The pins at A and B are confined to move in the
vertical and horizontal tracks. If the slotted arm is causing
A to move downward at v, determine the velocity of B at
the instant shown.

Prob. 16-53

PROBLEMS 355

16-54. Determine the angular velocity of rod CD at the
instant § = 30°. Rod AB moves to the left at a constant rate
VA — Sm / S.

16-55. Determine the angular acceleration of rod CD at
the instant & = 30°. Rod AB has zero velocity, i.e., v 5 = 0,
and an acceleration of a3 =2m/s? to the right when
0 = 30°.

Probs. 16-54/55

*16-56. The crate is transported on a platform which
rests on rollers, each having a radius . If the rollers do not
slip, determine their angular velocity if the platform moves
forward with a velocity v.

Prob. 16-56
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y
y
/ X'
Translating
reference
I'p/a
T4
B
I'p
o X

Fixed reference

(a)

16.5 RELATIVE-MOTION ANALYSIS:
VELOCITY

The general plane motion of a rigid body can be described as a
combination of translation and rotation. To view these “component”
motions separately we will use a relative-motion analysis involving two
sets of coordinate axes. The x, y coordinate system is fixed and measures
the absolute position of two points A and B on the body, here represented
as a bar, Fig. 16-11a. The origin of the x’, y’' coordinate system will be
attached to the selected “base point” A, which generally has a known
motion. The axes of this coordinate system translate with respect to the
fixed frame but do not rotate with the bar.

The position vector r, in Fig. 16-11a specifies the location
of the “base point” A, and the relative-position vector rg, 4 locates point B
with respect to point A. By vector addition, the position of B is then

I'p = I'y + rB/A

During an instant of time dt, points A and B undergo
displacements dr, and drg as shown in Fig. 16-11b. If we consider the
general plane motion by its component parts then the entire bar first
translates by an amount dr, so that A, the base point, moves to its final
position and point B moves to B’, Fig. 16-11c. The bar is then rotated
about A by an amount d6 so that B’ undergoes the relative displacement
drp, 4 and thus moves to its final position B. Due to the rotation about A,
drg/a = rp/a d, and the displacement of B is

drg = dry + drgy

due to rotation about A
due to translation of A
due to translation and rotation

dl'A A

>Q ca
dl‘B B
Time t + dt

General plane
motion

Translation Rotation

(b) ()
Fig. 16-11
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To determine the relation between the velocities of points A
and B, it is necessary to take the time derivative of the position equation,
or simply divide the displacement equation by dt. This yields

drg _ dry | f/a
dt  dt dt

The terms drg/dt = vg and dr,/dt = v, are measured with respect to
the fixed x, y axes and represent the absolute velocities of points A and B,
respectively. Since the relative displacement is caused by a rotation, the
magnitude of the third term is d}"B/A/dt = Tp/A d@/dt = rB/Aé = I'p/A®,
where w is the angular velocity of the body at the instant considered. We
will denote this term as the relative velocity v, 4, since it represents the
velocity of B with respect to A as measured by an observer fixed to the
translating x’, y' axes. In other words, the bar appears to move as if it were
rotating with an angular velocity e about the 7' axis passing through A.
Consequently, vz/4 has a magnitude of vg/4 = wrp/4 and a direction
which is perpendicular to rg 4. We therefore have

Vp = Vy + VB/A (16—15)
where
vz = velocity of point B
v, = velocity of the base point A
vg/4 = velocity of B with respect to A
Path of
point A
\7 ‘A
/A A Vp/a = ®I'p/a
va
w
w r
VB = + B/A
B B
B YA
Path of Va4
point B Rotation about the \Z /
. base point A v
General plane motion Translation A

(d)

(e)

(f) (2)

Fig. 16-11(cont.)
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(®)

(a)

A

(b)
Fig. 16-13

What the equation vz = v, + vp/4 states is that the velocity of B,
Fig. 16-11d, is determined by considering the entire bar to translate
with a velocity of v,, Fig. 16-11e, and rotate about A with an angular
velocity w, Fig. 16-11f. Vector addition of these two effects, applied to
B, yields vg, as shown in Fig. 16-11g.

Since the relative velocity vg 4 represents the effect of circular motion
about A, this term can be expressed by the cross productvg 4 = @ X rp/4,
Eq. 16-9. Hence, for application using Cartesian vector analysis, we can
also write Eq. 16-15 as

VB = V4 + w X rB/A (16—16)

where

vg = velocity of B
v, = velocity of the base point A
o = angular velocity of the body

position vector directed from A to B

Ip/a

When applying the velocity equation, points A and B should generally
be selected as points on the body which are pin connected to other
bodies, or as points in contact with adjacent bodies which have a known
motion. For example, point A on link AB in Fig. 16-12a must move
along a horizontal path, whereas point B moves on a circular path. The
directions of v, and vy can therefore be established since they are always
tangent to their paths of motion, Fig. 16-125b.

Consider the case of a disk (wheel,
ball, etc.) which rolls without slipping, Fig. 16-13a. If we select point A
at the ground, then it (momentarily) has zero velocity since the ground
does not move. Furthermore, the center of the disk G moves along a
horizontal path so that v is horizontal. To obtain this velocity we will
apply Eq. 16-16. From the kinematic diagram, Fig. 16-13b, we have

Vo = Va4 + @ X154 =0+ (— wk) X (r§)
So that
Vg = wr (16-17)

This same result was obtained in Example 16-4.
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. PROCEDURE FOR ANALYSIS

The relative velocity equation can be applied either by using
Cartesian vector analysis, or by writing the x and y scalar
component equations directly. For application, it is suggested that
the following procedure be used.

Vector Analysis

Kinematic Diagram.

e Establish the directions of the fixed x, y coordinates and draw
a kinematic diagram of the body that shows the velocities v,
vy of points A and B, the angular velocity w, and the relative-
position vector rp/ 4.

e [f the magnitudes of v, vg, or w are unknown, the sense of
direction of these vectors can be assumed.

Velocity Equation.

e Toapply vz = v4 + @ X rp4, express the vectors in Cartesian
vector form and substitute them into the equation. Evaluate
the cross product and then equate the respective i and j
components to obtain two scalar equations.

e [f the solution yields a negative answer for an unknown
magnitude, it indicates the sense of direction of the vector is
opposite to that shown on the kinematic diagram.

Scalar Analysis

Kinematic Diagram.

e If the velocity equation is to be applied in scalar form, then
the magnitude and direction of the relative velocity vg 4 must
be established. Draw a kinematic diagram such as shown in
Fig. 16-11f, which shows the relative motion. Since the body
is considered to be “pinned” momentarily at the base point A4,
the magnitude of vg/4 is vg/4 = wrpg 4. The sense of direction
of vg/4 is always perpendicular to rg/4 in accordance with the
rotational motion w of the body.*

Velocity Equation.

e Write Eq. 16-15 in symbolic form, vz = v4 + vp/4, and
underneath each of the terms represent the vectors graphically
by showing their magnitudes and directions. The scalar equations
are determined from the x and y components of these vectors.

Refer to the companion website for Lecture
*The notation vz = V4 + Vg 4(pin) may be helpful in recalling that A is “pinned.” Summary and Quiz videos.
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EXAMPLE 16.6

vA—2m/sl —A

9 =45°

I'p/A

vy =2m/s| 45° j"
N

()
v
N 1) B/4
x
Relative motion

()
Fig. 16-14

y
A |—
X
Vg

The link shown in Fig. 16-14a is guided by two blocks at A and B,
which move in the fixed slots. If the velocity of A is 2 m/s downward,
determine the velocity of B at the instant § = 45°.

SOLUTION | (VECTOR ANALYSIS)

Kinematic Diagram. Since points A and B are restricted to move
along the fixed slots and v, is directed downward, then vz must be
directed horizontally to the right, Fig. 16-14b. This motion causes the
link to rotate counterclockwise; that is, by the right-hand rule the angular
velocity w is directed outward, perpendicular to the plane of motion.

Velocity Equation. Expressing each of the vectors in Fig. 16-14b in
terms of their i, j, k components and applying Eq. 16-16 to A, the base
point, and B, we have
VB:VA+erB/A
vpi = —2j + [wk X (0.2 sin 45°% — 0.2 cos 45°%)]
vgi = —2j + 0.2w sin 45°%j + 0.2w cos 45
Equating the i and j components gives

vg = 0.2w cos 45° (1)
0 = -2 + 02w sin 45° 2)

Thus,
w = 14.1rad/s\ vp =2m/s— Ans.

SOLUTION II (SCALAR ANALYSIS)
The kinematic diagram of the relative “circular motion” which
produces v/, is shown in Fig. 16-14c. Here vg /4y = (0.2 m).
Thus,
Vg = Vy + vB/A

- [
(%) vp = 0 + w(0.2) cos 45°

+M 0 = -2 + w(0.2) sin 45°
The solution produces the above Egs. 1 and 2.

It should be emphasized that these results are valid only at the
instant 6 = 45°. A recalculation for 6 = 44° yields vz = 2.07 m/s
and o = 14.4rad/s; whereas when 6 = 46°, vz = 1.93m/s and
o = 13.9rad/s, etc.

NOTE: Since v4 and w are known, the velocity of any other point on
the link can be determined. As an exercise, see if you can apply
Eq. 16-15 or Eq. 16-16 to points A and C or to points B and C and
show that when 0 = 45°, v = 3.16 m/s, directed at an angle of 18.4°
up from the horizontal.
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EXAMPLE 16.7

361

The cylinder shown in Fig. 16-15a rolls without slipping on the surface y

of a conveyor belt which is moving at 0.6 m/s. Determine the velocity

of point A. The cylinder has a clockwise angular velocity = 15 rad/s = 15w

at the instant shown. x

SOLUTION | (VECTOR ANALYSIS)

Kinematic Diagram. Since no slipping occurs, point B on the
cylinder has the same velocity as the conveyor, Fig. 16-15b. Also, the P @99 9
angular velocity of the cylinder is known, so we can apply the velocity

equation to B, the base point, and A to determine v. (a)

Velocity Equation.
V4 =Vp + @ Xryp
(va)dd + (v4),j = 0.6i + (—15k) X (—0.15i + 0.15j)
(va)d + (v4),§ = 0.6i + 2.25j + 2.25i

so that
(va)y = 0.6 + 225 = 2.85m/s (1) on = 06 m/s
(v4)y = 2.25m/s 2) (b)
Thus,
vy = V(2857 + (2252 = 3.63m/s Ans.
2.25
— 1 == ) — o :
0 = tan (2.85) = 38.3 o Ans.

SOLUTION II (SCALAR ANALYSIS)

As an alternative procedure, the scalar components of vy = vg + v4/5
can be obtained directly. From the kinematic diagram showing the
relative “circular” motion which produces v, Fig. 16-15¢, we have

0.15m
= = 1 = ‘1
Vg = oryp = ( 5rad/s)<COS 450) 318 m/s
b, Relative motion
Vq4 = Vp + VA/B (©
{(vf,)x] . {(vf,)y] _ {0.6 m/s} . {3.18 m/s} Fig. 16-15

- t - 43
Equating the x and y components gives the same results as before,
namely,
(X) (v4)y = 0.6 + 3.18 cos 45° = 2.85m/s

+1) (va)y =0 + 3.18sin45° = 2.25m/s
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EXAMPLE 16.8

¢ %ww

457 Yp/C VB/c
45°

B
Relative motion

vg =2m/s

(@)

@ Fig. 16-16

Refer to the companion website for a self quiz of these
Example problems.

The collar C in Fig. 16-16a is moving downward with a velocity of
2 m/s. Determine the angular velocity of CB at this instant.

SOLUTION | (VECTOR ANALYSIS)

Kinematic Diagram. The downward motion of C causes B
to move to the right along a curved path. Also, CB and AB rotate
counterclockwise.

Velocity Equation. Link CB (general plane motion): See Fig. 16-16b.

Vg = Vo + wcp X rB/C
vgi = 2§ + wegk X (021 — 0.2§)

UBi = _2j + 0.2wCBj + O.ZwCBi

Vg = O‘szB (1)
wcpg = 10rad/s Ans.

vp =2m/s—

SOLUTION II (SCALAR ANALYSIS)

The scalar component equations of vz = v¢ + vp/c can be obtained
directly. The kinematic diagram in Fig. 16-16c¢ shows the relative
“circular” motion which produces vg,c. We have

Vg = V¢ + vB/C

(2]

Resolving these vectors in the x and y directions yields

—

(+) vg = 0 + wep(0.2V2 cos 45°)
+1 0= 2 + wep(0.2V2 sin 45°)

which is the same as Egs. 1 and 2.

NOTE: Since link AB rotates about a fixed axis and vg is known,
Fig. 16-16d, its angular velocity is found from v = wyprqp Or
2m/s = wyp(0.2m),wypz = 10rad/s.
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. FUNDAMENTAL PROBLEMS

I'16-7. If roller A moves to the right with a constant I'16-10. If crank OA rotates with an angular velocity of
velocity of v, = 3 m/s, determine the angular velocity of » = 12 rad/s, determine the velocity of piston B and the
the link and the velocity of roller B at the instant § = 30°. angular velocity of rod AB at the instant shown.

Prob. F16-10
F16-11. If rod AB slides along the horizontal collar with
a velocity of 18 m/s, determine the angular velocity of link
BC and the velocity of point C at the instant shown.

Prob. F16-7

116-8. The wheel rolls without slipping with an angular [ /\
velocity of @ = 10 rad/s. Determine the magnitude of the \
velocity of point B at the instant shown.

0.6 m

Prob. F16-11

F16-12. End A of the link has a velocity of vy = 3 m/s.
Determine the velocity of the peg at B at this instant. The
peg is constrained to move along the slot.

A

Prob. F16-8

F16-9. Determine the angular velocity of the spool. The
cable wraps around the inner core, and the spool does not
slip on the platform P.

Prob. F16-9 Prob. F16-12
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. PROBLEMS

16-57. If the gear rotates with an angular velocity of
o = 10rad/s and the gear rack moves at v = 5m/s,

determine the velocity of the slider block A at the instant
shown.

0>m ® = 10rad/s
60 S
C
ve=5m/s C -,fm 7

Prob. 16-57

16-58. The link AB has an angular velocity of 3 rad/s.
Determine the velocity of block C and the angular velocity
of link BC at the instant § = 45°. Also, sketch the position
of link BC when 6 = 60°,45°, and 30° to show its general
plane motion.

1.5m C

w,p =3rad/s ,)B
0.5m

6 = 45°

Prob. 16-58

16-59. Theslider block C moves at 8 m/s down the inclined
groove. Determine the angular velocities of links AB
and BC, at the instant shown.

A B
) ()
L4S°

\)‘C: 8m/s

Prob. 16-59

*16-60. A bowling ball is cast on the “alley” with a
backspin of o = 10 rad/s while its center O has a forward
velocity of vp = 8 m/s. Determine the velocity of the
contact point A in contact with the alley.

= 10rad/s

N\

Prob. 16-60



16-61. Rod AB is rotating with an angular velocity of
wsp = 600 rad/s. Determine the velocity of the slider C at
the instant # = 60° and ¢ = 45°. Also, sketch the position
of bar BC when 6 = 30°, 60° and 90° to show its general
plane motion.

wyp = 60rad/s

Prob. 16-61

16-62. The angular velocity of link AB is wap = 5 rad/s.
Determine the velocity of block C and the angular velocity
of link BC at the instant § = 45° and ¢ = 30°. Also, sketch
the position of link CB when 6 = 45°,60°, and 75° to show
its general plane motion.

Prob. 16-62
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16-63. At the instant shown, the truck is traveling to the
right at 3 m/s, while the pipe is rolling counterclockwise at
angular @ = 8 rad/s without slipping at B. Determine the
velocity of the pipe’s center G.

*16-64. At the instant shown, the truck is traveling to the
right at 8 m/s. If the spool does not slip at B, determine
its angular velocity so that its mass center G appears to an
observer on the ground to remain stationary.

Probs. 16-63/64

16-65. 1If bar AB has an angular velocity w,p = 4 rad/s,
determine the velocity of the slider block C at the instant
shown.

30°
200 mm

Prob. 16-65
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16-66. The similar links AB and CD rotate about the
fixed pins at A and C. If AB has an angular velocity
wap = 8rad/s, determine the angular velocity of BDP and
the velocity of point P.

\B‘H 300 mm—}~— 300 mm—
O) =

vy,
2

wyp=8rad/s 700 mm

@pr
Prob. 16-66

16-67. Knowing that the angular velocity of link AB is
wsp = 4 rad/s, determine the velocity of the collar at C
and the angular velocity of link CB at the instant shown.
Link CB is horizontal at this instant.

Prob. 16-67

*16-68. The epicyclic gear train consists of the sun gear A
which is in mesh with the planet gear B. This gear has an
inner hub C which is fixed to B and in mesh with the fixed
ring gear R. If the connecting link DE pinned to B and Cis
rotating at wpp = 18 rad/s about the pin at E, determine
the angular velocities of the planet and sun gears.

N

wpp = 18 1ad/s 300 fnm ~

Prob. 16-68

16-69. The inner hub of the roller bearing is rotating
with an angular velocity of w; = 6 rad/s, while the outer
hub is rotating in the opposite direction at w, = 4 rad/s.
Determine the angular velocity of each of the rollers if they
roll on the hubs without slipping.

Prob. 16-69



16-70. If the ring gear A rotates clockwise with an angular
velocity of w, = 30rad/s, while link BC rotates clockwise
with an angular velocity of wg- = 15 rad/s, determine the
angular velocity of gear D.

Prob. 16-70

16-71. The mechanism shown is used in a riveting
machine. It consists of a driving piston A, three links, and a
riveter which is attached to the slider block D. Determine
the velocity of D at the instant shown, when the piston at A
is traveling at v, = 20 m/s.

PROBLEMS 367

*16-72. 'The gage is used to indicate the safe load acting at
the end of the boom, B, when it is in any angular position. It
consists of a fixed dial plate D and an indicator arm ACE,
which is pinned to the plate at C and to a short link EF. If
the boom is pin connected to the trunk frame at G and is
rotating downward at wp = 4 rad/s, determine the velocity
of the dial pointer A at the instant shown, i.e., when EF and
AC are in the vertical position.

A
VT
\
\\
©250 mm e
L bl HER
o B
< v o
C 45
150 mm / 300 mm
Q
250 mm g
wp = 4rad/s
45°
&
Prob. 16-72

16-73. If the slider block A is moving downward at
v, = 4 m/s, determine the velocities of blocks B and C at
the instant shown.

16-74. If the slider block A is moving downward at
v, = 4m/s,determine the velocity of point E at the instant
shown.

Prob. 16-71

Probs. 16-73/74
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16-75. The planetary gear system is used in an automatic
transmission for an automobile. By locking or releasing
certain gears, it has the advantage of operating the car at
different speeds. Consider the case where the ring gear
R is held fixed, wgz = 0, and the sun gear § is rotating at
wg = 5 rad/s. Determine the angular velocity of each of
the planet gears P and shaft A.

40 mm

Prob. 16-75

*#16-76. The shaper mechanism is designed to give a slow
cutting stroke and a quick return to a blade attached to the
slider at C. Determine the velocity of the slider block C at
the instant § = 60°, if link AB is rotating at 4 rad/s.

16-77. Determine the velocity of the slider block at C at
the instant § = 45°,if link AB is rotating at 4 rad/s.

Probs. 16-76/77

16-78. Determine the velocity of the center O of the spool
when the cable is pulled to the right with a velocity of v. The
spool rolls without slipping.

16-79. Determine the velocity of point A on the outer rim
of the spool at the instant shown when the cable is pulled to
the right with a velocity of v. The spool rolls without slipping.

Probs. 16-78/79

*16-80. The mechanism is used on a machine for the
manufacturing of a wire product. Because of the rotational
motion of link AB and the sliding of block F, the segmental
gear lever DE undergoes general plane motion. If AB is
rotating at w4p = 5 rad/s, determine the velocity of point E
at the instant shown.

wyp = Srad/s

Prob. 16-80



16.6  INSTANTANEOUS CENTER OF ZERO VELOCITY 369

16.6 INSTANTANEOUS CENTER OF
ZERO VELOCITY

The velocity of any point B located on a rigid body can be obtained in
a very direct way by choosing the base point A to be a point that has
zero velocity at the instant considered. In this case, v, = 0, and therefore
the velocity equation, vz = v4 + @ X rp/4, becomes vg = @ X rp)4.
For a body having general plane motion, point A so chosen is called
the instantaneous center of zero velocity (IC), and it lies on the
instantaneous axis of zero velocity. This axis is always perpendicular
to the plane of motion, and the intersection of the axis with this plane
defines the location of the /C. Since point A coincides with the /C, then

Vg = w X rB/IC

and so point B moves momentarily about the IC in a circular path. The
magnitude of vg is simply vg = wrp/;c, where w is the angular velocity of
the body. Due to the circular motion, the direction of vz must always be
perpendicular to rg;c.

For example, the /C for the bicycle wheel in Fig. 16-17 is at the contact
point with the ground since the wheel does not slip. If one imagines
that the wheel is momentarily pinned at the IC, the velocities of various
points on the wheel can be found using v = wr, where the radial
distances shown in the photo must be determined from the geometry
of the wheel.

Fig. 16-17
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A vy

\ J

.

Location of IC
knowing v and vp

(d)
Fig. 16-18

X

PLANAR KINEMATICS OF A RIGID BODY

Centrode

Vic=0

ic
va

Location of IC

knowing v, and w v

(a) Location of IC

knowing the directions
of vy and vp

(®)

To locate the IC we can use the fact that the

velocity of a point on the body is always perpendicular to the relative-
position vector directed from the /C to the point. Several possibilities
exist:

® The velocity v, of a point A on the body and the angular velocity

of the body are known, Fig. 16-18a. In this case, the IC is located
along the line drawn perpendicular to v, at A, such that the distance
from A to the ICis r4/;c = v4/w. Note that the IC lies up and to the
right of A since v, must cause a clockwise angular velocity @ about
the IC.

The lines of action of two nonparallel velocities v, and vg are known,
Fig. 16-18b. Construct at points A and B line segments that are
perpendicular to v, and vg. Extending these perpendiculars to
their point of intersection, as shown, locates the /C at the instant
considered.

The magnitude and direction of two parallel velocities v, and vy are
known. Here the location of the IC is determined by proportional
triangles. Examples are shown in Figs. 16-18c and d. In both cases
rajic = Va/o and rgc = vp/o. If d is a known, distance between
points A and B, then in Fig. 16-18¢,74 ;¢ + rp/ic = d,and in Fig. 16-184,
Ip/ic — rajic = d.
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Realize that the point chosen as the instantaneous center of zero
velocity for the body can only be used at the instant considered since the
body changes its position from one instant to the next. The path described
by points which define the location of the /C during the body’s motion is
called a centrode, Fig. 16-18a, and so each point on the centrode acts as
the IC for the body only for an instant.

Although the /C may be conveniently used to determine the velocity of
any point in a body, it generally does not have zero acceleration and therefore
it should not be used for finding the accelerations of points in a body.

. PROCEDURE FOR ANALYSIS

The velocity of a point on a body which is subjected to general
plane motion can be determined with reference to its instantaneous
center of zero velocity provided the location of the IC is first
established using one of the three methods described in Fig. 16-18.

e As shown on the kinematic diagram in Fig. 16-19, the body is
imagined as “extended and pinned” at the /C so that, at the instant
considered, it rotates about this pin with its angular velocity w.

e The magnitude of velocity for each of the arbitrary points A,
B, and C on the body can be determined by using the equation
v = wr, where r is the radial distance from the /C to each point.

e The line of action of each velocity vector v is perpendicular
to its associated radial line r, and the velocity has a sense of
direction which tends to move the point in a manner consistent
with the angular rotation w of the radial line, Fig. 16-19.

As the board slides downward to the left it
is subjected to general plane motion. Since
the directions of the velocities of its ends A
and B are known, the /C is located as shown.
At this instant the board will momentarily
rotate about this point.

wrgjic

Ve = orcjic

Fig. 16-19

Refer to the companion website for Lecture
Summary and Quiz videos.



372 CHAPTER 16 PLANAR KINEMATICS OF A RiGID Bobpy

EXAMPLE 16.9

(b)

Show how to determine the location of the instantaneous center of zero
velocity for (a) member BC shown in Fig. 16-20a; and (b) the link CB
shown in Fig. 16-20c.

SOLUTION

Part (a). As shown in Fig. 16-20a, point B moves in a circular path
such that v is perpendicular to A B. Therefore, it acts at an angle 6 from
the horizontal as shown in Fig. 16-20b. The motion of point B causes the
piston to move forward horizontally with a velocity vco. When lines are
drawn perpendicular to vz and v, Fig. 16-20b, they intersect at the IC.

Part (b). Points B and C follow circular paths of motion since
links AB and DC are each subjected to rotation about a fixed axis,
Fig. 16-20c. Since the velocity is always tangent to the path, at the
instant considered, v on rod DC and vy on rod AB are both directed
vertically downward, along the axis of link CB, Fig. 16-20d. Radial
lines drawn perpendicular to these two velocities form parallel lines
which intersect at “infinity;” i.e., r¢yc— © and rgjc—> . Thus,
wcg = (ve/reyic) = 0. As aresult, link CB momentarily translates. An
instant later, however, CB will move to a tilted position, causing the /C
to move to some finite location.

Yc

I
L.

1’C< > e

Ip/IC

B

VB
(d)
Fig. 16-20
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EXAMPLE 16.10

Block D shown in Fig. 16-21a moves with a speed of 3 m /s. Determine
the angular velocities of links BD and AB at the instant shown.

(a)

SOLUTION

As D moves to the right, it causes AB to rotate clockwise about
point A. Hence, vy is directed perpendicular to AB, Fig. 16-21b.
The instantaneous center of zero velocity for BD is located at the
intersection of the line segments drawn perpendicular to vg and vp.
From the geometry,

rg/ic = 0.4tan45°m = 0.4 m

_ 04m
e = cos 45°

= 0.5657 m

Since the magnitude of vp is known, the angular velocity of link BD is
vp _ 3m/s
rD/IC N 0.5657 m

= 5.30rad/s Ans.

Wpp =
The velocity of B is therefore
vg = wpp(rg/ic) = 5.30rad/s (0.4 m) = 212 m/s 5 45°

From Fig. 16-21c, the angular velocity of AB is

_wvg  212m/s
@AB ~ rB/A N 0.4 m

= 5.30rad/s ) Ans.

NOTE: Try to solve this problem by applying vp = vg + vp/p to
member BD.

I'p/iC,

» [C

I'p/ic

vp =3m/s

Fig. 16-21



374 CHAPTER 16 PLANAR KINEMATICS OF A RiGID Bobpy

EXAMPLE 16.11

A v,=025m/s

0.25m

(b)
Fig. 16-22

The cylinder shown in Fig. 16-22a rolls without slipping between the
two moving plates £ and D. Determine the angular velocity of the
cylinder and the velocity of its center C.

Qeeeeeeeeeee

E A vp=025m/s
0.125m/1¢
vp = 0.4 m/s B D
-

P00000000000

(@)

SOLUTION

Since no slipping occurs, the contact points A and B on the cylinder have
the same velocities as the plates E and D, respectively. The radial lines
drawn from these points are collinear, so that by the proportionality
of right triangles the /C is located at a point on line AB, Fig. 16-22b.
Assuming this point to be a distance x from B, we have

Vg = wX; 0.4m/s = wx
vy = 0(025m — x); 025m/s = 0(0.25m — x)
Dividing one equation into the other eliminates w and yields

0.4(0.25 — x) = 0.25x

0.1

X

Hence, the angular velocity of the cylinder is

_vg  04m/s D A
© == 0sssm 200 /s) ns.

The velocity of point C is therefore
ve = wreye = 2.60rad/s (0.1538 m — 0.125 m)
= 0.0750 m/s < Ans.
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EXAMPLE 16.12

The crankshaft AB turns with a clockwise angular velocity of 10 rad/s,
Fig. 16-23a. Determine the velocity of the piston at the instant shown.

SOLUTION
The crankshaft rotates about a fixed axis, and so the velocity of point B is

vg = 10rad/s (0.075 m) = 0.75 m/s £45°

Since the directions of the velocities of B and C are known, then the
location of the IC for rod BC is at the intersection of the lines extended
from these points, perpendicular to vy and v, Fig. 16-23b. The interior
angles to the shaded triangle are determined, and the magnitudes of
rg;ic and re/ e can be obtained from the law of sines, i.e.,

0225m _ 7’p/ic
sin45°  sin 76.4°
rB/[C = 03092 m

0225m _ Tcjc
sin 45° sin 58.6°
l’c/lc = 0.2717m

The rotational sense of wg- must be the same as the rotation caused
by vz about the /C, which is counterclockwise. Therefore,

_vg _ 075m/s
~ rgpe 03092m
Using this result, the velocity of the piston is

ve = wpcrcyc = (2.4251ad/s)(0.2717 m) = 0.659 m/s Ans.

w

= 2.425rad/s

B

(b)
Fig. 16-23

o

Refer to the companion website for a self quiz of these
Example problems.
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. FUNDAMENTAL PROBLEMS

F16-13. Determine the angular velocity of the rod and the [16-16. If cable AB is unwound with a speed of 3 m/s,
velocity of point C at the instant shown. and the gear rack C has a speed of 1.5 m/s, determine the
angular velocity of the gear and the velocity of its center O.

lvA =6m/s

Prob. F16-16

1"16-17.  Determine the angular velocity of link BC and
Prob. F16-13 the velocity of the piston C at the instant shown.

F16-14. Determine the angular velocity of link BC and | 0.8 m |

velocity of the piston C at the instant shown. 30°

A wyp = 12 rad/s e

_A‘ = 6rad/s

Prob. F16-14 Prob. F16-17

I'16-18. Determine the angular velocity of links BC and
CD at the instant shown.
F16-15. If the center O of the gear is moving with a speed
of vo = 6 m/s, determine the velocity of point A on the
gear. The gear rack B is fixed.

w,p = 10 rad/s

Prob. F16-15 Prob. F16-18
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. PROBLEMS

16-81. If the hub gear H and ring gear R have angular *16-84. The disk of radius r is confined to roll without
velocities wy = 5 rad/s and wiz = 20 rad/s, respectively, slipping at A and B. If the plates have the velocities shown,
determine the angular velocity wg of the spur gear S and the determine the angular velocity of the disk.

angular velocity of its attached arm OA.

16-82. If the hub gear H has an angular velocity
wy = 5 rad/s, determine the angular velocity of the ring
gear R so that the arm OA attached to the spur gear S
remains stationary (wps = 0). What is the angular velocity
of the spur gear? v

2v

Prob. 16-84

16-85. The planet gear A is pin connected to the end of
the link BC. If the link rotates about the fixed point B at
4 rad/s, determine the angular velocity of the ring gear R.
The sun gear D is fixed from rotating.

16-86. Solve Prob. 16-85 if the sun gear D is rotating
Probs. 16-81/82 clockwise at wp =5 rad/s while link BC rotates
’ counterclockwise at wgc = 4 rad/s.

16-83. In each case show graphically how to locate the
instantaneous center of zero velocity of link AB. Assume
the geometry is known. The disk rolls without slipping.

Prob. 16-83 Probs. 16-85/86
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16-87. In an automobile transmission the planet pinions
A and B rotate on shafts that are mounted on the planet-
pinion carrier CD. As shown, CD is attached to a shaft at E
which is aligned wih the center of the fixed sun gear S. This
shaft is not attached to the sun gear. If CD is rotating at
wcp = 8 rad/s, determine the angular velocity of the ring
gear R.

Prob. 16-87

*16-88. The mechanism shown is used in a riveting
machine. It consists of a driving piston A, three members,
and a riveter which is attached to the slider block D.
Determine the velocity of D at the instant shown, when the
piston at A is traveling at v, = 30 m/s.

300 mm

1504\

vy =30m/s

Prob. 16-88

16-89. Knowing that the angular velocity of link AB is
wap = 4rad/s, determine the velocity of the collar at C
and the angular velocity of link CB at the instant shown.
Link CB is horizontal at this instant.

16-90. If the collar at C is moving downward to the left at
ve = 8 m/s, determine the angular velocity of link AB at
the instant shown.

Probs. 16-89/90

16-91. The mechanism produces intermittent motion of
link AB. If the sprocket S is turning with an angular velocity
of wg = 6 rad/s, determine the angular velocity of link AB
at this instant. The sprocket S is mounted on a shaft which is
separate from a collinear shaft attached to AB at A.The pin
at C is attached to the vertical chain links.

Prob. 16-91
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*16-92. If the center O of the gear is given a velocity of 16-95. 1If C has a velocity of v = 3 m/s, determine the
vo = 10 m/s, determine the velocity of the slider block B at angular velocity of the wheel at the instant shown.
the instant shown.

Prob. 16-92

Prob. 16-95
16-93. Member AB is rotating at wyp = 6rad/s.
Determine the velocity of point D and the angular velocity
of members BPD and CD. *16-96. The cylinder B rolls on the fixed cylinder A
16-94. Member AB is rotating at wyz = 6rad/s. without slipping. If connected bar CD is rotating with an
Determine the velocity of point P, and the angular velocity angular velocity wcp = 5 rad/s, determine the angular
of member BPD. velocity of cylinder B. Point C is a fixed point.

/\Bzoo mm —— 200 mm D/\

w,p= 6rad/s

Probs. 16-93/94 Prob. 16-96
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16-97. The crankshaft AB rotates at w,z = 50 rad/s
about the fixed axis through point A, and the disk at C
is held fixed in its support at E. Determine the angular
velocity of rod CD at the instant shown.

L 60° w,p = 50 rad/s
gy

LlOO mm—

Prob. 16-97

16-98. The square plate is confined within the slots at A
and B. When 6 = 30°, point A is moving at v4 = 8§ m/s.
Determine the velocity of point C at this instant.

16-99. The square plate is confined within the slots at A
and B. When 6 = 30°, point A is moving at v4 = 8§ m/s.
Determine the velocity of point D at this instant.

A

—
v=8m/s

Probs. 16-98/99

*16-100. The mechanism used in a marine engine consists
of a single crank AB and two connecting rods BC and BD.
Determine the velocity of the piston at C the instant the
crank is in the position shown and has an angular velocity
of Srad/s.

16-101. The mechanism used in a marine engine consists
of a single crank AB and two connecting rods BC and BD.
Determine the velocity of the piston at D the instant the
crank is in the position shown and has an angular velocity
of Srad/s.

Probs. 16-100/101

16-102. The drums have the angular velocities at the
instant shown. Determine the angular velocity of the pulley
C and the velocity of the load D.

Prob. 16-102
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16.7 RELATIVE-MOTION ANALYSIS:
ACCELERATION

An equation that relates the accelerations of two points A and B on the
bar (rigid body) shown in Fig. 16-24a is determined by differentiating
Vg = V4 + vp,4 with respect to time. This yields

dvg _ dva | Va
dt dt dt

The terms dvg/dt = agand dv,/dt = a, are measured with respect to
a set of fixed x, y axes and represent the absolute accelerations of points B
and A. The last term represents the acceleration of B with respect to
A as measured by an observer fixed to translating x’, y’ axes which have
their origin at the base point A. In Sec. 16.5 it was shown that to this
observer point B appears to move along a circular arc that has a radius
of curvature rg,4. Consequently, ag 4 can be expressed in terms of its
tangential and normal components;i.e.,ag/4 = (ag/4); + (ap/a),, Where
(apja): = arg/a and (agja), = wer/A. Hence, the relative-acceleration
equation can be written in the form

ag = a, + (ag/a); + (ag/a), (16-13)

where

ap = acceleration of point B
a, = acceleration of point A
(ap/4), = tangential acceleration component of B with respect
to A. The magnitude is (ag/4); = arg/s, and the
direction is perpendicular to rg 4.
(ag/4)» = normal acceleration component of B with respect
to A. The magnitude is (ag/a), = wer/A, and the
direction is always from B toward A.

These terms are represented graphically in Fig. 16-24. Here the
acceleration of B, Fig. 16-24aq, is determined by considering the bar to
translate with an acceleration a,, Fig. 16-24b, and simultaneously rotate
about the base point A with an instantaneous angular velocity w and
angular acceleration a, Fig. 16-24c¢. Vector addition of these two effects,
applied to B, yields ag, as shown in Fig. 16-24d.

Path of
point A

Path of
General plane motion point B
(a)
Il a
A
a,
B
Translation
(b)

Rotation about the
base point A

(©)

381
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(b)
Fig. 16-25

Fig. 16-26

For a vector analysis, the relative-acceleration components can be
expressed as (ag/4);, = @ X g4 and (ag/4), = —wer/A, Eq. 16-14, and
so, Eq. 16-18 then becomes

agp = Ay + a X rB/A - wer/A (16—19)

where

ap = acceleration of point B
a, = acceleration of the base point A
« = angular acceleration of the body
w = angular velocity of the body
rp/4 = position vector directed from A to B

When Eq. 16-18 or Eq. 16-19 is applied to study the accelerated
motion of a rigid body which is pin connected to two other bodies,
it should be realized that points which are coincident at the pin move
with the same acceleration, since the path of motion over which they
travel is the same. For example, point B lying on either rod BA or BC
of the crank mechanism shown in Fig. 16-25a has the same acceleration,
since the rods are pin connected at B. Here the motion of B is along a
circular path, so that ag can be expressed in terms of its tangential and
normal components. At the other end of rod BC point C moves along a
straight-lined path,which is defined by the piston. Hence, a is horizontal,
Fig. 16-25b.

Consider a wheel that rolls without
slipping, Fig. 16-26. We have shown that the velocity of its center can be
found using Eq. 16-17, namely

Vg — wr

Since G moves along a straight line, its acceleration can be determined
from the time derivative of its velocity.

dvg _ dw
e dr
ag = ar (16-20)

This result was also obtained in Example 16—4. It applies as well to any
circular object, such as a ball, gear, disk, etc., that rolls without slipping.
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- PROCEDURE FOR ANALYSIS

The relative-acceleration equation can be applied between any two
points A and B on a body either by using a Cartesian vector analysis,
or by writing the x and y scalar component equations directly.

Velocity Analysis.

e Determine the angular velocity w of the body by using a velocity
analysis as discussed in Sec. 16.5 or 16.6. Also, determine the
velocities v4 and vy of points A and B if these points move
along curved paths.

Vector Analysis

Kinematic Diagram.

e Establish the directions of the fixed x, y coordinates and draw a
kinematic diagram of the body that shows a4, a5, ®, @, andrp 4.

e Ifpoints A and B move along curved paths,then their accelerations
should be indicated in terms of their tangential and normal
components,i.c.,ay = (ay), + (ay),and ag = (ap), + (ag),.

Acceleration Equation.

2 ] The mechanism for a window is shown. Here
e Toapplyaz = a4 + @ X 1g/4 — wTp/4, express the vectors in

CA rotates about a fixed axis through C, and

Cartesian vector form and substitute them into the equation. AB undergoes general plane motion. Since
Evaluate the cross product and then equate the respective i point A moves along a curved path it has
and j components to obtain two scalar equations. two components of acceleration, whereas

. . . point B moves along a straight track and so

e If the solution yields a negative answer for an unknown the direction of its acceleration is specified.

magnitude, it indicates that the sense of direction of the vector
is opposite to that shown on the kinematic diagram.

Scalar Analysis

Kinematic Diagram.

e If the acceleration equation is applied in scalar form, then
the magnitudes and directions of the relative-acceleration
components (ag/4), and (ag/4), must be established. To do
this draw a kinematic diagram such as shown in Fig. 16-27c.
Since the body is considered to be momentarily “pinned”
at the base point A, the magnitudes of these components
are (ap/a); = argq and (ag/a), = wer/A. Their sense of
direction is established from the diagram such that (ag/4), acts
perpendicular torg 4, in accordance with the rotational motion
a of the body, and (ag/4), is directed from B toward A.*

Acceleration Equation.

* Represent the vectorsag = a4 + (ag/4), + (ag/a), graphically
by showing their magnitudes and directions underneath each
term. The scalar equations are determined from the x and y
components of these vectors.

* The notation ag = a4 + (ag/4(pin))r T (2B/a(pin))» May be helpful in recalling Refer to the companion website for Lecture
that A is assumed to be pinned. Summary and Quiz videos.




384 CHAPTER 16 PLANAR KINEMATICS OF A RiGID Bobpy

EXAMPLE 16.13

10 m
1}::2 m/s
a,=3m/s?

(a)

A__axx /V<“
y E— J

The rod AB shown in Fig. 16-27a is confined to move along the inclined
planes. If point A has an acceleration of 3 m/s*> and a velocity of
2 m/s,both directed down the plane at the instant the rod is horizontal,
determine the angular acceleration of the rod at this instant.

SOLUTION | (VECTOR ANALYSIS)

We will apply the acceleration equation to points A and B on the
rod. To do so it is first necessary to determine the angular velocity
of the rod. Show that it is @ = 0.283 rad/s Y using either the velocity
equation or the method of instantaneous centers.

Kinematic Diagram. Since points A and B both move along
straight-line paths, they have no components of acceleration normal
to the paths. There are two unknowns in Fig. 16-27b, namely, ag and «.

Acceleration Equation.

ag — Ay + a X rB/A - wer/A

ag cos 45% + ag sin 45° = 3 cos 45°% — 3sin 45% + (ak) X (10i) — (0.283)%(10i)

B

(e—=

\<° » = 0.283 rad/s

a, =3m/s?
(b)
(ap/adt = arpa
‘ 10m 1
_ 2

A LA (ﬂB/A)n =W Ig/p

(e - =

)

7 7 \
w=0283rad/s rp/4

()
Fig. 16-27

Carrying out the cross product and equating the i and j components
yields

3 cos 45° — (0.283)%(10) 1)
—35in 45° + «(10) ()

ag cos 45°

apsin 45°
Solving, we have
ag = 1.87m/s? 245°
a = 0.344 rad/s* Ans.

SOLUTION II (SCALAR ANALYSIS)
From the kinematic diagram, showing the relative-acceleration
components (ag/4), and (ag,4),, Fig. 16-27¢c, we have

ag = ay + (ag/4), + (ag/a)n
{;fso} _ {1@ nz/;z} N [a(l(T) m)} N {(0.283 rac(lis)2(10 m)

Equating the x and y components of these four terms yields Eq. 1
and 2, and the solution proceeds as before.
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EXAMPLE 16.14

The disk rolls without slipping and has the angular motion shown
in Fig. 16-28a. Determine the acceleration of point A at this
instant.

SOLUTION | (VECTOR ANALYSIS)
Kinematic Diagram. Since no slipping occurs, applying Eq. 16-20,

ag = ar = (4rad/s%)(0.15m) = 0.6 m/s’

Acceleration Equation.
We will apply the acceleration equation to points G and A, Fig. 16-28b.

Ay =ag ta Xryc— wer/G
a, = —0.6i + (4k) X (—0.15j) — (6)2(—0.15j)
= {5.4j}) m/s? Ans.

SOLUTION II (SCALAR ANALYSIS)
Using the result for a; = 0.6 m/s?> determined above, and from the
kinematic diagram, showing the relative motion a4 ¢, Fig. 16-28¢, we have

ay = ag + (a46)c + (a4/6)y

385

o = 6rad/s
a=4 rad/sV

o = 6rad/s
« = 4rad/s®

® = 6rad/s
a=4 rad/sf

(@q)y (aqa),] _[0.6m/s? (4 rad/s%)(0.15 m) (6 rad/s)*(0.15 m)
[(Z]_F[a?y}_[ &= ]+[ - ]4—{ } A @)k
- (ag)y = =06 +06=0 (©

Fig. 16-28
+1 (aq), = 5.4 m/s’
Therefore,

a, = \/(O)2 + (54m/s?)? = 54m/s’

a, = {5.4j) m/s? Ans.

NOTE: The fact that a, = 5.4 m/s? indicates that the instantaneous
center of zero velocity, point A, is not a point of zero acceleration.
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EXAMPLE 16.15

® = 3rad/s
A = 4 rad/s’

(a)

y

(ap), Lx

) (aB)\r

TB/G

ag = 0.6 m/s?

» = 3rad/s
A/a = 4 rad/s?

(b)

B (apc), = arp

(agic), = ©’rp/G

rpG = 0.

o = 3rad/s
A = 4 rad/s?

©
Fig. 16-29

o

Refer to the companion website for a self quiz of these
Example problems.
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The spool in Fig. 16-29a unravels from the cord, such that at the instant
shown it has an angular velocity of 3 rad/s and an angular acceleration of
4rad/ s%. Determine the magnitude of acceleration of point B.

SOLUTION | (VECTOR ANALYSIS)

The spool “appears” to be rolling downward without slipping at
point A. Therefore, we can use the results of Eq. 16-20 to determine
the acceleration of point G, i.e.,

ag = ar = (4rad/s?)(0.15m) = 0.6 m/s’
We will apply the acceleration equation to points G and B.

Kinematic Diagram. Point B moves along a curved path having an
unknown radius of curvature.* Its acceleration will be represented by
its unknown x and y components as shown in Fig. 16-29b.

Acceleration Equation.
ap = ag + a Xrp,5 — wer/G
(ap)d + (ap),j = —0.6j + (—4k) X (0.225j) — (3)*(0.225j)
Equating the i and j terms, the component equations are
(ag)y = 4(0.225) = 09 m/s> — (1)
(ag), = —0.6 — 2.025 = —2.625m/s* = 2.625 m/s* I Q@

The magnitude and direction of ag are therefore

ag = V(092 + (2.625)> = 2.78 m /s> Ans.
B (0.9)
2.625
0 =tan | =—= ) =71.1° %
an ( 0.9 )

SOLUTION Il (SCALAR ANALYSIS)

This problem may be solved by writing the scalar component
equations directly. The kinematic diagram in Fig. 16-29¢ shows the
relative-acceleration components (ag/s), and (ag/:),- Thus,

(ap)x (ap)
]+ %)
_ [0.6m/s? 4 rad/s? (0.225 m) (3 rad/s)*(0.225 m)
-7+ R
The x and y components yield Egs. 1 and 2 above.

ag = ag + (ag/c), + (a/6)n

—

* Realize that the path’s radius of curvature p is not equal to the radius of the spool
since the spool is not rotating about point G. Furthermore, p is not defined as the
distance from A (IC) to B, since the location of the /C depends only on the velocity of a
point and not the geometry of its path.
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EXAMPLE 16.16

The collar C in Fig. 16-30a moves downward with an acceleration
of 1 m/s?. At the instant shown, it has a speed of 2 m/s which gives
links CB and AB an angular velocity w, g = wcp = 10rad/s. (See
Example 16.8.) Determine the angular accelerations of CB and AB
at this instant.

(@)

SOLUTION (VECTOR ANALYSIS) y
Kinematic Diagram. The kinematic diagrams of both links AB and L
CB are shown in Fig. 16-30b. To solve, we will apply the appropriate %
kinematic equation to each link.

Acceleration Equation. =l m/szl wsp=10rad/s

VY]

Link AB (rotation about a fixed axis):

ag = aup X Iy — wiplp
ap = (aspk) X (=0.2j) — (10)*(—0.2j)

B
agp — O.ZCEABi + 20j )‘*02 m—-‘

Note that ag has n and t components since it moves along a circular path.

Link BC (general plane motion): Using the result for az and applying
Eq. 16-18, we have

agp = ac + acg X rg/c — wZCBrB/C
020451 + 20j = —1j + (acpk) X (02i — 0.2) — (10)2(0.2i — 0.2§)
O.ZQABi + 20j S _1j + O.ZaCBj + 0.20[CBi - 20i + 20j

Thus,
O.ZOZAB S 0'2aCB - 20

20 = -1 + 0.2(16‘3 + 20
Solving, @
= Srad/s* Ans.

acp

Refer to the companion website for a self quiz of these

-95 rad/52 =95 rad/52 \) Ans. Example problems.

aAB
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EXAMPLE 16.17

0.075m

+13.6°

- wpc = 2.43 rad/s

w,p = 10r1ad/s
aup = 20 rad/s?

(a)
y
ac

C

_ 3

I'cp

+13.6°
0.225 cos 13.6°m — |~ @pc

0.075 cos 45° m
I'p

——|- wpc=2.43 rad/s

« | wap=10rad/s
ayp = 20 rad/s
LA

-X

(b)

Fig. 16-31
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The crankshaft AB turns with a clockwise angular acceleration of
20 rad/ s?, Fig. 16-31a. Determine the acceleration of the piston at the
instant AB is in the position shown. At this instant w4z = 10rad/s
and wpc = 2.43 rad/s. (See Example 16.12.)

SOLUTION (VECTOR ANALYSIS)

Kinematic Diagram. The kinematic diagrams for both AB and BC
are shown in Fig. 16-31b. Here a. is vertical since C moves along a
straight-line path.

Acceleration Equation.
Cartesian vector form,

Expressing each of the position vectors in

rz = {—0.075 sin 45° + 0.075 cos 45°%j} m = {—0.0530i + 0.0530j } m
re/p = 10.225sin 13.6°% + 0.225 cos 13.6% } m = {0.0530i + 0.219j} m

Crankshaft AB (rotation about a fixed axis):

ap = aup X Iy — wipp
= (—20k) X (—0.0530i + 0.0530§) — (10)*(—0.0530i + 0.0530j)
= {6.364i — 4.243j} m/s’

Connecting Rod BC (general plane motion): Using the result for ag
and noting that a. is in the vertical direction, we have

ac = ag + apc X rep — w%CrC/B
acj = 6.364i — 4.243j + (agck) X (0.0530i + 0.219j)
— (2.43)%(0.0530i + 0.219j)
acj = 6.364i — 4.243j + 0.0530apcj — 0.219apq — 0.312i — 1.286j
0 = 6.052 — 0.219ap¢
ac = 0.0530azc — 5.529

Solving yields

age = 27.7 rad/s?
ac = —4.06 m/s?
ac = {—4.06j} m/s’ Ans.

NOTE: Since the piston is moving upward, the negative sign for ac
indicates that the piston is decelerating,i.e.,ac = {—4.06j} m/s% This
causes the speed of the piston to decrease until AB becomes vertical,
at which time the piston is momentarily at rest.
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. FUNDAMENTAL PROBLEMS

F16-19. At the instant shown, end A of the rod has the ['16-22. At the instant shown, cable AB has a velocity of
velocity and acceleration shown. Determine the angular 3 m/s and acceleration of 1.5 m/s?, while the gear rack has a
acceleration of the rod and acceleration of end B of the rod. velocity of 1.5 m/s and acceleration of 0.75 m /s*. Determine
) the angular acceleration of the gear at this instant.
a, =5m/s
lvA =6m/s ag =1.5m/s’
4
Sm
4m
‘ Prob. F16-22
B . F16-23 At the instant shown, the wheel rotates with
an angular velocity of w = 12rad/s and an angular
Prob. F16-19 acceleration of « = 6rad/s>. Determine the angular
F16-20. The gear rolls on the fixed rack with an angular acceleration of link BC at the instant shown.
velocity of w = 12rad/s and angular acceleration of
« = 6rad/s’>. Determine the horizontal and vertical D

components of acceleration of point A.

= 6 rad/s’ 08m

c
12m |
a = 6 rad/s*
o = 12 rad/s
Prob. F16-23
I116-24. At the instant shown, wheel A rotates with an
Prob. F16-20 angular velocity of w = 6 rad/s and an angular acceleration
F16-21. The gear rolls on the fixed rack B. At the instant of @ = 3rad/s’. Determine the angular acceleration of
shown, the center O of the gear moves with a velocity of link BC and the acceleration of piston C at this instant.
vo = 6m/s and acceleration of ap = 3 m/s’>. Determine 08m \

the angular acceleration of the gear and the horizontal and
vertical components of acceleration of point A at this instant.

02m
4/60 = 6rad/s
« = 3rad/s®

Prob. F16-21 Prob. F16-24



390 CHAPTER 16 PLANAR KINEMATICS OF A RiGID Bobpy

. PROBLEMS

16-103. Bar AB has the angular motions shown. Determine
the velocity and acceleration of the slider block C
at this instant.

0.5m
w,,=4rad/s

@, , = 6rad/s? v‘\%

b A Fus

Prob. 16-103

*16-104. The reel of rope has the angular motion shown.
Determine the velocity and acceleration of point A at the
instant shown.

16-105. The reel of rope has the angular motion shown.
Determine the velocity and acceleration of point B at the
instant shown.

a = 8rad/s?
o =3rad/s

=

Probs. 16-104/105

16-106. At a given instant the roller A on the bar has the
velocity and acceleration shown. Determine the velocity
and acceleration of the roller B, and the bar’s angular
velocity and angular acceleration at this instant.

4m/s
6 m/s? i

Prob. 16-106

16-107. Member AB has the angular motions shown.
Determine the velocity and acceleration of the slider block
C at this instant.

2m

5 Il ~4rad/s
2™ 5rad /s2
AA

Prob. 16-107
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*16-108. Member AB has the angular motions shown. 16-110. At a given instant the slider block A is moving
Determine the angular velocity and angular acceleration of to the right with the motion shown. Determine the angular
members CB and DC. acceleration of link AB and the acceleration of point B at

this instant.

w,z=2rad/s
aAB=4rad/52 A

C
Prob. 16-108
Prob. 16-110
) ) ) 16-111. Determine the angular acceleration of link AB if
16-109. The slider block has the motion shown. Determine link CD has the angular velocity and angular deceleration
the angular velocity and angular acceleration of the wheel shown.

at this instant.

‘ 0.6 m |
T 9 C
0.6 m
] T2 agp = 4rad/s?
0.3m |1 ™ ocp =2rad/s
— + B\A Do
vg=4m/s ° °
af; =2 III/SZ B =t Qn_

Prob. 16-109 Prob. 16-111
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*16-112. 'The hoop is cast on the rough surface such that
it has an angular velocity w = 4 rad/s and an angular
acceleration a = 5 rad/s’. Also, its center has a velocity
vo =5 m/s and a deceleration a, = 2 m/s’. Determine
the acceleration of point A at this instant.

16-113. The hoop is cast on the rough surface such that
it has an angular velocity @ = 4 rad/s and an angular
acceleration & = 5 rad/s%. Also, its center has a velocity of
vo =5 m/s and a deceleration a, = 2 m/s’. Determine
the acceleration of point B at this instant.

A \(i) = 4rad/s

Probs. 16-112/113

16-114. Determine the angular acceleration of link CD if
link AB has the angular velocity and angular acceleration
shown.

0.5m—~

a,p = 6rad/s?

w, 5 =31ad/s

A

D) ) |

e !
1m

Prob. 16-114

16-115. A cord is wrapped around the inner spool of the
gear. If it is pulled with a constant velocity v, determine the
velocities and accelerations of points A and B. The gear
rolls on the fixed gear rack.

Prob. 16-115

#16-116. The disk has an angular accelerationa = 8 rad/s’
and angular velocity = 3 rad/s at the instant shown. If it
does not slip at A, determine the acceleration of point B.

16-117. The disk has an angular acceleration « = 8 rad/s’
and angular velocity @ = 3 rad/s at the instant shown. If it
does not slip at A, determine the acceleration of point C.

® =3rad/s
a = 8rad/s?

_—

0.5 m 43

45° »¥'p

A

Probs. 16-116/117



16-118. Pulley A rotates with the angular velocity and
angular acceleration shown. Determine the angular
acceleration of pulley B at the instant shown.

16-119. Pulley A rotates with the angular velocity and
angular acceleration shown. Determine the acceleration of
block E at the instant shown.

50 mm

S

>

wy =40rad/s
ay = Srad/s?

Probs. 16-118/119

*16-120. If member AB has the angular motion shown,
determine the angular velocity and angular acceleration of
member CD at the instant shown.

16-121. If member AB has the angular motion shown,
determine the velocity and acceleration of point C at the
instant shown.

a,, = 8rad/s?

Probs. 16-120/121
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16-122. The disk rolls without slipping such that it has an
angular acceleration of @ = 4 rad/s? and angular velocity
of w = 2rad/s at the instant shown. Determine the
acceleration of points A and B on the link and the link’s
angular acceleration at this instant. Assume point A lies on
the periphery of the disk, 150 mm from C.

w = 2rad/s
a = 4 rad/s?

500 mm

| 400 mm ‘

Prob. 16-122

16-123. Gear A is held fixed, and arm DE rotates
clockwise with an angular velocity of wpr = 6 rad/s and
an angular acceleration of apr = 3 rad/s2 Determine the
angular acceleration of gear B at the instant shown.

*16-124. Gear A rotates counterclockwise with a constant
angular velocity of w, = 10 rad/s, while arm DFE rotates
clockwise with an angular velocity of wpr = 6 rad/s and
an angular acceleration of apr = 3 rad/s2 Determine the
angular acceleration of gear B at the instant shown.

0.2 m

Probs. 16-123/124
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16-125. The hydraulic cylinder extends with a velocity
of vy = 1.5 m/s and an acceleration of a, = 0.5 m/s’.
Determine the angular acceleration of link ABC and the
acceleration of end C at the instant shown. Point B is pin
connected to the slider block.

vy =15m/s
a, =05m/s?

Prob. 16-125

16-126. The flywheel rotates with an angular velocity
=2 rad/s and an angular acceleration a = 6 rad/s’.
Determine the angular acceleration of links AB and BC at
this instant.

o = 2rad/s
a = 6rad/s?

Prob. 16-126

16-127. The tied crank and gear mechanism gives rocking
motion to crank AC, necessary for the operation of a
printing press. If link DE has the angular motion shown,
determine the respective angular velocities of gear F' and
crank AC at this instant, and the angular acceleration of
crank AC.

wpg = 4rad/s

(:

app = 20 rad/s?

Prob. 16-127

*16-128. The mechanism produces intermittent motion
of link AB. If the sprocket S is turning with an angular
acceleration ag = 2 rad/s> and has an angular velocity
wg = 6 rad/s at the instant shown, determine the angular
velocity and angular acceleration of link AB at this instant.
The sprocket S is mounted on a shaft which is separate
from a collinear shaft attached to AB at A. The pin at C is
attached to one of the chain links such that it moves
vertically downward.

ws =6 rad/s\

ag =2 rad/s?

Prob. 16-128
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*16.8 RELATIVE-MOTION ANALYSIS
USING ROTATING AXES

In the previous sections the relative-motion analysis for velocity and
acceleration was described using a translating coordinate system. This
type of analysis is useful for determining the motion of points on the
same rigid body, or the motion of points located on several pin-connected
bodies. In some problems, however, rigid bodies (mechanisms) are
constructed such that sliding will occur at their connections. The
kinematic analysis for such cases is best performed if the motion is
analyzed using a coordinate system which both translates and rotates.
Furthermore, this frame of reference is useful for analyzing the motions
of two points on a mechanism which are not located in the same body
and for specifying the kinematics of particle motion when the particle
moves along a rotating path.

In the following analysis two equations will be developed which relate
the velocity and acceleration of two points, one of which is the origin of a
moving frame of reference subjected to both a translation and a rotation
in the plane.*

Consider the two points A and B shown in Fig. 16-32a.
Their location is specified by the position vectors r, and rg, which
are measured with respect to the fixed X, Y, Z coordinate system. As
shown in the figure, the “base point” A represents the origin of the x, y, z
coordinate system, which is assumed to be both translating and rotating
with respect to the X, Y, Z system. The position of B with respect to A
is specified by the relative-position vector rg/4. The components of this
vector may be expressed either in terms of unit vectors along the X, Y
axes, i.e., I and J, or by unit vectors along the x, y axes, i.e., i and j. For
the development which follows, rz 4 will be measured with respect to
the moving x, y frame of reference. Thus, if B has coordinates (xg, yp),
Fig. 16-32a, then

rpi4 = Xpi + ygj

The three position vectors in Fig. 16-32a are related by vector addition.

Tg =Ty + Tpis (16-21)

At the instant considered, point A has a velocity v, and an acceleration
a,, while the angular velocity and angular acceleration of the x, y axes
are ) (omega) and = dQ /dt, respectively.

*The more general, three-dimensional motion of the points is developed in Sec. 20.4.

I'p

s
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(a)
Fig. 16-32
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()
Fig. 16-32 (cont.)

The velocity of point B is determined by taking the time
derivative of Eq. 16-21, which yields

drB/A
=vy, + 16-22
VB = Va dr ( )
The last term in this equation is evaluated as follows:
drtpa_d
i E(XBI + yj)
dXB di dyB dj
a T T ad Ty
dxg. dyg > ( di dj)
i+ —j)+ + 162
( ar' "t Bar " P (16-23)

The two terms in the first set of parentheses represent the components of
velocity of point B as measured by an observer attached to the moving
X, y, z coordinate system, (Vg/4)yy,. In the second set of parentheses
the time rate of change of the unit vectors i and j are measured by an
observer located in the fixed X, Y, Z coordinate system. These changes,
di and dj, are due only to the rotation df of the x, y, z axes, causing i to
becomei’ =i + diandjto become j' = j + dj, Fig. 16-32b. As shown,
the magnitudes of both di and dj equal 1 df, since i =i’ =j=j = 1.
The direction of di is defined by +j, since di is tangent to the path
described by the arrowhead of i in the limit as At — dt. Likewise, dj acts
in the —i direction, Fig. 16-32b. Hence,

di _ do dj
=) = 9j q_ D) - -

Viewing the axes in three dimensions, Fig. 16-32¢, and noting that
Q = Qk, we can express the above derivatives in terms of the cross
product as

di dj
Do 0 xi 2 =0 xij 16-24
di ! d ] (16-24)

Substituting these results into Eq. 16-23 and using the distributive
property of the vector cross product, we obtain

drB/A

dt = (VB/A)xyz + QX (xBi + YBj)

= (VB/A)xyz + Q X Ip/a (16—25)
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Hence, Eq. 16-22 becomes

Vg = V4 + Q Xrgix + (VB/a)xy: (16-26)

where

v = velocity of B, measured from the X, Y, Z reference

v, = velocity of the origin A of the x, y, z reference, measured
from the X, Y, Z reference

(VB/4)xy. = velocity of “B with respect to A,” as measured by an

observer attached to the rotating x, y, z reference

Q = angular velocity of the x, y, z reference, measured from the
X, Y, Z reference

rp 4 = position of B with respect to A

Comparing Eq. 16-26 with Eq. 16-16 (vg = v4 + Q X rg/4), which is
valid for a translating frame of reference, it can be seen that the only
difference between these two equations is represented by the term
(VB/A)xyZ'

When applying Eq. 16-26 it is often useful to understand what each of
the terms represents. In order of appearance, they are as follows:

Vg { absolute velocity of B } gllzt;)nyo fZBfr(;l;slzrved from
(equals)
V4 absolute velocity of the
origin of x, y, z frame )
(plus)
motion of x, y, z frame
angular velocity effect ( observed from the X Y.z
Q Xrpy caused by the rotation of frame
x,y, z frame
(plus) Y,
velocity of B motion of B observed from
(VB )yz with respect to A the x, y, z frame

397
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The acceleration of B, observed from the X, Y, Z
coordinate system, may be expressed in terms of its motion measured
with respect to the rotating system of coordinates by taking the time
derivative of Eq. 16-26.

dvg dvy dQ drgs d(VB/a)xy:
—==—14+ X + Q X +
e dr | dr P4 dt dt

drB/A 4 d(VB/A )xyz

=a, + Q X + Q X
ap ay Ip/a dr dr

(16-27)

Here Q = dQ/dt is the angular acceleration of the x, y, z coordinate
system. Since € is always perpendicular to the plane of motion, then €2
measures only the change in magnitude of ). The derivative drg;,/dt is
defined by Eq. 16-25, so that

drB/A

Q X =0 X (VB/A)xyz + Q X (Q X rB/A) (16—28)

Finding the time derivative of (Vg 4)yy: = (Vg/a)d + (VB/a)))

d(VB/A)xyz d(vB/A)x. d(vB/A)y . di dj
d[ h dl‘ 1+ dt -l:| + |:(vB/A)xdt + ('UB/A)yE

The two terms in the first set of brackets represent the components
of acceleration of point B as measured by an observer attached to the
rotating coordinate system. These terms will be denoted by (ag/4).,.- The
terms in the second set of brackets can be simplified using Egs. 16-24.

d(vB/A)xyz
T = (aB/A)xyz + O X (VB/A)xyz

Substituting this and Eq. 16-28 into Eq. 16-27 and rearranging terms,

ap=a, + Q@ Xrg, + QX (Q Xrg) + 20 X (Vpa)y: + (a5/4)x:

(16-29)
where

ap = acceleration of B, measured from the X, Y, Z
reference

a, = acceleration of the origin A of the x, y, z

reference, measured from the X, Y, Z reference

(aB/a)xyz> (VB/a)xy: = acceleration and velocity of B with respect

to A, as measured by an observer attached to

the rotating x, y, z reference

Q. Q = angular acceleration and angular velocity of

the x, y, z reference, measured from the X, Y, Z
reference

rz/4 = position of B with respect to A
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If Eq. 16-29 is compared with Eq. 16-18, ag = a, + Q X g/, +
Q X (@ X rg/4), which is valid for a translating frame of reference,
it can be seen that the difference between these two equations is
represented by the terms 20 X (vg/4)y,. and (ag ).y, In particular,
29 X (Vg/a)yy, is called the Coriolis acceleration, named after the
French engineer G. C. Coriolis, who was the first to determine it. This
term represents the difference in the acceleration of B as measured from
nonrotating and rotating x, y, z axes. As indicated by the vector cross
product, the Coriolis acceleration will always be perpendicular to both
and (Vp/4)y.- It is an important component of acceleration which must
be considered whenever rotating reference frames are used. This often
occurs, for example, when studying the accelerations and forces which act
on rockets, long-range projectiles, or other bodies having motions whose
measurements are significantly affected by the rotation of the earth.

The following interpretation of the terms in Eq. 16-29 may be useful
when applying this equation to the solution of problems.

motion of B observed

ag { absolute acceleration of B } from the X, Y, Z frame

(equals)

absolute acceleration of the

Ay
origin of x, y, z frame
(plus)
motion of
angular acceleration effect
. x,y, z frame
Q Xrg, caused by rotation of x, y, z observed from

frame the X, Y, Z frame

(plus)

Q X (Q X rpa) by rotation of x,y, z frame

(plus)
combined effect of B moving

relative to x, y, z coordinates interacting motion
and rotation of x, y, z frame

20 X (VB/A)xyz

(plus)

(@5/4)x2 respect to A from the x, y, z frame

{ angular velocity effect caused

acceleration of B with } motion of B observed

399
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. PROCEDURE FOR ANALYSIS

Equations 16-26 and 16-29 can be applied to the solution of
problems involving the planar motion of particles or rigid bodies
using the following procedure.

Coordinate Axes.

e Choose an appropriate location for the origin and proper
orientation of the axes for both fixed X, Y, Z and moving x, y, z
reference frames.

e Most often solutions are easily obtained if at the instant
considered:

1. the origins are coincident
2. the corresponding axes are collinear
3. the corresponding axes are parallel

e The moving frame should be selected fixed to the body or
device along which the relative motion occurs.

Kinematic Equations.

e After defining the origin A of the moving reference and
specifying the moving point B, Egs. 16-26 and 16-29 should be
written in symbolic form.

Vg = V4 + Q X4 + (VB/a)sy:

ag=a, + QX rgiq T Q X (Q Xrg) + 20 X (Vp/a)ry: + (B/a)xy:

e The Cartesian components of all these vectors may be expressed
along either the X, Y, Z axes or the x, y, z axes. The choice is
arbitrary provided a consistent set of unit vectors is used.

¢ Motion of the moving reference is expressed by v, a4, 2, and
Q; and motion of B with respect to the moving reference is

expressed by rp 4, (vB/A)xyZ, and (aB/A)xyZ.

The rotation of the dumping
bin of the truck about point C
is operated by the extension of
the hydraulic cylinder AB. To
determine the rotation of the bin
due to this extension, we can use
the equations of relative motion
and fix the rotating x, y, z axes to
the cylinder so that the relative
motion of the cylinder’s extension
occurs along the y axis.
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EXAMPLE 16.18

At the instant § = 60°, the rod in Fig. 16-33 has an angular velocity of
3 rad/s and an angular acceleration of 2 rad/s’. At this same instant,
collar C travels outward along the rod such that when x = 0.2 m its
velocity is 2 m /s and its acceleration is 3 m/s?, both measured relative
to the rod. Determine the Coriolis acceleration and the velocity and
acceleration of the collar at this instant.

SOLUTION

Coordinate Axes. The origin of both coordinate systems is located
at point O, Fig. 16-33. Since motion of the collar is reported relative
to the rod, the moving x, y, z frame of reference is attached to the rod.

Kinematic Equations.

ve = Vo + Q Xxeio + (Ye/0)uy: (1)
ac=ap+Q Xrgp+t QX (Q Xrgp) +2Q X (Ve/0)ry: T (Ac/0)xy:
)

It will be simpler to express all the vectors in terms of their i, j, k
components rather than I, J, K components. Hence,

Motion of Motion of C with respect
moving reference to moving reference
Vo = 0 rc/o = {02i} m
ap = 0 (VC/O)xyz = {21} m/s
Q = {3k} rad/s (ac/0)y: = {3i} m/s?

Q = {—2k} rad/s?
The Coriolis acceleration is defined as
acor = 20 X (V¢/0)ry: = 2(—3k) X (2i) = {~12j} m/s Ans.

This vector is shown dashed in Fig. 16-33. If desired, it may be resolved
into I, J components acting along the X and Y axes, respectively.

The velocity and acceleration of the collar are determined by
substituting the data into Egs. 1 and 2 and evaluating the cross
products, which yields

ve = Vo + Q Xrcio + (Ve/0)xy:
=0 + (=3k) X (0.2i) + 2i
= {2i — 0.6j} m/s Ans.

ac=ap+ Q Xrcpo+ QX (Q Xrgp) + 22 X (Yej0)w: + (Ac/0)ry:
0 + (=2K) X (0.2i) + (=3Kk) X [(—=3k) X (020)] + 2(~3k) X (2i) + 3i

=0 — 04j — 1.80i — 12j + 3i
= {1.20i — 12.4j} m/s’ Ans.

401

Fig. 16-33
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EXAMPLE 16.19

Rod AB, shown in Fig. 16-34, rotates clockwise such that it has
an angular velocity wyp = 3rad/s and angular acceleration
aup = 4rad/s.2 when 6 = 45°. Determine the angular motion of
A in 4»\ / rod DE at this instant. The collar at C is pin connected to AB and

Y,y

slides over rod DE.
} —X, x
{ @Opp, App SOLUTION
' ous = 3rad/s Coordinate Axes. The origin of both the fixed and moving frames
aup = 4rad/s? of reference is located at D, Fig. 16-34. Furthermore, the x, y, z
reference is attached to and rotates with rod DFE so that the relative
A motion of the collar is easy to follow.

04m =

Kinematic Equations.

Flg. 16-34 Yc = Vp + QX rC/D s (VC/D)xyz (1)
ac=ap + Q Xrep + Q@ X (Q Xrep) + 29 X (Ve/p)yy: + (Ac/p)ryz
)
All vectors will be expressed in terms of i, j, k components.
Motion of Motion of C with respect
moving reference to moving reference
Vp = 0 Yc/p = {04i}m
ap = 0 (VC/D)xyz = (DC/D)xyzi
Q= _wDEk (aC/D)xyz = (aC/D)xyZi

Motion of C: Since the collar moves along a circular path of radius
AC, its velocity and acceleration can be determined using Egs. 16-9
and 16-14.

ac = ayp X Icjp — w/ZABrC/A
(—4Kk) X (0.4i + 0.4j) — (3)%(0.4i + 0.4j) = {—2i — 52§} m/s’

Substituting the data into Egs. 1 and 2, we have

ve = Vp + Q Xxeip + (Yep)ay:
1.2i = 1.2j = 0 + (—wpgk) X (0.4i) + (vc/p)yyid
1.2i — 12j = 0 — 04wpgj + (Ve/p)yd
(UC/D)xyz =12 m/s
wpr = 3rad/s ) Ans.
ac=ap + Q@ Xrep + QX (2 Xrep) + 20 X (Ye/p)ye + (Ac/p)ry:
—2i — 5.2 = 0 + (—apgk) X (0.4i) + (=3k) X [(=3K) X (0.4i)] + 2(=3K) X (1.2i) + (ac/p)yy
—2i — 52j = —04apgj — 3.6i — 72§ + (aC/D)xyz
(aC/D)xyz 1.6 m/s
ape = —5rad/s?> = Srad/s Ans.
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EXAMPLE 16.20

Planes A and B fly at the same elevation and have the motions
shown in Fig. 16-35. Determine the velocity and acceleration of A as
measured by the pilot of B.

SOLUTION

Coordinate Axes. Since the relative motion of A with respect to
the pilot in B is being sought, the x, y, z axes are attached to plane B,
Fig. 16-35. At the instant considered, the origin B coincides with the
origin of the fixed X, Y, Z frame.

Kinematic Equations.

Va=vVg + Q Xryp+ (Va/B)ry: (1)
ay =ag+ Q Xryp+ QX (Q Xryp)+ 2Q X (Vap)ey; T (a4/B)xy:
(2)
Motion of Moving Reference: Using i, j, k components, Wy
vz = {600j} km/h
% (600)?
(ap), = 2 = (400) = 900 km/h? 700 km/h‘
ag = (ag), + (ag), = {900i — 100j} km/h? o
vg 600 km/h A M R T
Q = 7 = m = 1.5rad/h ) Q = {-15k} rad/h ‘ 400 km
5 50 km/h? Fi“ km —
o — @) 10km/W oo d/Ry @ = {025k) rad/R2
—p—400km—.ra/'ﬁ = {0.25k} rad/
Motion of A with Respect to Moving Reference: Fig. 16-35

Y4B = {—4i} km (VA/B)xyz = ¥ (aA/B)xyZ =
Substituting the datainto Egs. 1 and 2, realizing thatv, = {700j} km/h
anda, = {50j} km/h% we have
Vg = Vg + Q Xy + (Va/B)ry:
700j = 600j + (—1.5k) X (—4i) + (Va/B)xy:
(VA/B)xyZ = {94j} km/h Ans.
ay =ag+ Q Xryp+ QX (Q Xryp)+ 20 X (Vap)ry; T (24/8)xy:
50§ = (900i — 100j) + (0.25k) X (—4i)
+ (—1.5k) X [(—1.5k) X (—4i)] + 2(—1.5k) X (94j) + (as/p)xy:
(aa/B)ry. = {—1191i + 151j} km/h? Ans.

NOTE: The solution of this problem should be compared with that of
Example 12.26, where it is seen that (vg/a)y: 7 (Va/B)xy, and

(aB/A)xyz # (aA/B)xyZ'
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. PROBLEMS

16-129. At the instant shown, ball B is rolling along
the slot in the disk with a velocity of 600 mm/s and an
acceleration of 150 mm/ s2, both measured relative to the
disk and directed away from O. If at the same instant the
disk has the angular velocity and angular acceleration
shown, determine the velocity and acceleration of the ball
at this instant.

b4
| = 6rad/s
« = 3rad/s?

Prob. 16-129

16-130. Particles B and A move along the parabolic and
circular paths, respectively. If B has a velocity of 7 m/s in
the direction shown and its speed is increasing at 4 m/s?,
while A has a velocity of 8 m/s in the direction shown and
its speed is decreasing at 6 m/sz, determine the relative
velocity and relative acceleration of B with respect to A.

y
y=x
B
© x
—> v =7m/s
2m
vy =8m/s
<l
A

Prob. 16-130

16-131. Water leaves the impeller of the centrifugal pump
with a velocity of 25 m/s and acceleration of 30 m/s?, both
measured relative to the impeller along the blade line AB.
Determine the velocity and acceleration of a water particle at
A as it leaves the impeller at the instant shown. The impeller
rotates with a constant angular velocity of @ = 15 rad/s.

Prob. 16-131
*16-132. The slider block B, which is attached to a cord,
moves along the slot of the horizontal circular disk. If the cord is
pulled down through the central hole A in the disk at a constant
rate of ¥ = —3 m/s, measured relative to the disk, determine
the acceleration of the block at the instant x = 0.1 m. The disk
has a constant angular velocity of w,, = 2rad/s.

16-133. Solve Prob. 16-132 assuming that at the instant
x=01m,%=-3m/s, ¥ = 125m/s% o, = 2 rad/s, and
the disk has an angular deceleration ar;, = —4 rad /s’.

wp =2rad/s

Probs. 16-132/133



16-134. Rod AB rotates counterclockwise with a constant
angular velocity @ = 3 rad/s. Determine the velocity of
point C located on the double collar when 6 = 30°. The
collar consists of two pin-connected slider blocks which are
constrained to move along the circular path and the rod AB.

16-135. Rod AB rotates counterclockwise with a constant
angular velocity @ = 3 rad/s. Determine the velocity and
acceleration of point C located on the double collar when
6 = 45°.The collar consists of two pin-connected slider blocks
which are constrained to move along the circular path and the
rod AB.

Probs. 16-134/135

*16-136. Block A, which is attached to a cord, moves along
the slot of a horizontal forked rod. At the instant shown,
the cord is pulled down through the hole at O with an
acceleration of 4 m/s? and its velocity is 2 m/s. Determine
the acceleration of the block at this instant. The rod rotates
about O with a constant angular velocity w = 4 rad/s.

Prob. 16-136

PROBLEMS 405

16-137. Collar B moves to the left with a speed of 5 m/s,
which is increasing at a constant rate of 1.5 m/s?, relative to
the hoop, while the hoop rotates with the angular velocity
and angular acceleration shown. Determine the magnitudes
of the velocity and acceleration of the collar at this instant.

o = 6rad/s
o =3rad/s?

45

Prob. 16-137

16-138. At the instant shown, rod AB has an angular
velocity w,p =3 rad/s and an angular acceleration
a,p = 5rad/s?. Determine the angular velocity and angular
acceleration of rod CD at this instant. The collar at C is
pin connected to CD and slides over AB.

wyp = 3rad/s
ayp = Srad/s’?

Prob. 16-138
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16-139. At the instant shown rod AB has an angular
velocity w,p = 4rad/s and an angular acceleration
asp = 2 rad/s>. Determine the angular velocity and
angular acceleration of rod CD at this instant. The collar at
Cis pin connected to CD and slides freely along AB.

Wpp = 4 rad/s

A ‘ ) a,p = 2rad/s?

60°

0.75m

Prob. 16-139

*16-140. The block B of the “quick-return” mechanism is
confirned to move within the slot in member CD. If AB is
rotating at a constant rate of w,z = 3 rad/s, determine the
angular velocity and angular acceleration of member CD at
the instant shown.

w,p = 3rad/s
B

Prob. 16-140

16-141. The wheel is rotating with the angular velocity
and angular acceleration at the instant shown. Determine
the angular velocity and angular acceleration of the rod
at this instant. The rod slides freely through the smooth
collar.

w =8 rad/s

o = 4 rad/s’
720 mm

Prob. 16-141

16-142. The disk rotates with the angular motion shown.
Determine the angular velocity and angular acceleration of
the slottted link AC at this instant. The peg at B is fixed to
the disk.

A

® = 6rad/s
a =10rad/s?

Prob. 16-142



16-143. A ride in an amusement park consists of a
rotating platform P, having a constant angular velocity
wp = 1.5rad/s, and four cars, C, mounted on the platform,
which have constant angular velocities wc/p = 2 rad/s
measured relative to the platform. Determine the velocity
and acceleration of the passenger at B at the instant
shown.

Prob. 16-143

*16-144. Peg B on the gear slides freely along the slot
in link AB. If the gear’s center O moves with the velocity
and acceleration shown, determine the angular velocity and
angular acceleration of the link at this instant.

Prob. 16-144

PROBLEMS 407

16-145. If the slider block C is fixed to the disk that has
a constant counterclockwise angular velocity of 4 rad/s,
determine the angular velocity and angular acceleration of
the slotted arm AB at the instant shown.

Prob. 16-145

16-146. At the instant shown, car A travels with a speed
of 25 m/s, which is decreasing at a constant rate of 2 m/s?,
while car C travels with a speed of 15 m /s, which is increasing
at a constant rate of 3 m/s. Determine the velocity and
acceleration of car A with respect to car C.

16-147. At the instant shown, car B travels with a speed
of 15 m/s, which is increasing at a constant rate of 2 m/s?,
while car C travels with a speed of 15 m /s, which is increasing
at a constant rate of 3 m/s?. Determine the velocity and
acceleration of car B with respect to car C.

Probs. 16-146/147
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. CHAPTER REVIEW

Rigid-Body Planar Motion | |

A rigid body undergoes three types of planar motion:
translation, rotation about a fixed axis, and general plane

motion.
| |

Translation Path of rectilinear translation

When a body has rectilinear translation, all the particles of
the body travel along parallel straight-line paths. If the paths
have the same radius of curvature, then curvilinear translation
occurs. Provided we know the motion of one of the particles,
then the motion of all of the others is also known.

Path of curvilinear translation

Rotation about a Fixed Axis

For this type of motion, all of the particles move along
circular paths. Here, all line segments in the body undergo
the same angular displacement, angular velocity, and angular

acceleration.
) ) ) Rotation about a fixed axis
Once the al}gular 1.110'[1011 of the body is }(nown, then the velocity © = do/dt © = wp + a
of any particle a distance r from the axis can be obtained. .
a = dw/dt or 0 =0, + ot + sadL’
The acceler?tion of any particle has two compqnents. adb = odo @ = Wb+ 20,0 — 0)
The tangential component accounts for the change in the
magnitude of the velocity, and the normal component accounts Constant e,
for the change in the velocity’s direction. v = wr a, = ar a, = w’r

General Plane Motion

When a body undergoes general plane motion, it
simultaneously translates and rotates. There are several
methods for analyzing this motion.

Absolute Motion Analysis

If the motion of a point on a body or the angular motion of
a line is known, then it may be possible to relate this motion
to that of another point or line using an absolute motion
analysis. To do so, linear position coordinates s or angular General plane motion
position coordinates 6 are established (measured from a
fixed point or line). These position coordinates are then
related using the geometry of the body. The time derivative
of this equation gives the relationship between the velocities
and/or the angular velocities. A second time derivative relates
the accelerations and/or the angular accelerations.
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Relative Motion Using Translating Axes

General plane motion can also be analyzed using a relative-
motion analysis between two points A and B located on
the body. This method considers the motion in parts: first
a translation of the selected base point A, then a relative
“rotation” of the body about point A, which is measured from a
translating axis. Since the relative motion is viewed as circular
motion about the base point, point B will have a velocity vg/4
that is tangent to the circle. It also has two components of
acceleration, (ag/4), and (ag;4),- It is also important to realize
that a4 and ag will have tangential and normal components if
these points move along curved paths.

VB:VA+le’B/A

Ap — Ay + a X rB/A - wer/A

Instantaneous Center of Zero Velocity

If the base point A is selected as having zero velocity, then
the relative velocity equation becomes vp = @ X rg/4.v
In this case, motion appears as if the body rotates about an
instantaneous axis passing through A.

The instantaneous center of rotation (/C) can be established
provided the directions of the velocities of any two points
on the body are known, or the velocity of a point and the
angular velocity are known. Since a radial line r will always
be perpendicular to each velocity, then the IC is at the point
of intersection of these two radial lines. Its measured location
is determined from the geometry of the body. Once it is
established, then the velocity of any point P on the body can
be determined from v = wr, where r extends from the IC to
point P.

’1)1C=0
ic

Relative Motion Using Rotating Axes

Problems that involve connected members that slide relative
to one another or points not located on the same body can be
analyzed using a relative-motion analysis referenced from a
rotating frame. This gives rise to the term 20 X (vg/4)y,, that
is called the Coriolis acceleration.

Vg =

ap =

va+ Q Xrgia + (V/a)sy:

aA-i-QXrB/A-l—QX(QXrB/A)-i-ZQ
X (VB/A)xyz + (aB/A)xyZ
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. REVIEW PROBLEMS

R16-1. Starting at (wy)o = 3rad/s, when 6, = 0,5 = 0,
pulley A is given an angular acceleration ay = (0.66,)
rad/s?, where 0, is in radians. Determine the speed of
block B when it has risen s = 0.5 m. The pulley has an inner
hub D which is fixed to C and turns with it.

T

N

Prob. R16-1

R16-2. 1If bar AB has an angular velocity w,z = 6rad/s,
determine the velocity of the slider block C at the instant
shown.

wyp = 6r1ad/s

Prob. R16-2

R16-3. The hoisting gear A has an initial angular velocity
of 60 rad/s and a constant deceleration of 1 rad/s’.
Determine the velocity and deceleration of the block W
which is being hoisted by the hub on gear B when ¢t = 3 s.

Prob. R16-3

R16-4. Atthe instant shown, the board has an acceleration
of 0.5 m/s” to the right, while at the same instant points
on the outer rim of each drum have an acceleration with
a magnitude of 3 m/s’. If the board does not slip on the
drums, determine its speed due to the motion.

a=0.5m/s?

250 mm 250 mm

il il

Prob. R16-4



R16-5. At the instant shown, link AB has an angular
velocity w, g = 2 rad/s and an angular acceleration
a,p = 6 rad/s%. Determine the acceleration of the pin at C
and the angular acceleration of link CB at this instant, when
6 = 60°.

wyp = 2rad/s
aApp = 6 I'ad/S2

Prob. R16-5

R16-6. At the given instant member AB has the angular
motions shown. Determine the velocity and acceleration of
the slider block C at this instant.

0.125m

/SA/ L 0125m
3
4

Prob. R16-6
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R16-7. The center of the pulley is being lifted vertically
with an acceleration of 4 m/s” at the instant it has a velocity
of 2 m/s. If the cable does not slip on the pulley’s surface,
determine the accelerations of the cylinder B and point C
on the pulley.

Prob. R16-7

R16-8. The disk is moving to the left such that it has an
angular acceleration o = 8rad/s> and angular velocity
o = 3rad/s at the instant shown. If it does not slip at A,
determine the acceleration of point B.

o = 3rad/s

| \ = 8 rad/s’

Prob. R16-8




CHAPTER 1 /

———

Motorcycles and other vehicles can be subjected to severe
dynamic loadings. In this chapter we will show how to
determine these loadings for planar motion.
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. CHAPTER OBJECTIVES

B To introduce the methods used to determine the mass moment
of inertia of a body.

m To develop the planar kinetic equations of motion for a symmetric
rigid body.

m To discuss applications of these equations to bodies undergoing
translation, rotation about a fixed axis, and general plane motion.

17.1 MASS MOMENT OF INERTIA

Since a body has a definite size and shape, an applied nonconcurrent
force system can cause the body to both translate and rotate. The
translational aspects of the motion were studied in Chapter 13 and are
governed by the equation F = ma. It will be shown in the next section
that the rotational aspects, caused by a moment M, are governed by an
equation of the form M = [a. The symbol [ in this equation is termed
the mass moment of inertia. This property is a measure of the resistance
of a body to angular acceleration (M = I«) in the same way that mass is
a measure of the body’s resistance to acceleration (F = ma).

413
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The flywheel on the engine of this tractor
has a large moment of inertia about its
axis of rotation. Once it is set into motion,
it will be difficult to stop, and this in turn
will prevent the engine from stalling
and instead will allow it to maintain a
constant power.

z We define the moment of inertia as the integral of the “second moment”
about an axis of all the elements of mass dm which compose the body.*
For example, the body’s moment of inertia about the z axis in Fig. 17-1 is

1= / rtdm (17-1)

Here the “moment arm” r is the perpendicular distance from the z axis to
the arbitrary element dm. Since the formulation involves r, the value of
r I will be different for each axis about which it is calculated. In the study
of planar kinetics, the axis most often chosen passes through the body’s
mass center G and is always perpendicular to the plane of motion. The
dm moment of inertia about this axis will be denoted as /. Since r is squared
in Eq. 17-1, the mass moment of inertia is always a positive quantity.
Common units used for its measurement are kg - m”.

If the body consists of material having a variable density, p = p (x,y,z),
the elemental mass dm of the body can be expressed in terms of its
density and volume as dm = p dV, Fig. 17-2a. Substituting dm into
Eq. 17-1, the body’s moment of inertia is then calculated using volume
elements for integration, i.e.,

Fig. 17-1

I= / r’pdV (17-2)
|4

* Another property of the body, which measures the symmetry of the body’s mass with
respect to a coordinate system, is the product of inertia. This property applies to the three-
dimensional motion of a body and will be discussed in Chapter 21.
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If p is constant, then this term may be factored out of the integral, and z
the integration is then simply a function of geometry, |

I= p/r2 av (17-3) oy dm=pdvV
v
When the volume element chosen for integration has infinitesimal &
dimensions in all three directions, Fig. 17-2a, then the moment of —y
inertia of the body must be determined using “triple integration.” - =<,
However, for bodies that have symmetry about an axis, as in Fig. 17-2, / y
the integration process can be simplified to a single integration. Here Y

a shell element, Fig. 17-2b, or disk element, Fig. 17-2¢, are often used
for this purpose.

. PROCEDURE FOR ANALYSIS

To obtain the moment of inertia by integration, we will consider
only symmetric bodies having volumes which are generated by
revolving a curve about an axis, as in Fig. 17-2a. Two types of
differential elements can be chosen. (b)

Shell Element.

e If a shell element having a height z, radius r = y, and thickness z
dy is chosen, Fig. 17-2b, then the volume is dV = (2my)(z)dy. L
y

e This element may be used in Eq. 17-2 or 17-3 for determining the
moment of inertia /, of the body about the z axis, since the entire
element, due to its “thinness,” lies at the same perpendicular
distance r = y from the z axis (see Example 171). T

Disk Element. l

e If a disk element having a radius y and a thickness dz is chosen,
Fig. 17-2c, then the volume is dV = (my?)dz. /

e This element is finite in the radial direction, and consequently
. . . . (c)
its parts do not all lie at the same radial distance r from the
z axis. As a result, Eq. 17-2 or 17-3 cannot be used to determine Fig. 17-2
I, directly. Instead, to perform the integration it is first necessary

to determine the moment of inertia of the element about the
z axis and then integrate this result (see Example 17.2). Refer to the companion website for Lecture @

Summary and Quiz videos.
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EXAMPLE 17.1

Determine the moment of inertia of the cylinder shown in Fig. 17-3a
about the z axis. The density of the material, p, is constant.

l
£

)

T @
i :
(@)
3 h ’ | }t '
X 2 X 2
= —
8 o

Fig. 17-3

SOLUTION

Shell Element. This problem will be solved using the shell element
in Fig. 17-3b and a single integration. The volume of the element is
dV = (2mr)(h) dr, so that its mass is dm = pdV = p(2whr dr). Since
the entire element lies at the same distance r from the z axis, the
moment of inertia of the element is

dl, = r’dm = p2mhr® dr

Integrating over the entire region of the cylinder, we have

R
I = /rzdm = p27'rh/ Pdr = %R“h
m 0

The mass of the cylinder is

R
m=/dm=p27'rh/ rdr = pwhR?
m 0

And so,

1. = —mR? Ans.
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EXAMPLE 17.2

If the density of the material is 2575 kg/m?®, determine the moment of
inertia of the solid in Fig. 17-4a about the y axis.

<«—0.3 m—

\
/

y?=0.3x

(a) (b)
Fig. 17-4

SOLUTION

Disk Element. The moment of inertia will be found using a disk
element, shown in Fig. 17-4b. Here the element intersects the curve at
the arbitrary point (x,y) and has a mass

dm = pdV = p(mwx?) dy

Although all portions of the element are not located at the same
distance from the y axis, it is still possible to determine the moment
of inertia dI, of the element about the y axis. In the preceding
example it was shown that the moment of inertia of a cylinder about
its longitudinal axis is / = 1mR? where m and R are the mass and
radius of the cylinder. Since the height is not involved in this formula,
the disk can be thought of as a cylinder. Thus, for the disk element in
Fig. 17-4b, we have

dl, = Ydm)x* = Y[p(mx?) dy]x?

10
Substituting x = ?yz, p = 2575 kg/m®, and integrating with respect
toy,fromy = 0toy = 0.3 m, we get

(2575 kg/m’) (3™, 7(2575)(10%) [03™
yT T 2 x dy
0

2(3% 0

MaAss MOMENT OF INERTIA

=— ysdy = 1.09 kg°m2 Ans.

417



418 CHAPTER 17 PLANAR KINETICS OF A RIGID BODY: FORCE AND ACCELERATION

Fig. 17-5

If the moment of inertia of the body
about an axis passing through the body’s mass center is known, then
the moment of inertia about any other parallel axis can be determined
by using the parallel-axis theorem. This theorem can be derived by
considering the body shown in Fig. 17-5. Here the z' axis passes through
the mass center G, whereas the corresponding parallel z axis lies at a
constant distance d away. Selecting the differential element of mass dm,
which is located at point (x',y’), and using the Pythagorean theorem,
r? = (d + x")* + y'?, we can express the moment of inertia of the body
about the z axis as

= /rzdm

/[(d +x')? + y?ldm

= /(x’2+y’2)dm +2d/x’dm+d2/dm

Since r'? = x'? + y'?, the first integral represents I;. The second
integral equals zero, since the z’ axis passes through the body’s mass
center, i.c., f x'dm = Xx'm = 0 since X' = 0. Finally, the third integral
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represents the total mass m of the body. Hence, the moment of inertia
about the z axis can be written as

I =15+ md? (17-4)

where
I; = moment of inertia about the z’ axis passing through the mass
center G
= mass of the body

m
d = perpendicular distance between the parallel z and z’ axes

Occasionally, the moment of inertia of a
body about a specified axis is reported in handbooks using the radius
of gyration, k. This is a geometrical property which has units of length.
When it and the body’s mass m are known, the body’s moment of inertia
is determined from the equation

I=mk?> or k= é (17-5)

Note the similarity between the definition of k in this formula and r in
the equation dI = r?>dm, which defines the moment of inertia of an
elemental mass dm of the body about an axis.

If a body consists of a number of simple
shapes such as disks, spheres, and rods, the moment of inertia of the body
about any axis can be determined by adding algebraically the moments
of inertia of all the composite shapes calculated about the axis. Algebraic
addition is necessary since a composite part must be considered as a
negative quantity if it has already been counted as a piece of another
part—for example, a “hole” subtracted from a solid plate. The parallel-
axis theorem is needed for the calculations if the center of mass of each
composite part does not lie on the axis about which the moment of
inertia is to be determined. For the calculation, then, I = 3(I5 + md?).
Here I for each of the composite parts is determined by integration, or
for simple shapes, such as rods and disks, it can be found from a table,
such as the one given on the inside back cover of this book.

MaAss MOMENT OF INERTIA

Refer to the companion website for Lecture
Summary and Quiz videos.
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CHAPTER 17

EXAMPLE 17.3

PLANAR KINETICS OF A RIGID BoDY: FORCE AND ACCELERATION

If the plate shown in Fig. 17-6a has a density of 8000 kg/m® and a
thickness of 10 mm, determine its moment of inertia about an axis
directed perpendicular to the page and passing through point O.

¥
4 »—125 mm
somn-fa 4 = ‘ - @

é Thickness 10 mm
(a) (b)
Fig. 17-6

SOLUTION

The plate consists of two composite parts, the 250-mm-radius disk
minus a 125-mm-radius disk, Fig. 17-6b. The moment of inertia about
O can be determined by calculating the moment of inertia of each
of these parts about O and then adding the results algebraically. The
calculations are performed by using the parallel-axis theorem in
conjunction with the data listed in the table on the inside back cover.

Disk. The moment of inertia of a disk about the centroidal axis
perpendicular to the plane of the disk is I; = %mrz. The mass center
of the disk is located at a distance of 0.25 m from point O. Thus,

my = pgVq = 8000 kg/m’ [(0.25 m)*(0.01 m)] = 15.71 kg
(o = 3mary + myd®
= 1(15.71 kg)(0.25 m)? + (15.71 kg)(0.25 m)?
= 1473 kg - m’
Hole. For the 125-mm-radius disk (hole), we have
my, = p,V;, = 8000 kg/m? [7(0.125 m)?(0.01 m)] = 3.927 kg
(Un)o = 3mury, + myd®
= 1(3.927 kg)(0.125 m)® + (3.927 kg)(0.25 m)?
= 0.276 kg - m?
The moment of inertia of the plate about point O is therefore

Io = (Is)o — (o
= 1473 kg-m?> — 0.276 kg - m?
= 120 kg-m? Ans.



17.1

EXAMPLE 17.4

The pendulum in Fig. 17-7 is suspended from the pin at O and consists
of two thin rods. Rod OA has a mass of 4.5 kg, and BC has a mass of
3.6 kg. Determine the moment of inertia of the pendulum about an axis
passing through (a) point O, and (b) the mass center G of the pendulum.

SOLUTION

Part (a). Using the table on the inside back cover, the moment of
inertia of rod OA about an axis perpendicular to the page and passing
through point O of the rod is I = %ml 2. Hence,

1 1
Vo) = gmz2 = 3(4.5kg)(06 m)> = 0.54 kg - m’

This same value can be obtained using I; = %ml2 and the parallel-
axis theorem.

1 1
Voo = Emﬂ + md® = 15 (45kg)(0.6 m)? + (4.5 kg)(0.3 m)®
= 0.54 kg m?

For rod BC we have
1 1
lise)e = Eml2 + md® = 15 (36 kg)(045 m)’ + (3.6 kg)(0.6 m)?
= 1357 kg - m?

The moment of inertia of the pendulum about O is therefore

Ip = 0.54 + 1.357 = 1.897 = 1.90 kg - m? Ans.

Part (b). The mass center G will be located relative to point O.
Assuming this distance to be y, Fig. 17-7, and using the formula for
determining the mass center, we have

Sym 03(4.5) + 0.6(3.6)

Y= 3m = a5+36 = 04¥m

The moment of inertia /; may be found in the same manner as /,,
which requires successive applications of the parallel-axis theorem
to transfer the moments of inertia of rods OA and BC to G. A more
direct solution, however, involves using the result for /, i.e.,

Ip =I5 + md* 1.897kg-m? = I; + (8.1 kg)(0.4333 m)*

I; = 0376 kg - m? Ans.

Mass MOMENT OF INERTIA 421

0.6 m
Gl*|—

A —
B 4 Hc
0225m " 0.225 m‘

Fig. 17-7

o

Refer to the companion website for a self quiz of these
Example problems.
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. PROBLEMS

17-1. The solid cylinder has an outer radius R, height #, 17-3. The right circular cone is formed by revolving the
and is made from a material having a density that varies shaded area around the x axis. Determine the moment of
from its center as p = k + ar?, where k and a are constants. inertia /, and express the result in terms of the total mass m
Determine the mass of the cylinder and its moment of of the cone. The cone has a constant density p.

inertia about the z axis.

a T y
—r —
y=o9 f
r
h | .
n |
| Prob. 17-3
Prob. 17-1
17-2. Determine the moment of inertia /, for the slender #17-4. Determine the moment of inertia of the thin ring
rod. The rod’s density p and cross-sectional area A are about the z axis. The ring has a mass 1.

constant. Express the result in terms of the rod’s total mass .

|
Prob. 17-2 Prob. 17-4



17-5. The paraboloid is formed by revolving the shaded
area around the x axis. Determine the radius of gyration k,.
The density of the material is p = 5 Mg/m>.

y* = 50x
\

000

~—— 200 mm

Prob. 17-5

17-6. Determine the mass moment of inertia I, of the
cone formed by revolving the shaded area around the z axis.
The total density of the material is p. Express the results in
terms of the mass m of the cone.

c= -y

X }‘77’*’

Prob. 17-6

PROBLEMS 423

17-7. Determine the moment of inertia I, of the torus.
The mass of the torus is m and the density p is constant.
Suggestion: Use a shell element.

Prob. 17-7

*17-8 Determine the moment of inertia of the semi
ellipsoid with respect to the x axis and express the result in
terms of the mass m of the semi ellipsoid. The material has
a constant density p.

a

Prob. 17-8
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17-9. The pendulum consists of a 2-kg disk and slender rods
AB and DC which have a mass per unit length of 2 kg/m.
Determine the length L of DC so that the center of mass
is at the bearing O. What is the moment of inertia of this
assembly about an axis perpendicular to the page and
passing through point O?

0.2 m

Prob. 17-9

17-10. Determine the moment of inertia I, of the frustum
of the cone, which has a conical depression. The material
has a density of 200 kg/m?.

Z

600 mm

400 mm

Prob. 17-10

17-11 The sphere is formed by revolving the shaded area
around the x axis. Determine the moment of inertia /, and
express the result in terms of the total mass m of the sphere.
The material has a constant density p.

y
)cz+yz=r2

Prob. 17-11

PLANAR KINETICS OF A RIGID BoDY: FORCE AND ACCELERATION

*17-12. The hemisphere is formed by rotating the shaded
area around the y axis. Determine the moment of inertia /,,
and express the result in terms of the total mass m of the
hemisphere. The material has a constant density p.

fxz+y2=r2

Prob. 17-12

17-13. The assembly is made of the slender rods that
have a mass per unit length of 3 kg/m. Determine the
mass moment of inertia of the assembly about an axis
perpendicular to the page and passing through point O.

0.4 m ]

|

| 0.8 m ~— 04 m —

Prob. 17-13

17-14. The wheel consists of a thin ring having a mass of
10 kg and four spokes made from slender rods and each
having a mass of 2 kg. Determine the wheel’s moment of
inertia about an axis perpendicular to the page and passing
through point A.

500 mm

cs

SR

Prob. 17-14



17-15. Determine the mass moment of inertia of the thin
plate about an axis perpendicular to the page and passing
through point O. The material has a mass per unit area of
20 kg/m?.

Prob. 17-15

*#17-16. 'The frustum is formed by rotating the shaded area
around the x axis. Determine the moment of inertia /, and
express the result in terms of the total mass m of the
frustum. The frustum has a constant density p.

Prob. 17-16

PROBLEMS 425

17-17. Determine the moment of inertia of the
homogeneous triangular prism with respect to the y axis.
Express the result in terms of the mass m of the prism.
Hint: For integration, use thin plate elements parallel to the
x—y plane and having a thickness dz.

z=_a_h(x—a)

bx (a

Prob. 17-17

17-18. Determine the location y of the center of mass G
of the assembly, and then calculate the moment of inertia
about an axis perpendicular to the page and passing through
G. The block has a mass of 3 kg and the semicylinder has a
mass of 5 kg.

17-19. Determine the moment of inertia of the assembly
about an axis perpendicular to the page and passing through
point O. The block has a mass of 3 kg and the semicylinder
has a mass of 5 kg.

}— 400 mm 4>‘ -

e < —»‘

0]
Probs. 17-18/19
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#17-20. Determine the moment of inertia about an axis
perpendicular to the page and passing through the pin at O.
The thin plate has a hole in its center. Its thickness is 50 mm,
and the material has a density p = 50 kg/m’.

Prob. 17-20

17-21. The pendulum consists of the 3-kg slender rod and
the 5-kg thin plate. Determine the location y of the center
of mass G of the pendulum; then calculate the moment of
inertia of the pendulum about an axis perpendicular to the
page and passing through G.

0.5m

—1m —

Prob. 17-21

17-22. Determine the moment of inertia of the overhung
crank about the x" axis. The material is steel having a density
of p = 7.85 Mg/m’.

20mm — ¥
30 mm
== MR o™
50 mm
X 180
20 mm

20 mma‘ }-m

mm

X' —
30 5nm

30 mmH

Prob. 17-22

17-23 Determine the moment of inertia of the overhung
crank about the x axis. The material is steel having a density
of p = 7.85 Mg/m’.

20mm ——f
90 mm Q
50 mm
X
20 mm
X' —
1 30 IJlm

20 mma‘ }‘—'50 mm 30 mmH

180

mm

Prob. 17-23
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17.2 PLANAR KINETIC EQUATIONS
OF MOTION

In the following analysis we will limit our study of planar kinetics to rigid
bodies which, along with their loadings, are considered to be symmetrical
with respect to a fixed reference plane.* Since the motion of the body can
be viewed within the reference plane, all the forces acting on the body can
then be projected onto the plane. An example of an arbitrary body of this
type is shown in Fig. 17-8a. Here the inertial frame of reference x, y, z has its
origin coincident with the arbitrary point P in the body. By definition, these
axes do not rotate and either are fixed or translate with constant velocity.

N «
™

G w
w
2 X
f B N
@
F;
(a)
Fig. 17-8

The external forces acting
on the body in Fig. 17-8a represent the effect of gravitational, electrical,
magnetic, or contact forces between adjacent bodies. Since this force system
has been considered previously in Sec. 13.3 for the analysis of a system of
particles, the resulting Eq. 13-5 can be used here for a rigid body, in which
case,

EF = mag

This equation is referred to as the translational equation of motion for
the mass center of a rigid body. It states that the sum of all the external
forces acting on the body is equal to the body’s mass times the acceleration
of its mass center G.

For motion of the body in the x—y plane, the translational equation of
motion may be written in the form of two independent scalar equations,
namely,

2Fx = m(aG)x
3 F, = m(ag),

* By doing this, the rotational equation of motion reduces to a rather simplified form. The
more general case of body shape and loading is considered in Chapter 21.

427
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y
F, . _
x—i—{ f
‘ fi
r y
17 l X
Particle free-body diagram
(b)
y
5 ‘ mga;
i
r Y
2 J X
Particle kinetic diagram
(©
y
L 4-‘ y
®
5]

(d)
Fig. 17-8 (cont.)

We will now determine the
effects caused by the moments of the external force system calculated
about an axis perpendicular to the plane of motion (the z axis) and
passing through point P. As shown on the free-body diagram of the ith
particle, Fig. 17-8b, F; represents the resultant external force acting on the
particle, and f; is the resultant of the internal forces caused by interactions
with adjacent particles. If the particle has a mass m; and its acceleration
is a;, then its kinetic diagram is shown in Fig. 17-8c. Summing moments
about point P, we require

r X F, +rXf,=r X ma
or
(Mp); = 1 X m;a;

The moments about P can also be expressed in terms of the acceleration
of point P, Fig. 17-8d. If the body has an angular acceleration e and
angular velocity e, then using Eq. 16-18 we have

(MP)i = nm;r X (aP +a Xr— (1)21')
= mr X ap+r X (aXr)— o*(r Xr)]

The last term is zero, since r X r = 0. Expressing the vectors as
Cartesian components and carrying out the cross-product operations
yields

(Mp)ik = mi{(xi + yj) X [(ap)ci + (ap)yj]
+ (xi + yj) X [k X (xi + yj)]}
(Mp)ik = m—y(ap), + x(ap), + ax® + ay’]k
L (Mp); = m[—y(ap), + x(ap), + ar’]

Letting m; — dm and integrating over the entire mass m of the body, we
obtain

csit=—( [vanan, ([ ean)an, + ([ )

Here X Mp represents only the moment of the external forces acting on
the body about point P. The resultant moment of the internal forces is
zero, since for the entire body these forces occur in equal and opposite
collinear pairs and thus the moment of each pair of forces about P
cancels. The integrals in the first and second terms on the right are used to
locate the body’s center of mass G with respect to P, since ym = f ydm
and xm = f x dm. See Fig. 17-8d. The last integral represents the body’s
moment of inertia about the z axis, i.e., [p = f r2dm. Thus,

(ZMp = —ym(ap), + xm(ap), + Ipa (17-6)
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Itis possible to reduce this equation to a simpler form if point P coincides
with the mass center G for the body. If this is the case, thenx =y = 0,
and therefore*

SMg = Iga (17-7)

This rotational equation of motion states that the sum of the moments
of all the external forces about the body’s mass center G is equal to the
product of the moment of inertia of the body about an axis passing through
G and the body’s angular acceleration.

Equation 17-6 can also be rewritten in terms of the x and y components
of a; and the body’s moment of inertia /. If point G is located at (X, y),
Fig. 17-8d, then by the parallel-axis theorem, Ip = I + m(x¥*> + y°).
Substituting into Eq. 17-6 and rearranging terms, we get

(ZMp = ym[—(ap), + ya] + xm[(ap), + Xa] + Iga  (17-8)

From the kinematic diagram of Fig. 17-8d, ap can be expressed in terms
of a; as

aGZap-i-aXf—wzf

(ag)id + (ag), = (ap)id + (ap),j + ak X (¥i + 7)) — *(Fi + 7))

Carrying out the cross product and equating the respective i and j
components yields the two scalar equations

(ag)y = (ap)y — ya — Xo’

(aG)y = (aP)y + Xa — wa

From these equations, [—(ap), + ya] = [—(ag), — ¥w’] and
[(ap), + Xa] = [(ag), + Yo]. Substituting these results into Eq. 17-8
and simplifying gives

(ZMp = —ym(ag), + xm(ag), + Iga (17-9)

This important result indicates that when moments of the external forces
shown on the free-body diagram are summed about point P, Fig. 17-8e,
they are equivalent to the sum of the “kinetic moments” of the components
of mag about P plus the “kinetic moment” of 15 e, Fig. 17-8f. Note that
I« can be treated as a free vector and therefore act at any point. It is
important to remember, however, that mag and /e are not the same
as a force or a couple moment. Instead, they are caused by the external
effects of forces and couple moments acting on the body. As a result, we
can therefore write Eq. 17-9 in a more general form as

EMP = E(Mk)p (17—10)

*It also reduces to a simpler form X Mp = Ipa if point P is a fixed point (see Eq. 17-16) or
if the acceleration of point P is directed along the line PG.
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17 X

wz
F; Free-body diagram

(e)

y
m(aG)y
%}*» V\Iga
G 17 mo
y
3 J

Kinetic diagram

()
Fig. 17-8 (repeated)

(a)
Fig. 17-9

To
summarize this analysis, three independent scalar equations can be
written to describe the general plane motion of a symmetrical rigid body.
They are

EFJC = m(aG)x
SF, = m(ag),
EMG - IGa
or
EMP = E(./‘/Lk)P (17—11)

When applying these equations, one should always draw a free-body
diagram, Fig. 17-8e, in order to account for the terms involved in X F,,
2F,,2Mg,or ZMp.Insome problems it may also be helpful to draw the
kinetic diagram for the body, Fig. 17-8f.This diagram graphically accounts
for the terms m(ag),, m(ag),, and I a. It is especially convenient when
used to determine the moment of these three components when applying

2 (M)p-

17.3 EQUATIONS OF MOTION:
TRANSLATION

When the rigid body in Fig. 17-9a undergoes a translation, all the
particles of the body have the same acceleration. Furthermore, @ = 0, in
which case the rotational equation of motion applied at point G reduces
to a simplified form, namely, > M = 0. Application of this and the force
equations of motion will now be discussed for each of the two types of
translation.

When a body is subjected to rectilinear
translation, all the particles of the body (slab) travel along parallel
straight-line paths. The free-body and kinetic diagrams are shown in
Fig. 17-9b. Since Isa = 0, only mag is shown on the kinetic diagram.
Hence, the equations of motion which apply in this case become

EFX = m(aG)x
3F, = m(ag), (17-12)
EMG =0
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.

(b)

It is also possible to sum moments about some other point on or off the
body, in which case the moment of mag; must be taken into account. For
example, if point A is chosen, which lies at a perpendicular distance d
from the line of action of mag, the following moment equation applies:

(F2My = Z(My) 45 My = (mag)d

Here the sum of moments of the external forces and couple moments
about A (XM ,, free-body diagram) equals the moment of mag about A
(2 (My) 4, kinetic diagram).

When a rigid body is subjected to
curvilinear translation, then all the particles of the body have the same
accelerations as they travel along curved paths, as noted in Sec.16.1. For
analysis, it is often convenient to use an inertial coordinate system having
an origin which coincides with the body’s mass center at the instant
considered, and axes which are oriented in the normal and tangential
directions to the path of motion, Fig. 17-9c. The three scalar equations of
motion are then

2Fn = m(aG)n
SF, = m(ag), (17-13)
EMG =0

If moments are summed about another point such as B, Fig. 17-9c,
then it is necessary to account for the moments, X (Jy)g, of the two
components m(ag), and m(ag), about this point. From the kinetic
diagram, & and e represent the perpendicular distances (or “moment
arms”) from B to the lines of action of the components. The required
moment equation therefore becomes

(+EMp = Z(My)p; IMp = e[m(ag)] — h[m(ag),]

C\“\] jlinear

T (aﬂg\ation

Fig. 17-9 (cont.)
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. PROCEDURE FOR ANALYSIS

Kinetic problems involving rigid-body translation can be solved
using the following procedure.

Free-Body Diagram.

The free-body and kinetic diagrams are e Establish the x, y or n, ¢ inertial coordinate system and draw
shown below. If moments are summed the free-body diagram in order to account for all the external
about the mass center, G, then X M¢ = 0. forces and couple moments that act on the body.

However, if moments are summed about . . .

point B then 7 +3SMp = mag(d). e The direction and sense of the acceleration of the body’s mass

center a; should be established.
e Identify the unknowns in the problem.

e If it is decided that the rotational equation of motion
SMp = 2 (My)p is to be used in the solution, then consider
drawing the kinetic diagram, since it graphically accounts for
the components m(ac),, m(ag), or m(ag);, m(ag), and is
therefore convenient for “visualizing” the terms needed in the
moment sum 3 () p.

Equations of Motion.

e Apply the three equations of motion in accordance with the
I | established sign convention.

e To simplify the analysis, the moment equation XM; = 0 can
be replaced by the more general equation SMp = 2 (My)p,
where point P is usually located at the intersection of the lines
of action of as many unknown forces as possible.

e If the body is in contact with a rough surface and slipping occurs,
use the friction equation F = w,/N. Remember, F always acts
on the body so as to oppose the motion of the body relative to
the surface it contacts.

Kinematics.

e Use kinematics to determine the velocity and position of the
body.

e For rectilinear translation with variable acceleration

ag = dvG/dt ngdSG = UGdUG
e For rectilinear translation with constant acceleration
_ 2 _ 2
vg = (vg)o + agt vG = (v6)5 + 2ag[s¢ — (56l
_ 1. 2
s¢ = (Sg)o + (v6)ot + za6t
e For curvilinear translation
_ .2
@) = vg/p
Refer to the companion website for Lecture (aG) d’UG / dt (aG) dSG = Vg d'UG
t t

Summary and Quiz videos.
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EXAMPLE 17.5

The car shown in Fig. 17-10a has a mass of 2 Mg and a center of mass
at G. Determine the acceleration if the rear “driving” wheels are
always slipping, whereas the front wheels are free to rotate. Neglect
the mass of the wheels. The coefficient of kinetic friction between the
wheels and the road is u; = 0.25.

SOLUTION |

Free-Body Diagram. As shown in Fig. 17-10b, the rear-wheel
frictional force Fp pushes the car forward, and since slipping occurs,
Fy = 0.25N3. The frictional forces acting on the front wheels are zero,
since these wheels have negligible mass.* There are three unknowns
in this problem, N, Ng, and ag.

Equations of Motion. Here we will sum moments about the mass
center. The car (point G) accelerates to the left, i.e., in the negative x
direction, Fig. 17-10b.

& 3F, = m(ag)y; —0.25N = —(2000 kg)ag 1)
+13F, = m(ag),; N, + Ny — 2000(9.81) N = 0 ©)
(+3SMg = 0; —N,4(1.25m) — 0.25N(0.3 m) + Ng(0.75m) = 0 (3)
Solving,

ag = 1.59m/s* «— Ans.
N, = 6.88kN
Np = 12.7kN

SOLUTION I

Free-Body and Kinetic Diagrams. If the “moment” equation is
applied about point A, then the unknown N, will be eliminated from
the equation. To “visualize” the moment of mag about A, we will
include the kinetic diagram as part of the analysis, Fig. 17-10c.

Equation of Motion.
(+3M, = S(My)s;  Np(2m) — [2000(9.81) N](1.25 m) =
(2000 kg)ag(0.3 m)

Solving this and Eq. 1 for ag; leads to a simpler solution than that
obtained from Eqs. 1 to 3.

*With negligible wheel mass, /o = 0 and the frictional force at A required to turn
the wheel is zero. If the wheels’ mass were included, then the solution would be
more involved, since a general-plane-motion analysis of the wheels would have to be
considered (see Sec. 17.5).

125m 075m
(2)

(c)
Fig. 17-10
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EXAMPLE 17.6

The motorcycle shown in Fig. 17-11a has a mass of 125 kg and a center
of mass at G, while the rider has a mass of 75 kg and a center of mass
at G,. Determine the minimum coefficient of static friction between
the wheels and the pavement in order for the rider to do a “wheely,”
i.e., lift the front wheel off the ground as shown in the photo. What
acceleration is necessary to do this? Neglect the mass of the wheels
and assume that the front wheel is free to roll.

735.75N

ls 122625 N

SOLUTION

Free-Body and Kinetic Diagrams. In this problem we will consider
both the motorcycle and the rider as a single system. It is possible first to
determine the location of the center of mass for this “system” by using
the equations x = XXm/3m and y = Xym/Zm. Here, however, we
will consider the weight and mass of the motorcycle and rider separately
as shown on the free-body and kinetic diagrams, Fig. 17-11b. Both of
these parts move with the same acceleration. We have assumed that the
front wheel is about to leave the ground, so that the normal reaction
N, = 0.The three unknowns in the problem are N, Fg, and ag.

b
Fig(. 1)7_11 Equations of Motion.

£ 3F, = m(ag)y Fy = (75kg + 125kg)ag

+13F, = m(ag),; Np — 735775N — 122625N = 0

(tEMp = S(My)p; —(735.75 N)(0.4 m) — (1226.25N)(0.8 m) =
—(75kg ag)(0.9 m) — (125 kg as)(0.6 m)

Solving,
ac = 895 m/s2 — Ans.
Np = 1962 N
Fz = 1790 N

Thus the minimum coefficient of static friction is

Fp 1790 N
(Ms)min =~ =
Np 1962 N

= 0.912 Ans.
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EXAMPLE 17.7

The 100-kg beam BD shown in Fig. 17-12a is suspended from two rods
having negligible mass. Determine the force developed in each rod if A\.,/( o cle
at the instant # = 30°, 0 = 6 rad/s.

0 =30°
SOLUTION 0.5 m ) G )
Free-Body and Kinetic Diagrams. The beam moves with \ 3 . \J]
curvilinear translation since all points on the beam move along N BF F ""4D
circular paths, each path having the same radius of 0.5 m, but different 04m—p—04m
centers of curvature. Using normal and tangential coordinates, the (a)

free-body and kinetic diagrams for the beam are shown in Fig. 17-12b.
Because of the translation, G has the same motion as the pin at B,
which is connected to both the rod and the beam. Note that the
tangential component of acceleration acts downward to the left due
to the clockwise direction of e, Fig. 17-12¢. Furthermore, the normal
component of acceleration is always directed toward the center of
curvature (toward point A for rod AB). Since the angular velocity of
AB is 6 rad/s when 6§ = 30°, then

(ag), = w’r = (6rad/s)*(0.5m) = 18 m/s?

The three unknowns are Tz, Tp, and (ag),.

100 kg(ag),
T % 30° 300, Tow 30
-
¢ J
F 04m-—}-—04m 4 /
¥ 100 kg(ag),
981 N
(b)
Equations of Motion. Fig. 17-12
+N\3F, = m(ag),; Ty + Tp — 981 cos 30° N = 100 kg(18 m/s?) (1)
+Y3F, = m(ag);  981sin30° = 100 kg(ag), ()

(tZMs =0; —(Tgcos30°)(0.4m) + (Tpcos30°)(0.4m) =0 (3)
Simultaneous solution of these three equations gives
Tg = Tp = 1.32kN Ans.

(ag), = 4.905 m/s? @

NOTE: It is also possible to apply the equations of motion along A - -
. 2 ) i Refer to the companion website for a self quiz of these
horizontal and vertical x, y axes, but the solution becomes more involved. Example problems.
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. FUNDAMENTAL PROBLEMS

PLANAR KINETICS OF A RIGID BoDY: FORCE AND ACCELERATION

F17-1. The cart and its load have a total mass of 100 kg.
Determine the acceleration of the cart and the normal
reactions on the pair of wheels at A and B. Neglect the
mass of the wheels.
100 N
NS
4

12m | Iiu

G\—” 0.5T m
B A |

03m"04m" 06m Prob. F17-1
[17-2. If the 80-kg cabinet is allowed to roll down the
inclined plane, determine the acceleration of the cabinet
and the normal reactions on the pair of rollers at A and B
that have negligible mass.

Prob. F17-2
I'17-3.  The 10-kg link AB is pinned to a moving frame at A
and held in a vertical position by means of a string BC
which can support a maximum tension of 50 N. Determine
the maximum acceleration of the frame without breaking
the string. What are the corresponding components of
reaction at the pin A?

e
g .
0.9 m
T ol
1.2m

Prob. F17-3

~-0.9m

['17-4.  Determine the maximum acceleration of the truck
without causing the 100-kg assembly to move relative to the
truck. Also what is the corresponding normal reaction on
legs A and B? The assembly has a mass center at G and the
coefficient of static friction between its legs and the truck
bed is uy=0.2.

F.6_rg 0.9m ‘

Prob. F17-4
F17-5. At the instant shown both rods of negligible
mass swing with a counterclockwise angular velocity of
o = 5rad/s, while the 50-kg bar is subjected to the 100-N
horizontal force. Determine the tension developed in the
rods and the angular acceleration of the rods at this instant.

A Cc
Fo =5 rad/s

1.5m

100N, B D

-G (ﬂ

’l\_l
e tm—] s

'17-6. At the instant shown, rod CD rotates with an
angular velocity of w = 6 rad/s. If it is subjected to a couple
moment M = 450 N - m, determine the force developed in
rod AB, the horizontal and vertical component of reaction
on pin D, and the angular acceleration of rod CD at this
instant. The bar has a mass of 50 kg and center of mass at G.
Neglect the mass of rods AB and CD.

0.1m

M = 450 N-m Prob. F17-6
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All solutions must include a free-body diagram and a
kinetic diagram.

*17-24. The jet aircraft has a total mass of 22 Mg and a
center of mass at G. Initially at takeoff the engines provide
a thrust 27 = 4kN and 7' = 1.5kN. Determine the
acceleration of the plane and the normal reactions on the
nose wheel at A and each of the two wing wheels located at
B. Neglect the mass of the wheels and, due to low velocity,
neglect any lift caused by the wings.

'’ a R G
—T—>:|T_\» nnn--nﬂ- [
55 — e — . 2m
D m
23 m - A
3 mef—6m—
Prob. 17-24

17-25. A force of P = 300 N is applied to the 60-kg cart.
Determine the reactions at both the wheels at A and both
the wheels at B. Also, what is the acceleration of the cart?
The mass center of the cart is at G.

17-26. Determine the largest force P that can be applied
to the 60-kg cart, without causing one of the wheel reactions,
either at A or at B, to be zero. Also, what is the acceleration
of the cart? The mass center of the cart is at G.

P

30°
5 "0 Q00208 0 OFPCoD

0.Jm e f

)
<—>P 03m — 02m

0.08 m

Probs. 17-25/26

17-27. The bicycle and rider have a mass of 80 kg with
center of mass located at G. If the coefficient of kinetic
friction at the rear tire is up = 0.8, determine the normal
reactions at the tires A and B, and the deceleration of
the rider, when the rear wheel locks for braking. What is
the normal reaction at the rear wheel when the bicycle
is traveling at constant velocity and the brakes are not
applied? Neglect the mass of the wheels.

*17-28. The bicycle and rider have a mass of 80 kg with center
of mass located at G. Determine the minimum coefficient of
kinetic friction between the road and the wheels so that the
rear wheel B starts to lift off the ground when the rider applies
the brakes to the front wheel. Neglect the mass of the wheels.

Probs. 17-27/28

17-29. The trailer with its load has a mass of 150-kg and
a center of mass at G. If it is subjected to a horizontal force
of P = 600N, determine the trailer’s acceleration and the
normal force on the pair of wheels at A and at B. The wheels
are free to roll and have negligible mass.

Prob. 17-29
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17-30. The uniform girder AB has a mass of 8 Mg.
Determine the internal axial, shear, and bending-moment
loadings at the center of the girder if a crane gives it an
upward acceleration of 3 m/s.

Prob. 17-30

17-31. At the start of takeoff, the propeller on the 2-Mg
plane exerts a horizontal thrust of 600 N on the plane.
Determine the plane’s acceleration and the vertical
reactions at the nose wheel A and each of the o wing
wheels B. Neglect the lifting force of the wings since the
plane is originally at rest. The mass center is at G.

PLANAR KINETICS OF A RIGID BoDY: FORCE AND ACCELERATION

*17-32. 'The sports car has been designed so that the 260-kg
engine E and 165-kg transmission 7" have been placed over
the front and rear wheels, respectively. Their mass centers
are located at G and G7. The mass center of the remaining
512-kg body and frame is located at G, If power is supplied
to the rear wheels only, determine the shortest time it takes
for the car to reach a speed of 80 km/h, starting from rest.
The front wheels are free rolling, and the coefficient of static
friction between the powered wheels and the road is u, = 0.4.
Neglect the mass of the wheels and driver.

Prob. 17-32

17-33. The motorcycle and rider have a total mass of
900 kg and mass center at G. If it is traveling up the slope
with a constant acceleration of 3 m/s?, determine the
normal reactions on the front and rear wheels. Also, what
is the required friction force developed on the rear wheel?
The front wheel is free to roll.

17-34. The motorcycle and rider have a total mass of
900 kg and mass center at G. Determine the minimum
coefficient of static friction between the rear wheel and the
slope in order for the rider to perform a “wheely,” that is, to
begin to lift the front wheel off the road. Also, what is the
corresponding acceleration? The front wheel is free to roll.

Prob. 17-31

Probs. 17-33/34



17-35. The crate of mass m is supported on a cart of
negligible mass. Determine the maximum force P that
can be applied a distance d from the cart bottom without
causing the crate to tip on the cart.

d

AR =B |
©) O,
Prob. 17-35

#17-36. The assembly has a mass of 8 Mg and is hoisted
using the boom and pulley system. If the winch at B draws
in the cable with an acceleration of 2 m/ 2, determine the
compressive force in the hydraulic cylinder needed to
support the boom. The boom has a mass of 2 Mg and mass
center at G.

17-37. The assembly has a mass of 4 Mg and is hoisted
using the winch at B. Determine the greatest acceleration of
the assembly so that the compressive force in the hydraulic
cylinder supporting the boom does not exceed 180 kN. What
is the tension in the supporting cable? The boom has a mass
of 2 Mg and mass center at G.

Probs. 17-36/37

PROBLEMS 439

17-38. 'The bar has a weight per length w and is supported
by the smooth collar. If it is released from rest, determine
the internal normal force, shear force, and bending moment
in the bar as a function of x.

Prob. 17-38

17-39. A 75-kg man and 40-kg girl sit on the seesaw, which
has negligible mass. At the instant the man lifts his feet
from the ground, determine their accelerations if each sits
upright, i.e., they do not rotate. The centers of mass of the
man and girl are at G,, and G, respectively.

Prob. 17-39
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*17-40. The 150-kg uniform crate rests on the 10-kg cart.
Determine the maximum force P that can be applied to the
handle without causing the crate to tip on the cart. Slipping
does not occur.

17-41. The 150-kg uniform crate rests on the 10-kg cart.
Determine the maximum force P that can be applied to the
handle without causing the crate to slip or tip on the cart.
The coefficient of static friction between the crate and cart
is ug = 0.2.

Probs. 17-40/41

17-42. The uniform crate has a mass of 50 kg and rests
on the cart having an inclined surface. Determine the
smallest acceleration that will cause the crate either to tip
or slip relative to the cart. What is the magnitude of this
acceleration? The coefficient of static friction between the
crate and cart is u, = 0.5.

Prob. 17-42

PLANAR KINETICS OF A RIGID BoDY: FORCE AND ACCELERATION

17-43. The uniform bar of mass m is pin connected to the
collar, which slides along the smooth horizontal rod. If
the collar is given a constant acceleration of a, determine the
bar’s inclination angle 6. Neglect the collar’s mass.

AL

Prob. 17-43

*17-44. A man stands in the aisle of a moving train. If the
coefficient of static friction between his shoes and the floor
is s =0.5, and he has a mass of 85 kg, with center of mass at
G, determine the smallest train acceleration to the right to
cause the man to either slide or tip. Assume the man holds
himself rigid.

300 mm

Prob. 17-44



17-45. The drop gate at the end of the trailer has a mass
of 1.25 Mg and mass center at G. If it is supported by the
cable AB and hinge at C, determine the tension in the cable
when the truck begins to accelerate at 5 m/ s2. Also, what
are the horizontal and vertical components of reaction at
the hinge C?

17-46. The drop gate at the end of the trailer has a mass
of 1.25 Mg and mass center at G. If it is supported by the
cable AB and hinge at C, determine the maximum
deceleration of the truck so that the gate does not begin
to rotate forward. What are the horizontal and vertical
components of reaction at the hinge C?

Probs. 17-45/46

17-47. Determine the greatest possible acceleration of the
975-kg race car so that its front tires do not leave the ground
and none of the tires slip on the track. The coefficients
of static and kinetic friction are w, = 0.8 and u; = 0.6,
respectively. Neglect the mass of the tires. The car has rear-
wheel drive and the front tires are free to roll.

*17-48. Determine the greatest possible acceleration of
the 975-kg race car so that its front wheels do not leave
the ground and none of the tires slip on the track. The
coefficients of static and kinetic friction are p, = 0.8 and
i = 0.6, respectively. Neglect the mass of the tires. The car
has four-wheel drive.

Probs. 17-47/48

PROBLEMS 441

17-49. The pipe has a mass of 800 kg and is being
towed behind the truck. If the acceleration of the truck is
a, = 0.5m/s?, determine the angle # and the tension in the
cable. The coefficient of kinetic friction between the pipe
and the ground is u;, = 0.1.

17-50. The pipe has a mass of 800 kg and is being
towed behind a truck. If the angle 6 = 30°, determine
the acceleration of the truck and the tension in the cable.
The coefficient of kinetic friction between the pipe and the
ground is pu; = 0.1.

Probs. 17-49/50

17-51. If the cart’s mass is 30 kg and it is subjected to a
horizontal force of P =90 N, determine the tension in cord
AB and the horizontal and vertical components of reaction
on end C of the uniform 15-kg rod BC.

*]17-52. If the cart’s mass is 30 kg, determine the horizontal
force P that should be applied to the cart so that the cord AB
just becomes slack. The uniform rod BC has a mass of 15 kg.

Probs. 17-51/52
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17-53. The 100-kg uniform crate C rests on the elevator
floor where the coefficient of static friction is u, = 0.4.
Determine the largest initial angular acceleration «, starting
from rest at § = 90°, without causing the crate to slip. No
tipping occurs.

Prob. 17-53

17-54. The two uniform 4-kg bars DC and EF are fixed
(welded) together at E. Determine the normal force N,
shear force Vi, and moment My, which DC exerts on EF
at E if at the instant § = 60° BC has an angular velocity
o =2rad/s and an angular acceleration o = 4 rad/s’
as shown.

1.5m

« = 4rad/s?
w=2rad/s

Prob. 17-54

PLANAR KINETICS OF A RIGID BoDY: FORCE AND ACCELERATION

17-55. If the hydraulic cylinder BE exerts a vertical
force of F = 1.5 kN on the platform, determine the force
developed in links AB and CD at the instant § = 90°. The
platform is at rest when 6 = 45°. Neglect the mass of the
links and the platform. The 200-kg crate does not slip on
the platform.

E
/\ 3m
B
— S
1 ml—e — °D 3m
~~2m —~ g
C
Prob. 17-55

*17-56. The arched pipe has a mass of 80 kg and rests
on the surface of the platform for which the coefficient of
static friction is uy = 0.3. Determine the greatest angular
acceleration « of the platform, starting from rest when
0 = 45°, without causing the pipe to slip on the platform.

200 mm
o\
0o N\
=

Prob. 17-56
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17.4 EQUATIONS OF MOTION:
ROTATION ABOUT A FIXED AXIS

Consider the rigid body (or slab) shown in Fig. 17-13a, which is constrained
to rotate in the vertical plane about a fixed axis perpendicular to the page and
passing through the pin at O. The angular velocity and angular acceleration
are caused by the external force and couple moment system acting on the
body. Because the body’s center of mass G moves around a circular path,
the acceleration of this point is best represented by its tangential and normal
components. The tangential component of acceleration has a magnitude
of (ag); = arg and must act in a direction which is consistent with the
body’s angular acceleration a. The magnitude of the normal component of
acceleration is (ag), = w’rg. This component is always directed from point
G towards O, regardless of the rotational sense of w.

The free-body and kinetic diagrams for the body are shown in Fig. 17-13b.
The two components m(ag), and m(ag),,, shown on the kinetic diagram, are
associated with the tangential and normal components of acceleration of the
body’s mass center. The /5 e vector acts in the same direction as & and has
a magnitude of /5. From the derivation given in Sec. 17.2, the equations of
motion which apply to the body can be written in the form

SFE, = m(ag), = mw'rg

SF, = m(ag); = marg (17-14)
EMG: IG(I

The moment equation can be replaced by a moment summation about
any arbitrary point P on or off the body provided one accounts for the
moments %, (My)p produced by I, m(ag),, and m(ag), about the point.

Often it is convenient to
sum moments about the pin at O in order to eliminate the unknown
force Fy. From the kinetic diagram, Fig. 17-13b, this requires
(+IMp = Z(My)o: SMo = rem(ag), + Ig (17-15)
The moment of m(ag), is not included here since the line of action of
this vector passes through O. Substituting (as); = rga, we may rewrite
the above equation as (+3M, = (I + mry)a. From the parallel-
axis theorem, I, = I + md?, and therefore the term in parentheses
represents the moment of inertia of the body about the fixed axis of
rotation passing through O.* Consequently, we can also write the three
equations of motion for the body as

SE, = m(ag), = mw'rg
SF, = m(ag), = marg (17-16)
EMO = Io()é

i

When using these equations, remember that “/pa” accounts for the
“moment” of both m(ag), and I;a about point O, Fig. 17-13b. In other
words, XMy = (M) o = Ipc.

*The result XM, = Ina can also be obtained directly from Eq. 17-6 by selecting point P to
coincide with O, realizing that (ap), = (ap), = 0.

443
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The crank on the oil-pumping rig undergoes
rotation about a fixed axis which is caused by
adriving torque M of the motor. The loadings
shown on the free-body diagram cause
the effects shown on the kinetic diagram.
If moments are summed about the mass
center, G, then XMy = Ioa. However, if
moments are summed about point O, noting
that (ag), = ad, then (+3ZMy=Iga+
m(ag),d + m(ag),(0) =(Ig + md*)a = Iya.

Refer to the companion website for Lecture
Summary and Quiz videos.

PLANAR KINETICS OF A RIGID BoDY: FORCE AND ACCELERATION

- PROCEDURE FOR ANALYSIS

Kinetic problems which involve the rotation of a body about a
fixed axis can be solved using the following procedure.

Free-Body Diagram.

e Establish the inertial n, ¢t coordinate system and specify the
direction and sense of the accelerations (ag), and (ag),; and the
angular acceleration « of the body. Recall that (a;), must act in
a direction which is in accordance with the rotational sense of a,
whereas (a;), always acts toward the axis of rotation, point O.

e Draw the free-body diagram to account for all the external
forces and couple moments that act on the body.

e Determine the moment of inertia /5 or /.
e Identify the unknowns in the problem.

e If it is decided that the rotational equation of motion
SMp = 3 (My)p is to be used, i.e., P is a point other than G
or O, then consider drawing the kinetic diagram in order to
help “visualize” the “moments” developed by the components
m(ag),, m(ag);, and I;a when writing the terms for the
moment sum 3 () p.

Equations of Motion.
e Apply the three equations of motion in accordance with the
established sign convention.

e [f moments are summed about the body’s mass center, G, then
SMg = Iga,since (mag), and (mag), create no moment about G.

e [f moments are summed about the pin support O on the axis of
rotation, then (mag), creates no moment about O, and it can
be shown that XM, = [pa.

Kinematics.
e Use kinematics if a complete solution cannot be obtained
strictly from the equations of motion.

e If the angular acceleration is variable, use

o

do _dw
T U

a—E adl = wdow

e If the angular acceleration is constant, use

= wg T a.t
= 00 + (I)Ot + %actz
o’ = w} + 2a.0 — 6y)

>
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EXAMPLE 17.8

The unbalanced 25-kg flywheel shown in Fig. 17-14a has a radius of
gyration of k; = 0.18 m about an axis passing through its mass center
G. If it is released from rest, determine the horizontal and vertical
components of reaction at the pin O at the instant.

SOLUTION

Free-Body and Kinetic Diagrams. Since G moves in a circular path,
it will have both normal and tangential components of acceleration.
Also, since a, which is caused by the flywheel’s weight, acts clockwise,
the tangential component of acceleration must act downward. Why?
Since w = 0, only m(ag); = marg and I are shown on the kinetic
diagram in Fig. 17-14b. Here, the moment of inertia about G is

I = mk% = (25kg)(0.18 m)?> = 0.81 kg - m?
The three unknowns are O,,, O,, and «.
Equations of Motion.
& SF, = morg; 0,=0 Ans.

+l3F, = marg; -0, + 25(9.81)N = (25kg)(«)(0.15m) (1)

1+3Mg = Iga; 040.15m) = (0.81 kg m?*)a
Solving,
a =268rad/s*> O, = 145N Ans.

Moments can also be summed about point O in order to eliminate O,
and O, and thereby obtain a direct solution for e, Fig. 17-14b. This can
be done in one of two ways.

[+IMo = Z(My)os
[25(9.81) N](0.15m) = (0.81 kg m?)a + [ (25 kg)a(0.15 m) |(0.15 m)

24525 N(0.15m) = 1.3725« ©)

If My = Ipa is applied, then by the parallel-axis theorem the
moment of inertia of the flywheel about O is

Ip = I + mry = 0.81 + (25)(0.15)* = 1.3725 kg - m?
Hence,
1+3Mpy = Ipa; (24525N)(0.15m) = (1.3725 kg - m?)a

which is the same as Eq. 2. Solving for a and substituting into Eq. 1
yields the answer for O, obtained previously.

(a)

0/ 2509.81) N

(b)
Fig. 17-14

445
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EXAMPLE 17.9

0, \60N - m
< ) )

G
0/

! 1.5 m—

G

y

mwzr G

20(9.81) N

\IGa

O -—

o

G

(b)
Fig. 17-15

5)

marg

At the instant shown in Fig. 17-15a, the 20-kg slender rod has an
angular velocity of @ = 5 rad/s. Determine the angular acceleration
and the horizontal and vertical components of reaction of the pin on
the rod at this instant.

) ) |o=>5rad/s
L )

(a)

SOLUTION

Free-Body and Kinetic Diagrams. Fig. 17-15b. As shown on the
kinetic diagram, point G moves around a circular path and so it has
two components of acceleration. It is important that the tangential
component a, = arg act downward since it must be in accordance
with the rotational sense of a. The three unknowns are O,,, O,, and «.

Equation of Motion.
ESF, = mo*rg; 0, = (20 kg)(5 rad/s)?(1.5 m)
+3F, = marg; -0, + 20(9.81) N = (20 kg)()(1.5 m)
1+3Mg = Iga; 0(1.5m) + 60N-m = [£5(20 kg)(3m)? |«
Solving

0,=750N O,=19.05N « = 590rad/s’ Ans.

A more direct solution to this problem would be to sum moments
about point O to eliminate O,, and O, and obtain a direct solution for «.
Here,

1+3My = 3(Mp)p;  60N-m + 20(9.81) N(1.5m) =
[ 520 kg)(3m)? Ja + [20 kg(a)(1.5 m)](1.5 m)
a = 5.90 rad /s Ans.
Also, since I, = 1mi? for a slender rod, we can apply
1+3Mp = Ipa; 60N-m + 20(9.81) N(1.5m) = [$(20 kg)(3 m)? |«
a = 5.90 rad /s Ans.

NOTE: By comparison, the last equation provides the simplest solution
for @ and does not require use of the kinetic diagram.
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EXAMPLE 17.10

The drum shown in Fig. 17-16a has a mass of 60 kg and a radius of
gyration ko = 0.25 m. A cord of negligible mass is wrapped around the
periphery of the drum and attached to a block having a mass of 20 kg.
If the block is released, determine the drum’s angular acceleration.

SOLUTION |
Free-Body Diagram. Here we will consider the drum and block
separately, Fig. 17-16b. Assuming the block accelerates downward at a,
then it creates a counterclockwise angular acceleration « of the drum.
The moment of inertia of the drum is

Ip = mk% = (60 kg)(0.25 m)> = 3.75 kg - m?
There are five unknowns, namely O,, O,, T, a, and a.

Equations of Motion. Moments will be summed about O to
eliminate O, and O,. For the drum and block, we have
(XM, = Ipa; 7(0.4m) = (3.75 kg - m%)« (1)
+13F, = m(ag)y; —20(9.81) N + T = —(20 kg)a ()
Kinematics. Since the point of contact A between the cord and
drum has a tangential component of acceleration a, then
(+a = ar; a = «(0.4 m) 3)
Solving the above equations,
T =106Na = 452 m/s’

a = 11.3rad/s>y Ans.
SOLUTION I
Free-Body and Kinetic Diagrams. The cable tension 7 can be
eliminated from the analysis by considering the drum and block as a

single system, Fig. 17-16¢. The kinetic diagram is shown since moments
will be summed about point O.

Equations of Motion. Using Eq. 3 and applying the moment
equation about O to eliminate the unknowns O, and O, we have

(+3Mp = S(My)o; [20(9.81) N] (0.4 m) =
(3.75 kg m*)a + [20 kg(a 0.4 m)](0.4 m)
a = 11.3rad/s*y Ans.

NOTE: If the block were removed and a force of 20(9.81) N were
applied to the cord, show that @ = 20.9 rad/s?. This value is larger than
our result since the block has an inertia, or resistance to acceleration.

60 (9.81) N

Yoo

20 (9.81) N
(b)

60 (9.81) N

20(9.81) N (20 kg)a
(c)

Fig. 17-16
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EXAMPLE 17.11

(@)

Fig. 17-17

o

Refer to the companion website for a self quiz of these
Example problems.

The slender rod shown in Fig. 17-17a has a mass m and length / and
is released from rest when # = 0°. Determine the horizontal and
vertical components of force which the pin at A exerts on the rod at
the instant § = 90°.

SOLUTION
Free-Body and Kinetic Diagrams. The free-body diagram for the
rod in the general position 6 is shown in Fig. 17-17b. For convenience,
the force components at A are shown acting in the n and ¢ directions.
Note that e acts clockwise and so (ag), acts in the +¢ direction.

The moment of inertia of the rod about point A is I, = ml% For a
given angle 0 there are four unknowns, namely, A,,, A;, , and «.

Equations of Motion. Moments will be summed about A in order
to eliminate A, and A,.

+\3F, = mo’rg; A, — mgsin 0 = mw*(1/2) (1)
+/3F; = marg; A, + mgcos 0 = ma(l/2) 2)
[+3IMy = Lo mg cos 0(1/2) = (%mlz)a 3)

Kinematics. As shown by Eq. 3, « is not constant; rather, it depends
on the position 6 of the rod. The necessary fourth equation is obtained
using kinematics, where a and w can be related to 6 by the equation

(r+) wdo = adb 4)

Note that the positive clockwise direction for this equation agrees with that
of Eq. 3. This is important since we are seeking a simultaneous solution.

In order to solve for w at § = 90°, eliminate « from Eqgs. 3 and 4,
which yields

wdo = (1.5g/1) cos 0 do

Since w = 0 at§ = 0°, we have

® 90°
/ wdo = (1.5g/l)/ cos 6 df
0 0°

o’ = 3g/l
Substituting this value into Eq. 1 with & = 90° and solving Egs. 1 to 3 yields
a=10
A, =0 A, = 2.5mg Ans.

NOTE: If M, = (M), is used, one must account for the moments
of I and m(ag), about A.
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. FUNDAMENTAL PROBLEMS

F17-7. The 100-kg wheel has a radius of gyration about
its center O of ko = 500 mm. If the wheel starts from rest,
determine its angular velocity in ¢ = 3's.

0.6m P=100N

b

O

\ s

Prob. F17-7

117-8. The 50-kg disk is subjected to the couple moment
of M = (9¢) N-m, where ¢ is in seconds. Determine the
angular velocity of the disk when ¢ = 4 s starting from rest.

/\‘ M= (9) N'm

O

Prob. F17-8

F17-9. At the instant shown, the uniform 30-kg slender
rod has a counterclockwise angular velocity of @ = 6 rad/s.
Determine the tangential and normal components of
reaction of pin O on the rod and the angular acceleration of
the rod at this instant.

‘ 03m | 0.6 m ‘

[ o ]
0L )~ onm

Prob. F17-9

F17-10. At the instant shown, the 30-kg disk has a
counterclockwise angular velocity of = 10rad/s.
Determine the tangential and normal components
of reaction of the pin O on the disk and the angular
acceleration of the disk at this instant.

Prob. F17-10
I'17-11. The uniform slender rod has a mass of 15kg.
Determine the horizontal and vertical components of
reaction at the pin O, and the angular acceleration of the
rod just after the cord is cut.

! 0.6 m 0.3 m—

Prob. F17-11
[17-12.  The uniform 30-kg slender rod is being lifted by
the cord that passes over the small smooth peg at A. If the
rod has a counterclockwise angular velocity of w = 6 rad/s
at the instant shown, determine the tangential and normal
components of reaction at the pin O and the angular ||
acceleration of the rod.

P =300N

0.6 m ‘ 0.3 m %‘

Prob. F17-12
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. PROBLEMS

All solutions must include a free-body diagram.

*#17-60. The uniform slender rod has a mass of 5 kg. If
the cord at A is cut, determine the reaction at the pin O,
17-57. The uniform slender rod has a mass m. If it is (a) when the rod is still in the horizontal position, and
released from rest when 6 = 0°, determine the magnitude (b) when the rod swings to the vertical position.

of the reactive force exerted on it by pin B when 6 = 90°.

200 mm 600 mm
(0]
_— » =
Prob. 17-57 e 4
17-58. The10-kgwheelhasaradiusof gyrationk, = 200 mm.
If the wheel is subjected to a moment M = (5¢) N - m, where Prob. 17-60

t is in seconds, determine its angular velocity when ¢t = 3's
starting from rest. Also, calculate the reactions which the fixed
pin A exerts on the wheel during the motion.

17-61. 'The bent rod has a mass of 2 kg/m. If it is released
from rest in the position shown, determine its initial angular
acceleration and the horizontal and vertical components of
reaction at A.

Prob. 17-58

17-59. The uniform 24-kg plate is released from rest at the
position shown. Determine its initial angular acceleration

and the horizontal and vertical reactions at the pin A. | 15m |
. |

+— e a4

1.5m

| 0.5m

Prob. 17-59 Prob. 17-61



17-62. In order to experimentally determine the moment
of inertia /; of a 4-kg connecting rod, the rod is suspended
horizontally at A by a cord and at B by a bearing and
piezoelectric sensor, an instrument used for measuring
force. Under these equilibrium conditions, the force at B is
measured as 14.6 N. If at the instant the cord is released the
reaction at B is measured as 9.3 N, determine the value of
1. The support at B does not move when the measurement
is taken. For the calculation, the horizontal location of G
must be determined.

Prob. 17-62

17-63. A motor supplies a constant torque M =2 N +m to
a 50-mm-diameter shaft O connected to the center of the
30-kg flywheel. The resultant bearing friction F, which the
bearing exerts on the shaft, acts tangent to the shaft and has
a magnitude of 50 N. Determine how long the torque must
be applied to the shaft to increase the flywheel’s angular
velocity from 4 rad/s to 15 rad/s. The flywheel has radius of
gyration kp = 0.15 m about its center O.

*17-64. If the motor of Prob. 17-63 is disengaged from the
shaft once the flywheel is rotating at 15 rad/s, so that M =0,
determine how long it will take before the resultant bearing
friction F=50 N stops the flywheel from rotating.

Probs. 17-63/64

PROBLEMS 451

17-65. The kinetic diagram representing the general
rotational motion of a rigid body about a fixed axis passing
through O is shown in the figure. Show that /;a may be
eliminated by moving the vectors m(ag), and m(ag), to
point P, located a distance rgp = k%/rog from the center
of mass G of the body. Here kg represents the radius of
gyration of the body about an axis passing through G. The
point P is called the center of percussion of the body.

P o
7/
//
m(ag), o
/i
G i \
// m(aG)n 4
O,
oG
Prob. 17-65

17-66. If a horizontal force of P = 100 N is applied
to the 300-kg reel of cable, determine its initial angular
acceleration. The reel rests on rollers at A and B and has a
radius of gyration of kp = 0.6 m.

\
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Prob. 17-66
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17-67. The rod has a length L and mass m. If it is released
from rest when 6 = (°, determine its angular velocity as
a function of 6. Also express the horizontal and vertical
components of reaction at the pin O as a function of 6.

Prob. 17-67

*17-68. 'The disk has a mass M and a radius R. If the block
of mass m is attached to the cord, determine the angular
velocity of the disk when the block is released from rest and
falls a distance A.

|

| ¥

Prob. 17-68

PLANAR KINETICS OF A RIGID BoDY: FORCE AND ACCELERATION

17-69. The reel of cable has a mass of 400 kg and a radius
of gyration of k4 = 0.75 m. Determine its angular velocity
when ¢ =2 s, starting from rest, if the force P= (20> + 80) N
is applied, where ¢ is in seconds. Neglect the mass of the
unwound cable, and assume it is always at a radius of 0.5 m.

Prob. 17-69

17-70. The passengers, the gondola, and its swing frame
have a total mass of 50 Mg, a mass center at G, and a radius
of gyration kg = 3.5 m. Additionally, the 3-Mg steel block
at A can be considered as a point of concentrated mass.
Determine the horizontal and vertical components of
reaction at pin B if the gondola swings freely at @ = 1 rad/s
when it reaches its lowest point as shown. Also, what is the
gondola’s angular acceleration at this instant?

17-71. The passengers, the gondola, and its swing frame
have a total mass of 50 Mg, a mass center at G, and a radius
of gyration kg = 3.5 m. Additionally, the 3-Mg steel block
at A can be considered as a point of concentrated mass.
Determine the angle 6 to which the gondola will swing
before it stops momentarily, if it has an angular velocity of
® = 1 rad/s at its lowest point.

Probs. 17-70/71



*17-72. Cable is unwound from a spool supported on small
rollers at A and B by exerting a force 7=300 N on the cable.
Determine the time needed to unravel 5 m of cable from the
spool if the spool and cable have a total mass of 600 kg and a
radius of gyration of kp = 1.2 m. For the calculation, neglect
the mass of the cable being unwound and the mass of the
rollers at A and B. The rollers turn with no friction.

Prob. 17-72

17-73. The 30-kg disk 1is originally spinning at
o =125 rad/s. If it is placed on the ground, for which the
coefficient of kinetic friction is uc = 0.5, determine the time
required for the motion to stop. What are the horizontal and
vertical components of force which the member AB exerts
on the pin at A during this time? Neglect the mass of AB.

A = 125rad/s

0.5 m

Prob. 17-73

PROBLEMS 453

17-74. The man pulls up on the cord with a force of 80 N.
Determine the angular acceleration of the spool if there is
no slipping at A. The spool has a mass of 60 kg and a radius
of gyration about its mass center G of kg =0.35 m.

Prob. 17-74

17-75. 'The 5-kg cylinder is initially at rest when it is placed
in contact with the wall B and the rotor at A. If the rotor
always maintains a constant clockwise angular velocity
w = 6 rad/s, determine the initial angular acceleration
of the cylinder. The coefficient of kinetic friction at the
contacting surfaces B and C is u; = 0.2.

Prob. 17-75
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*17-76. The device acts as a pop-up barrier to prevent the
passage of a vehicle. It consists of a 100-kg steel plate AC
and a 200-kg counterweight solid concrete block located as
shown. Determine the moment of inertia of the plate and
block about the hinged axis through A. Neglect the mass of
the supporting arms AB. Also, determine the initial angular
acceleration of the assembly when it is released from rest
at 6 =45°.

Prob. 17-76

17-77. The 20-kg roll of paper has a radius of gyration
k=120 mm about an axis passing through point A. It is pin
supported at both ends by two brackets AB. The roll rests
on the floor, for which the coefficient of kinetic friction is
i = 0.2.If a horizontal force F'=60 N is applied to the end
of the paper, determine the initial angular acceleration of
the roll as the paper unrolls.

=

400 mm

Prob. 17-77

PLANAR KINETICS OF A RIGID BoDY: FORCE AND ACCELERATION

17-78. 'The 50-kg flywheel has a radius of gyration about
its center of the mass of kg = 250 mm. It rotates with a
constant angular velocity of 1200 rev/min before the brake
is applied. If the coefficient of kinetic friction between the
brake pad B and the wheel’s rim is u; = 0.5, and a force of
P =300 N is applied to the braking mechanism’s handle,
determine the time required to stop the wheel.

17-79. The 50-kg flywheel has a radius of gyration about
its center of mass of kp =250 mm. It rotates with a constant
angular velocity of 1200 rev/min before the brake is applied.
If the coefficient of kinetic friction between the brake pad B
and the wheel’s rim is u; = 0.5, determine the constant
force P that must be applied to the braking mechanism’s
handle in order to stop the wheel in 100 revolutions.

Probs. 17-78/79

*17-80. The wheel has a mass of 25 kg and a radius
of gyration kg = 0.15m. It is originally spinning at
o = 40rad/s. If it is placed on the ground, for which the
coefficient of kinetic friction is puc = 0.5, determine the
time required for the motion to stop. What are the horizontal
and vertical components of reaction which the pin at A
exerts on AB during this time? Neglect the mass of AB.

Prob. 17-80



17-81. The turbine consists of a rotor which is powered
from a torque applied at its center. At the instant the rotor
is horizontal it has an angular velocity of 15 rad/s and a
clockwise angular acceleration of 8 rad/s>. Determine the
internal normal force, shear force, and moment at a section
through A. Assume the rotor is a 50-m-long slender rod,
having a mass of 3 kg/m.

co ] o A

& ‘

25 m ‘

Prob. 17-81

17-82. Determine the angular acceleration of the 25-kg
diving board, and the horizontal and vertical components
of reaction at the pin A, the instant the man dives off.
Assume that the board is uniform and rigid, and that at the
instant he dives off, the spring is compressed a maximum
amount of 200 mm, @ = 0, and the board is horizontal. Take
k = 7kN/m.

[ 15m——15m —
A (@) \
k

Prob. 17-82
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17-83. The furnace cover has a mass of 20 kg and a radius
of gyration ks = 0.25 m about its mass center G. If an
operator applies a force F =120 N to the handle in order
to open the cover, determine the cover’s initial angular
acceleration and the horizontal and vertical components
of reaction which the pin at A exerts on the cover at the
instant the cover begins to open. Neglect the mass of the
handle BAC in the calculation.

- c
F=120N @

0.7 m

A

Bl 0.2 m
0.4

G m

= [
0.4 m

o

——| —025m

Prob. 17-83

*17-84. The two-bar assembly is released from rest in the
position shown. Determine the initial bending moment at
the fixed joint B. Each bar has a mass m and length /.

Prob. 17-84
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17-85. The uniform rod of length L has a mass of m. If
the couple moment M is applied to its end, determine the
internal normal force and shear force, and the bending
moment in the rod as a function of x just after M is applied.
The bearing at A allows free rotation.

Prob. 17-85

17-86. The bar has a weight per length of w. If it is rotating
in the vertical plane at a constant rate @ about point O,
determine the internal normal force, shear force, and
moment as a function of x and 6.

Prob. 17-86

PLANAR KINETICS OF A RIGID BoDY: FORCE AND ACCELERATION

17-87. The “Catherine wheel” is a firework that consists
of a coiled tube of powder which is pinned at its center.
If the powder burns at a constant rate of 20 g/s such that
the exhaust gases always exert a force having a constant
magnitude of 0.3 N, directed tangent to the wheel,
determine the angular velocity of the wheel when 75% of
the mass is burned off. Initially, the wheel is at rest and has a
mass of 100 g and a radius of = 75 mm. For the calculation,
consider the wheel to always be a thin disk.

03N

Prob. 17-87

*17-88. The 4-kg slender rod is supported horizontally
by a spring at A and a cord at B. Determine the angular
acceleration of the rod and the acceleration of the rod’s
mass center at the instant the cord at B is cut. Hint: The
stiffness of the spring is not needed for the calculation.

Prob. 17-88

17-89. The 4-kg slender rod is initially supported
horizontally by a spring at B and pin at A. Determine the
angular acceleration of the rod and the acceleration of the
rod’s mass center at the instant the 100-N force is applied.

100N

—15m —}—1.5m —
Y

T\‘ §/Ij= 20 N/m

Prob. 17-89
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17.5 EQUATIONS OF MOTION:
GENERAL PLANE MOTION

The rigid body (or slab) shown in Fig. 17-18a is subjected to general
plane motion caused by the externally applied force and couple-moment
system. The free-body and kinetic diagrams for the body are shown in
Fig. 17-18b. If an x and y inertial coordinate system is established as
shown, the three equations of motion are

E’Fx = m(aG)x
3F, = m(ag), (17-17)
EMG - IGa

In some problems it may be convenient to sum moments about a
point P other than G in order to eliminate as many unknown forces as
possible from the moment summation. When used for this more general
case, the three equations of motion are

2F)c = m(aG)x
2F, = m(ag), (17-18)
EMP = E(Mk)P

Here 3 (AMy)p represents the moment sum of I/;a and mag (or its
components) about P.

Moment Equation About the IC. Some types of problems
involve a uniform disk, or body of circular shape, that rolls on a rough
surface without slipping, Fig. 17-19. If we sum the moments about the
instantaneous center of zero velocity, then = (Jly);c becomes [;ca, so that

EMIC — Ilca (17—19)

This result compares with XM, = Ipa, which is used for a body pinned
at point O, Eq. 17-16. See Prob. 17-91.

Ic
Fig. 17-19
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As the soil compactor, or “sheep’s foot
roller” moves forward, the roller has
general plane motion. The forces shown
on its free-body diagram cause the effects
shown on the kinetic diagram. If moments
are summed about the mass center, G,
then XM; = Iga. However, if moments
are summed about point A (the IC)
then (+3XM, = Iga + (mag)d = I asince
ag = ad.

Refer to the companion website for Lecture
Summary and Quiz videos.

PROCEDURE FOR ANALYSIS

Kinetic problems involving general plane motion of a rigid body
can be solved using the following procedure.

Free-Body Diagram.

e Establish the x, y inertial coordinate system and draw the free-
body diagram for the body.

e Specify the direction and sense of the acceleration of the mass
center, ag, and the angular acceleration « of the body.

e Determine the moment of inertia /.

¢ Identify the unknowns in the problem.

e If it is decided that the rotational equation of motion
SMp = 3 (My)pis to be used, then consider drawing the kinetic
diagram in order to help “visualize” the “moments” developed

by the components m(ag),, m(ag),, and I when writing the
terms in the moment sum 3 (Aly) p.

Equations of Motion.

e Apply the three equations of motion in accordance with the
established sign convention.

Kinematics.

e Use kinematics if a complete solution cannot be obtained
strictly from the equations of motion.

e If the body’s motion is constrained due to its supports, additional
equations may be obtained by using ag = a4 + ag/4, which
relates the accelerations of any two points A and B on the body.

e When a wheel, disk, cylinder, or ball rolls without slipping, then
ac = ar.
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EXAMPLE 17.12

Determine the angular acceleration of the spool in Fig. 17-20a. The spool
has a mass of 8 kg and a radius of gyration of k5 = 0.35 m. The cords of
negligible mass are wrapped around its inner hub and outer rim.

SOLUTION |
Free-Body and Kinetic Diagrams. Fig. 17-20b. The 100-N force
causes ag to act upward. Also, e acts clockwise, since the spool winds
around the cord at A.
The moment of inertia of the spool about its mass center is

I = mk% = 8kg(0.35 m)? = 0.980 kg - m’
There are three unknowns 7, a¢, and a.
Equations of Motion.
+13F, = m(ag)y; T + 100N — 7848 N = (8kg)ag (1)
1+3Mg = Ige; 100N(0.2m) — T(0.5m) = (0.980 kg-m*)a  (2)
Kinematics. A complete solution is obtained if kinematics is used to
relate ag to «. In this case the spool “rolls without slipping” on the cord
at A. Hence, we can use the results of Example 16.4 or 16.15, so that
(r1+)ag = ar; ag = « (0.5m) 3)
Solving Egs. 1 to 3, we have

a = 10.3 rad/s? Ans.
ag = 5.16 m/s?
T =198N

SOLUTION I
Equations of Motion. We can eliminate the unknown 7 by summing
moments about point A. From the free-body and kinetic diagrams,
Figs. 17-20b, we have
[+3M, = 3(My),; 100 N(0.7 m) — 78.48 N(0.5 m)
= (0.980 kg - m*)a + [(8 kg)ag](0.5 m)

Using Eq. 3,

a = 10.3 rad/s? Ans.
SOLUTION Il

Equations of Motion. The simplest way to solve this problem is
to realize that point A is the IC for the spool. Then Eq. 17-19 applies.

1+3M, = Iya; (100 N)(0.7 m) — (78.48 N)(0.5 m)
= [0.980 kg m? + (8 kg)(0.5 m)*]e
a = 103 rad/s? Ans.

100 N

459

(0.980 kg-m?)

(b)
Fig. 17-20
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EXAMPLE 17.13

The 25-kg wheel shown in Fig. 17-21a has a radius of gyration
kg = 021 m. If a 50-N-m couple moment is applied to the wheel,
determine the acceleration of its mass center G. The coefficients of
static and kinetic friction between the wheel and the plane at A are
s =0.3 and p; = 0.25, respectively.

SOLUTION
Free-Body and Kinetic Diagrams. By inspection of Fig. 17-21b, it
(a) is seen that the couple moment causes the wheel to have a clockwise

angular acceleration of a. As a result, the acceleration of the mass
center, ag, is directed to the right. The moment of inertia is

25(9.81) N 5 ) )
SON-m I = mkg = 25kg(0.21 m)~ = 1.1025 kg - m
. \{ The unknowns are Ny, F4, ag, and a.
ey Equations of Motion.
F,

5 SF, = m(ag)y Fy = (25kg)ag 1)
+13F, = m(ag)y; ~ Ni— 250981)N =0 )

1+3SMg = Ige; S50N-m — 0375m(F,) = (1.1025kg-m*)a  (3)

Ny
I
o A fourth equation is needed for a complete solution.
G Kinematics (No Slipping). If no slipping occurs, then
(r+) acg = (0.375 m)a 4
Solving Egs. 1 to 4,

(b)
Fig. 17-21

Ny =245N F,=102N
a = 10.8rad/s*> ag = 4.06 m/s’

This solution requires F4 < u,N,. However, since
102 N > 0.3(25)(9.81) N = 73.6 N, the wheel slips as it rolls.

(Slipping). Equation 4 is not valid, and so F4 = u; N4, or
Fy = 025N, 5)
Solving Eqgs. 1 to 3 and 5 yields
Ny=245N F,=0613N

a = 24.5rad/s?
ag = 245m/s? — Ans.
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EXAMPLE 17.14

The uniform slender pole shown in Fig. 17-22a has a mass of 100 kg.
If the coefficients of static and kinetic friction between the end of
the pole and the surface are u, = 0.3 and u, = 0.25, respectively,
determine the pole’s angular acceleration at the instant the 400-N
horizontal force is applied. The pole is originally at rest.

SOLUTION

Free-Body and Kinetic Diagrams. Figure 17-22b.The path of motion
of the mass center G will be along an unknown curved path having a
radius of curvature p, which is initially on a vertical line. However, there
is no normal or y component of acceleration since the pole is originally
atrest,i.e.,vg = 0,so that (ag), = vg/p = 0. We will assume the mass
center accelerates to the right and that the pole has a clockwise angular
acceleration of @. The unknowns are N4, F,4, a;, and a.

Equation of Motion.

LSF, = m(ag)y; 400N — F, = (100 kg)ag (1)
+13F, = m(ag),; N, — 981N =0 (2)
1+3Mg = Iga; F4(1.5m) — (400 N)(1 m) = [5(100 kg)(3 m)*]e (3)

A fourth equation is needed for a complete solution.

Kinematics (No Slipping). With this assumption, point A acts as a
“pivot” so that « is clockwise, then a is directed to the right.

aGg = aryg; ag = (1.5m) « 4)
Solving Egs. 1 to 4 yields
Ny =981N F, =300N
ag = 1m/s*> a = 0.667 rad /s’

The assumption of no slipping requires F, = u,N,. However,
300 N > 0.3(981 N) = 294 N and so the pole slips at A.

(Slipping). For this case Eq. 4 does not apply. Instead the frictional
equation F4 = w, N, must be used. Hence,

Fy = 025N, 5)
Solving Egs. 1 to 3 and 5 simultaneously yields
N,y =981N F,=245N ag = 155m/s’
a = —0.428 rad /s> = 0.428 rad /s Ans.

1ml981N\

\ —> 400 N

TR (100 kg)ag
—_—

(b)
Fig. 17-22

461
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EXAMPLE 17.15

The uniform 50-kg bar in Fig. 17-23a is held in the equilibrium position
by cords AC and BD. Determine the tension in BD and the angular
acceleration of the bar immediately after AC is cut.

SOLUTION
Free-Body and Kinetic Diagrams. Fig. 17-23b. There are four
unknowns, T, (ag)y, (ag),, and a.

Equations of Motion.

£ 3F, = m(ag)y; 0 = 50 kg (ag).

(aG)x =0
+13F, = m(ag)y: Ts — 50(9.81) N = =50 kg (ac), (1)
(XM = Iga Ts(1.5m) = [11—2(50 kg)(3 m)2:|a (2)

Kinematics. Since the bar is at rest just after the cable is cut, then
its angular velocity and the velocity of point B at this instant are equal
to zero. Thus (ag), = v%/pgp = 0. Therefore, a; only has a tangential
component, which is directed along the x axis, Fig. 17-23c. Applying
the relative acceleration equation to points G and B,
ag — ap + a X Y — (I)er/B
—(ag),j = agi + (ak) X (—=1.5i) = 0
—(aG)yj = aBi - 15aj

Equating the i and j components of both sides of this equation,

0= ap
(ag)y = 1.5a 3)

Fig. 17-23 Solving Egs. 1 through 3 yields

@ a = 4.905 rad/s? Ans.
Tp = 123N Ans.

Refer to the companion website for a self quiz of these

Example problems. (aG)y = 7.36 I'I'l/S2
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. FUNDAMENTAL PROBLEMS

F17-13.  The uniform 60-kg slender bar is initially at rest
on a smooth horizontal plane when the forces are applied.
Determine the acceleration of the bar’s mass center and the
angular acceleration of the bar at this instant.

20N
0.75m | 175m 0.5 m
80N

Prob. F17-13

F17-14. The 100-kg cylinder rolls without slipping on the
horizontal plane. Determine the acceleration of its mass
center and its angular acceleration.

Prob. F17-14

F17-15. The 20-kg wheel has a radius of gyration about its
center G of k; = 300 mm. When the wheel is subjected to
the couple moment, it slips as it rolls. Determine the angular
acceleration of the wheel and the acceleration of G. The
coefficient of kinetic friction between the wheel and the
plane is u; =0.5.

M =100 N-m /4
N

0.4 m

Prob. F17-15

F17-16. The 20-kg sphere rolls down the inclined plane
without slipping. Determine the angular acceleration of the
sphere and the acceleration of its mass center.

®

30°

‘ |
Prob. F17-16

F17-17. The 200-kg spool has a radius of gyration about
its mass center of k; = 300 mm. If the couple moment is
applied to the spool and the coefficient of kinetic friction
between the spool and the ground is u; = 0.2, determine the
angular acceleration of the spool, the acceleration of G, and
the tension in the cable.

M =450 N-m

Prob. F17-17

F17-18.  The 12-kg slender rod is pinned to a small roller A
that slides freely along the slot. If the rod is released from
rest at # = 0°, determine the angular acceleration of the
rod and the acceleration of the roller immediately after the
release.

(4G

Prob. F17-18
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All solutions must include a free-body diagram and
a kinetic diagram.

17-90. The 2-kg slender bar is supported by cord BC and
then released from rest at A. Determine the initial angular
acceleration of the bar and the tension in the cord.

30°

300 mm |

Prob. 17-90

17-91. If the disk in Fig. 17-19 rolls without slipping, show
that when moments are summed about the instantaneous
center of zero velocity, IC, it is possible to use the moment
equation 3M;- = I;c a, where [;c represents the moment
of inertia of the disk calculated about the instantaneous axis
of zero velocity.

*#17-92. The 75-kg wheel has a radius of gyration about
the z axis of k, = 150 mm. If the belt of negligible mass
is subjected to a force of P = 150N, determine the
acceleration of the mass center and the angular acceleration
of the wheel. The surface is smooth and the wheel is free to
slide.

P=150N

Prob. 17-92

17-93. The 75-kg wheel has a radius of gyration about its
mass center of kg = 375 mm. If it is subjected to a torque
of M = 100 N - m, determine its angular acceleration. The
coefficients of static and kinetic friction between the wheel
and the ground are u, = 0.2 and u;, = 0.15, respectively.

17-94. The 75-kg wheel has a radius of gyration about its
mass center of kg = 375 mm. If it is subjected to a torque
of M = 150 N -m, determine its angular acceleration. The
coefficients of static and kinetic friction between the wheel
and the ground are u;, = 0.2 and u; = 0.15, respectively.

450 mm

N

\

Probs. 17-93/94

17-95. The slender 12-kg bar has a clockwise angular
velocity of @ = 2 rad/s when it is in the position shown.
Determine its angular acceleration and the normal reactions
of the smooth surface A and B at this instant.

~ =
B!
3m
60°
!

BRI RIS SIS IS TR A
A s S e Sy

Prob. 17-95



*17-96. The spool has a mass of 100 kg and a radius of
gyration k; = 0.3 m. If the coefficients of static and kinetic
friction at A are u, = 0.2 and w; = 0.15, respectively, and
P = 600 N, determine the angular acceleration of the spool.

Prob. 17-96

17-97. The spool has a mass of 100 kg and radius of
gyration about its mass center of kg = 0.3 m. Determine its
angular acceleration when the force of 250 N is applied to
the cable. The spool rolls without slipping.

17-98. The spool has a mass of 100 kg and radius of
gyration about its mass center of k; = 0.3 m. Determine
the smallest coefficient of static friction that will prevent
slipping on the rail at A. What is the angular acceleration
of the spool?

250N

Probs. 17-97/98
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17-99. A force of F =10 N is applied to the 10-kg ring
as shown. If slipping does not occur, determine the ring’s
initial angular acceleration, and the acceleration of its mass
center, G. Neglect the thickness of the ring.

*17-100. If the coefficient of static friction at C is u; = 0.3,
determine the largest force F that can be applied to the 5-kg
ring without causing it to slip. Neglect the thickness of the ring.

WA

A\

o
Probs. 17-99/100

17-101. The 20-kg punching bag has a radius of gyration
about its center of mass G of kg = 0.4 m. If it is initially at
rest and is subjected to a horizontal force F = 30 N, determine
the initial angular acceleration of the bag and the tension in
the supporting cable AB.

Prob. 17-101
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17-102. The spool has a mass of 75 kg and a radius of
gyration kg = 0.380 m. It rests on the inclined surface for
which the coefficient of kinetic friction is u; = 0.15. If the
spool is released from rest and slips at A, determine the
initial tension in the cord and the angular acceleration of
the spool.

Prob. 17-102

17-103. The slender, 200-kg beam is suspended by a cable
at its end as shown. If a man pushes on its other end with a
horizontal force of 30 N, determine the initial acceleration of
its mass center G, the beam’s angular acceleration, the tension
in the cable AB, and the initial acceleration of the end A.

30N —

Prob. 17-103

PLANAR KINETICS OF A RIGID BoDY: FORCE AND ACCELERATION

*17-104. The spool has a mass of 100 kg and a radius
of gyration of ks = 0.3 m. If the coefficients of static
and Kkinetic friction at A are u, = 0.2 and u; = 0.15,
respectively, determine the angular acceleration of the
spool if P = S50 N.

17-105. Solve Prob. 17-104 if the cord and force P = 50 N
are directed vertically upwards.

Probs. 17-104/105

17-106. The spool has a mass of 500 kg and a radius of
gyration ks = 1.30 m. It rests on the surface of a conveyor
belt for which the coefficient of static friction is u; = 0.5
and the coefficient of kinetic friction is w, = 0.4. If the
conveyor accelerates at ac = 1 m/ s%, determine the initial
tension in the wire and the angular acceleration of the
spool. The spool is originally at rest.

17-107. The spool has a mass of 500 kg and a radius of
gyration ks = 1.30 m. It rests on the surface of a conveyor
belt for which the coefficient of static friction is u, = 0.5.
Determine the greatest acceleration ac of the conveyor so
that the spool will not slip. Also, what are the initial tension
in the wire and the angular acceleration of the spool? The
spool is originally at rest.

Probs. 17-106/107



*#17-108. The uniform bar of mass m and length L is
balanced in the vertical position when the horizontal force
P is applied to the roller at A. Determine the bar’s initial
angular acceleration and the acceleration of its top point B.

%

A

Pﬂ;

Prob. 17-108

17-109. Solve Prob. 17-108 if the roller is removed and the
coefficient of kinetic friction at the ground is uy.

> %

hS

Prob. 17-109
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17-110. The semicircular disk having a mass of 10 kg
is rotating at @ = 4rad/s at the instant § = 60°. If the
coefficient of static friction at A is u, = 0.5, determine if
the disk slips at this instant.

O 404

Y
0,
A
Prob. 17-110

17-111. 'The 500-kg concrete culvert has a mean radius of
0.5 m. If the truck has an acceleration of 3m/s?, determine
the culvert’s angular acceleration. Assume that the culvert
does not slip on the truck bed, and neglect its thickness.

3 m/s?

4m

Prob. 17-111

*17-112. Wheel C has a mass of 60 kg and a radius of
gyration of 0.4 m, whereas wheel D has a mass of 40 kg
and a radius of gyration of 0.35 m. Determine the angular
acceleration of each wheel at the instant shown. Neglect the
mass of the link and assume the assembly does not slip on
the plane.

Prob. 17-112



468 CHAPTER 17

17-113. A cord is wrapped around each of the two 10-kg
disks. If they are released from rest determine the angular
acceleration of each disk and the tension in the cord C.
Neglect the mass of the cord.

90 mm

90 mm

Prob. 17-113

17-114. The uniform disk of mass m is rotating with
an angular velocity of wy when it is placed on the floor.
Determine the initial angular acceleration of the disk and
the acceleration of its mass center. The coefficient of kinetic
friction between the disk and the floor is py.

17-115. The uniform disk of mass m is rotating with
an angular velocity of @y when it is placed on the floor.
Determine the time before it starts to roll without slipping.
What is the angular velocity of the disk at this instant?
The coefficient of kinetic friction between the disk and the
floor is .

“ o

Probs. 17-114/115
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*17-116. The solid ball of radius r and mass m rolls
without slipping down the 60° trough. Determine its angular
acceleration.

Prob. 17-116

17-117. The disk of mass m and radius r rolls without
slipping on the circular path. Determine the normal force
which the path exerts on the disk and the disk’s angular
acceleration if at the instant shown the disk has an angular
velocity of w.

N
N

Prob. 17-117

17-118. The uniform beam has a weight W. If it is
originally at rest while being supported at A and B by
cables, determine the tension in cable A if cable B suddenly
fails. Assume the beam is a slender rod.

Prob.17-118
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Moment of Inertia

The moment of inertia is a measure of
the resistance of a body to a change
in its angular velocity. It is defined by
I = [r’dm and will be different for
each axis about which it is calculated.

Many bodies are composed of simple
shapes. If this is the case, then tabular
values of / can be used, such as the
ones given on the inside back cover
of this book. To obtain the moment of
inertia of a composite body about any
specified axis, the moment of inertia of
each part is determined about the axis
and the results are added together.
Doing this often requires use of the
parallel-axis theorem.

I1=1I;+ md?

Planar Equations of Motion

The equations of motion define the
translational and rotational motion
of a rigid body. In order to account
for all of the terms in these equations,
a free-body diagram should always
accompany their application, and
for some problems, it may also be
convenient to draw the kinetic diagram
which shows mag and [;a.

E:Fx m(aG)x
2F, = m(ag)y
EM(; =0

Rectilinear translation

2Fn = m(aG)n
3F, = m(ag),
EM(; =0

Curvilinear translation

SF, = m(ag), = mo'rg
SF, = m(ag); = marg
SMg = Igaor SMy = Ipa
Rotation About a Fixed Axis
3F, = m(ag),
3F, = m(ag),

SMg = Igaor SMp = 3(My)p

General Plane Motion
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. REVIEW PROBLEMS

R17-1. The two 1.5-kg rods EF and HI are fixed (welded)
to the link AC at E. Determine the internal axial force
E,, shear force E,, and moment Mg, which the bar AC
exerts on FE at E if at the instant & = 30° link AB has an
angular velocity @ = 5 rad/s and an angular acceleration
a = 8rad/s® as shown.

o = 8rad/s’
o = 5rad/s

Prob. R17-1

R17-2. A 20-kg roll of paper, originally at rest, is pin
supported at its ends to bracket AB. The roll rests against
a wall for which the coefficient of kinetic friction at C is
e =0.3.1f a force of 40 N is applied uniformly to the end of
the sheet, determine the initial angular acceleration of the
roll and the tension in the bracket as the paper unwraps. For
the calculation, treat the roll as a cylinder.

Prob. R17-2

R17-3. The handcart has a mass of 200 kg and center of
mass at G. Determine the normal reactions at each of the
wheels at A and B if a force P=50 N is applied to the handle.
Neglect the mass and rolling resistance of the wheels.

P
60°
0.5 m
0.2 m
A ¥
‘« 0.3 m —f— 0.4 m —
0.2 m
Prob. R17-3

R17-4. The car has a mass of 1.50 Mg and a mass center
at G. Determine the maximum acceleration it can have if
power is supplied only to the rear wheels. Neglect the mass
of the wheels in the calculation, and assume that the wheels
that do not receive power are free to roll. Also, assume that
slipping of the powered wheels occurs, where the coefficient
of kinetic friction is u; = 0.3.

©)
B ‘%1.6111%%1.31114 A

Prob. R17-4



R17-5. The pendulum consists of a 15-kg sphere and a
5-kg slender rod. Compute the reaction at the pin O just
after the cord AB is cut.

1%
Vi

N

N
A
o
7|‘ (o
0.3 m 0.6 m l
Prob. R17-5

R17-6. Determine the backspin @ which should be
given to the 9-kg ball so that when its center is given an
initial horizontal velocity v = 6 m/s it stops spinning and
translating at the same instant. The coefficient of kinetic
frictionis uy = 0.3.

%

v = 6m/s

A

Prob. R17-6
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R17-7. At the instant shown, two forces act on the 15-kg
slender rod which is pinned at O. Determine the magnitude
of force F and the initial angular acceleration of the rod so
that the horizontal reaction which the pin exerts on the rod
is 25 N directed to the right.

B

1.5m
<€ 100N
1.5m
- | |[€*—F
T
7l’r:b. R17-7

R17-8. The spool and wire wrapped around its core
have a mass of 20 kg and a centroidal radius of gyration
kg = 250 mm. If the coefficient of kinetic friction at the
ground is ug = 0.1, determine the angular acceleration of
the spool when the 30-N - m couple moment is applied.

B
Prob. R17-8
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Roller coasters must be able to coast over loops and through turns, and have
enough energy to do so safely. Accurate calculation of this energy must account
for the size of the cars as they move along the track.
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. CHAPTER OBJECTIVES

m To develop formulations for the kinetic energy of a body, and
define the various ways a force and couple do work.

m To apply the principle of work and energy to solve rigid-body
planar kinetic problems.

B To show how the conservation of energy can be used to solve
rigid-body planar kinetic problems.

18.1 KINETIC ENERGY

In this chapter we will apply work and energy methods to solve planar ;
motion problems involving force, velocity, and displacement. But first \w
it will be necessary to develop a means of obtaining the body’s kinetic
energy when the body is subjected to translation, rotation about a fixed y
axis, or general plane motion.
To do this we will consider the rigid body shown in Fig. 18-1, which is i
represented here by a slab moving in the inertial x—y reference plane. An x
arbitrary ith particle of the body, having a mass dm, is located a distance
r from the arbitrary point P. If at the instant shown the particle has a
velocity v;, then the particle’s kinetic energy is 7; = % dm v?. Fig. 18-1

473
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vp

/

Fig. 18-1 (repeated)

The kinetic energy of the entire body is determined by writing similar
expressions for each particle of the body and integrating the results, i.e.,

1
T=2/mdmvi2

This equation can also be expressed in terms of the velocity of a specific
point P rather than the velocity v;. If the body has an angular velocity w,
then from Fig. 18-1, we have

VvV, = Vp + vi/P
= (vp)id + (vp)yj + 0k X (xi + yj)

= [(UP)x - wy]i + [(UP)y + wx]j

The square of the magnitude of v; is thus

viov; = vf = [(vp), — wy]* + [(vp)y + wx]?

= (?)P))ZC — 2(vp)wy + w’y? + (vp)f + 2(vp)ywx + w’x?

=% — 2(vp)ywy + 2(vp)ywx + w’r?

Substituting this into the equation of kinetic energy yields

oo fon) o f o) 3 f o)

The first integral on the right represents the entire mass m of the body.
Since ym = f ydm and xm = f x dm, the second and third integrals
locate the body’s center of mass G with respect to P. The last integral
represents the body’s moment of inertia /p, calculated about the z axis
passing through point P. Thus,

T = 3mvp — (vp)wym + (vp),w¥m + 31pw? (18-1)

As a special case, if point P coincides with the mass center G of the
body, then y = X = 0, and therefore

T = imvf; + 1ge? (18-2)

Both terms on the right side are always positive, since v; and w are
squared. The first term represents the translational kinetic energy,
referenced from the mass center, and the second term represents the
body’s rotational kinetic energy about the mass center.



When a rigid body of mass m is subjected to either
rectilinear or curvilinear translation, Fig. 18-2, the kinetic energy due to
rotation is zero, since @ = 0. The kinetic energy of the body is therefore

T = imog; (18-3)

When a rigid body rotates
about a fixed axis passing through point O, Fig. 18-3, the body has both
translational and rotational kinetic energy, so that

T = 3mvg + 310" (18-4)

The body’s kinetic energy can also be formulated from its motion about
point O. Since vg = rgo, then T = (I + mrg)w’. By the parallel-axis
theorem, the terms inside the parentheses represent the moment of
inertia I of the body about an axis perpendicular to the plane of motion
and passing through point O. Hence,*

T = 1Ipe? (18-5)

When a rigid body is subjected to general
plane motion, Fig. 184, it has an angular velocity @ and its mass center
has a velocity vg. Therefore, the kinetic energy is

T = jmuvg + 310 (18-6)

We can also calculate this kinetic energy in terms of the body’s motion
about its instantaneous center of zero velocity, i.e.,

T = o (18-7)

where [;c is the moment of inertia of the body about its instantaneous
center. The proof is similar to that of Eq. 18-5. (See Prob. 18-3.)

*The similarity between this derivation and that of XM, = I should be noted. Also the
same result can be obtained directly from Eq. 18-1 by selecting point P at O, realizing that
Vo = 0.

18.1 KINETIC ENERGY

Translation

Fig. 18-2

Rotation About a Fixed Axis

Fig. 18-3
\Y

¢

General Plane Motion

Fig. 18-4
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System of Bodies. Because energy is a scalar quantity, the total
kinetic energy for a system of connected rigid bodies is the sum of the
kinetic energies of all its moving parts. Depending on the type of motion,
the kinetic energy of each body is found by applying Eq. 18-2 or one of
its alternative forms.

18.2 THE WORK OF A FORCE

Several types of forces are often encountered in planar kinetics problems
involving a rigid body. The work of each of these forces has been
presented in Sec. 14.1 and is listed below as a summary.

Work of a Variable Force. 1If an external force F acts on a body,
the work done by the force when the body moves along the path s,
Fig. 18-5, is

Urp = /F-dr= /Fcos@ds (18-8)

Here 6 is the angle between the “tails” of the force and the differential
displacement. The integration must account for the variation of the
force’s direction and magnitude.

Fig. 18-5

Work of a Constant Force. If an external force F, acts on a body,
Fig. 18-6, and maintains a constant magnitude F, and constant direction
0, while the body undergoes a translation s, then the above equation can
be integrated, so that the work becomes

Ur, = (F;cos 0)s (18-9)

Fig. 18-6
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The weight of a body does work only when
the body’s center of mass G undergoes a vertical displacement y. If this G _
displacement is downward, Fig. 18-7 the work is positive, since the weight l
is in the same direction as the displacement. w

Uy = Wy (18-10) G l
W

Fig. 18-7
Likewise, if the displacement is upward (—y) the work becomes negative. &

In both cases the elevation change is considered to be small so that W,
which is caused by gravitation, is constant.

If a linear elastic spring is attached to
a body, the spring force F; = ks acting on the body does work when the
spring either stretches or compresses from s; to a farther position s,. In
both cases the work will be negative since the displacement of the body
is in the opposite direction to the force, Fig. 18-8. The work is
k F?

AV YV VY YAV Y VLV VY AV WAV
MAAAMAAAANAAA AN ARSI ARy

U, = —(3ks3 — 3ks?) (18-11)
Unstretched | 5 -
position of s
ing, s =0
where |s,| > |sq]. Pring. S 5
Fig. 18-8

There are some external forces that
do no work when the body is displaced. These forces act either at fixed
points on the body, or they have a direction that is perpendicular to their
displacement. Examples include the reactions at a pin support about
which a body rotates, the normal reaction acting on a body that moves
along a fixed surface, and the weight of a body when the center of gravity w
of the body moves in a horizontal plane, Fig. 18-9. A frictional force Fy
acting on a round body as it rolls without slipping over a rough surface
also does no work.* This is because, during any instant of time dt, F; acts
at a point on the body which has zero velocity (instantaneous center, /C)
and so the work done by the force on the point is zero. In other words,
the point is not displaced in the direction of the force during this instant.
Since F; contacts successive points for only an instant, the work of Fy will Ic T

A

be zero.

* The work done by a frictional force when the body slips is discussed in Sec. 14.3. Fig. 18-9
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o

(a)

F
f\ ’QJI ds,
F

Translation

(b)

Rotation

(c)
Fig. 18-10

18.3 THE WORK OF A COUPLE MOMENT

Consider the body in Fig. 18-10a, which is subjected to a couple
moment M = Fr. If the body undergoes a differential displacement,
then the work done by the couple forces can be found by considering
the displacement as the sum of a separate translation plus rotation.
When the body translates, the work of each force is produced only by
the component of displacement along the line of action of the forces
ds,, Fig. 18-10b. Clearly the “positive” work of one force cancels the
“negative” work of the other. When the body undergoes a differential
rotation df about the arbitrary point O, Fig. 18-10c, then each force
undergoes a displacement dsy, = (r/2) d in the direction of the force.
Hence, the total work done is

dUy = F<;d9> + F<;d0> = (Fr)do

= Mdo

The work is positive when M and d€ have the same sense of direction
and negative if these vectors are in the opposite sense.

When the body rotates in the plane through a finite angle # measured
in radians, from 6, to 6,, the work of a couple moment is therefore

0,
Uy= [ Mado (18-12)
01

If the couple moment M has a constant magnitude, then




18.3 THE WORK OF A COUPLE MOMENT

EXAMPLE 18.1

The bar shown in Fig. 18-11a has a mass of 10 kg and is subjected to
a couple moment of M = 50 N -m, and a force of P = 80 N, which is
always applied perpendicular to the end of the bar. Also, the spring
has an unstretched length of 0.5 m and remains in the vertical position
due to the roller guide at B. Determine the total work done by all the
forces acting on the bar when it has rotated downward from 6 = 0° to
0 = 90°.

SOLUTION
First the free-body diagram of the bar is drawn in order to account for
all the forces that act on it, Fig. 18-115.

Weight W. Since the weight 10(9.81) N = 98.1 N is displaced
downward 1.5 m, the work is

Uy = 981N(1.5m) = 14727
Why is the work positive?

Couple Moment M. The couple moment rotates through an angle
of # = /2 rad. Hence,

Uy = 50N-m(7/2) = 7857

Spring Force F.. When 6 = (°, the spring is stretched (0.75m —
0.5 m) = 0.25 m, and when 6 = 90°, the stretch is (2 m + 0.75 m) —
0.5 m = 2.25 m. Thus,

U, = —[3(30 N/m)(2.25 m)?> — (30 N/m)(0.25 m)?| = =75.0J

By inspection the spring does negative work on the bar since F; acts
in the opposite direction to displacement. This checks with the result.

Force P. As the bar moves downward, the force is displaced through
a distance of (7/2)(3 m) = 4.712 m. The work is positive. Why?

Up = 80N(4.712m) = 377.07

Pin Reactions. Forces A, and A, do no work since they are not
displaced.

Total Work. The work of all the forces when the bar is displaced is
thus

U=1472J +785]J — 75.0J + 377.0J = 5280)  Auns.

(b)
Fig. 18-11
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The counterweight A on this bascule bridge
does positive work as the bridge is lifted,
and thereby cancels the negative work done
by the weight of the bridge.

18.4 PRINCIPLE OF WORK
AND ENERGY

By applying the principle of work and energy, developed in Sec. 14.2, to
each of the particles of a rigid body and adding the results algebraically,
since energy is a scalar, we obtain a similar result for a rigid body.

T1 aF EUl—Z = T2 (18—14)

This equation states that the body’s initial translational and rotational
kinetic energy, plus the work done by all the external forces and couple
moments acting on the body as the body moves from its initial to its
final position, is equal to the body’s final translational and rotational
kinetic energy. The work of the body’s internal forces does not have to be
considered, since these forces occur in equal but opposite collinear pairs,
so that when the body moves, the work of one force cancels that of its
counterpart. Furthermore, since the body is rigid, no relative movement
between these forces occurs, so that no internal work is done.

When several rigid bodies are pin connected, connected by inextensible
cables, or in mesh with one another, Eq. 18-14 can also be applied to the
entire system of connected bodies. In all these cases the internal forces,
which hold the various members together, do no work and hence are
eliminated from the analysis.

The work of the torque or moment developed by
the motors is transformed into kinetic energy of
rotation of the drum.



18.4 PRINCIPLE OF WORK AND ENERGY

- PROCEDURE FOR ANALYSIS

The principle of work and energy is used to solve kinetic problems
that involve velocity, force, and displacement, since these terms are
involved in the formulation. For application, it is suggested that
the following procedure be used.

Kinetic Energy (Kinematic Diagrams).

The kinetic energy of a body is made up of two parts. Kinetic
energy of translation is referenced to the velocity of the mass
center, T = %mv%;, and kinetic energy of rotation is determined
using the moment of inertia of the body about the mass center,
T = %IGwz. In the special case of rotation about a fixed axis (or
rotation about the /C), the kinetic energy can be determined
relative to motion about the axis of rotation, T = I,

Kinematic diagrams for velocity may be useful for determining
v and w or for establishing a relationship between v and w.

Work (Free-Body Diagram).

Draw a free-body diagram of the body when it is located at an
intermediate point along the path in order to account for all the
forces and couple moments which do work on the body as it
moves along the path.

A force does work when it moves through a displacement in
the direction of the force.

Forces that are functions of displacement must be integrated
to obtain the work. Graphically, the work is equal to the area
under the force—displacement curve.

The work of a weight is the product of its magnitude and the
vertical displacement, Uy, = Wy. It is positive when the weight
moves downwards.

The work of a spring is of the form U, = Lks? where k is the
spring stiffness and s is the stretch or compression of the spring.

The work of a couple is the product of the couple moment and
the angle in radians through which it rotates, U, = M6.

Since algebraic addition of the work terms is required, it is important
that the proper sign of each term be specified. Specifically, work is
positive when the force (couple moment) is in the same direction as
its displacement (rotation); otherwise, it is negative.

Principle of Work and Energy.

Apply the principle of work and energy, Ty + U, = T5.
Since this is a scalar equation, it can be used to solve for only
one unknown when it is applied to a single rigid body.

Refer to the companion website for Lecture
Summary and Quiz videos.

481
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EXAMPLE 18.2

The 30-kg disk shown in Fig. 18-12a is pin supported at its center.
Determine the angle through which it must rotate to attain an angular
velocity of 2 rad/s starting from rest. It is acted upon by a constant
couple moment M = 5 N -m. The spring is originally unstretched and
its cord wraps around the rim of the disk.

k=10N/m

(a)

SOLUTION
Kinetic Energy. Since the disk rotates about a fixed axis, and it is
initially at rest, then

Tl =0

T, = Ylow3 = 3[3(30kg)(0.2 m)?] (2 rad/s)?> = 1.2
Work (Free-Body Diagram). As shown in Fig. 18-12b, the pin
reactions O, and O, and the weight (294.3 N) do no work, since they
are not displaced. The couple moment, having a constant magnitude,
does positive work Uy, = M6 as the disk rotates through a clockwise
angle of 6 rad, and the spring does negative work U, = —% ks?.

Principle of Work and Energy.
{T\} + {ZU1-2} = {T2}

(riy + {mo - b2} = (73)

{0} + {(SN-m)H - %(10 N/m)[6(0.2 m)]z} ={12J}

- 0202 +5—-12=0

Solving this quadratic equation for the smallest positive root,

(b)

(e}

Fig. 18-12
q = 13.9° Ans.

0 = 0.2423 rad = 0.2423 rad( 180

T ra
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EXAMPLE 18.3

The wheel shown in Fig. 18-13a has a mass of 20 kg and has a radius
of gyration k; = 0.18 m about its mass center G. If it is subjected to
a clockwise couple moment of 20 N-m and rolls from rest without
slipping, determine its angular velocity after its center G moves 0.15 m.
The spring has a stiffness k = 150 N/m and is initially unstretched
when the couple moment is applied.

SOLUTION
Kinetic Energy (Kinematic Diagram). Since the wheel is initially
at rest,

T]=0

The kinematic diagram of the wheel when it is in the final position is
shown in Fig. 18-13b. The final kinetic energy is determined from

T, = 31103
1
= 7|20 kg (0.18 m)? + (20 kg)(0.24 m)? |}

Work (Free-Body Diagram). As shown in Fig. 18-13c, only the
spring force F, and the couple moment do work. The normal force
does not move along its line of action and the frictional force does no
work, since the wheel does not slip as it rolls.

The work of F; is found using U; = —%ksz. Here the work is negative
since F; is in the opposite direction to displacement. Since the wheel
does not slip when the center G moves 0.15 m, then the wheel rotates
0 = sg/rg/ic = 0.15m/0.24 m = 0.625 rad,* Fig. 18-13b. Hence, the
spring stretches s = 0r, = (0.625 rad)(0.48 m) = 0.3 m.

AJic

Principle of Work and Energy.
{T} + {3U12} = {Tn}
(T} + {MO - 3ks*} = {T»}

{0} + {20N-m(0.625 rad) — %(150 N/m)(0.3 m)z} = {09w}N-m}

w, = 2.53rad/s ) Ans.

*See Example 16.4.

k =150 N/m A

(a)

20(9.81) N

()
Fig. 18-13
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EXAMPLE 18.4

The 700-kg pipe is equally suspended from the two tines of the fork
lift shown in the photo. It is undergoing a swinging motion such that
when 6 = 30° it is momentarily at rest. Determine the normal and
frictional forces acting on each tine which are needed to support
the pipe at the instant § = 0°. Measurements of the pipe and the
suspender are shown in Fig. 18-14a. Neglect the mass of the suspender
and the thickness of the pipe.

o
—_

o |
0.4 m

0.15m

(a)
Fig. 18-14
SOLUTION
We must use the equations of motion to find the forces on the tines
since these forces do no work. Before doing this, however, we will

apply the principle of work and energy to determine the angular
velocity of the pipe when 6 = 0°.

Kinetic Energy (Kinematic Diagram). Since the pipe is originally
at rest, then
Tl =0
The final kinetic energy may be calculated with reference to either
the fixed point O or the center of mass G. For the calculation we will
consider the pipe to be a thin ring so that I; = mr?. (See the table on
the inside back cover.) If point G is considered, we have
Ty = 3m(ve) + 516w
= (700 kg)[(0.4 m)w,]* + 3[700 kg(0.15 m)?]w3
= 63.875w3

If point O is considered then the parallel-axis theorem must be used
to determine /. Hence,

T, = 31w} = 3[700 kg(0.15 m)* + 700 kg(0.4 m)?]w3
63.875w}
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Work (Free-Body Diagram). Fig.18-14b. The normal and frictional
forces on the tines do no work since they do not move as the pipe swings.
The weight does positive work since the weight moves downward
through a vertical distance y = 0.4 m — 0.4 cos 30° m = 0.05359 m.

Principle of Work and Energy.
{Th} + {202} = {To}
{0} + {700(9.81) N(0.05359 m)} = {63.875w3}
w, = 2.400 rad/s

Equations of Motion. Referring to the free-body and kinetic
diagrams shown in Fig. 18-14c¢, and using the result for w,, we have

L 3F, = m(ag); Fr = (700 kg)(ac),
+H3E, = m(ag),; Ny —700(9.81) N = (700 kg)(2.400 rad/s)?(0.4 m)
1+3My = Ipe; 0 = [(700 kg)(0.15 m)? + (700 kg)(0.4 m)?]e
Since (ag), = (0.4 m)a, then

a=0 (ag),=0

FT =0
N7 = 8480 kN
There are two tines used to support the load, therefore
Fr=20 Ans.
T= @ = 424 kN Ans.

NOTE: Due to the swinging motion the tines are subjected to a greater
normal force than would be the case if the load were static, in which
case N7 = 700(9.81) N/2 = 3.43kN.

700 kg(ag),

700 kg(ag),

700 (9.81) N e

(©
Fig. 18-14 (cont.)

(b)

700 (9.81) N
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EXAMPLE 18.5

(ve)1 =0

9

0.4 cos 45°) m

l

(c)
Fig. 18-15

PLANAR KINETICS OF A RIGID BobY: WORK AND ENERGY

The 10-kg rod shown in Fig. 18-15a is constrained so that its ends
move along the grooved slots. The rod is initially at rest when § = 0°.
If the slider block at B is subjected to the force P = 50 N, determine
the angular velocity of the rod at the instant § = 45°. Neglect friction
and the mass of blocks A and B.

SOLUTION
Why can the principle of work and energy be used to solve this problem?

Kinetic Energy (Kinematic Diagrams). Two kinematic diagrams
of the rod, when it is in the initial position 1 and final position 2, are
shown in Fig. 18-15b. When the rod is in position 1, 77 = 0 since
(vg)1 = @y = 0. In position 2 the angular velocity is @, and the
velocity of the mass center is (vs),. Hence, the kinetic energy is

T, = im(vg)} + 31w}
= 5(10kg)(v6)3 + 5[ (10 kg)(0.8 m)? | w3
= 5(v5)3 + 0.2667(w,)?

The two unknowns (vg), and w, can be related from the instantaneous
center of zero velocity for the rod. Fig. 18-15b. It is seen that as A
moves downward with a velocity (v,),, B moves horizontally to the
left with a velocity (vg),. Knowing these directions, the /C is located
as shown in the figure. Hence,

(UG)Z = I'Gg/cw2 = (04 tan 45° m)w2

- 04(1)2

Therefore,

T, = 0.8w5 + 0.2667w} = 1.0667w}

Of course, we can also determine this result using 7, = %I 103,

Work (Free-Body Diagram). Fig. 18-15c. The normal forces N,
and N do no work as the rod is displaced. Why? The 98.1-N weight is
displaced a vertical distance of Ay = (0.4 — 0.4 cos 45°) m; whereas
the 50-N force moves a horizontal distance of s = (0.8 sin 45°) m. Both
of these forces do positive work. Why?

Principle of Work and Energy.

{T1} + {2U 2} = {T»}
{1} + {WAy + Ps} = {T»}

{0} + {98.1 N(0.4m — 0.4 cos 45° m)
+ 50 N(0.8sin45°m)} = {1.0667w3J}
Solving for W) giVGS Refer to the companion website

for a self quiz of these Example

wy = 6.11 I‘ad/s\l Ans. problems.
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. FUNDAMENTAL PROBLEMS

F18-1. The 80-kg wheel has a radius of gyration about
its mass center O of kp = 400 mm. Determine its angular
velocity after it has rotated 20 revolutions starting from rest.

0.6 m P=50N

Prob. F18-1

I'18-2. The uniform 25-kg slender rod is subjected to a
couple moment of M = 150 N - m. If the rod is at rest when
6 = 0°, determine its angular velocity when 6§ = 90°.

Prob. F18-2

['18-3.  The uniform 50-kg slender rod is at rest in the position
shown when P = 600 N is applied. Determine the angular
velocity of the rod when the rod reaches the vertical position.

Prob. F18-3

118-4. The 50-kg wheel is subjected to a force of 50 N.
If the wheel starts from rest and rolls without slipping,
determine its angular velocity after it has rotated
10 revolutions. The radius of gyration of the wheel about its
mass center G is kg = 0.3 m.

Prob. F18-4

F18-5.  If the uniform 30-kg slender rod starts from rest at
the position shown, determine its angular velocity after it
has rotated 4 revolutions. The forces remain perpendicular
to the rod.

30N
i 0.5 mTO.S m } 15m 10.5m i
% 20 N'm |
20N
Prob. F18-5

F18-6. The 20-kg wheel has a radius of gyration about
its center G of k; = 300 mm. When it is subjected to a
couple moment of M = 50 N -m, it rolls without slipping.
Determine the angular velocity of the wheel after its mass
center G has traveled through a distance of s; = 20 m,
starting from rest.

M =50 N-m

Prob. F18-6
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. PROBLEMS
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All solutions must include a free-body diagram.

18-1. The spool has a mass of 60 kg and a radius of
gyration kg = 0.3 m. If it is released from rest, determine
how far its center descends down the smooth plane before
it attains an angular velocity of w =6 rad/s. Neglect friction
and the mass of the cord which is wound around the central
core.

18-2. Solve Prob. 18-1 if the coefficient of kinetic friction
between the spool and plane at A is u; = 0.2.

Probs. 18-1/2

18-3. At a given instant the body of mass m has an angular
velocity w and its mass center has a velocity vs. Show that
its kinetic energy can be represented as T = %I 1cw’, where
I;c is the moment of inertia of the body determined about
the instantaneous axis of zero velocity, located a distance
r¢/ic from the mass center as shown.

e

I'G/ic

\e}

Prob. 18-3

*18-4. A force of P =20 N is applied to the cable, which
causes the 175-kg reel to turn since it is resting on the two
rollers A and B of the dispenser. Determine the angular
velocity of the reel after it has made two revolutions starting
from rest. Neglect the mass of the rollers and the mass of
the cable. The radius of gyration of the reel about its center
axis is kg =0.42 m.

18-5. A force of P=20Nis applied to the cable, which causes
the 175-kg reel to turn without slipping on the two rollers A
and B of the dispenser. Determine the angular velocity of
the reel after it has made two revolutions starting from rest.
Neglect the mass of the cable. Each roller can be considered
as an 18-kg cylinder, having a radius of 0.1 m. The radius of
gyration of the reel about its center axis is kg = 0.42 m.

< 400 mm*‘

Probs. 18-4/5

18-6. A force of P = 60 N is applied to the cable, which
causes the 200-kg reel to turn since it is resting on the two
rollers A and B of the dispenser. Determine the angular
velocity of the reel after it has made two revolutions starting
from rest. Neglect the mass of the rollers and the mass of the
cable. Assume the radius of gyration of the reel about its center
axis remains constant at kp = 0.6 m.

Prob. 18-6



18-7. The disk, which has a mass of 20 kg, is subjected
to the couple moment of M = (26 + 4) N-m, where 6 is in
radians. If it starts from rest, determine its angular velocity
when it has made two revolutions.

300 mm M

o

Prob. 18-7

*18-8. The wheel is made from a 5-kg thin ring and two
2-kg slender rods. If the torsional spring attached to the
wheel’s center has a stiffness k = 2 N -m/rad, and the wheel
is rotated until the torque M = 25N-m is developed,
determine the maximum angular velocity of the wheel if it
is released from rest.

18-9. The wheel is made from a 5-kg thin ring and two
2-kg slender rods. If the torsional spring attached to the
wheel’s center has a stiffness K = 2 N-m/rad, so that the
torque on the center of the wheel is M = (20) N - m, where
0 is in radians, determine the maximum angular velocity of
the wheel if it is rotated two revolutions and then released
from rest.

Probs. 18-8/9

PROBLEMS 489

18-10. The force of 7= 20 N is applied to the cord of
negligible mass. Determine the angular velocity of the 20-kg
wheel when it has rotated 4 revolutions starting from rest.
The wheel has a radius of gyration of kp = 0.3 m.

T=20N
Prob. 18-10

18-11. Determine the velocity of the 50-kg cylinder after it
has descended a distance of 2 m. Initially, the system is at rest.
The reel has a mass of 25 kg and a radius of gyration about its
center of mass A of k4, = 125 mm.

Prob. 18-11
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*18-12. The 10-kg uniform slender rod is suspended at
rest from the pin at O when the force of F=150 N is applied
to its end. Determine the angular velocity of the rod when
it has rotated 90° clockwise from the position shown. The
force is always perpendicular to the rod.

18-13. The 10-kg uniform slender rod is suspended at rest
from the pin at O when the force of F = 150 N is applied
to its end. Determine the angular velocity of the rod when
it has rotated 180° clockwise from the position shown. The
force is always perpendicular to the rod.

—@o

<
<

F
Probs. 18-12/13

18-14. Each gear has mass of 2 kg and a radius of gyration
about its pinned mass center A or B, respectively, of
kg = 40 mm. Each link has a mass of 2 kg and a radius
of gyration about its pinned end, A or B, of k; = 50 mm. If
originally the spring is unstretched when the couple moment
M = 20N-m is applied to link AC, determine the angular
velocity of the links at the instant link AC rotates 0 = 45°.
Each gear and link are connected together and rotate about

the fixed pins A and B.

Prob. 18-14

PLANAR KINETICS OF A RIGID BobY: WORK AND ENERGY

18-15. The system is released from rest at 6 = 0° when a
constant couple moment M = 100N -m is applied. If the
mass of the cable and links AB and BC can be neglected,
and each pulley can be treated as a disk having a mass of
6 kg, determine the speed of the 10-kg block at the instant
link AB has rotated 6 = 90°. Note that point C moves
along the vertical guide. Also, the cable does not slip on the
pulleys.

Prob. 18-15

*18-16. The pendulum consists of a 10-kg uniform disk
and a 3-kg uniform slender rod. If it is released from rest in
the position shown, determine its angular velocity when it
rotates clockwise 90°.

\ B
AL ] 0.8 m
A M=30N-m

\ 2m \

Prob. 18-16



18-17. The wheel has a mass of 100 kg and a radius
of gyration of kp = 0.2 m. A motor supplies a torque
M = (406 + 900) N - m, where 6 is in radians, about the drive
shaft at O. Determine the speed of the loading car, which
has a mass of 300 kg, after it travels s = 4 m. Initially the
car is at rest when s =0 and 6 = 0°. Neglect the mass of the
attached cable and the mass of the car’s wheels.

Prob. 18-17

18-18. The center O of the thin ring of mass m is given
an angular velocity of w. If the ring rolls without slipping,
determine its angular velocity after it has traveled a distance
of s down the plane. Neglect its thickness.

Prob. 18-18

PROBLEMS 491

18-19. A motor supplies a constant torque M = 6 kN -m
to the winding drum that operates the elevator. If the
elevator has a mass of 900 kg, the counterweight C has a
mass of 200 kg, and the winding drum has a mass of 600 kg
and radius of gyration about its axis of kX = 0.6 m, determine
the speed of the elevator after it rises 5 m starting from rest.
Neglect the mass of the pulleys.

Prob. 18-19

*18-20. The rotary screen S is used to wash limestone.
When empty it has a mass of 800 kg and a radius of gyration
of kg = 1.75 m. Rotation is achieved by applying a torque
of M =280 N -m about the drive wheel at A. If no slipping
occurs at A and the supporting wheel at B is free to roll,
determine the angular velocity of the screen after it has
rotated 5 revolutions. Neglect the mass of A and B.

Prob. 18-20
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18-21. The uniform door has a mass of 20 kg and can be
treated as a thin plate having the dimensions shown. If it is
connected to a torsional spring at A, which has stiffness of
k = 80 N-m/rad, determine the required initial twist of the
spring in radians so that the door has an angular velocity of
12 rad/s when it closes at § = 0° after being opened at 6 = 90°
and released from rest. Hint: For a torsional spring M = k6,
where k is the stiffness and 6 is the angle of twist.

0.1 m

5/6@ 2 m

i

=/

KO

.8 m
e

Prob. 18-21

18-22. If corner A of the 60-kg plate is subjected to a
vertical force of P = 500 N, and the plate is released from
rest when 0 = 0°, determine the angular velocity of the plate
when 6 = 45°.

Prob. 18-22

PLANAR KINETICS OF A RIGID BobY: WORK AND ENERGY

18-23. If P =200 N and the 15-kg uniform slender rod
starts from rest at # = 0°, determine the rod’s angular
velocity at the instant just before § = 45°.

Prob. 18-23

*18-24. The 30-kg disk is originally at rest, and the spring
is unstretched. A couple moment of M = 80 N-m is then
applied to the disk as shown. Determine its angular velocity
when its mass center G has moved 0.5 m along the plane.
The disk rolls without slipping.

18-25. The 30-kg disk is originally at rest, and the spring is
unstretched. A couple moment M =80 N - m is then applied
to the disk as shown. Determine how far the center of mass
of the disk travels along the plane before it momentarily
stops. The disk rolls without slipping.

M=80N-m

k =200 N/m

Probs. 18-24/25



18-26. The link AB is subjected to a couple moment of
M = 40 N-m. If the ring gear C is fixed, determine the
angular velocity of the 15-kg inner gear when the link has
made two revolutions starting from rest. Neglect the mass
of the link and assume the inner gear is a disk. Motion
occurs in the vertical plane.

Prob. 18-26

18-27. Gear B is rigidly attached to drum A and is
supported by two small rollers at £ and D. Gear B is in
mesh with gear C and is subjected to a torque of
M = 50 N-m. Determine the angular velocity of the drum
after C has rotated 10 revolutions, starting from rest. Gear B
and the drum have 100 kg and a radius of gyration about
their rotating axis of 250 mm. Gear C has a mass of 30 kg
and a radius of gyration about its rotating axis of 125 mm.

Prob. 18-27

PROBLEMS 493

*18-28. The hand winch is used to lift the 50-kg load.
Determine the work required to rotate the handle five
revolutions, starting and ending at rest. The gear at A has a
radius of 20 mm.

Prob. 18-28

18-29. The 10-kg rod AB is pin connected at A and
subjected to a couple moment of M = 15 N -m. If the rod
is released from rest when the spring is unstretched at
0 = 30°, determine the rod’s angular velocity at the instant
0 = 60°. As the rod rotates, the spring always remains
horizontal, because of the roller support at C.

Prob. 18-29
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18-30. A ball of mass m and radius r is cast onto the
horizontal surface such that it rolls without slipping.
Determine its angular velocity at the instant 6 = 90°, if it
has an initial speed of v as shown.

18-31. A ball of mass m and radius r is cast onto the
horizontal surface such that it rolls without slipping.
Determine the minimum speed v of its mass center G
so that it rolls completely around the loop of radius R + r
without leaving the track.

=y

Probs. 18-30/31

*18-32. Motor M exerts a constant force of P = 750 N
on the rope. If the 100-kg post is at rest when 6 = 0°,
determine the angular velocity of the post at the instant
0 = 60°. Neglect the mass of the pulley and its size, and
consider the post as a slender rod.

Prob. 18-32

PLANAR KINETICS OF A RIGID BobY: WORK AND ENERGY

18-33. The spool has a mass of 100 kg and a radius of
gyration of 400 mm about its center of mass O. If it is released
from rest, determine its angular velocity after its center O has
moved down the plane a distance of 2 m. The contact surface
between the spool and the inclined plane is smooth.

18-34. The spool has a mass of 100 kg and a radius
of gyration of 400 mm about its center of mass O. If it is
released from rest, determine its angular velocity after its
center O has moved down the plane a distance of 2 m. The
coefficient of kinetic friction between the spool and the
inclined plane is y; = 0.15.

Probs. 18-33/34

18-35. The two 2-kg gears A and B are attached to the
ends of a 3-kg slender bar. The gears roll within the fixed
ring gear C, which lies in the horizontal plane. If a 10-N - m
torque is applied to the center of the bar as shown,
determine the number of revolutions the bar must rotate
starting from rest in order for it to have an angular velocity
of wsp = 20rad/s. For the calculation, assume the gears
can be approximated by thin disks. What is the result if the
gears lie in the vertical plane?

Prob. 18-35
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18.5 CONSERVATION OF ENERGY

When a force system acting on a rigid body consists only of conservative
forces, then the conservation of energy theorem can be used to solve
a problem that otherwise would be solved using the principle of work
and energy. This theorem is often easier to apply since the work of a
conservative force is independent of the path and depends only on the
initial and final positions of the body. It was shown in Sec. 14.5 that the
work of a conservative force can be expressed as the difference in the
body’s potential energy measured from an arbitrarily selected reference
or datum.

Since the total weight of
a body can be considered concentrated at its center of gravity, the
gravitational potential energy of the body is determined by knowing the
height of the body’s center of gravity above or below a horizontal datum.

V, = Wyg (18-15)

Here the potential energy is positive when G is above the datum, since
the weight has the ability to do positive work when the body moves back
to the datum, Fig. 18-16. Likewise, if G is located below the datum (—y),
the gravitational potential energy is negative, since the weight does
negative work when the body returns to the datum.

The force developed by an elastic
spring is also a conservative force. The elastic potential energy which
a spring imparts to an attached body when the spring is stretched or
compressed from an initial undeformed position (s = 0) to a final
position s, Fig. 18-17, is

V, = Lks? (18-16)

In the deformed position, the spring force acting on the body always has
the ability for doing positive work when the spring returns back to its
original undeformed position (see Sec. 14.5).

495

Ve=

Gravitational potential energy

Fig. 18-16

L V.= +%ks2
‘b MWW —
F;

Unstretched
position of
spring, s = 0

\ y !
Elastic potential energy

Fig. 18-17
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The torsional springs located at the top
of the garage door wind up as the door
is lowered. When the door is raised, the
potential energy stored in the springs
is then transferred into gravitational
potential energy of the door’s weight,
thereby making it easy to open.

Conservation of Energy. In general, if a body is subjected to
both gravitational and elastic forces, the total potential energy can be
expressed as a potential function represented as the algebraic sum

V=V, +V, (18-17)

Realizing that the work of conservative forces can be written as a difference
in their potential energies, i.e., (ZU;5)cons = V1 — V2, Eq. 14-16, we can
write the principle of work and energy for a rigid body as

Tl + Vl + (EUl—Z)noncons = T2 + V2 (18_18)

Here (2 U _5)noncons TEPresents the work of the nonconservative forces
such as friction. If this term is zero, then

Tl a4 Vl = T2 + V2 (18—19)

This equation is referred to as the conservation of energy. It states
that the sum of the potential and kinetic energies of the body remains
constant when the body moves from one position to another. It also
applies to a system of smooth, pin-connected rigid bodies, bodies
connected by inextensible cords, and bodies in mesh with other bodies.
In all these cases the forces acting at the points of contact are eliminated
from the analysis, since they occur in equal but opposite collinear pairs
and each pair of forces moves through an equal distance when the system
undergoes a displacement.

It is important to remember that only problems involving conservative
force systems can be solved by using Eq. 18-19. As stated in Sec. 14.5,
dry friction or fluid drag-resistant forces, which depend on velocity
or acceleration, are nonconservative. The work of such forces is
transformed into thermal energy used to heat up the surfaces of contact,
and consequently this energy is dissipated into the surroundings and may
not be recovered. Therefore, problems involving frictional forces can be
solved by using either the principle of work and energy written in the
form of Eq. 18-18, if it applies, or the equations of motion.



. PROCEDURE FOR ANALYSIS

18.5 CONSERVATION OF ENERGY

The conservation of energy equation is used to solve problems
involving velocity, displacement, and conservative force systems.
For application it is suggested that the following procedure
be used.

Potential Energy.

Draw two diagrams showing the body or system located at its
initial and final positions on the path.

If the center of gravity, G,is subjected to a vertical displacement,
establish a fixed horizontal datum from which to measure the
body’s gravitational potential energy V.

Data pertaining to the elevation y; of the body’s center of
gravity from the datum and the extension or compression of
any connecting springs can be determined from the problem
geometry and listed on the two diagrams.

The potential energy is determined from V = V, + V,. Here
V, = Wy, which can be positive or negative, and V, = %ksz,
which is always positive.

Kinetic Energy.

The kinetic energy of the body consists of two parts, namely,
translational kinetic energy referenced from the mass center,
T = %mvz(;, and rotational kinetic energy about the mass

center, T = 310,

Kinematic diagrams for velocity may be useful for establishing
a relationship between v and w.

Conservation of Energy.

Apply the conservationofenergyequation 7y + V; = T, + V,.

Refer to the companion website for Lecture
Summary and Quiz videos.
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EXAMPLE 18.6

y1=(0.2sin 30°) m

51 = (0.4 sin 30°) m

S

o)

Y98.1N

(®)

(v6)2

“2 A
v 1o

A(IC)( :/ >¢

0.2 m—>

GG

(c)
Fig. 18-18

PLANAR KINETICS OF A RIGID BobY: WORK AND ENERGY

k =800 N/m

Datum

The 10-kg rod AB shown in Fig. 18-18a is confined so that its ends
move in the horizontal and vertical slots. The spring has a stiffness of
k = 800 N/m and is unstretched when # = 0°. Determine the angular
velocity of AB when 0 = (0°, if the rod is released from rest when
6 = 30°. Neglect the mass of the slider blocks.

SOLUTION
Here the system consists of the rod and spring.

Potential Energy. The two diagrams of the rod, when it is located
at its initial and final positions, are shown in Fig. 18-18b. The datum,
used to measure the gravitational potential energy, is placed in line
with the rod when 6 = 0°.

When the rod is in position 1, the center of gravity G is located below
the datum so its gravitational potential energy is negative. Positive
elastic potential energy is stored in the spring, since it is stretched a
distance of s; = (0.4 sin 30°) m. Thus,

Vi = —Wy; + skst
= —(98.1 N)(0.2 sin 30° m) + 5(800 N /m)(0.4 sin 30° m)? = 6.19 J

When the rod is in position 2, the potential energy of the rod is zero,
since the center of gravity G is located at the datum, and the spring is
unstretched, s, = 0. Thus,

V2 =0
Kinetic Energy. The rod is released from rest from position 1, thus
(vg)1 = @1 = 0, and so

Tl =0
In position 2, the angular velocity is w, and the rod’s mass center has
a velocity of (vg),. Thus,

Ty = 5m(ve); + 516w
= ;(10kg)(v6)} + 2[ (10 kg) (04 m)* w3
Using kinematics, (v;), can be related to w, as shown in Fig. 18-18c. At
the instant considered, the instantaneous center of zero velocity (/C) for
the rod is at point A; hence, (vg), = (rG/c)w2 = (0.2 m)w,. Substituting
into the above expression and simplifying (or using 3/;cw3), we get
T, = 0.2667w3
Conservation of Energy.
{T} + {Vi} = {Ta} + {V>}
{0} + {6.19]} = {0.2667w3} + {0}
w, = 4.82 rad/s\ Ans.
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EXAMPLE 18.7

The wheel shown in Fig. 18-19a has a mass of 15 kg and a radius of
gyration of k5 = 0.18 m. It is attached to a spring which has a stiffness
k = 30N/m and an unstretched length of 0.3 m. If the wheel is
released from rest in the position shown and rolls without slipping,
determine its angular velocity at the instant G moves 0.9 m to the left.

SOLUTION
Here the system consists of the wheel and spring.

Potential Energy. Two diagrams of the wheel, when it is at the
initial and final positions, are shown in Fig. 18-19b. A gravitational
datum is not needed here since the weight is not displaced
vertically. From the problem geometry the spring is stretched
s = (V09 +122-03) =12m in the initial position, and
stretched s, = (1.2 — 0.3) = 0.9 m in the final position. Hence, the
positive spring potential energy is

Vy = kst = J(30N/m)(1.2m)?> = 21.6 N-m
V, = 1ks3 = J(30 N/m)(0.9 m)?> = 12.15N-m
Kinetic Energy. The wheel is released from rest and so (vg); = 0,
w; = 0. Therefore,
Tl =0

Since the instantaneous center of zero velocity is at the ground,
Fig. 18-19c¢, we have

T, = 11 2
275 IcW2
1 2 2| 2
== . + :
> (15 kg)(0.18 m) (15 kg)(0.225 m)” |w3 @ @
= 0.6227w3 (b)
Conservation of Energy. rgz\
{Th} + {Vi} = {Th} + {V>}
{0} + {21.6 N-m} = {0.6227w3} + {12.15N-m}
w, = 3.90rad/s Ans.
IC

NOTE: If the principle of work and energy were used to solve this
problem, then the work of the spring would have to be determined ©
by considering both the change in magnitude and direction of the

spring force. Fig. 18-19
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EXAMPLE 18.8

/\ll:l B

(a)

49.05N
l y1 = (0.3 sin 60°) m

981N
/ @ 981N 49 05N
Datum /Y 60 Vo
\;’ v \(37 ‘
A ©
@® @
(b)
A(IC
((\) YG/1c (?r)Z |
wiz=0 | (St
v
(v6)2
(©)
Fig. 18-20

o

Refer to the companion website for a self quiz of these
Example problems.
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The 10-kg disk shown in Fig. 18-20a is attached to a uniform 5-kg rod
AB.If the assembly is released from rest when # = 60°, determine the
angular velocity of the rod when # = 0°. Assume that the disk rolls
without slipping. Neglect friction along the guide and the mass of the
collar at B.

SOLUTION
The system consists of the disk and rod.

Potential Energy. Two diagrams for the rod and disk, when they
are located at their initial and final positions, are shown in Fig. 18-200.
For convenience the datum passes through point A.

When the system is in position 1, only the rod’s weight has positive
potential energy. Thus,

Vi = W,y = (49.05 N)(0.3 sin 60° m) = 12.74 ]
When the system is in position 2, both the weight of the rod and the
weight of the disk have zero potential energy. Why? Thus,
V,=0
Kinetic Energy. Since the entire system is at rest at the initial position,
T, =0

In the final position the rod has an angular velocity (w,), and its mass
center has a velocity (v),, Fig. 18-20c. Since the rod is fully extended in
this position, the disk is momentarily at rest,so (w,), = 0and (v4), = 0.
For the rod (vg), can be related to (w,), from the instantaneous
center of zero velocity, which is located at point A, Fig. 18-20c. Hence,

(vG)2 =1 G/Ic(wr)z or (vg)2 = 0.3(w,);. Thus,

1 1 1 1
Ty = Sm(ve)s + Sl(@)s + Sma(va)3 + S 1a(@)3

= JGRDIO3 M)l + 3| 15 (5 k)06 m? (@)} + 0+ 0
— 03(03

Conservation of Energy.
{Th} + {Vi} = {T2} + {V2}
{0} + {12747} = {03(w,)3} + {0}
(w,), = 6.52rad/s ) Ans.

NOTE: We can also determine the final kinetic energy of the rod using
1
Ty = 3l;cw5.
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. FUNDAMENTAL PROBLEMS

F18-7. If the 30-kg disk is released from rest when 6 = (°, F18-10. The 30-kg rod is released from rest when 6 = 0°.
determine its angular velocity when § = 90°. Determine the angular velocity of the rod when 6 = 90°.

The spring is unstretched when 6 = 0°.
|

‘ 2m

k =80N/m

Prob. F18-7 \/ i

F18-8. The 50-kg reel has a radius of gyration about

its center G of ks = 300 mm. If it is released from rest, Ifmb- F18-10
determine its angular velocity when its center G has [18-11. The 30-kg rod is released from rest when 6 = 45°.
traveled 6 m down the smooth inclined plane. Determine the angular velocity of the rod when 6 = 0°. The

spring is unstretched when 6 = 45°.

k =300 N/m

Prob. F18-11
I'18-12. The 20-kg rod is released from rest when 6 = 0°.

Prob. F18-8 Determine its angular velocity when # = 90°. The spring
F18-9. The 60-kg rod OA is released from rest when has an unstretched length of 0.5 m.
0 = 0°. Determine its angular velocity when 6 = 45°. The 2m }

spring remains vertical during the motion and is unstretched ,
when 6§ = 0°. —

k =100 N/m

k = 150 N/m

Prob. F18-9 Prob. F18-12
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. PROBLEMS
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*18-36. A chain that has a negligible mass is draped
over the sprocket which has a mass of 2 kg and a radius of
gyration of kp = 50 mm. If the 4-kg block A is released from
rest in the position s =1 m, determine the angular velocity of
the sprocket at the instant s =2 m.

18-37. Solve Prob. 18-36 if the chain has a mass of
0.8 kg/m. For the calculation, neglect the portion of the
chain that wraps over the sprocket.

100 mm

‘%J -0

Probs. 18-36/37

18-38. The assembly consists of a 3-kg pulley A and
10-kg pulley B. If a 2-kg block is suspended from the cord,
determine the block’s speed after it descends 0.5 m starting
from rest. Neglect the mass of the cord and treat the pulleys
as thin disks. No slipping occurs.

18-39. The assembly consists of a 3-kg pulley A and
10-kg pulley B. If a 2-kg block is suspended from the cord,
determine the distance the block must descend, starting
from rest, in order to cause B to have an angular velocity of
6 rad/s. Neglect the mass of the cord and treat the pulleys as
thin disks. No slipping occurs.

Probs. 18-38/39

*18-40. The spool has a mass of 50 kg and a radius of
gyration of ko = 0.280 m. If the 20-kg block A is released
from rest, determine the distance the block must fall in
order for the spool to have an angular velocity = 5rad/s.
Also, what is the tension in the cord while the block is in
motion? Neglect the mass of the cord.

18-41. The spool has a mass of 50 kg and a radius of
gyration of kp = 0.280 m. If the 20-kg block A is released
from rest, determine the velocity of the block when it
descends 0.5 m.

Probs. 18-40/41

18-42. The 6-kg rod ABC is connected to the 3-kg rod CD.
If the system is released from rest when 6 = 0°, determine
the angular velocity of rod ABC at the instant it becomes
horizontal.

Prob. 18-42



18-43. The two bars are released from rest at the position 6.
Determine their angular velocities at the instant they
become horizontal. Neglect the mass of the roller at C. Each
bar has a mass m and length L.

Prob. 18-43

*18-44. The tire has a mass of 8 kg, a radius of 0.3 m,and a
radius of gyration aboutits center of gravity G of k;=0.25m.
If it is released from rest at the top of the hill, determine
the velocity of its center at the bottom of the hill if it rolls
without slipping.

Prob. 18-44

18-45. An automobile tire has a mass of 7 kg and radius
of gyration of k; = 0.3 m. If it is released from rest at A on
the incline, determine its angular velocity when it reaches
the horizontal plane. The tire rolls without slipping.

Prob. 18-45

PROBLEMS 503

18-46. The 12-kg slender rod is attached to a spring, which
has an unstretched length of 2 m. If the rod is released from
rest when 6 = 30°, determine its angular velocity at the
instant 6 = 90°.

18-47. The 12-kg slender rod is attached to a spring, which
has an unstretched length of 2 m. If the rod is released from
rest when 6 =30°, determine the angular velocity of the rod
the instant the spring becomes unstretched.

k=40N/m

Probs. 18-46/47

*18-48. The two bars are released from rest at the position
6 = 90°. Determine their angular velocities at the instant
they become horizontal. Neglect the mass of the roller at C.
Each bar has a mass m and length L.

Prob. 18-48

18-49. The 40-kg wheel has a radius of gyration about
its center of gravity G of kg = 250 mm. If it rolls without
slipping, determine its angular velocity when it has rotated
clockwise 90° from the position shown. The spring AB has a
stiffness k =100 N/m and an unstretched length of 500 mm.
The wheel is released from rest.

1500 mm

k =100 N/m

Prob. 18-49
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18-50. The uniform garage door has a mass of 150 kg and is
guided along smooth tracks at its ends. Lifting is done using
the two springs, which are attached to the anchor bracket at
A and to the counterbalance shaft at B and C. As the door
is raised, the springs begin to unwind from the shaft, thereby
assisting the lift. If each spring provides a torsional moment of
M = (0.76) N -m, where 6 is in radians, determine the angle
0 at which both the left-wound and right-wound spring should
be attached at A so that the door is completely balanced by the
springs, i.e., when the door is in the vertical position and is given
aslight force upward, the springs will lift the door along the side
tracks to the horizontal plane with no final angular velocity.
Note: The elastic potential energy of a torsional spring is
V, =% kt?, where M = k6 and in this case k=0.7 N - m /rad.

Prob. 18-50

18-51. The two 12-kg slender rods are pin connected and
released from rest at the position § = 60°. If the spring
has an unstretched length of 1.5 m, determine the angular
velocity of rod BC, when the system is at the position
0=30°.

k =20 N/m
Prob. 18-51

PLANAR KINETICS OF A RIGID BobY: WORK AND ENERGY

*18-52. A large roll of paper having a mass of 20 kg and
a radius r = 150 mm is resting over the edge of a corner,
such that the end of the paper on the roll is attached to
the horizontal surface. If the roll is disturbed slightly from
its equilibrium position, determine the angle 6 at which
it begins to leap off the corner A as it falls. The radius of
gyration of the roll is k=75 mm.

Prob. 18-52

18-53. The two 12-kg slender rods are pin connected and
released from rest at the position 6 = 60°. If the spring has an
unstretched length of 1.5 m, determine the angular velocity
of rod BC when the system is at the position 6 = 0°. Neglect
the mass of the roller at C.

k =20 N/m
Prob. 18-53



18-54. Theslender 15-kg bar is initially at rest and standing
in the vertical position when the bottom end A is displaced
slightly to the right. If the track in which it moves is smooth,
determine the speed at which end A strikes the corner D.
The bar is constrained to move in the vertical plane. Neglect
the mass of the cord BC.

S5m

Q) W

4 m

A >
|

‘ 4m

Prob. 18-54
18-55. Determine the speed of the 50-kg cylinder after it
has descended a distance of 2 m, starting from rest. Gear A
has a mass of 10 kg and a radius of gyration of 125 mm about
its center of mass. Gear B and drum C have a combined
mass of 30 kg and a radius of gyration about their center of
mass of 150 mm.

Prob. 18-55

PROBLEMS 505

*18-56. The slender rod has a mass of 10 kg and is released
from rest when it is in the vertical position. Determine its
angular velocity at the instant it becomes horizontal. The
attached block at D has a mass of 4 kg. The mass of the
cable and pulley at C can be neglected.

Prob. 18-56

18-57. The small gear has a mass m and may be treated as
a uniform disk. If it is released from rest at 6 = 0°, and rolls
along the fixed circular gear rack, determine the angular
velocity of the radial line AB at the instant 6 = 90°.

Prob. 18-57
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18-58. The arm and seat of the amusement-park ride
have a mass of 1.5 Mg, with the center of mass located at
point G1. The passenger seated at A has a mass of 125 kg,
with the center of mass located at G,. If the arm is raised to
a position where 6 = 150°and released from rest, determine
the speed of the passenger at the instant 6 =0°.The arm has a
radius of gyration of k;; =12 m about its center of mass Gj.
Neglect the size of the passenger.

Prob. 18-58

18-59. The uniform rectangular door panel has a mass of
25 kg and is held in equilibrium above the horizontal at the
position # = 60° by rod BC. Determine the required stiffness
of the torsional spring at A, so that the door’s angular
velocity becomes zero when the door reaches the closed
position (6 = 0°) once the supporting rod BC is removed.
The spring is undeformed when 6 = 60°.

Prob. 18-59

PLANAR KINETICS OF A RIGID BobY: WORK AND ENERGY

*18-60. The slender 6-kg bar AB is horizontal and at rest
and the spring is unstretched. Determine the stiffness & of
the spring so that the motion of the bar is momentarily
stopped when it has rotated clockwise 90° after being
released.

A
[n) IB —

‘ 2m

Prob. 18-60

18-61. The uniform bar AB has a mass of 12 kg and is pin
connected at A. If the support at B is removed (6 = 90°),
determine the velocity of the 5-kg block C at the instant the
bar rotates downward to 6 = 150°. Neglect the size and mass
of the pulley at D.

Prob. 18-61



18-62. The pendulum consists of a 6-kg slender rod fixed
to a 15-kg disk. If the spring has an unstretched length of
0.2 m,determine the angular velocity of the pendulum when
it is released from rest and rotates clockwise 90° from the
position shown. The roller at C allows the spring to always
remain vertical.

k =200 N/m

0.3 m

Prob. 18-62

18-63. The 500-g rod AB rests along the smooth inner
surface of a hemispherical bowl. If the rod is released from
rest from the position shown, determine its angular velocity
at the instant it swings downward and becomes horizontal.

Prob. 18-63

PROBLEMS 507

*18-64. The gear is pinned at A and has a mass of 0.3 kg
and a radius of gyration of k4 =25 mm. The gear rack has a
mass of 0.5 kg. If the spring is stretched 50 mm and released
from rest, determine the angular velocity of the gear at the
instant the spring compresses 20 mm. Neglect friction.

18-65. Gear A has a mass of 0.5 kg and a radius of gyration
of k4 =40 mm, and gear B has a mass of 0.8 kg and a radius
of gyration of kg =55 mm. The link is pinned at C and has
a mass of 0.35 kg. If the link can be treated as a slender rod,
determine the angular velocity of the rod after the assembly
is released from rest when 6 = 0° and falls to 6 = 90°.

Prob. 18-65
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CHAPTER REVIEW

Kinetic Energy

The kinetic energy of a rigid body that undergoes
planar motion can be calculated using the
motion of its mass center or its motion about
a fixed axis or instantaneous axis of rotation.
It includes a scalar sum of its translational and
rotational kinetic energies.

v
R —

Translation

T = imvy

Translation
<\w

Rotation About a Fixed Axis

T = mwy + S0’

or
T = 10’
Rotation About a Fixed Axis
V\(u
General Plane Motion

T = tmv} + Lg?
or

— 1 2
T = QIICa)

General Plane Motion
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Work of a Force and a Couple Moment

A force does work when it undergoes a
displacement ds in the direction of the force, and
a couple moment does work when it undergoes
a rotation.

F

Up = /Fcosﬂds

Ur,. = (F.cos 0)s

Constant Force

Unstretched
position of

. §—
spring, s =0

0,
01

Uy = M6, — 6,)

Constant Magnitude
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Principle of Work and Energy

Problems that involve velocity, force, and
displacement can be solved using the principle
of work and energy. For application, a free-body
diagram should be drawn in order to account for
the work of all of the forces and couple moments
that act on the body as it moves along the path.

T+ 33U ,=T,

Conservation of Energy

If a rigid body is subjected only to conservative
forces, then the conservation-of-energy equation
can be used to solve the problem. This equation
requires that the sum of the potential and kinetic
energies of the body remain the same at any two
points along the path.

T1+V1= T2+V2
where V =V, + V,

The potential energy is the sum of the body’s
gravitational and elastic potential energies. The
gravitational potential energy will be positive if
the body’s center of gravity is located above a
datum. If it is below the datum, then it will be
negative. The elastic potential energy is always
positive, regardless if the spring is stretched or
compressed.

Vg = WyG

Vg = _WyG

Gravitational potential energy

Unstretched
position of
spring, s =0 | s

V,= %ks2

Elastic potential energy
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. REVIEW PROBLEMS

R18-1. The 50-kg flywheel has a radius of gyration of
ko = 200 mm about its center of mass. If it is subjected
to a torque of M = (901/ 2+ 1) N+m, where 6 is in radians,
determine its angular velocity when it has rotated 5
revolutions, starting from rest.

M=(96"+1)N-m

Prob. R18-1

R18-2. The spool has a mass of 40 kg and a radius of
gyration of kp = 0.3 m. If the 10-kg block is released from
rest, determine the distance the block must fall in order for
the spool to have an angular velocity w = 15 rad/s. Also,
what is the tension in the cord while the block is in motion?
Neglect the mass of the cord.

Prob. R18-2

R18-3. The pendulum of the Charpy impact machine has
a mass of 50 kg and a radius of gyration of k4 = 1.75 m. If
it is released from rest when 6 = 0°, determine its angular
velocity just before it strikes the specimen S, 6 = 90°.

Prob. R18-3

R18-4. The drum has a mass of 50 kg and a radius of
gyration about the pin at O of kp = 0.23 m. Starting from
rest, the suspended 15-kg block B is allowed to fall 3 m
without applying the brake ACD. Determine the speed of
the block at this instant. If the coefficient of kinetic friction
at the brake pad C is u; = 0.5, determine the force P that
must be applied at the brake handle which will then stop the
block after it descends another 3m. Neglect the thickness of
the handle.

0.25m
0.15m

Prob. R18-4
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R18-5. The compound disk pulley consists of a hub and
attached outer rim. If it has a mass of 3 kg and a radius of
gyration of kg = 45 mm, determine the speed of block A
after A descends 0.2 m from rest. Blocks A and B each have
a mass of 2 kg. Neglect the mass of the cords.

G
100 mm
30 mm
B
AR
A
Prob. R18-5

R18-6. At the instant the spring becomes undeformed,
the center of the 40-kg disk has a speed of 4 m/s. From this
point determine the distance d the disk moves down the
plane before momentarily stopping. The disk rolls without

slipping.

\ k =200 N/m

/0
Wy
/
/

Prob. R18-6

PLANAR KINETICS OF A RIGID BobY: WORK AND ENERGY

R18-7. The gear rack has a mass of 6 kg, and the gears
each have a mass of 4 kg and a radius of gyration of
k =30 mm at their centers. If the rack is originally moving
downward at 2 m/s, when s = 0, determine the speed of the
rack when s = 600 mm. The gears are free to turn about
their centers A and B.

50 mm

Prob. R18-7

R18-8. The system consists of a 10-kg disk A, 2-kg slender
rod BC, and a 0.5-kg smooth collar C. If the disk rolls
without slipping, determine the velocity of the collar at the
instant the rod becomes horizontal, i.e., # = 0°. The system
is released from rest when 6 = 45°.

Prob. R18-8






CHAPTER 1 9

The astronaut maneuvers in space by applying short impulses using the jetpack.
The results of the motion can be determined using impulse and momentum
methods.
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CHAPTER OBJECTIVES

m To develop formulations for the linear and angular momentum
of a body.

m To apply the principles of linear and angular impulse and
momentum to solve rigid-body planar kinetic problems.

m To discuss application of the conservation of momentum.

B To analyze the mechanics of eccentric impact.

19.1 LINEAR AND ANGULAR
MOMENTUM

In this chapter we will use the principles of linear and angular impulse and
momentum to solve problems involving force, velocity, and time as it relates
to the planar motion of a rigid body. Before doing this, we will first formalize
the methods for obtaining a body’s linear and angular momentum, assuming
the body is symmetric with respect to an inertial x—y reference plane.

Linear Momentum. The linear momentum of a rigid body is
determined by summing vectorially the linear momenta of all the particles
of the body, i.e., L = Xm;v;. Since Zm;v; = mvg (see Sec. 15.2) we can
then reference the linear momentum from the mass center, that is,

L = mvg (19-1)
This equation states that the body’s linear momentum is a vector
quantity having a magnitude mvs, which is commonly measured in units

of kg - m/s, and a direction defined by v, the velocity of the body’s mass
center.

515
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y
L
x |
OB Vi
T T
y
vp
IR
(a)
y ]
T~

_ 13
r/ |75
A
(b)
Fig. 19-1

Consider the body in Fig. 19-1a, which is
subjected to general plane motion. At the instant shown, the arbitrary
ith particle of the body has a mass m; and a velocity v;. The angular
momentum of this particle about the point P is equal to the “moment” of
the particle’s linear momentum about P, that is,

(Hp); = r X m;v;

This momentum can also be expressed in terms of the velocity of point P
rather than the velocity v,. If the body has an angular velocity w, then
from Fig. 19-1a, we have

Vi:Vp+Vi/p:Vp+le‘

Letting m; — dm;, expressing v; in terms of vp and using Cartesian
vectors, we have

(Hp)ik = m(xi + yj) X [(vp),di + (vp),j + ok X (xi + yj)]
(Hp); = —dm;y(vp), + dmx(vp), + dmwr?

Integrating over the entire mass m of the body, we obtain

Hp = —(/my dm)(vp)x + </mx dm)(vp)y + (/mr2 dm)w

Here Hp represents the angular momentum of the body about an axis
(the z axis) perpendicular to the plane of motion that passes through
point P. Since ym = f ydm and xm = f x dm, the integrals for the
first and second terms on the right are used to locate the body’s center
of mass G with respect to P, Fig. 19-1b. The last integral represents the
body’s moment of inertia about point P. Thus,

Hp - _ym('l)p)x + )?m(vp)y + Ipa) (19—2)

This equation reduces to a simpler form if P coincides with the mass
center G for the body,* in which case x = y = 0. Hence,

HG == IGCl) (19—3)

* It also reduces to a simpler form, Hp = Ipw, if point P is a fixed point (see Eq. 19-9) or if
the velocity of P is directed along the line PG.
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Here the angular momentum of the body about G is equal to the product
of the moment of inertia of the body about an axis passing through G and
the body’s angular velocity. Realize that Hg is a vector quantity having a
magnitude /5w, which is commonly measured in units of kg - m?/s, and
a direction defined by w, which is always perpendicular to the plane
of motion.

Equation 19-2 can also be rewritten in terms of the x and y components
of the velocity of the body’s mass center, (v¢), and (v¢),, and the body’s
moment of inertia /. Since G is located at coordinates (X,y), then by the
parallel-axis theorem, I, = I; + m(x> + y°). Substituting into Eq. 19-2
and rearranging terms, we have

Hp = ym[—(vp), + yo] + xm[(vp), + Xw] + I5® (19-4)

From the kinematic diagram of Fig. 19-1b, v can be expressed in terms
of vp as

Vg = Vp +w XTr
(UG)xi + (UG)yj = (vP)xi + (DP)yj + ok X (Ei + y.])

Carrying out the cross product and equating the respective i and j
components yields the two scalar equations

(vG)x = (UP)X - yo
(UG)y = (DP)y + xw

Substituting these results into Eq. 19—4 yields

(&‘F)Hp = —Ym(v(;)x + fm(’v(;)y + IG(U (19—5)

As shown in Fig. 19-1c, this result indicates that when the angular
momentum of the body is calculated about point P, it is equivalent to the
moment of the linear momentum mvg, or its components m(vg), and
m(vg),, about P plus the angular momentum I w. Using these results, we
will now consider three types of motion.

m(vg), L =mvg
L%

)

HG = IGwT

Body momentum
diagram

(c)
Fig. 19-1



518 CHAPTER 19 PLANAR KINETICS OF A RIGID BODY: IMPULSE AND MOMENTUM

A VG =V
B ——
d
L =mvg
e >
Translation
(a)
L = mvg
HG ~ IGw
I; G
@)

Rotation about a fixed axis

(b)
Fig. 19-2

When a rigid body is subjected to either rectilinear or
curvilinear translation, Fig. 19-2a, then @ = 0 and its mass center has
a velocity of v = v. Hence, the linear momentum, and the angular
momentum about G, become

L = mvg

19-6

If the angular momentum is calculated about some other point A, the
“moment” of the linear momentum L must be found about the point.
Since d is the “moment arm,” as shown in Fig. 1924, then in accordance
with Eq. 19-5, H4 = (d)(mvg)h.

When a rigid body is rotating
about a fixed axis, Fig. 19-2b, the linear momentum, and the angular
momentum about G, are

L= muvg
19-7
HG == IGO) ( )

It is sometimes convenient to calculate the angular momentum about
the pin at O. Noting that L (or vg;) is always perpendicular to x, we have

(L—F) HO = IGw + rG(va) (19—8)

Since v; = rgw, this equation can be written as Hy = (I + mrg)o.
Using the parallel-axis theorem,*

HO — Iow (19—9)

For the calculation, then, either Eq. 19-8 or 19-9 can be used.

*The similarity between this derivation and that of Eq. 17-16 (XM, = Ipa) and
Eq. 18-5 (T = %Iowz) should be noted. Also, this same result can be obtained from
Eq. 19-2 by selecting point P at O, realizing that (vo); = (vo), = 0.
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A
General plane motion
(0)
Fig. 19-2

General Plane Motion. When a rigid body is subjected to
general plane motion, Fig. 19-2¢, the linear momentum, and the angular
momentum about G, become

IL = Mvg

19-10
HG = IGa) ( ? )

If the angular momentum is calculated about point A, Fig. 19-2c, it is
necessary to include the moment of L and Hg about this point. In this
case,

(\+) Hy = Igw + (d)(mvg)

Here d is the moment arm, as shown in the figure.
As a special case, if point A is the instantaneous center of zero velocity,
then, like Eq. 19-9, we can write the above equation in simplified form as

HIC - Ilcw (19—11)

where /)¢ is the moment of inertia of the body about the /C. (See Prob. 19-1.)
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EXAMPLE 19.1

Ic 4 m cos 30° A
30° 30°
R 2m G >
2m
30°
Vg § Vo
Vw

(b)
Fig. 19-3

At a given instant the 5-kg slender bar has the motion shown in
Fig. 19-3a. Determine its angular momentum about point G and about
the IC at this instant.

vA=2m/sl

A
4m

G
B \30o

(a)

SOLUTION

Bar. The bar undergoes general plane motion. The IC is established
in Fig. 19-3b, so that

2m/s

@ = 4 m cos 30°

= 0.5774 rad/s

v = (0.5774 rad/s)(2 m) = 1.155m/s
Thus,

(1 H)Hg = Igw = [15(5 kg)(4 m)?](0.5774 rad /s) = 3.85 kg - m?/s)
Ans.

The angular momentum about the /C is
(1) H;e = I + d(mvg)
= [%(5 kg)(4 m)z}(0.5774 rad/s) + (2 m)(5 kg)(1.155 m/s)
= 154kg-m?/s) Ans.
We can also use
(T H)H;e = Licw
= [ (5 kg)(4 m)> + (5 kg)(2 m)? | (0.5774 rad /s)
= 154kg-m?/s) Ans.
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19.2 PRINCIPLE OF IMPULSE
AND MOMENTUM

Like the case for particle motion, the principle of impulse and momentum
for a rigid body can be developed by combining the equation of motion
with kinematics.

Principle of Linear Impulse and Momentum. The
equation of translational motion for a rigid body can be written as
>F = mag = m(dvg/dt). Since the mass of the body is constant,

d
SF = E(va)

Multiplying both sides by dt and integrating from ¢ = ¢, vg = (vg); to
t = t,vg = (vg), yields

15}
s / Fdi = m(vg), — m(ve),
151

This equation is referred to as the principle of linear impulse and
momentum. It states that the sum of all the impulses created by the
external force system which acts on the body during the time interval
to 1, is equal to the change in the linear momentum of the body during
this time interval.

Principle of Angular Impulse and Momentum. If the body
has general plane motion then Mg = Iga = I5(dw/dt). Since the
moment of inertia is constant,

d
Mg = 4 (Uqw)

Multiplying both sides by df and integrating from ¢ = #;, @ = wy to
I =b,w = w,gives

15}
2/ MG dt = IGw2 - IGa)l (19—12)
4]

In a similar manner, for rotation about a fixed axis passing through
point O, Eq.17-16 (XM, = I, (dw/dt)) when integrated becomes

15}
2/ MO dt = Ioa)z - 10(1)1 (19—13)
51

Equations 19-12 and 19-13 are referred to as the principle of angular
impulse and momentum. Both equations state that the sum of the angular
impulses acting on the body during the time interval £, to #, is equal to the
change in the body’s angular momentum during this time interval.
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IG(I)]

CG

m(ve)

Initial
momentum
diagram

(@)

[}
{; Fide

[}
M, dt
4
(’c
W, — 1)

7

JF, dr
b

Impulse
diagram

(b)

lsw,

(’4;zii52

Final
momentum
diagram

(c)
Fig. 194

)
JFyadt
[l

To summarize these concepts, if motion occurs in the x—y plane, the
following three scalar equations can be written to describe the planar
motion of the body.

5]

ey + 5 / F,df = mves),
51

m(v(;y)l alx 2/ Fy dt = m(va)z (19—14)

5]
IGwl + 2/ MG dt = IGw2
51

The terms in these equations can be shown graphically on the impulse
and momentum diagrams for the body, Fig. 19—4. The linear momentum
mvg is applied at the body’s mass center, Figs. 19—4a and 19-4c; whereas
the angular momentum /5w is a free vector, and therefore, like a couple
moment, it can be applied at any point on the body. When the impulse
diagram is constructed, Fig. 19-4b, the forces F and moment M vary with
time, and are indicated by the integrals. However, if F and M are constant,
then integration of the impulses yields F(z, — ¢;) and M(¢, — ¢;). Such is
the case for the body’s weight W, Fig. 19-4b.

Equations 19-14 can also be applied to an entire system of connected
bodies, rather than to each body separately. This eliminates the need to
include interaction impulses which occur at the connections since they
are internal to the system and cancel out. The resultant equations may be

written in symbolic form as
<2 syst. linear ) N (Esyst. 1inear) (E syst. linear )
momentum / impulse /-2 momentum / ,,
<2 syst. linear ) N (Esyst. 1inear) (E syst. linear )
momentum / impulse /-7 momentum /,

(2 syst. angular> N (2 syst. angular) B (Esyst. angular)
momentum /o impulse /o1 -2 momentum /g,

(19-15)

As indicated by the third equation, the system’s angular momentum and
angular impulse must be calculated with respect to the same reference
point O for all the bodies of the system.
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- PROCEDURE FOR ANALYSIS

Impulse and momentum principles are used to solve kinetic
problems that involve velocity, force, and time since these terms
are involved in the formulation.

Free-Body Diagram.

Establish the x, y, z inertial frame of reference and draw the
free-body diagram in order to account for all the forces and
couple moments that produce impulses on the body.

The direction and sense of the initial and final velocity of
the body’s mass center, vi, and the body’s angular velocity
o should be established. If any of these motions is unknown,
assume that the sense of its components is in the direction of
the positive inertial coordinates.

Calculate the moment of inertia I or /.

As an alternative procedure, draw the impulse and momentum
diagrams for the body or system of bodies as shown in Fig. 19—4.
These diagrams are particularly helpful in order to visualize
the “moment” terms used in the principle of angular impulse
and momentum, if application is about a fixed point O, the IC,
or another point other than the body’s mass center G.

Principle of Impulse and Momentum.

Apply the three scalar equations of impulse and momentum.
The angular momentum of a rigid body rotating about a fixed
axis is the moment of mvg plus Isw about the axis. This is
equal to Hy = Ipw, where [ is the moment of inertia of the
body about the axis.

Forces that are functions of time must be integrated to obtain
the impulse.

The principle of angular impulse and momentum is often used
to eliminate unknown impulsive forces that are parallel to or
pass through a common axis, since the moment of these forces
is zero about this axis.

Kinematics.

If more than three equations are needed for a complete
solution, it may be possible to relate the velocity of the body’s
mass center to the body’s angular velocity using kinematics.

Refer to the companion website for Lecture
Summary and Quiz videos.

523



524 CHAPTER 19 PLANAR KINETICS OF A RIGID BoDY: IMPULSE AND MOMENTUM

EXAMPLE 19.2

The 9-kg disk shown in Fig. 19-5a is acted upon by a couple moment
of 5.4 N -m and a force of 45 N which is applied to the cord wrapped
around its periphery. Determine the angular velocity of the disk two
seconds after starting from rest. Also, what are the force components
of reaction at the pin?

SOLUTION

Since angular velocity, force, and time are involved in the problem,
we will apply the principle of impulse and momentum to the solution.

Free-Body Diagram. Fig. 19-5b. The disk’s mass center does not
move; however, the loading causes the disk to rotate clockwise.
The moment of inertia of the disk about its fixed axis of rotation is

1 1
Iy = Smr® = 2(9kg) (0225 m)? = 0.228 kg - m’

Principle of Impulse and Momentum.

153
(%) m(oay + 3 [ Fode = miun;
I
0+A,2s)=0
153
(+1) moah + 3 [ Pyt = miun),
151
0+ Ay(2s) — [909.81) N](2s) —45N(2s) =0
5]
(Z‘+) IAwl-I-E/ MAdt=IAw2
f
45N 0+ 54N-m(2s) + [45N(25)](0.225 m) = 0.228w,
(®) . . .
Fig, 19-5 Solving these equations yields
A, =0 Ans.
A, =133N Ans.

y

w, = 136rad/s) Ans.
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EXAMPLE 19.3

The 100-kg spool shown in Fig. 19-6a has a radius of gyration
kg = 035 m. A cable is wrapped around the central hub of the spool,
and a horizontal force having a variable magnitude of P = (¢ + 10) N is
applied, where ¢ is in seconds. If the spool is initially at rest, determine its
angular velocity in 5 s. Assume that the spool rolls without slipping at A.

P=(+10)N P=(+10)N

@ (®)
Fig. 19-6
SOLUTION

Free-Body Diagram. From the free-body diagram, Fig. 19-6b, the
variable force P will cause the friction force F, to be variable, and
thus the impulses created by both P and F, must be determined by
integration. Force P causes the mass center to have a velocity v to the
right, and so the spool has a clockwise angular velocity w.

Principle of Impulse and Momentum. A direct solution for @
can be obtained by applying the principle of angular impulse and
momentum about point A, the IC, in order to eliminate the unknown
friction impulse.

(r"‘) IA(H1+2/MAdt=IA(l)2

5s
0+ [ / (t+ 10)N dt}(0.75 m + 0.4 m) = [100 kg (0.35 m)? + (100 kg)(0.75 m)*]w,
0

62.5(1.15) = 68.5w,
w, = 1.05rad/s) Ans.

NOTE: Try solving this problem by applying the principle of impulse
and momentum about G and using the principle of linear impulse and
momentum in the x direction.

525
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EXAMPLE 19.4

T

I
¢ 58.86 N
(b)

Fig. 19-7

o

Refer to the companion website for a self quiz of these
Example problems.

The cylinder B, shown in Fig. 19-7a has a mass of 6 kg. It is attached
to a cord which is wrapped around the periphery of a 20-kg disk that
has a moment of inertia 1, = 0.40 kg - m”. If the cylinder is initially
moving downward with a speed of 2 m/s, determine its speed in 3 s.
Neglect the mass of the cord in the calculation.

SOLUTION |

Free-Body Diagram. The free-body diagrams of the cylinder and
disk are shown in Fig. 19-7b. All the forces are constant since the
weight of the cylinder causes the motion. The downward motion of
the cylinder, v, causes w of the disk to be clockwise.

Principle of Impulse and Momentum. We can eliminate A, and
A, from the analysis by applying the principle of angular impulse and
momentum about point A. Hence

Disk
(T+) Loy + E/MA dt = Lo,
0.40 kg * m*(w;) + T(35)(0.2 m) = (0.40 kg - m*)w,
Cylinder
+1) matosh + 3 [ Fydi = my(un)y
—6kg(2m/s) + T(3s) — 58.86 N(3s) = —6 kg(vg),

Kinematics. Sincew = vg/r,thenw; = (2m/s)/(0.2 m) = 10 rad/s
and ®, = (vg),/0.2m = 5(vg),. Substituting and solving the
equations simultaneously for (vg), yields

(vg), = 13.0m/s | Ans.
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SOLUTION II

Impulse and Momentum Diagrams. We can obtain (vg), directly
by considering the system consisting of the cylinder, the cord, and
the disk. The impulse and momentum diagrams have been drawn to
clarify application of the principle of angular impulse and momentum
about point A, Fig. 19-7c.

Principle of Angular Impulse and Momentum. Realizing that
w; = 10rad/s and w, = 5(vg),, we have

t. angular syst. angular syst. angular
(), (87, . - ()
2 Al E A(1-2) 2 A2

momentum impulse momentum

(6kg)(2m/s)(0.2m) + (0.40 kg - m*)(10 rad/s) + (58.86 N)(35)(0.2 m)

= (6 kg)(vp)>(0.2m) + (0.40 kg~ m*)[5(v5),]
(vg), = 13.0m/s | Ans.

6 kg(2 m/s) 58.86 N(3 ') 6 kg(vp),
(©

Fig. 19-7

527




528 CHAPTER 19 PLANAR KINETICS OF A RIGID BoDY: IMPULSE AND MOMENTUM

EXAMPLE 19.5

A Charpy impact test is used to test a material to determine its energy
absorption characteristics during impact. The test is performed using
the pendulum shown in Fig. 19-8a, which has a mass m, mass center
at G, and a radius of gyration k5 about G. Determine the distance rp
from the pin at A to the point P where the impact with the
specimen § should occur so that the horizontal force at the pin A is
essentially zero during the impact. For the calculation, assume the
specimen absorbs all the pendulum’s kinetic energy during the time
it falls and thereby stops the pendulum from swinging when 6 = 0°.

SOLUTION

Free-Body Diagram. Asshown on the free-body diagram, Fig. 19-8b,
the conditions of the problem require the horizontal force at A to
be zero. Just before impact, the pendulum has a clockwise angular
velocity wy, and the mass center of the pendulum is moving to the left
at (UG)l =S 7(1)1.

Principle of Impulse and Momentum. We will apply the principle
of angular impulse and momentum about point A. Thus,

IAwl + E/MAdt = IA&)2

T+) Lo, — </th>rp =0

m(vg), + E/th = m(vg),

(%) —m(7w1)+/th=0
Eliminating the impulse f Fdt and substituting I, = mk%, + mr*
yields

[mk% + mr*]o; — m(Fw)rp = 0
Factoring out mw; and solving for rp, we obtain

k2
rp =71+ TG Ans.
r

NOTE: Point P, so defined, is called the center of percussion. By placing
the striking point at P, the force developed at the pin will be minimized.
Many sports rackets, clubs, etc., are designed so that collision with the
object being struck occurs at the center of percussion. As a
consequence, no “sting” or little sensation occurs in the hand of the
player. (Also see Probs. 17-65 and 19-2.)



FUNDAMENTAL PROBLEMS 529

. FUNDAMENTAL PROBLEMS

F19-1. The 60-kg wheel has a radius of gyration about
its center O of kp = 300 mm. If it is subjected to a
couple moment of M = (3t?) N-m, where  is in seconds,
determine the angular velocity of the wheel when ¢ = 4,
starting from rest.

M=@GAN-m

Prob. F19-1

F19-2.  The 300-kg wheel has a radius of gyration about its
mass center G of kg = 400 mm. If the wheel is subjected to
a couple moment of M = 300 N - m and no slipping occurs,
determine its angular velocity 6 s after it starts from rest.
Also, determine the friction force that the ground applies
to the wheel.

M =300N-m

Prob. F19-2

119-3. If rod OA of negligible mass is subjected to the
couple moment M = 9N-m, determine the angular
velocity of the 10-kg inner gear ¢ = 5 s after it starts from
rest. The gear has a radius of gyration about its mass center
of k, = 100 mm, and it rolls on the fixed outer gear, B.
Motion occurs in the horizontal plane.

Prob. F19-3

F19-4. Gears A and B of mass 10kg and 50 kg have
radii of gyration about their respective mass centers of
k4 = 80 mm and kg = 150 mm. If gear A is subjected to the
couple moment M = 10 N -m when it is at rest, determine
the angular velocity of gear B whent=35s.

Prob. F19-4

1'19-5. The 50-kg spool is subjected to a horizontal
force of P = 150 N. If the spool rolls without slipping,
determine its angular velocity 3 s after it starts from rest.
The radius of gyration of the spool about its center of mass
is kg = 175 mm.

/
0.3 {
v 2O

0.2 m

Prob. F19-5

F19-6. The reel has a mass of 70 kg and a radius of
gyration about its center of gravity of k; = 0.375 m. If it is
subjected to a torque of M = 35 N - m, and starts from rest
when the torque is applied, determine its angular velocity
in 3 seconds. The coefficient of kinetic friction between the
reel and the horizontal plane is y;, = 0.15.

Prob. F19-6
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. PROBLEMS

All solutions must include a free-body diagram.

19-1. At a given instant, the body has a linear momentum
L = mvg and an angular momentum H; = /5w calculated
about its mass center. Show that the angular momentum
of the body calculated about the instantaneous center of
zero velocity IC can be expressed as H;c = I;cw, where I;¢
represents the body’s moment of inertia calculated about
the instantaneous axis of zero velocity. As shown, the /C is
located at a distance r¢/;c away from the mass center G.

rG/ic
IC Prob. 19-1

19-2. The rigid body (slab) has a mass m and rotates with
an angular velocity w about an axis passing through the
fixed point O. Show that the momenta of all the particles
composing the body can be represented by a single vector
having a magnitude mvs and acting through point P,
called the center of percussion, which lies at a distance
rp/G = K%/ rgjo from the mass center G. Here kg is the
radius of gyration of the body, calculated about an axis
perpendicular to the plane of motion and passing through G.

mvg

Prob. 19-2

19-3. The two tugboats each exert a constant force F
on the boat such that these forces are always directed
perpendicular to the boat’s centerline. If the boat has a
mass m and a radius of gyration kg about its center of mass
G, determine the angular velocity of the boat as a function
of time . The boat is originally at rest.

Prob. 19-3

*19-4. Show that if a slab is rotating about a fixed axis
perpendicular to the slab and passing through its mass
center G, the angular momentum is the same when
calculated about any other point P.

Prob. 19-4



19-5. The 4-kg slender rod rests on a smooth floor. If it
is kicked so as to receive a horizontal impulse / = 8 N-s
at point A as shown, determine its angular velocity and the
speed of its mass center.

/\

I=8N-s
Prob. 19-5

19-6. A sphere and cylinder are released from rest on the
ramp at¢ = 0.If each has a mass m and a radius r, determine
their angular velocities at time 7. Assume no slipping occurs.

0

Prob. 19-6

19-7. The rod of length L and mass m lies on a smooth
horizontal surface and is subjected to a force P at its end A
as shown. Determine the location d of the point about
which the rod begins to turn, i.e, the point that has zero
velocity.

|

A%i

49—

Prob. 19-7
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*19-8. The frame of the roller has a mass of 5.5 Mg and a
center of mass at G.The roller has a mass of 2 Mg and a radius
of gyration about its mass center of k4 = 0.45 m. If a torque
of M = 600N -m is applied to the rear wheels, determine
the speed of the compactor in ¢ = 4 s, starting from rest. No
slipping occurs. Neglect the mass of the driving wheels.

‘ 1.95m

Prob. 19-8
19-9. The spool has a mass of 30 kg and a radius of gyration
ko = 0.25 m. Block A has a mass of 25 kg, and block B has a
mass of 10 kg. If they are released from rest, determine the
time required for block A to attain a speed of 2 m/s. Neglect
the mass of the ropes.

Prob. 19-9

19-10. The 50-kg cylinder has an angular velocity of
30 rad/s when it is brought into contact with the surface at
C.If the coefficient of kinetic friction is u¢c = 0.2,determine
how long it takes for the cylinder to stop spinning. What
force is developed in the link AB during this time? The axis
of the cylinder is connected to two symmetrical links. (Only
AB is shown.) Neglect the weight of the links.

30 rad/s
—t

Prob. 19-10
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19-11. The drum of mass m, radius r, and radius of gyration
k¢ rolls along an inclined plane for which the coefficient
of static friction is u, If the drum is released from rest,
determine the maximum angle 0 for the incline so that it
rolls without slipping.

Prob. 19-11

*19-12. A wire of negligible mass is wrapped around the
outer surface of the 2-kg disk. If the disk is released from
rest, determine its angular velocity in 3 s.

Prob. 19-12

19-13. The car strikes the side of a light pole, which
is designed to break away from its base with negligible
resistance. From a video taken of the collision it is observed
that the pole was given an angular velocity of 60 rad/s
when AC was vertical. The pole has a mass of 175 kg,
a center of mass at G, and a radius of gyration about an
axis perpendicular to the plane of the pole assembly and
passing through G of k¢ =2.25 m. Determine the horizontal
impulse which the car exerts on the pole at the instant AC is
essentially vertical.

S

Prob. 19-13

19-14. The smooth rod assembly shown is at rest when it is
struck by a hammer at A with an impulse of 10 N - s. Determine
the angular velocity of the assembly and the magnitude of
velocity of its mass center immediately after it has been struck.
The rods have a mass per unit length of 6 kg/m.

Prob. 19-14



19-15. A 4-kg disk A is mounted on arm BC, which has a
negligible mass. If a torque of M = (5¢">') N - m, where ¢ is
in seconds, is applied to the arm at C, determine the angular
velocity of BC in 2 s starting from rest. Solve the problem
assuming that (a) the disk is set in a smooth bearing at B
so that it moves with curvilinear translation, (b) the disk
is fixed to the shaft BC, and (c) the disk is given an initial
freely spinning angular velocity of w, = {-80k} rad/s prior
to application of the torque.

z
250 mm
B
¢ ] /r
60 mMT; M= (560.5:) N-m
Prob. 19-15

*¥19-16. If the boxer hits the 75-kg punching bag with
an impulse of / = 20N -s, determine the angular velocity
of the bag immediately after it has been hit. Also, find the
location d of point B, about which the bag appears to rotate.
Treat the bag as a uniform cylinder.

Prob. 19-16
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19-17. The 200-kg satellite has a radius of gyration about
the centroidal z axis of k, = 1.25 m. Initially it is rotating
with a constant angular velocity of w, = {1500k} rev/min.
If the two jets A and B, both in the x—y plane, are fired
simultaneously and produce a thrust of 7' = (5¢ *!/) kN,
where ¢ is in seconds, determine the angular velocity of the
satellite, five seconds after firing.

T = (5¢ ") kN

T = (5¢7 %) kN

Prob. 19-17

19-18. The double pulley consists of two wheels which are
attached to one another and turn at the same rate. The pulley
has a mass of 15 kg and a radius of gyration kp = 110 mm.
If the block at A has a mass of 40 kg, determine the speed
of the block in 3 s after a constant force F = 2 kN is applied
to the rope wrapped around the inner hub of the pulley. The
block is originally at rest. Neglect the mass of the rope.

7 T
200 mm
75 mm
F
A
Prob. 19-18
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19-19. The 100-kg spool is resting on the inclined surface
for which the coefficient of kinetic friction is w; = 0.1.
Determine the angular velocity of the spool when t = 45
after it is released from rest. The radius of gyration about
the mass center is kg = 0.25 m.

Prob. 19-19

*19-20. If the cord is subjected to a horizontal force of
P =150 N, and the gear rack is fixed to the horizontal plane,
determine the angular velocity of the gear in 4 s, starting
from rest. The mass of the gear is 50 kg, and it has a radius of
gyration about its center of mass O of kp = 125 mm.

19-21. If the cord is subjected to a horizontal force of
P =150 N, and the gear is supported by a fixed pin at O,
determine the angular velocity of the gear and the velocity of
the 20-kg gear rack in 4 s, starting from rest. The mass of the
gear is 50 kg and it has a radius of gyration of kp = 125 mm.
Assume that the contact surface between the gear rack and
the horizontal plane is smooth.

75 mm

P =150N

150 mm q

Probs. 19-20/21

19-22. The 12-kg disk has an angular velocity of
o = 20 rad/s. If the brake ABC is applied such that the
magnitude of force P varies with time as shown, determine
the time needed to stop the disk. The coefficient of kinetic
friction at B is u; = 0.4. Neglect the thickness of the brake.

1 (s)

Prob. 19-22

19-23. The hoop (thin ring) has a mass of 5 kg and is
released down the inclined plane such that it has a backspin
w = 8rad/s and its center has a velocity v = 3m/s as
shown. If the coefficient of kinetic friction between the
hoop and the plane is u;, = 0.6, determine how long the
hoop rolls before it stops slipping.

’\w = 8rad/s

Prob. 19-23



*19-24. The crate has a mass m,.. Determine the constant
speed v, it acquires as it moves down the conveyor. The
rollers each have a radius of r, mass m, and are spaced d
apart. Note that friction causes each roller to rotate when
the crate comes in contact with it.

Prob. 19-24

19-25. The 30-kg gear is subjected to a force of
P = (20t) N, where ¢ is in seconds. Determine the angular
velocity of the gear at t = 4 s, starting from rest. Gear rack B
is fixed to the horizontal plane, and the gear’s radius of
gyration about its mass center O is ko = 125 mm.

= (20 N

Prob. 19-25

19-26. If the shaft is subjected to a torque of M =
(15¢%) N - m, where ¢ is in seconds, determine the angular
velocity of the assembly when ¢ = 3s, starting from rest.
Rods AB and BC each have a mass of 9 kg.

1m 1m/\/'

‘__>M=(1512)N~m

Prob. 19-26
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19-27. A thin rod having a mass of 4 kg is balanced
vertically as shown. Determine the height £ at which it can
be struck with a horizontal force F and not slip on the floor.
This requires that the frictional force at A be essentially zero.

\/

0.8 m

................

Prob. 19-27

*19-28. The double pulley consists of two wheels which
are attached to one another and turn at the same rate.
The pulley has a mass of 15 kg and a radius of gyration of
ko =110 mm. If the block at A has a mass of 40 kg and the
container at B has a mass of 85 kg, including its contents,
determine the speed of the container when ¢ = 3 s after it is
released from rest.

Prob. 19-28
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19.3 CONSERVATION OF MOMENTUM

If the sum of all the
linear impulses acting on a system of connected rigid bodies is zero in a
specific direction, then the linear momentum of the system is constant, or
conserved in this direction, that is,

(2 syst. linear > _ <2 syst. linear > (19-16)
1 2

momentum momentum

This equation is referred to as the conservation of linear momentum.

Without introducing appreciable errors in the calculations, it may
also be possible to apply Eq. 19-16 in a specified direction for which
the linear impulses are small or nonimpulsive. Specifically, nonimpulsive
forces occur when small forces act over very short periods of time.
Typical examples include the force of a slightly deformed spring, the
initial contact force with soft ground, and in some cases the weight of
the body.

The angular
momentum of a system of connected rigid bodies is conserved about
the system’s center of mass G, or a fixed point O, when the sum of all
the angular impulses about these points is zero or appreciably small
(nonimpulsive). The third of Egs. 19-15 then becomes

< Zsyst. angular) _ <Zsyst. angular) (19-17)
o1 02

momentum momentum

This equation is referred to as the conservation of angular momentum.
In the case of a single rigid body, Eq. 19-17 applied to point G becomes
(Igw); = (Igw),. For example, consider a swimmer who executes a
somersault after jumping off a diving board. Angular momentum is
conserved about his center of mass G since his resultant weight passes
through this point. By tucking his arms and legs in close to his chest, he
decreases his body’s moment of inertia and thus increases his angular
velocity (/;w must be constant). If he straightens out just before entering
the water, his body’s moment of inertia is increased, and so his angular
velocity decreases. Since his weight creates a linear impulse during the
motion, this example also illustrates how the angular momentum of a
body can be conserved and yet the linear momentum is not. Such cases
occur whenever the external forces creating the linear impulse pass
through either the center of mass of the body or a fixed axis of rotation.
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. PROCEDURE FOR ANALYSIS

The conservation of linear or angular momentum should be
applied using the following procedure.

Free-Body Diagram.

e Establish the x, y inertial frame of reference and draw the free-
body diagram for the body or system of bodies during the time
of impact. From this diagram classify each of the applied forces
as being either “impulsive” or “nonimpulsive.”

e By inspection of the free-body diagram, the conservation of
linear momentum applies in a given direction when no external
impulsive forces act on the body or system in that direction;
whereas the conservation of angular momentum applies about
a fixed point O or at the mass center G of a body or system
of bodies when all the external impulsive forces acting on the
body or system create zero moment (or zero angular impulse)
about O or G.

e As an alternative procedure, draw the impulse and momentum
diagrams for the body or system of bodies. These diagrams are
particularly helpful in order to visualize the “moment” terms
used in the conservation of angular momentum equation, if it
is decided that angular momenta are to be calculated about a
point other than the body’s mass center G.

Conservation of Momentum.

e Apply the conservation of linear or angular momentum in the
appropriate directions.

Kinematics.
e [f the motion appears to be complicated, kinematic (velocity)

diagrams may be helpful in obtaining the necessary kinematic
relations.
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EXAMPLE 19.6

0.03 m

F=(02-003)m

©)
Fig. 19-9

The 10-kg wheel shown in Fig. 19-9a has a moment of inertia
I; = 0.156 kg - m?. Assuming that the wheel does not slip or rebound,
determine the minimum velocity v it must have to just roll over the
obstruction at A.

SOLUTION

Impulse and Momentum Diagrams.  Since no slipping or rebounding
occurs, the wheel essentially pivots about point A during contact. This
condition is shown in Fig. 19-9b, which indicates, respectively, the
momentum of the wheel just before impact, the impulses given to the
wheel during impact, and the momentum of the wheel just after impact.
Only two impulses (forces) act on the wheel. By comparison, the force at
A is much greater than that of the weight, and since the time of impact
is very short, the weight can be considered nonimpulsive. The impulsive
force F at A has both an unknown magnitude and an unknown
direction 6. We can eliminate this force from the analysis by noting
that angular momentum about A is essentially conserved since
(98.1A1)d = 0.

Conservation of Angular Momentum. With reference to Fig. 19-9b,

(r+) (Ha)1 = (Ha),
r'm(vg) + lgw; = rm(vg), + Igw,
(02m — 0.03 m)(10 kg)(vg); + (0.156 kg - m?)(w;) =
(0.2 m)(10 kg)(v5)> + (0.156 kg - m?)(w,)

Kinematics. Since no slipping occurs, in general w = vg/r =
v5/0.2 m = Svg. Substituting this into the above equation and
simplifying yields

(v6)2 = 0.8921(vg), (1)

Conservation of Energy.* In order to roll over the obstruction, the
wheel must pass position 3 shown in Fig. 19-9c. Hence, if (vg), [or
(vg)1] is to be a minimum, it is necessary that the kinetic energy of
the wheel at position 2 be equal to the potential energy at position 3.
Placing the datum through the center of gravity, as shown in the figure,
and applying the conservation of energy equation, we have

{Ta} + {Vo} = {T5} + {V3}
{310 kg)(v6)3 + 5(0.156 kg -m)w3} + {0} =
{0} + {(98.1 N)(0.03 m)}
Substituting w, = 5(vs), and Eq. 1 into this equation, and solving,
(vg)1 = 0.729 m/s — Ans.

* This principle does not apply during impact, since energy is lost during the collision.
However, just after impact, as in Fig. 19-9c, it can be used.
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EXAMPLE 19.7

The 5-kg slender rod shown in Fig. 19-10a is pinned at O and is initially
at rest. If a 4-g bullet is fired into the rod with a velocity of 400 m/s,
as shown in the figure, determine the angular velocity of the rod just
after the bullet becomes embedded in it.

SOLUTION

Impulse and Momentum Diagrams. The impulse which the bullet
exerts on the rod can be eliminated from the analysis by considering
the bullet and rod as a single system. To clarify the principles involved,
the impulse and momentum diagrams are shown in Fig. 19-10b. The
momentum diagrams are drawn just before and just after impact. As
shown on the impulse diagram, the external impulses are caused by
the reactions at O and the weights of the bullet and rod. Since the time
of impact, Az, is very short, the rod moves only a slight amount, and so
the “moments” of the weight impulses about point O are essentially
zero. Therefore angular momentum is conserved about this point.

0, Ar
op Oft—0, A fT
T I 05m |
mp(ve) 0.75 m 49.05 At o 0.75 m ‘
30° |
AN 0.0392 A -

(b)
Conservation of Angular Momentum. From Fig. 19-10b, we have
(t+) 2(Ho) = 2(Ho),
mp(vp); cos 30°(0.75 m) =mp(vp),(0.75 m) +mg(vs),(0.5 m) + 5w,
(0.004 kg)(400 cos 30° m/s)(0.75 m) =
(0.004 kg)(v5)>(0.75 m) + (5 kg)(v6)2(0.5 m) + [5(5 kg)( 1 m)* Jw,

or
1.039 = 0.003(vg), + 2.50(vg), + 0.4167w,

Kinematics. Since the rod is pinned at O, from Fig. 19-10c we have
(vG)2 = (0.5m)wy  (vp)y = (0.75 m)w,

Substituting into the above equation and solving yields
w, = 0.623 rad/s\ Ans.

b4 b=
2/ O
Y w,
05m |
0.75 m ‘

|
e

(c)

Fig. 19-10

(V)2

(vp)2
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Line
of impact

B

Plane of impact

(a)
Fig. 19-11

Here is an example of eccentric impact

occurring between this bowling ball and pin.
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¥19.4 ECCENTRIC IMPACT

The concepts involving central and oblique impact of particles were
presented in Sec. 15.4. We will now expand this treatment and discuss the
eccentric impact of two bodies. Eccentric impact occurs when the line
connecting the mass centers of the two bodies does not coincide with the
line of impact.* This type of impact often occurs when one or both of the
bodies are constrained to rotate about a fixed axis. For example, consider
the collision at C between the two bodies A and B, shown in Fig. 19-11a.
It is assumed that just before collision B is rotating counterclockwise
with an angular velocity (wg);, and the velocity of the contact point C
located on A is (uy);. Kinematic diagrams for both bodies just before
collision are shown in Fig. 19-11b. Provided the bodies are smooth, the
impulsive forces they exert on each other are directed along the line of
impact. Hence, the component of velocity of point C on body B, which is
directed along the line of impact, is (vg); = (wp)r, Fig. 19-11b. Likewise,
on body A the component of velocity (uy); along the line of impact is
(v4)1. In order for a collision to occur, (v4); > (vg);-

During the impact an equal but opposite impulsive force P is exerted
between the bodies which deforms their shapes at the point of contact.
The resulting deformation impulse is shown on the impulse diagrams for
both bodies, Fig. 19-11c¢. In addition, the impulsive force at point C on the
rotating body creates impulsive pin reactions at O. On these diagrams it
is assumed that these impulses are much larger than the nonimpulsive
weights of the bodies, which are not shown. When the deformation at
point C is a maximum, point C on both bodies moves with a common
velocity v along the line of impact, Fig. 19-11d. A period of restitution
then occurs in which the bodies tend to regain their original shapes.
The restitution phase creates an equal but opposite restitution impulse
between the bodies as shown on the impulse diagram, Fig. 19-11e. After
restitution the bodies move apart such that point C on body B has a
velocity (vg), and point C on body A has a velocity (uy),, Fig. 19-11f,
where (vg); > (V4)s.

In general, a problem involving the impact of two bodies requires
determining the two unknowns (v,), and (vg),, assuming (v,); and
(vp)1 are known. To solve such problems, two equations must be written.
The first equation generally involves application of the conservation of
angular momentum. For example, in the case of bodies A and B, angular
momentum is conserved about point O since the impulses at C are
internal to the system and the impulses at O create zero moment (or zero
angular impulse) about O. The second equation can be obtained using
the definition of the coefficient of restitution, e, which is a ratio of the
restitution impulse to the deformation impulse.

* When these lines coincide, central impact occurs and the problem can be analyzed as
discussed in Sec. 15.4.
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To establish a useful form of the coefficient of restitution equation we
will first apply the principle of angular impulse and momentum about
point O to body B. Proceeding from the time just before the collision to the
instant of maximum deformation, Figs. 19-11b,19-11¢,and 19-11d, we have

((+) Io(wg)y + 1 / Pdt = Ipw (19-18)

Here [, is the moment of inertia of B about point O. Similarly, applying
the principle of angular impulse and momentum from the instant of
maximum deformation to the time just after the impact, Figs. 19-11d,
19-11e, and 19-11f, yields

\+) Iow + r/R dt = Ip(wp), (19-19)

Solving Egs. 19-18 and 19-19 for f P dt and f R dt, respectively, and
formulating e, we have

/ Rt opy =10 (0g)s —

e = =

ro — r(wp); v - (vB)1
[ra

(e)

0

(@p), 1
C
(vg)2 = (wp)or B
()2
=g
A
Velocity just

after collision
()
Fig.19-11
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In the same manner, we can write an equation which relates the
magnitudes of velocity (v,4); and (v4), of body A. The result is

_v- (va)>
(Va1 — v

Combining the above two equations by eliminating the common velocity v
yields the desired result, i.e.,

_ (vp)y = (Va)2

*+7) ; (va)1 — (v

(19-20)

This equation is identical to Eq. 15-11, which was derived for the central
impact between two particles. It states that the coefficient of restitution
is equal to the ratio of the relative velocity of separation of the points of
contact (C) just after impact to the relative velocity at which the points
approach one another just before impact. In deriving this equation, we
assumed that the points of contact for both bodies move up and to the
right both before and after impact. If motion of any one of the contacting
points occurs down and to the left, the velocity of this point should be
considered a negative quantity in Eq. 19-20.

It is important to realize, however, that this analysis has only a very
limited application in engineering, because values of e for eccentric
impact have been found to be highly sensitive to the material, geometry,
and the velocity of each of the colliding bodies.

During impact the columns of many highway signs are intended to break out of their
supports and easily collapse at their joints. This is shown by the slotted connections at
their base and the clean breaks at the column’s midsection.



EXAMPLE 19.8

The 5-kg slender rod is suspended from the pin at A, Fig. 19-12a. If a
1-kg ball B is thrown at the rod and strikes its center with a velocity of
9 m/s, determine the angular velocity of the rod just after impact. The
coefficient of restitution is e = 0.4.

SOLUTION

Conservation of Angular Momentum. If we consider the ball
and rod as a single system, Fig. 19-12b, then angular momentum is
conserved about point A since the impulsive force between the rod and
ball is internal. Also, the weights of the ball and rod are nonimpulsive.
Assuming the directions of the velocities of the ball and rod just after
impact are as shown on the kinematic diagram, Fig. 19-12¢, we require

) (Ha)1 = (Hy),

mp(vg)1(0.45 m) = mp(vg),(0.45 m) + mg(vs)2(0.45 m) + o0,

(1kg)(9 m/s)(0.45 m) = (1 kg)(vp),(0.45 m) +

(5 kg)(v5),(0.45 m) + 11—2(5 kg)(0.9 m)? |w,

Since (v5), = 0.45w, then

Coefficient of Restitution. With reference to Fig. 19-12¢, we have

_ (v6)2 — (vB)

_ _ (045 m)w2 - (UB)Z
(v — (Vo)1

0.4
9m/s — 0

3.6 = 045(1)2 - (vB)Z (2)
Solving Egs. 1 and 2 yields
(vg), = —1.957m/s = 1.957T m/s <«

®, = 3.65rad/s" Ans.

19.4 ECCENTRIC IMPACT

0.45 m
9m/s
_—

0.45 m

(a)

5(9.81)N

(b)

NI

(vp)1 =9m/s J

@&G—b

(vB)2

B

Fig. 19-12
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. PROBLEMS

19-29. The 10-g bullet having a velocity of 800 m/s is fired
into the 5-kg disk as shown. Determine the angular velocity
of the disk just after the bullet becomes embedded. Also,
calculate the angle 0 the disk will swing when it stops. The
disk is originally at rest. Neglect the mass of the rod AB and
the final angular momentum of the embedded bullet.

19-30. The 10-g bullet having a velocity of 800 m/s is
fired into the 5-kg disk as shown. Determine the angular
velocity of the disk just after the bullet becomes embedded.
Also, calculate the angle 6 the disk will swing when it stops.
The disk is originally at rest. The rod AB has a mass of 3 kg.
Neglect the final angular momentum of the embedded bullet.

v = 800 m/s
=

Probs. 19-29/30

19-31. The turntable 7 of a record player has a mass of
0.75 kg and a radius of gyration k, = 125 mm. It is turning
freely at wp = 2rad/s when a 50-g record (thin disk) falls
on it. Determine the final angular velocity of the turntable
just after the record stops slipping on the turntable.

wr = 2rad/s

Prob. 19-31

*19-32. The circular disk has a mass m and is suspended
at A by the wire. If it receives a horizontal impulse I at its
edge B, determine the location y of the point P about which
the disk appears to rotate during the impact.

Prob. 19-32

19-33. The 80-kg man is holding two dumbbells while
standing on a turntable of negligible mass, which turns freely
about a vertical axis. When his arms are fully extended, the
turntable is rotating with an angular velocity of 0.5 rev/s.
Determine the angular velocity of the man when he retracts
his arms to the position shown. When his arms are fully
extended, approximate each arm as a uniform 6-kg rod
having a length of 650 mm, and his body as a 68-kg solid
cylinder of 400-mm diameter. With his arms in the retracted
position, assume the man is an 80-kg solid cylinder of
450-mm diameter. Each dumbbell consists of two 5-kg
spheres of negligible size.

Prob. 19-33



19-34. The Hubble Space Telescope is powered by two
solar panels as shown. The body of the telescope has a mass
of 11 Mg and radii of gyration k, = 1.64 m and k, = 3.85 m,
whereas the solar panels can be considered as thin plates,
each having a mass of 54 kg. Due to an internal drive,
the panels are given an angular velocity of {0.6j} rad/s,
measured relative to the telescope. Determine the angular
velocity of the telescope due to the rotation of the panels.
Prior to rotating the panels, the telescope was originally
traveling at vg ={—400i + 250j + 175k} m/s. Neglect its
orbital rotation.

N

1.5m
Prob. 19-34

19-35. Two children A and B, each having a mass of 30 kg,
sit at the edge of the merry-go-round which is rotating at
o = 2 rad/s. Excluding the children, the merry-go-round
has a mass of 180 kg and a radius of gyration k, = 0.6 m.
Determine the angular velocity of the merry-go-round if A
jumps off horizontally in the —n direction with a speed of
2 m/s, measured with respect to the merry-go-round. What
is the merry-go-round’s angular velocity if B then jumps
off horizontally in the +¢ direction with a speed of 2 m/s,
measured with respect to the merry-go-round? Neglect
friction and the size of each child.

Prob. 19-35
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*19-36. The 2-kg rod ACB supports the two 4-kg disks at
its ends. If both disks are given a clockwise angular velocity
(wy)1 = (wp); = Srad/s while the rod is held stationary
and then released, determine the angular velocity of the rod
after both disks have stopped spinning relative to the rod
due to frictional resistance at the pins A and B. Motion is in
the horizontal plane. Neglect friction at pin C.

} 0.75m ‘ 0.75m |
A\

(w;l\B\'& : an)i/

0.15m 0.1 @),

Prob. 19-36

19-37. Each of the two slender rods and the disk have the
same mass m. Also, the length of each rod is equal to the
diameter d of the disk. If the assembly is rotating with an
angular velocity @ when the rods are directed outward,
determine the angular velocity of the assembly if by internal
means the rods are brought to an upright vertical position.

CT:‘XH

d d d

Prob. 19-37
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19-38. A thin rod of mass m has an angular velocity e
while rotating on a smooth surface. Determine its new
angular velocity just after its end strikes and hooks onto the
peg and the rod starts to rotate about P without rebounding.
Solve the problem (a) using the parameters given,
(b) settingm = 2kg, wy = 4rad/s,] = 1.5m.

Prob. 19-38

19-39. The rod has a length L and mass m. A smooth collar
having a negligible size and one-fourth the mass of the rod is
placed on the rod at its midpoint. If the rod is freely rotating
at w about its end and the collar is released, determine the
rod’s angular velocity just before the collar flies off the rod.
Also, what is the speed of the collar as it leaves the rod?

Prob. 19-39

*19-40. The 12-kg rod AB is pinned to the 40-kg disk. If
the disk is given an angular velocity wp = 100 rad/s while
the rod is held stationary, and the assembly is then released,
determine the angular velocity of the rod after the disk
has stopped spinning relative to the rod due to frictional
resistance at the bearing B. Motion is in the horizontal
plane. Neglect friction at the pin A.

2m |
+ N
SO

Prob. 19-40

BobDY: IMPULSE AND MOMENTUM

19-41. The vertical shaft is rotating with an angular
velocity of 3 rad/s when # = 0°. If a force F is applied to
the collar so that § = 90°, determine the angular velocity of
the shaft. Also, find the work done by force F. Neglect the
mass of rods GH and EF and the collars I and J. The rods
AB and CD each have a mass of 10 kg.

F
o|o

Prob. 19-41

19-42. The satellite has a mass of 200 kg and a radius
of gyration about z axis of k, = 0.1 m, excluding the two
solar panels A and B. Each solar panel has a mass of 15 kg
and can be approximated as a thin plate. If the satellite
is originally spinning about the z axis at a constant rate
w, = 0.5rad/s when § = 90°, determine the rate of spin
if both panels are raised and reach the upward position,
6 = 0°, at the same instant.

Prob. 19-42



19-43. The pendulum consists of a slender 2-kg rod AB
and 5-kg disk. It is released from rest without rotating. When
it falls 0.3 m, the end A strikes the hook S, which provides
a permanent connection. Determine the angular velocity of
the pendulum after it has rotated 90°. Treat the pendulum’s
weight during impact as a nonimpulsive force.

’—* 0.5m —

Prob. 19-43

*19-44. The target is a thin 5-kg circular disk that can
rotate freely about the z axis. A 25-g bullet, traveling at
600 m/s, strikes the target at A and becomes embedded
in it. Determine the angular velocity of the target after the
impact. Initially, it is at rest.

600 m/s

7 /200 mm
300 mm B
—_—
oD
‘ I 100 mm

Prob. 19-44
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19-45. The pendulum consists of a 15-kg solid ball and
6-kg rod. If it is released from rest when 6, = 90°, determine
the angle 6, after the ball strikes the wall, rebounds, and the
pendulum swings up to the point of momentary rest. Take
e = 0.6.

300 mm —

300 mm

Prob. 19-45

19-46. The wheel has a mass of 50 kg and a radius of
gyration of 125 mm about its center of mass G. Determine
the minimum value of the angular velocity e, of the wheel,
so that it strikes the step at A without rebounding and then
rolls over it without slipping.

Prob. 19-46

19-47. Determine the height £ of the bumper of the pool
table, so that when the pool ball of mass m strikes it, no
frictional force will be developed between the ball and the
table at A. Assume the bumper exerts only a horizontal
force on the ball.

Prob. 19-47
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*19-48. The hammer consists of a 10-kg solid cylinder C
and 6-kg uniform slender rod A B. If the hammer is released
from rest when 6 = 90° and strikes the 30-kg block D when
0 = 0°, determine the velocity of block D and the angular
velocity of the hammer immediately after the impact. The
coefficient of restitution between the hammer and the
block is e = 0.6.

Prob. 19-48

19-49. The wheel has a mass of 50 kg and a radius of
gyration of 125 mm about its center of mass G. If it rolls
without slipping with an angular velocity of w; = 5Srad/s
before it strikes the step at A, determine its angular velocity
after it rolls over the step. The wheel does not lose contact
with the step when it strikes it.

Prob. 19-49

19-50. The uniform rod assembly rotates with an angular
velocity of w( on the smooth horizontal plane just before
the hook strikes the peg P without rebound. Determine
the angular velocity of the assembly immediately after the
impact. Each rod has a mass of m.

Prob. 19-50

19-51. The 20-kg disk strikes the step without rebounding.
Determine the largest angular velocity w; the disk can have
without losing contact with the step A.

7

{30 mm

Prob. 19-51

*19-52. The solid ball of mass m is dropped with a
velocity v; onto the edge of the rough step. If it rebounds
horizontally off the step with a velocity v,, determine the
angle 0 at which contact occurs. Assume no slipping when
the ball strikes the step. The coefficient of restitution is e.

Prob. 19-52



19-53. Determine the height & at which a billiard ball of
mass m must be struck so that no frictional force develops
between it and the table at A. Assume that the cue C only
exerts a horizontal force P on the ball.

Prob. 19-53

19-54. A 50-g pencil (uniform slender rod) falls down onto
the table with a velocity of 0.2 m/s just before impact. If it
is at an angle of 60° with the horizontal, and it does not slip
during the impact, determine its angular velocity w and the
velocity v of its center of mass just after rebounding. The
coefficient of restitution is e = 0.8.

Prob. 19-54

19-55. The rod of mass m and length L is released from rest
without rotating. When it falls a distance L, the end A strikes the
hook S, which provides a permanent connection. Determine
the angular velocity w of the rod after it has rotated 90°. Treat
the rod’s weight during impact as a nonimpulsive force.

Prob. 19-55
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*19-56. A solid ball with a mass m is thrown on the ground
such that at the instant of contact it has an angular velocity
; and velocity components (vg), and (vg),; as shown. If
the ground is rough so no slipping occurs, determine the
components of the velocity of its mass center just after
impact. The coefficient of restitution is e.

e/

Prob. 19-56

19-57. A ball having a mass of 8 kg and initial speed of
v1 = 0.2 m/s rolls over a 30-mm-long depression. Assuming
that the ball rolls off the edges of contact, first A then B,
without slipping, determine its final velocity v, when it
reaches the other side.

Prob. 19-57

19-58. The 2-kg disk is thrown down onto the rough
surface with the velocity and angular velocity shown. If
there is no slipping, and the coefficient of restitution is
e = 0.5, determine the velocity of the disk and its angular
velocity just after rebounding.

Srad/s

100 mm

30°~ 2m/s
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CHAPTER REVIEW

Linear and Angular Momentum

The linear and angular momentum of a rigid body can
be referenced to its mass center G.

If the angular momentum is to be determined about
an axis other than the one passing through the mass
center, then the angular momentum is determined by
summing Hg; and the moment of L about this axis.

A

d
A
Translation Rotation about a fixed axis General plane motion
L = mvg L = mvg L = mvg
HG =0 HG = IGLU HG = IG(l)
HA = (va)d HO = Io(l) HA = IGLU + (va)d

Principle of Impulse and Momentum

5}
o . . m(va)l + E/ Fx dr = m(va)Z
The principles of linear and angular impulse and n

momentum are used to solve problems that involve f

force, velocity, and time. Before applying these m(vey) + % / Fydt = m(vgy)
equations, it is important to establish the x, y, z inertial tzl

coordinate system. The free-body diagram for the body lgo, + 3 / Mg dt = Igw,
should also be drawn in order to account for all of the i

forces and couple moments that produce impulses on
the body.
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Conservation of Momentum

Provided the sum of the linear impulses acting on a
system of connected rigid bodies is zero in a particular
direction, then the linear momentum for the system is
conserved in this direction. Conservation of angular
momentum occurs if the impulses pass through an
axis or are parallel to it. Momentum is also conserved
if the external forces are small and thereby create
nonimpulsive forces on the system. A free-body
diagram should accompany any application in order to
classify the forces as impulsive or nonimpulsive and to
determine an axis about which the angular momentum
may be conserved.

syst. linear> B < syst. linear)
< b 1 2 2

momentum momentum

<Esyst. angular> B <Esyst. angular
o1

momentum momentum

)

Eccentric Impact

If the line of impact does not coincide with the line
connecting the mass centers of two colliding bodies,
then eccentric impact will occur. If the motion of the
bodies just after the impact is to be determined, then it
is necessary to consider a conservation of momentum
equation for the system and use the coefficient of
restitution equation.

_ (vp)2 — (Va)2
(va)1 — (vp)
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REVIEW PROBLEMS

R19-1. The space capsule has a mass of 1200 kg and a
moment of inertia I; = 900 kg - m? about an axis passing
through G and directed perpendicular to the page. If it is
traveling forward with a speed v = 800 m/s and executes
a turn by means of two jets, which provide a constant thrust
of 400 N for 0.3 s, determine the capsule’s angular velocity
just after the jets are turned off.

P
T =400 N
Prob. R19-1

R19-2. The wheel having a mass of 100 kg and a radius
of gyration about the z axis of k, = 300 mm rests on the
smooth horizontal plane. If the belt is subjected to a force
of P = 200 N, determine the angular velocity of the wheel
and the speed of its center of mass O, three seconds after
the force is applied.

P=200N

Prob. R19-2

R19-3. The cable is subjected to a force of P = (50r%) N,
where ¢ is in seconds. Determine the angular velocity of the
spool 3 s after P is applied, starting from rest. The spool has
a mass of 75 kg and a radius of gyration of 0.375 m about its
center, O.

A P= (50@ N

Prob. R19-3

R19-4. The tire has a mass of 9 kg and a radius of gyration
ko = 225 mm. If it is released from rest and rolls down the
plane without slipping, determine the speed of its center O
when ¢ = 3.

Prob. R19-4



R19-5. Spool B is at rest and spool A is rotating at 6 rad/s
when the slack in the cord connecting them is taken up. If the
cord does not stretch, determine the angular velocity of each
spool immediately after the cord is jerked tight. The spools
A and B have masses and radii of gyration m, = 15 kg,
kqs = 024 m,mg = 7.5kg, kg = 0.18 m, respectively.

Prob. R19-5

R19-6. The space satellite has a mass of 125 kg and a
moment of inertia I, = 0.940 kg m?, excluding the four
solar panels A, B, C, and D. Each solar panel has a mass of
20 kg and can be approximated as a thin plate. If the satellite
is originally spinning about the z axis at a constant rate
w, = 0.5rad/s when 6 = 90°, determine the rate of spin
if all the panels are raised and reach the upward position,

6 = (°, at the same instant.

Prob. R19-6

REVIEW PROBLEMS 553

R19-7. The spool has a mass of 15 kg and a radius of
gyration kp = 0.2 m. If a force of 200 N is applied to the
cord at A, determine the angular velocity of the spool in
t = 3's starting from rest. Neglect the mass of the pulley
and cord.

(@

200 N

Prob. R19-7

R19-8. A thin disk of mass m has an angular velocity
w; while rotating on a smooth surface. Determine its new
angular velocity just after the hook at its edge strikes the
peg P and the disk starts to rotate about P without
rebounding.

—a

Prob. R19-8
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Operation of this tower crane requires controlling the
kinematics of its three-dimensional motion.




DIMENSIONAL
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. CHAPTER OBJECTIVES

B To analyze the kinematics of a body subjected to rotation about
a fixed point and to general plane motion.

m To provide a relative-motion analysis of a rigid body using
translating and rotating axes.

20.1 ROTATION ABOUT A FIXED POINT

When a rigid body rotates about a fixed point, the path of motion for a
particle on the body lies on the surface of a sphere, having a radius r and
centered at the fixed point. Since motion along this path is formed from
a series of rotations, we will first develop a familiarity with some of the
properties of rotational displacements.

The boom is subjected to rotation about
a fixed point because it can rotate up and
down, and the frame can turn about a
vertical axis.

555
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Euler's Theorem. Euler’s theorem states that two “component”
rotations about different axes passing through a point are equivalent to
a single resultant rotation about an axis passing through the same point.
If more than two rotations are applied, they can all be combined into
pairs, and each pair can be further reduced and combined into a single
rotation.

Finite Rotations. If the component rotations used in Euler’s
theorem are finite, then it is important that the order in which they are
applied be maintained. For example, consider the two finite rotations
6, + 0, applied to the block in Fig. 20-1a. Each rotation has a magnitude
of 90° and a direction defined by the right-hand rule, as indicated by
the arrow. The final position of the block is shown at the right. If these
two rotations are applied in the reverse order, 6, + 6;, as shown in
Fig.20-1b,then the final position of the block will not be the same asitisin
Fig. 20-1a. Because finite rotations do not obey the commutative law of
addition (6, + 6, # 0, + 6,), they cannot be classified as vectors. Realize
that if smaller, yet finite, rotations had been used to illustrate this point, e.g.,
10° instead of 90°, the final position of the block would still be different;
however, in this case, the difference would only be a small amount.

T 0, = 90°

(b)
Fig. 20-1
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When defining the angular motions of a
body subjected to three-dimensional motion, only rotations which are
infinitesimally small will be considered. Such rotations can be classified
as vectors, since they can be added vectorially in any manner. To show
this, for purposes of simplicity let us consider the rigid body itself to be a
sphere which is allowed to rotate about its central fixed point O, Fig.20-2a.
If we impose two infinitesimal rotations d@; + d@, on the body, it is seen
that point P moves along the path d@; X r + d@, X r and ends up at P’.
Had the two successive rotations occurred in the order d@, + d@;, then
the resultant displacements of P would have been d@, X r + d6#; X r and
again P would move to P'. This occurs because the vector cross product
obeys the distributive law, i.e., (d0; + d6,) X r = (d@, + d@;) X r, and
so infinitesimal rotations are vectors, since these quantities have both a
magnitude and direction for which the order of (vector) addition is not
important, i.e., d@; + d@, = d@, + d6;. The two “component” rotations
d@, and d@, in Fig. 20-2a are therefore equivalent to a single resultant
rotation d@ = d@, + d6,, a consequence of Euler’s theorem.

If the body is subjected to an angular rotation
d@ about a fixed point, the angular velocity of the body is defined by its
time derivative,

®w=20 (20-1)

The line specifying the direction of @, which is collinear with d@, is
referred to as the instantaneous axis of rotation, Fig. 20-2b. In general,
this axis changes direction during each instant of time. Since d# is a
vector quantity, so too is w, and it follows from vector addition that if
the body is subjected to two component angular motions, @; = 6; and
®, = 0,, the resultant angular velocity is @ = w; + ®,.

The body’s angular acceleration is
determined from the time derivative of its angular velocity, i.e.,

o0

For motion about a fixed point, @ must account for a change in both the
magnitude and direction of w, so that, in general, & will not be directed
along the instantaneous axis of rotation, Fig. 20-3.

As the direction of the instantaneous axis of rotation (or the line of
action of @) changes in space, the locus of the axis generates a fixed space
cone, Fig. 20-4. If the change in the direction of this axis is viewed with
respect to the rotating body, the locus of the axis generates a body cone.

(a)

Instantaneous axis
of rotation

e e
w, /\ﬂdO I
N e

N

)

X

(b)
Fig. 20-2

o P

¥ / Instantaneous axis
(0] of rotation
o
N o
V[/\>

Fig. 20-3
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Instantaneous
axis of rotation
« C /

i B

L w

Space cone
Body cone (fixed)
Fig. 20-4

Instantaneous
axis of
rotation

Space cone

Body cone

Instantaneous
axis of rotation

NE

At any given instant, these cones meet along the instantaneous axis of
rotation, and when the body is in motion, the body cone appears to roll
either on the inside or the outside surface of the space cone. Provided the
paths defined by the open ends of the cones are described by the head of
the w vector, then & must act tangent to these paths at any given instant,
since the time rate of change of w is equal to a, Fig. 20—4.

To illustrate this concept, consider the disk in Fig.20-5a that spins about
the rod at w,, while the rod and disk precess about the vertical axis at
w,. The resultant angular velocity of the disk is therefore @ = w; + ,.
Since both point O and the contact point P have zero velocity, then all
points on a line between these points must have zero velocity. Thus, both
w and the instantaneous axis of rotation are along OP. Therefore, as the
disk rotates, this axis appears to move along the surface of the fixed space
cone shown in Fig. 20-5b. If the axis is observed from the rotating disk,
the axis then appears to move on the surface of the body cone. If w has
a constant magnitude, then « indicates only the change in the direction
of w, which is tangent to the cones at the tip of w as shown in Fig. 20-5b.

Velocity. Once o is specified, the velocity of any point on a body
rotating about a fixed point can be determined using the same methods
as for a body rotating about a fixed axis. Hence, by the cross product,

where r defines the position of the point measured from the fixed point O,
Fig.20-3.

(20-3)

Acceleration. If @ and a are known at a given instant, the
acceleration of a point can then be obtained from the time derivative of
Eq.20-3. This yields

a=aXr+owX((wXr) (20-4)

*20.2 THE TIME DERIVATIVE OF A VECTOR
MEASURED FROM A FIXED OR
TRANSLATING-ROTATING SYSTEM

In many types of problems involving the motion of a body about a fixed
point, the angular velocity w is specified in terms of its components.
Then, if the angular acceleration a of the body is to be determined, it is
often easier to find the time derivative of w using a coordinate system
that has a rotation defined by one or more of the components of w. For
example, in the case of the disk in Fig. 20-5a, where w = @, + ,, the
X, y, z axes can be given an angular velocity of @,, and then « can be
determined relative to these axes. For this reason, and for other uses
later, an equation will now be derived, which relates the time derivative
of any vector A defined from a translating-rotating reference to its time
derivative defined from a fixed reference.
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Consider the x, y, z axes of the moving frame of reference to be
rotating with an angular velocity €, which is measured from the fixed
X, Y, Z axes, Fig. 20-6a. In the following discussion, it will be convenient
to express vector A in terms of its i, j, k components, which define the
directions of the moving axes. Hence,

A=Ai+Aj+AKk

If the time derivative is taken with respect to the moving frame of
reference, only the change in the magnitudes of the components of A
must be accounted for, since the directions of the components do not
change with respect to the moving reference. Hence,

(A, =Ai+ Aj+ Ak (20-5)

When the time derivative of A is taken with respect to the fixed frame
of reference, then we have

A=Ai+Aj+Ak+Ai+Aj+AKk

The time derivatives of the unit vectors will now be considered. For
example, i = di/dt represents only the change in the direction of i with
respect to time, since i always has a magnitude of 1 unit. As shown in
Fig. 20-6b, this change, di, is tangent to the path described by the
arrowhead of i, as i swings due to the rotation . The rate of change in the
magnitude of diis 1(d0/dt) = 1€}, and so we can account for both the rate
of change in the magnitude and direction of di using the cross product,
i = Q X i. In general, then*

i=0QOXi j=O0Xj k=Qxk

Substituting these results into the above equation and using Eq.20-5, we get

A=), +QxA (20-6)

This important result will be used throughout Sec. 20.4 and Chapter 21.
It states that the time derivative of any vector A as observed from the
fixed X, Y, Z frame of reference is equal to the time rate of change of A
as observed from the x, y, z translating-rotating frame of reference,
Eq.20-5,plus © X A, the change of A caused by the rotation of the x,y, z
frame. As a result, Eq. 20-6 should always be used whenever  produces
a change in the direction of A as seen from the X, Y, Z reference. Notice
that if the x, y, z axes are translating, then Q = 0, and so A = (A)Xyz.
In other words, the time rate of change of A as observed from both
coordinate systems will be the same.

* These formulations were also developed in Sec. 16.8, regarding planar motion of the axes.

(a)

e

iattimer + dt

Sy

0, A di

iattime ¢

(b)
Fig. 20-6

—
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EXAMPLE 20.1

The disk shown in Fig. 20-7 spins about its axle with a constant
angular velocity w; = 3 rad/s, while the horizontal platform on which
the disk is mounted rotates about the vertical axis at a constant rate
w, = lrad/s. Determine the angular acceleration of the disk and
the velocity and acceleration of point A on the disk when it is in the
position shown.

X, x ‘ / Y,y

w, = 1rad/s

Fig. 20-7

SOLUTION

Point O represents a fixed point of rotation for the disk if one imagines
an extension of the disk in the shape of a cone to this point. To
determine the velocity and acceleration of point A, it is first necessary
to determine the angular velocity e and angular acceleration « of the
disk, since these vectors are used in Egs. 20-3 and 20-4.

Angular Velocity. The angular velocity, which is measured from X,
Y, Z,is simply the vector addition of its two component motions. Thus,

o = o, + w, = {3j — 1k} rad/s
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Angular Acceleration. Since the magnitude of e is constant, only
a change in its direction, as seen from the fixed reference, creates the
angular acceleration « of the disk. One way to obtain e is to calculate
the time derivative of each of the two components of w using Eq. 20-6.
At the instant shown in Fig. 20-7 imagine the fixed X, Y, Z and a
rotating x, y, z frame to be coincident. If the rotating x, y, z frame
is chosen to have an angular velocity of & = @, = {—1k} rad/s,
then w, will always be directed along the y (not Y) axis, and the time
rate of change of w; as seen from x, y, z is zero; i.e., (@y),,, = 0 (the
magnitude and direction of w, is constant). Thus,

@, = (@), + @, X o, = 0+ (—1k) X (3j) = {3i} rad/s’

By the same choice of axes rotation, 2 = ,, or even with & = 0,
the time derivative (@,),,, = 0, since w, has a constant magnitude
and direction with respect to x, y, z. Hence,

@, = (W), t @, X0, =0+0=0

The angular acceleration of the disk is therefore

a=o=ado+a,={3i}rad/s Ans.

Velocity and Acceleration. The velocity and acceleration of
point A can be found using Eqgs. 20-3 and 20-4. Realizing that
rqs = {1j + 0.25k} m, Fig. 20-7 we have

vi= X1, = (3j — 1k) X (1j + 0.25k) = {1.75i} m/s Ans.
a =aXr,+owX(Xry,)
= (3i) X (1j + 0.25k) + (3j — 1k) X [(3j — 1k) X (1j + 0.25k)]
= {-2.50j — 2.25k} m/s? Ans.
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EXAMPLE 20.2

w, = S5tad/s

o — 2 I
@, =4rad/s”

At the instant § = 60°, the gyrotop in Fig. 20-8 has three components
of angular motion directed as shown and having magnitudes defined as:
Spin: wg; = 10 rad/s, increasing at the rate of 6 rad /s
Nutation: »,, = 3 rad/s, increasing at the rate of 2 rad /s’
Precession: w, = 5rad/s, increasing at the rate of 4 rad/ s?

Determine the angular velocity and angular acceleration of the top.

SOLUTION

Angular Velocity. The top rotates about the fixed point O. If the
fixed and rotating frames are coincident at the instant shown, then
the angular velocity can be expressed in terms of i, j, k components,
referenced from the x, y, z frame;i.e.,

o, =10 rad/s ® = —w,i + w;sin 6j + (w, + w,cos H)k
. 2
\/“’s;“ad/s = —3i + 10sin 60% + (5 + 10 cos 60°)k
X = {-3i + 8.66j + 10k} rad/s Ans.

Angular Acceleration. As in the solution of Example 20.1, the

Z0 angular acceleration e will be determined by investigating separately
Always in/O : :
e ’ v,y the time rate of change of each of the angular velocity components.
Z direction AN —— 2 X
Qi w, = 3rad/s We will choose an Q for the x, y, z reference so that the component
P @, = 2 rad/s? of w being considered is viewed as having a constant direction when
Always in x—y plane observed from x, y, z.

Careful examination of the motion of the top reveals that ey
has a constant direction relative to x, y, z if these axes rotate at
Q) = w, + w,. Thus,

Fig. 20-8

d’s = (‘bs)xyz + (wn + wp) X @y
= (65sin 60% + 6 cos 60°k) + (—3i + 5k) X (10sin 60°% + 10 cos 60°k)
= {—4330i + 20.20j — 22.98k} rad/s?

Since w,, always lies in the fixed X-Y plane, this vector has a constant
direction if the motion is viewed from axes x, y, z having a rotation of
Q = w,(not @ = w; + w,). Thus,

@y = (@)y: + ©, X @, = —2i +(5k) X (=3i) = {-2i — 15j}rad/s’

Finally, the component w), is always directed along the Z axis so that
here it is not necessary to think of x, y, z as rotating, i.e., & = 0. We
therefore have

@, = (@), + 0 X w, = {4k} rad/s’
Thus, the angular acceleration of the top is

a =+ e, +e,={-453i + 520j — 19.0k} rad/s*  Ans.



20.3 GENERAL MOTION

Shown in Fig. 20-9 is a rigid body that has general motion in three
dimensions for which the angular velocity is @ and the angular
acceleration is ev. If point A has a known motion of v, and a4, the motion
of any other point B can be determined by using a relative-motion
analysis. In this section a translating coordinate system will be used to
define the relative motion, and in the next section a reference that is both
rotating and translating will be considered.

If the origin of the translating system x, y, z (2 = 0) is located at the
“base point” A, then, at the instant shown, the motion of the body can be
regarded as the sum of an instantaneous translation of the body having a
motion of v, and a4, and a rotation of the body about an instantaneous
axis passing through point A. Since the body is rigid, the motion of
point B measured by an observer located at A is therefore the same as the
rotation of the body about a fixed point. This relative motion occurs about
the instantaneous axis of rotation and is defined by vg/4 = @ X rp/4,
Eq. 20-3, and ag,4 = @ Xr1p/4 + @ X (0 X1g4), Eq. 20-4. For
translating axes, the relative motions are related to absolute motions by
Vg = V4 + Vg4 and ag = a4 + ap,4, Eqgs. 16-15 and 16-17 so that the
absolute velocity and acceleration of point B can be determined from
the equations

VB = V4 + w X rB/A (20—7)

and

aAp — Ay +a><rB/A + w X (le'B/A) (20—8)

These two equations are essentially the same as those describing the
general plane motion of a rigid body, Egs. 16-16 and 16-18. However,
difficulty in application arises for three-dimensional motion, because «
must measure the change in both the magnitude and direction of w.

For many applications, an easy way to obtain vz and ag is to note that
Vg4 = Vg — V4, and so Eq. 20-7 becomes vg/4 = @ X rp/4. The cross
product indicates that vg 4 is perpendicular to bothrg,4 and w, and so, by
Eq. B-14 of Appendix B, we require

rp/4*Vpa = 0 (20-9)
Taking the time derivative to obtain ag 4, we have
VB/A*"VB/A T Yp/atapg/qa = 0 (20-10)

Thenag = a, + ag/,.

Solution II of the following example illustrates application of this idea.

20.3 GENERAL MOTION

Instantaneous
axis of rotation
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EXAMPLE 20.3

ve =3m/s
———

(b)
Fig. 20-10

If the collar at C in Fig.20-10a moves toward B with a speed of 3 m/s,
determine the velocity of the collar at D and the angular velocity of
the bar at the instant shown. The bar is connected to the collars at its
end points by ball-and-socket joints.

SOLUTION |
Bar CD is subjected to general motion. Why? The velocity of point D
on the bar can be related to the velocity of point C by the equation

VD:VC+wer/C

The fixed and translating frames of reference are assumed to coincide
at the instant considered, Fig. 20-10b. We have

vp = —vpk  ve = {3j} m/s
= {li+2j —05k}m @ =i+ wj+ ok

Substituting into the above equation we get

i k
—vpk =3j + oy 0, o,
1 2 -05

Expanding and equating the respective i, j, k components yields

—05w, = 20, = 0 (1)
05w, + lwo, +3 =0 (2)
20, — lwy, + vp =0 3)

These equations contain four unknowns.* A fourth equation can be
written if the direction of w is specified. In this regard, any component
of w acting along the bar’s axis has no effect on moving the collars,
rather this component only spins the bar about its axis. Therefore, if @
1s specified as acting perpendicular to the axis of the bar, then w must
have a unique magnitude to satisfy the above equations. Hence,

@ 1p;c = (0,0 + wj + o k)-(li +2j —0.5k) =0
loy + 20, — 0.50, = 0 4)
*Although this is the case, the magnitude of v, can be obtained. For example, solve

Egs. 1 and 2 for w, and w, in terms of w, and substitute this into Eq. 3. You will find ,
will cancel out, which will allow a solution for vp.
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Solving Egs. 1 through 4 simultaneously yields
w, = —486rad/s w, =229rad/s ©, = —0.571rad/s
vp = 12.0 m/s, so that ® = 5.40rad/s Ans.
SOLUTION I
Applying Eq.20-9,vp,c = vp — v¢ = —vpk — 3j, so that
tp/c*Vpje = (1i + 2j — 0.5k) - (—vpk — 3j) = 0
(D) + 2)(=3) + (=0.5)(—vp) =0

vp = 12m/s Ans.

Since w is perpendicular torp ¢, then from Eq.20-7vp c = @ X 1pc.

We have
Up/c = WTIp/c
V(=12 + (30 = oV (A)? + (2> + (-0.5)
®w = 540rad/s Ans.
20-1. The disk rotates about the z axis at a constant rate 20-2. The propeller of an airplane is rotating at a constant
w, = 0.5 rad/s without slipping on the horizontal plane. speed w, i, while the plane is undergoing a turn at a constant
Determine the velocity and the acceleration of point A on rate w,. Determine the angular acceleration of the propeller
the disk. if (a) the turn is horizontal, i.e., ok, and (b) the turn is

vertical, downward, i.e., o, j.

w, =05 rad/s/‘

150 mm

y
300 mm \7/

Prob. 20-1 Prob. 20-2
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20-3. The cone rolls in a circle and rotates about the
z axis at a constant rate w, = 8 rad/s. Determine the
angular velocity and angular acceleration of the cone if
it rolls without slipping. Also, what are the velocity and
acceleration of point A?

A

L8 rad/s

80 mm

Prob. 20-3

*20-4. The ladder of the fire truck rotates around the
z axis with an angular velocity w; = 0.15rad/s, which is
increasing at 0.8 rad/s>. At the same instant it is rotating
upward at a constant rate w, = 0.6 rad/s. Determine the
velocity and acceleration of point A located at the top of the
ladder at this instant.

20-5. The ladder of the fire truck rotates around the
z axis with an angular velocity of w; = 0.15 rad/s, which
is increasing at 0.2 rad /s?. At the same instant it is rotating
upward at @, = 0.6rad/s while increasing at 0.4 rad/s.
Determine the velocity and acceleration of point A located
at the top of the ladder at this instant.

Probs. 20-4/5

20-6. At a given instant, the antenna has an angular
motion w; = 3rad/s and @, = 2rad/s? about the z axis.
At this same instant # = 30°, the angular motion about the
x axis is w, = 1.5rad/s, and @, = 4 rad/s%. Determine the
velocity and acceleration of the signal horn A at this instant.
The distance from O to Aisd = 1 m.

Prob. 20-6

20-7. The antenna is following the motion of a jet plane. At
the instant 6= 25°and ¢ = 75°,.the constant angular rates of
change are 6 = 0.4 rad/s and ¢ = 0.6 rad/s. Determine the
velocity and acceleration of the signal horn A at this instant.
The distance OA is 0.8 m.

Prob. 20-7



*20-8. The electric fan is mounted on a swivel support
such that the fan rotates about the z axis at a constant rate
of w, =1 rad/s and the fan blade is spinning at a constant
rate w, = 60 rad/s. If ¢ = 45° for the motion, determine the
angular velocity and the angular acceleration of the blade.

20-9. The electric fan is mounted on a swivel support such
that the fan rotates about the z axis at a constant rate of
w, =1rad/s and the fan blade is spinning at a constant rate
wy = 60 rad/s. If at the instant ¢ = 45°, ¢» =2 rad/s for the
motion, determine the angular velocity and the angular
acceleration of the blade.

Probs. 20-8/9

20-10. The disk rotates about the shaft S, while the shaft
is turning about the z axis at a rate of w, = 4 rad/s, which is
increasing at 2 rad /s. Determine the velocity and acceleration
of point A on the disk at the instant shown. No slipping occurs.

20-11. The disk rotates about the shaft S, while the shaft
is turning about the z axis at a rate of w, = 4 rad/s, which is
increasing at 2 rad /s>, Determine the velocity and acceleration
of point B on the disk at the instant shown. No slipping occurs.

Probs. 20-10/11

PROBLEMS 567

*20-12. The bevel gear A rolls on the fixed gear B. If at
the instant shown the shaft to which A is attached is rotating
at 2 rad/s and has an angular acceleration of 4 rad/s’,
determine the angular velocity and angular acceleration of
gear A.

Prob. 20-12

20-13. The motion of the top is such that at the instant
shown it rotates about the z axis at w; = 0.6 rad /s, while it
spins at w, = 8 rad/s. Determine the angular velocity and
angular acceleration of the top at this instant. Express the
result as a Cartesian vector.

(1)1/

/

Prob. 20-13
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20-14. The telescope is mounted on the frame F that allows
it to be directed to any point in the sky. At the instant 6 =30,
the frame has an angular acceleration of ey = 0.2 rad/ s? and
an angular velocity of w,, = 0.3 rad/s about the y’ axis, and
6 = 0.5 rad/s> while § = 0.4 rad/s. Determine the velocity
and acceleration of the instrument capsule at C at this instant.

10
y = 0.3 rad/s
oy = 0.2 rad/s”

x7 = 04rad/s

= 0.5 rad/s’

Prob. 20-14

20-15. Gear C is driven by shaft DFE, while gear B spins
freely about its axle GF, which precesses freely about
shaft DE. If gear A is held fixed (w4 = 0), and shaft DE
rotates with a constant angular velocity of wpg = 10 rad/s,
determine the angular velocity of gear B.

Q& Dep= 10 rad/s

by

Prob. 20-15

*20-16. At the instant when 6 = 90°, the satellite’s body
is rotating with an angular velocity of w; = 15rad/s and
angular acceleration of @, = 3 rad/ s2. Simultaneously, the
solar panels rotate with an angular velocity of w, = 6 rad/s
and angular acceleration of @, = 1.5 rad/ s2. Determine the
velocity and acceleration of point B on the solar panel at
this instant.

20-17. At the instant when 6 = 90°, the satellite’s body
travels in the x direction with a velocity of v = {500i} m/s
and acceleration of ap = {50i} m/s%. Simultaneously, the
body also rotates with an angular velocity of w; = 15 rad/s
and angular acceleration of @; = 3 rad/s>. At the same
time, the solar panels rotate with an angular velocity of
w, = 6rad/s and angular acceleration of @, = 1.5 rad/s’.
Determine the velocity and acceleration of point B on the
solar panel.

Probs. 20-16/17

20-18. Gear A is fixed while gear B is free to rotate
on the shaft S. If the shaft is turning about the z axis at
w, = 5Srad/s, while increasing at 2 rad/s?, determine the
velocity and acceleration of point P at the instant shown.
The face of gear B lies in a vertical plane.

Prob. 20-18



20-19. Gear Bisdriven by a motor mounted on turntable C.
If gear A is held fixed, and the motor shaft rotates with a
constant angular velocity of w, = 30rad/s, determine the
angular velocity and angular acceleration of gear B.

*20-20. Gear Bisdrivenbyamotormountedonturntable C.
If gear A and the motor shaft rotate with constant angular
speeds of w4 = {10k} rad /s and e, = {30j} rad /s, respectively,
determine the angular velocity and angular acceleration of
gear B.

B
w, = 30rad/s

%

!

A ——

<—03 m—

Probs. 20-19/20

20-21. Shaft BD is connected to a ball-and-socket joint at B,
and a beveled gear A is attached to its other end. The gear is in
mesh with a fixed gear C. If the shaft and gear A are spinning
with a constant angular velocity w; = 8 rad/s, determine the
angular velocity and angular acceleration of gear A.

Prob. 20-21

PROBLEMS 569

20-22. The differential of an automobile allows the two
rear wheels to rotate at different speeds when the automobile
travels along a curve. For operation, the rear axles are
attached to the wheels at one end and have beveled gears A
and B on their other ends. The differential case D is placed
over the left axle but can rotate about C independent of the
axle. The case supports a pinion gear E on a shaft, which
meshes with gears A and B. Finally, a ring gear G is fixed to
the differential case so that the case rotates with the ring gear
when the latter is driven by the drive pinion H. This gear,
like the differential case, is free to rotate about the left wheel
axle. If the drive pinion is turning at w;; = 100 rad/s and the
pinion gear E is spinning about its shaft at wy = 30 rad/s,
determine the angular velocity, w4 and wg, of each axle.

Oy

i

dil E
Nz
N E
=
To left/ \To right

wheel wheel

Prob. 20-22

20-23. Gear B is connected to the rotating shaft, while the
plate gear A is fixed. If the shaft is turning at a constant rate
of w, = 10 rad/s about the z axis, determine the magnitudes
of the angular velocity and the angular acceleration of gear B.
Also, determine the magnitudes of the velocity and
acceleration of point P.

Prob. 20-23
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*20-24. Rod AB is attached to collars at its ends by using
ball-and-socket joints. If collar A moves along the fixed rod
at v, =5 m/s, determine the angular velocity of the rod and
the velocity of collar B at the instant shown. Assume that
the rod’s angular velocity is directed perpendicular to the
axis of the rod.

20-25. Rod AB is attached to collars at its ends by using
ball-and-socket joints. If collar A moves along the fixed
rod with a velocity of v4 =5 m/s and has an acceleration
ay =2 m/ s2 at the instant shown, determine the angular
acceleration of the rod and the acceleration of collar B at
this instant. Assume that the rod’s angular velocity and
angular acceleration are directed perpendicular to the axis
of the rod.

v, =5m/s 1m
~— |
—
A

Probs. 20-24/25

20-26. The rod is attached to smooth collars A and B at its
ends using ball-and-socket joints. Determine the speed of B
at the instant shown if A is moving at v, = 8 m/s. Also,
determine the angular velocity of the rod if it is directed
perpendicular to the axis of the rod.

20-27. If the collar A in Prob. 20-26 has a deceleration of
ay = {—5k} m/s%, at the instant shown, determine the
acceleration of collar B at this instant.

[

Probs. 20-26/27

*20-28. Rod AB is attached to collars at its ends by ball-and-
socket joints. If collar A has a speed v4 =4 m/s, determine the
speed of collar B at the instant z =2 m. Assume the angular
velocity of the rod is directed perpendicular to the rod.

Z

Prob. 20-28

20-29. If crank BC rotates with a constant angular velocity
of wgc = 6rad/s, determine the velocity of the collar at A.
Assume the angular velocity of AB is perpendicular to
the rod.

20-30. If crank BC is rotating with an angular velocity
of wpc = 6rad/s and an angular acceleration of
@pc = 1.5 rad/s%, determine the acceleration of collar A
at this instant. Assume the angular velocity and angular
acceleration of AB are perpendicular to the rod.

2 /300 mm

S

WpC, WRC

Probs. 20-29/30



20-31. Disk A rotates at a constant angular velocity of
10 rad/s. If rod BC is joined to the disk and a collar by
ball-and-socket joints, determine the velocity of collar B at
the instant shown. Also, what is the rod’s angular velocity
wpcif it is directed perpendicular to the axis of the rod?

Prob. 20-31

*20-32. Solve Prob. 20-31 if the connection at B consists
of a pin as shown in the figure below, rather than a ball-and-
socket joint. Hint: The constraint allows rotation of the rod
both along the bar (j direction) and along the axis of the pin
(n direction). Since there is no rotational component in the
u direction, i.e., perpendicular to n and j whereu = j X n,
an additional equation for solution can be obtained from
+u = 0.The vector n is in the same direction asrg;c X rp)c.

Prob. 20-32

PROBLEMS 571

20-33. Rod CD is attached to the rotating arms using ball-
and-socket joints. If AC has the motion shown, determine
the angular velocity of link BD at the instant shown.

20-34. Rod CD is attached to the rotating arms using ball-
and-socket joints. If AC has the motion shown, determine
the angular acceleration of link BD at this instant.

z
|

wyc = 3rad/s

CTD 40 = 2rad/s?

0.4m

Probs. 20-33/34

20-35. If wheel C rotates with a constant angular velocity
of wc = 10 rad/s, determine the velocity of the collar at B
when rod AB is in the position shown. Assume the angular
velocity of AB is perpendicular to the rod.

*20-36. At the instant rod AB is in the position shown
wheel C rotates with an angular velocity of w- = 10rad/s
and has an angular acceleration of ac = 1.5 rad/s’.
Determine the acceleration of collar B at this instant.
Assume the angular velocity and angular acceleration of
AB are perpendicular to the rod.

z
300 mm ‘

100 mm

Probs. 20-35/36
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*20.4 RELATIVE-MOTION ANALYSIS
USING TRANSLATING AND
ROTATING AXES

The most general way to analyze the three-dimensional motion of a
rigid body requires the use of x, y, z axes that both translate and rotate
relative to a second frame X, Y, Z. This analysis also provides a means
to determine the motions of two points A and B located on separate
members of a mechanism, and the relative motion of one particle
with respect to another when one or both particles are moving along
curved paths.

As shown in Fig. 20-11, the locations of points A and B are specified
relative to the X, Y, Z frame of reference by position vectors r, and rg.
The base point A represents the origin of the x, y, z coordinate system,
which is translating and rotating with respect to X, Y, Z. At the instant
considered, the velocity and acceleration of point A are v, and a,, and
the angular velocity and angular acceleration of the x, y, z axes are
and Q = dQ/dt. All these vectors are measured with respect to the
X, Y, Z frame of reference, although they can be expressed in Cartesian
component form along either set of axes.

Fig. 20-11
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Position. If the position of “B with respect to A” is specified by the
relative-position vector rp, ,, Fig. 20-11, then, by vector addition,

Ip = Iy A rB/A (20—11)

where

rz = position of B
r, = position of the origin A
rz/4 = position of “B with respect to A”

Velocity. The velocity of point B measured from X, Y, Z can be
determined by taking the time derivative of Eq. 20-11,

Ip = I'y + rB/A

The first two terms represent vz and v,4. The last term must be evaluated
by applying Eq. 20-6, since rp, 4 is measured from the rotating reference.
Hence,

l.'B/A = (i‘B/A)xyz + QX l'B/A = (vB/A)xyz + QX l‘B/A (20—12)

Therefore,

Vg = Vyu + Q X rB/A + (VB/A)xyz (20—13)

where

vg = velocity of B

velocity of the origin A of the x, y, z frame of reference

velocity of “B with respect to A” as measured by an

observer attached to the rotating x, y, z frame of reference
Q = angular velocity of the x, y, z frame of reference

rg/4 = position of “B with respect to A”

A\
(VB /A )xyz
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Complicated spatial motion of the
concrete bucket B occurs due to the
rotation of the boom about the Z axis,
motion of the carriage A along the
boom, and extension and swinging of
the cable AB. A translating-rotating
x, y, z coordinate system can be
established on the carriage, and a
relative-motion analysis can then be
applied to study this motion.

Acceleration. The acceleration of point B measured from X, Y, Z is
determined by taking the time derivative of Eq. 20-13.

. . - . d
Vg = V4 + Q X rB/A + Q X rB/A + E(VB/A)X)/Z

The term on the left and the first term on the right represent az and a,,
respectively. The last term can be evaluated using Eq. 20-12, and the last
term is evaluated by applying Eq. 20-6, which yields

d )
E(VB/A)xyz = (VB/A)xyz + QX (VB/A)xyz = (aB/A)xyz + O X (VB/A)xyz

Here (ag)4)y. is the acceleration of B with respect to A measured from
x,y,z.Substituting this result and Eq. 20-12 into the above equation and
simplifying, we have

ag=a, + QX g4 + QX (Q Xrgy) +2Q X (V) T (@pa)xy,

(20-14)
where

ap = acceleration of B

acceleration of the origin A of the x, y, z frame of

reference

(aB/a)xyz> (VB/a)xy: = Telative acceleration and relative velocity of “B
with respect to A” as measured by an observer
attached to the rotating x, y, z frame of reference

Q. Q = angular acceleration and angular velocity of the
X,V, z frame of reference
position of “B with respect to A”

ay

/A

Equations 20-13 and 20-14 are identical to those used in Sec. 16.8
for analyzing relative plane motion.* In that case, however, application
is simplified since Q and  have a constant direction which is always
perpendicular to the plane of motion. For three-dimensional motion, £
must be determined by using Eq. 20-6, since £ depends on the change in
both the magnitude and direction of Q.

*Refer to Sec. 16.8 for an interpretation of the terms.
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- PROCEDURE FOR ANALYSIS

Three-dimensional motion of particles or rigid bodies can be
analyzed with Egs.20-13 and 20-14 by using the following procedure.

Coordinate Axes.

e Select the location and orientation of the X, Y, Z and x, y, z
coordinate axes. Most often solutions can be easily obtained if
at the instant considered:

(1) the origins are coincident
(2) the axes are collinear

(3) the axes are parallel

e [f several components of angular velocity are involved in a
problem, the calculations will be reduced if the x, y, z axes are
selected such that only one component of angular velocity is
observed with respect to this frame ({2,,.) and the frame rotates
with © defined by the other components of angular velocity.

Kinematic Equations.

e After the origin of the moving reference, A, is defined and the
moving point B is specified, Egs. 20-13 and 20-14 should then
be written in symbolic form as

vg = V4 + Q Xrgist+ (Vg/a)y:

ag=a, + Q X g T QX (Q Xrg) + 20 X (Vaa)xy: + (ABa)xy:

e Ifr, and Q appear to change direction when observed from the
fixed X, Y, Z reference, then use a set of primed reference axes,
x', y', 7/, having a rotation ' = Q. Equation 20-6 is then
used to determine € and the motion v, and a4 of the origin of
the moving x, y, z axes.

e Ifrg, and Q,,. appear to change direction as observed from
X,y, 2, then use a set of double-primed reference axes x”, y”, z”,
having a rotation Q" = Q,, and apply Eq. 20-6 to determine
Q. and the relative motion (vg/4).y, and (ag/4).y.-

e After the final forms of Q, v4, a,, Qxyz, (VB/4)xyz> and (ap/4)xy-
are obtained, numerical problem data can be substituted and
the terms evaluated. The components of all these vectors can be
selected either along the X, Y, Z or along the x, y, z axes. The
choice is arbitrary, provided a consistent set of unit vectors is used.

575
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EXAMPLE 20.4

A motor and attached rod AB have the angular motions shown in
Fig.20-12. A collar C on the rod is located 0.25 m from A and is moving
downward along the rod with a velocity of 3 m/s and an acceleration
of 2 m/s%. Determine the velocity and acceleration of C at this instant.

SOLUTION

Coordinate Axes. The origin of the fixed X, Y, Z reference is
chosen at the center of the platform, and the origin of the moving
x, y, z frame is at point A, Fig. 20-12. Since the collar is subjected to
two components of angular motion, w, and w,,, it will be viewed as
having an angular velocity of Q,,, = @y in x, y, z. Therefore, the
x,y,z axes will be attached to the platform so that Q = cw),.

' w, =Srad/s

L @, =2 rad/s?

0.25m

X, x, x', x"
S~
wy =3 rad/s
@y = 1rad/s’

Fig. 20-12
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Kinematic Equations. Equations 20-13 and 20-14, applied to
points C and A, become

Ve = Va + @ Xxca + (Vesa)y:

ac=a, + Q Xrgy + QX (Q Xrxgu) + 2 X (Vo) iy + Aga)yz

Motion of A. Here r, changes direction relative to X, Y, Z. To find
the time derivatives of r, we will use a set of x’, y’, z’ axes coincident
with the X, Y, Z axes that rotate at " = w),. Thus,

Q = w, = {5k} rad/s (2 does not change direction relative to X, Y; Z.)
Q = @, = {2k} rad/s’

ry = {2i} m

=14 = (ta)yyy + @, X1y =0+ 5k X 2i = {10j} m/s

=Ty = [(Fa)yyr + @ X (Fa)yy] + @ X1y + @y X iy

[0 + 0] + 2k X 2i + 5k X 10j = {—50i + 4j} m/s>

Va

ay

Motion of C with Respect to A. Here r¢/4 changes direction
relative to x, y, z, and so to find its time derivatives use a set of x”, y”,

7" axes that rotate at Q" = Q,,. = wy. Thus,

Q,,. = wy = {3i} rad/s (£,,, does not change direction relative to x, y, z.)
Qxyz = @y = {1i} rad/s?
rcja = {025k} m
(Yera)xyz = (Bcja)xyz = (Ecja)wyr + @y X Ty
= =3k + [3i X (—0.25k)] = {0.75j] — 3k} m/s
= (Fo/)ryz = [(Fc/a)xnyr + @y X (Ecia)wyr] + @y X xciq + oy X (Fc/a)xy:
= [-2k + 3i X (=3k)] + (1li) X (—0.25k) + (3i) X (0.75j — 3k)
= {18.25j + 0.25k} m/s?

(aC/A)xyz

Motion of C.
Ve = Va+ QX xcia + (Yeia)y:
10j + [5k X (—0.25k)] + (0.75j — 3k)
{10.75j — 3k} m/s Ans.
ac=a, + Q Xrgu + QX (Q X)) +2Q X (Vepa)y: + (Acia)m:
(—50i + 4j) + [2k X (—0.25k)] + 5k X [Sk X (—0.25k)]
+ 2[5k X (0.75] — 3K)] + (18.25j + 0.25K)
= {—57.5i + 22.25j + 0.25k} m/s? Ans.

577
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EXAMPLE 20.5

Z,z,7,7" The pendulum shown in Fig. 20-13 consists of two rods; AB is pin
A supported at A and swings only in the Y-Z plane, whereas a bearing at
o =15 rad/s B allows the attached rod BD to spin about rod AB. At a given instant,
4%3 the rods have the angular motions shown. Also, a collar C,located 0.2 m
X g @ = 4 rad/s Y,y from B, has a velocity of 3 m/s and an acceleration of 2 m/ §2 along the
’ ' rod. Determine the velocity and acceleration of the collar at this instant.
SOLUTION |
4 Coordinate Axes. The origin of the fixed X, Y, Z frame will be
w, =5 rad/s € S g s placed at A. Motion of the collar is conveniently observed from B, so
/J? \ 2 m/s the origin of the x, y, z frame is located at this point. We will choose
x’ x// _ _
:\ 02m ‘C\ Q wq and Qxyz w,.
Gy~ 6 rad/s? Kinematic Equations.
Ve =vg+ Q Xrep+ (v
Fig. 20-13 C B C/B ( C/B)xyz

ac=ag+ Q Xrgp+ QX (2 Xrgp) +2Q X (Vop)y: + (Acm)xy:

Motion of B. To find the time derivatives of rg let the x', y’, 7' axes rotate with &’ = w,. Then
Q' = = {4i}rad/s Q' = @ = {1.5i} rad/s’
rpg = {05k} m
vg = I = (fg)yy + @ X 15 = 0 + 4i X (-0.5k) = {2j} m/s
ag = ¥p = [(Fp)yy + @1 X (Ip)yyr] + @ X1p + oy X ip
= [0 + 0] + 1.5i X (—0.5k) + 4i x 2j = {0.75j + 8k} m/s’
Motion of C with Respect to B. To find the time derivatives of r¢/p relative to x, y, z, let the x”, y”, z” axes
rotate with Q,,, = ,. Then
Q,,, = @, = {5k} rad/s Qxyz = @, = {—6k} rad/s?
re/p = {02} m
(Ye/B)xyz = (Ec/B)xyz: = (Ec/B)wryrzr + @3 X xc/p = 3j + Sk X 0.2j = {—1i + 3j} m/s
(Ac/B)xyz = (Fe/B)ryz = [(Feyp)aryrzr + @3 X (E¢/p)aryrzr] + @y X ¥c/p + @3 X (E¢/B)yy:
= (2j + 5k X 3j) + (=6k X 0.2j) + [5k X (=T1i + 3j)]
= {—288i — 3j} m/s’

Motion of C.
ve = Vg + Q Xreip + (Vosp)yy: = 2) + 4 X 0.2j + (—1i + 3j)
={-1li +5j + 08k} m/s Ans.

ac=ag+ Q Xrep + QX (Q Xrep) + 20 X (Ye/)ry: T (Ac/B)y:
= (0.75j + 8k) + (1.5i X 0.2j) + [4i X (4i X 0.2j)]
+ 2[4i X (—1i + 3j)] + (—28.8i — 3j)
= {—28.8i — 5.45j + 32.3k} m/s? Ans.
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SOLUTION 1l

Coordinate Axes. Here we will let the x, y, z axes rotate at
Q = w + w, = {4i + 5k} rad/s

Then Q.. = 0.

xyz

Motion of B. From the constraints of the problem w; does not
change direction relative to X, Y, Z; however, the direction of w, is
changed by w;. Thus, to obtain Q consider x', y', z axes coincident
with the X, Y, Z axes at A,so that ' = ;. Then taking the derivative
of the components of €,

Q= W t+ @, = [(‘bl)x’y’z’ + @ X o] + [((;"Z)X’y’z’ + @ X )]

[1.5i + 0] + [—6k + 4i x 5k] = {1.5i — 20j — 6k} rad/s>

Also, w; changes the direction of ry so that the time derivatives of ry
can be found using the primed axes defined above. Hence,

vg = fg = (i) + @) X1p
= 0 + 4i X (=0.5k) = {2§} m/s
ag = g = [(¥p)ry: + @ X (ip)yy ] + @ X1 + @ X ip

= [0 + 0] + 1.5i X (=0.5k) + 4i X 2j = {0.75j + 8k} m/s?

Motion of C with Respect to B.
Q,,=0
0, =0
Tcp = {0.2j} m
(VC/B)xyz = {3j} m/s
(aC/B)xyz = {2j} m/ s?

Motion of C.

ve = vg + Q Xxcp + (Yo/B)xy:

2j + [(4i + 5k) X (0.2))] + 3j

{—1i + 5j + 0.8k} m/s Ans.
ac=az + Q X rep T QX (Q Xrep) + 2Q X (Ye/B)xyz T (Ac/B)xy:
(0.75j + 8k) + [(1.5i — 20j — 6k) X (0.2j)]

+ (4i + 5k) X [(4i + 5k) X 0.2§] + 2[(4i + 5k) X 3j] + 2j

= {—28.8i — 5.45j + 323k} m/s’ Ans.
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. PROBLEMS

20-37. The crane rotates about the z axis with a constant
rate w; = 0.6 rad/s, while the boom rotates downward with
a constant rate w, = 0.2 rad/s. Determine the velocity and
acceleration of point A located at the end of the boom at
the instant shown.

20-38. The crane rotates about the z axis with a rate of
w; = 0.6 rad /s, which is increasing at @; = 0.6 rad/s’. Also,
the boom rotates downward at w, = 0.2 rad/s, which is
increasing at @, = 0.3 rad/s>. Determine the velocity and
acceleration of point A located at the end of the boom at
the instant shown.

Probs. 20-37/38

20-39. Solve Example 20.5 such that the x, y, z axes move
with curvilinear translation, £ = 0, in which case the collar
appears to have both an angular velocity Q,,, = @w; + @,
and radial motion.

*20-40. Solve Example 20.5 by fixing x, y, z axes to rod
BD so that @ = @, + o,. In this case the collar appears

only to move radially outward along BD; hence Q,,, = 0.

20-41. At the instant § = 30°, the frame of the crane and
the boom AB rotate with a constant angular velocity of
w; = 1.5rad/s and w, = 0.5 rad/s, respectively. Determine
the velocity and acceleration of point B at this instant.

20-42. At the instant & = 30°, the frame of the crane is
rotating with an angular velocity of w; = 1.5rad/s and
angular acceleration of @, = 0.5 rad/s?, while the boom AB
rotates with an angular velocity of w, = 0.5rad/s and
angular acceleration of @, = 0.25rad/s>. Determine the
velocity and acceleration of point B at this instant.

Probs. 20-41/42

20-43. At a given instant the boom AB of the tower crane
rotates about the z axis with the motion shown. At this same
instant, # = 60° and the boom is rotating downward such
that § = 0.4 rad /s and § = 0.6 rad /s>. Determine the velocity
and acceleration of the end of the boom A at this instant.
The boom has a length of /4,5 =40 m.

A

Yy =2rad/s

0 =0.4rad/s — ! Q|; &y = 3 rad/s?

6 = 0.6 rad/s> —

Prob. 20-43



*20-44. During the instant shown the frame of the X-ray
camera is rotating about the vertical axis at w, =5 rad /s and
@, = 2rad/ s2. Relative to the frame the arm is rotating at
wre) =2 rad/s and @ , = 1rad/ s2. Determine the velocity
and acceleration of the center of the camera C at this instant.

w,=5rad/s |
o, =2rad/s’ —’

Prob. 20-44

20-45. At the instant shown, the arm AB is rotating about
the fixed pin A with an angular velocity w; = 4 rad/s and
an angular acceleration; = 3 rad/s>. At the same instant,
rod BD is rotating relative to rod AB with an angular
velocity w, = 5 rad/s which is increasing ata, = 7 rad/s%.
Also, the collar C is moving along rod BD with a velocity of
3 m/s and an acceleration of 2 m/s?, both measured relative
to the rod. Determine the velocity and acceleration of the
collar at this instant.

w; = 4rad/s
@y =3 rad/s? (
A/\B

1.5m
3m/s
w, = Srad/s
D = 06w \[\ 67 = 7 rad/s?
X/ C \/\x
\y

Prob. 20-45

PROBLEMS 581

20-46. The particle P slides around the circular hoop with
a constant angular velocity of § = 6 rad/s, while the hoop
rotates about the x axis at a constant rate of w = 4 rad/s. If
at the instant shown the hoop is in the x—y plane and the
angle 0 =45°, determine the velocity and acceleration of the
particle at this instant.

200 mm O

C
x/w= 4 rad/s

Prob. 20-46

20-47. At the instant shown, the industrial manipulator is
rotating about the z axis at w; =5 rad/s, and about joint B at
wy =2 rad/s. Determine the velocity and acceleration of the
grip A at this instant, when ¢ =30°,0 =45°, and r = 1.6 m.

*20-48. At the instant shown, the industrial manipulator is
rotating about the z axis at w; =S rad/s, and &; = 2 rad/s%;
and about joint B at w, = 2 rad/s and @&, = 3rad/s’.
Determine the velocity and acceleration of the grip A at
this instant, when ¢ =30°,0 =45°, and r = 1.6 m.

Probs. 20-47/48
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20-49. The boom AB of the locomotive crane is rotating
about the z axis with an angular velocity w; = 0.5 rad/s,
which is increasing at @, = 3rad/ s. At this same instant,
6 = 30° and the boom is rotating upward at a constant rate
of # =3 rad/s. Determine the velocity and acceleration of
the tip B of the boom at this instant.

20-50. The locomotive crane is traveling to the right
at 2 m/s and has an acceleration of 1.5 m/s?, while the
boom is rotating about the z axis with an angular velocity
w; = 0.5rad/s, which is increasing at & = 3rad/s’. At
this same instant, # = 30° and the boom is rotating upward
at a constant rate § = 3 rad/s. Determine the velocity and
acceleration of the tip B of the boom at this instant.

Z

=3 m |

oy = 0.5rad/s :T)

@, = 3rad/s A

\Vj

6=3rad/s —!

Probs. 20-49/50

20-51. At a given instant, the crane is moving along the
track with a velocity vep =8 m/s and acceleration of 9 m /s,
Simultaneously, it has the angular motions shown. If the
trolley 7 is moving outwards along the boom AB with a
relative speed of 3 m/s and relative acceleration of 5 m/s?,
determine the velocity and acceleration of the trolley.

= 0.5rad/s
@, = 0.8 rad/s?

Vep = 8 m/s2 =

acp = 9m/s

A
x/w2 = 0.4 rad/s

@, = 0.6 rad/s?

Prob. 20-51

*20-52. At the given instant, the rod is turning about

the z axis with a constant angular velocity w; = 3 rad/s. At

this same instant, the disk is spinning at w, = 6 rad/s when

@, =4 rad/s?, both measured relative to the rod. Determine the

velocity and acceleration of point P on the disk at this instant.
z

o, = 3rad/s

Prob. 20-52

20-53. At the instant shown, the frame of the brush
cutter is traveling forward in the x direction with a constant
velocity of 1 m/s, and the cab is rotating about the vertical
axis with an angular velocity of w; = 0.5 rad/s. At the same
instant the boom AB has an angular velocity of § = 0.8 rad/s,
in the direction shown. Determine the velocity and acceleration
of point B at the connection to the mower at this instant.

20-54. At the instant shown, the frame of the brush cutter
is traveling forward in the x direction with a constant velocity
of 1 m/s, and the cab is rotating about the vertical axis with
an angular velocity of w; = 0.5 rad/s, which is increasing at
@; = 0.4 rad/s’. At the same instant the boom AB has an
angular velocity of 6 = 0.8 rad /s, which is increasing at
6 = 0.9 rad/s’. Determine the velocity and acceleration of
point B at the connection to the mower at this instant.
V4

| w; = 0.5rad/s
1 m)

WY
N \
/‘I\\/'“\WN

W,
/1‘/\\“&1‘/\\ e \/ /( ¢ 8 1581

W : u\vw,\h “(/ N
\\ 4}/\\/

/1/\“ \\ \\/"\\/
Y / "\%14»//\\\/

Probs. 20-53/54
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. CHAPTER REVIEW

Rotation About a Fixed Point

When a body rotates about a fixed point O,
then points on the body follow a path that
lies on the surface of a sphere centered
at O.

Since the angular acceleration is a time
rate of change in the angular velocity,
then it is necessary to determine both the
magnitude and directional changes of @
when finding its time derivative. To do this,
the angular velocity is often specified in
terms of its component motions, such that
the direction of some of these components
will remain constant relative to rotating
X,y,z axes which are rotating at Q. If this is
the case, then the time derivative relative
to the fixed axis can be determined using
A=(A),, + QXA Vp=@ X1

Instantaneous axis
of rotation

Once w and a are known, the velocity and
acceleration of any point P on the body
can then be determined.

ap=aXr+wX(wXr)

General Motion

If the body undergoes general motion, Vg = Va4 + @ Xrp)y
then the motion of a point B on the body
can be related to the motion of another
point A using a relative motion analysis,
with translating axes attached to A.

aB=aA+a><rB/A+m><(w><rB/A)

Relative-Motion Analysis Using
Translating and Rotating Axes

The motion of two points A and B on a Vg = vy + Q Xrpgy, + (VB/A)xyz
body, on a series of connected bodies,
or where each point is located on two ag=a, + QX tpa + QX (Q X1p0) +2Q X (Vp/a)eye + (Ap/a)uye
different paths, can be related using a
relative-motion analysis with rotating and
translating axes at A.

When applying the equations to find vp
and ag, it is important to account for both
the magnitude and directional changes of
Ty, Yp/a, &, and Q.. when taking their
time derivqtives to find va, a4, (Vg/a)xyz»
(ag/a)xyz»> €2, and Q.. To do this properly,
one must use Eq. 20-6.
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The forces acting on this motorcycle can be determined using the equations of
motion as discussed in this chapter.
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. CHAPTER OBJECTIVES

B To introduce the methods for finding the moments of inertia and
products of inertia of a body about various axes.

m To show how to apply the principles of work and energy and
linear and angular impulse and momentum to a rigid body
having three-dimensional motion.

B To develop and apply the equations of motion in three
dimensions.

B To study gyroscopic and torque-free motion.

*21.1 MOMENTS AND PRODUCTS
OF INERTIA

When studying the planar motion of a body, it was necessary to
introduce the moment of inertia /;, which was determined about an axis
perpendicular to the plane of motion and passing through the body’s
mass center G. For the analysis of three-dimensional motion it will
sometimes be necessary to calculate six inertial quantities. These terms,
called the moments and products of inertia, describe in a particular way
the distribution of mass for a body relative to a given coordinate system
that has a specified orientation and point of origin.
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dm
7

Fig. 21-1

THREE-DIMENSIONAL KINETICS OF A RIGID BobDy

The moment of inertia for a differential
element dm of a body about any one of the three coordinate axes is
defined as the product of the mass of the element and the square of the
shortest distance from the axis to the element. For example, as noted
in Fig. 21-1, r, = Vy? + z?% so that the mass moment of inertia of the
element about the x axis is

dl,, = r2dm = (y*> + z%) dm

The moment of inertia /., for the body can be determined by integrating
this expression over the entire mass of the body. Hence, for each of the

axes, we can write
/ridm = /(y2 + 2% dm
I, = / ridm = / (x* + %) dm (21-1)

I, = /r%dm = /(x2 + y?) dm

In each of these cases the moment of inertia is always a positive quantity,
since it is the summation of the product of the mass dm, which is always
positive, and the distances squared.

~
>
Il

The product of inertia for a differential
element dm with respect to a set of two orthogonal planes is defined
as the product of the mass of the element and the perpendicular (or
shortest) distances from each plane to the element. For example, this
distance is x to the y—z plane and it is y to the x—z plane, Fig. 21-1. The
product of inertia dI,, for the element is therefore

dl,, = xy dm

Note also that dI,, = dl,,. Integrating over the entire mass, the products
of inertia of the body with respect to each combination of planes then

become
P / xy dm
m

I, =1,= /yz dm (21-2)

I,=1,= /xz dm

|
~
I




21.1 MOMENTS AND PRODUCTS OF INERTIA

Ixy:sz:() Ixy:]yz:Izr:O
(a) (b)

Fig. 21-2

Unlike the moment of inertia, which is always positive, the product
of inertia may be positive, negative, or zero. The result depends on the
algebraic signs of the two defining coordinates, which vary independently
from one another. If either one or both of the orthogonal planes are
planes of symmetry for the mass, the product of inertia with respect to
these planes will be zero. In such cases, elements of mass will occur in
pairs located on each side of the plane of symmetry. On one side of the
plane the product of inertia for the element will be positive, while on the
other side the product of inertia of the corresponding element will be
negative, the sum therefore yielding zero. For example, in Fig. 2124, the
y—-z plane is a plane of symmetry, and so I, = I, = 0. Calculation of I,
will yield a positive result, since all elements of mass are located using
only positive y and z coordinates. For the cylinder, with the coordinate
axes located as shown in Fig. 21-2b, the x—z and y-z planes are both
planes of symmetry. Thus, I,, = I,, = I, = 0.

The techniques
of integration used to determine the moment of inertia of a body were
described in Sec. 171. Also discussed were methods to determine the
moment of inertia of a composite body, i.e., a body composed of simpler
segments, as tabulated on the inside back cover. In both of these cases the
parallel-axis theorem was often used for the calculations. This theorem
transfers the moment of inertia of a body from an axis passing through
its mass center G to a parallel axis passing through some other point. If
G has coordinates xg, Vg, 2, Fig. 21-3, then the parallel-axis equations
used to calculate the moments of inertia about the x, y, 7 axes are

Ixx = (Ix’x’)G + m(yzG + Z2G)
1

Izz = (Iz’z’)G + m(sz + Y%;)

G

587

w o (Iy’y’)G + m(x2G + ZZG) (21_3) X

Y6

Fig. 21-3
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G

XG

YG

Fig. 21-3 (repeated)

The dynamics of the space shuttle
while it orbits the earth can be
predicted only if its moments and
products of inertia are known relative
to its mass center.

The products of inertia of a composite body are determined in the
same manner as the body’s moments of inertia. Here, however, the
parallel-plane theorem is important. This theorem is used to transfer
the products of inertia of the body with respect to a set of three orthogonal
planes passing through the body’s mass center to a corresponding set of
three parallel planes passing through some other point O. Defining the
perpendicular distances between the planes as xg,yg, 25, Fig. 21-3, the
parallel-plane theorem for each product of inertia can be written as

Ixy = (Ix’y’)G + mxgyc
L, = (Iy)g + mygzg (21-4)
Iy = (Iyy)g + mzgxg

The derivation of these formulas is similar to that given for the parallel-
axis equation, Sec. 17.1.

The inertial properties of a body are therefore
completely characterized by nine terms, six of which are independent of
one another. This set of terms is defined using Eqgs. 21-1 and 21-2 and
can be written as

I _Ixy _Ixz
_Iyx Iyy _Iyz

_sz _Izy Izz

This array is called an inertia tensor.* It has a unique set of values for
a body when it is determined for each location of the origin O and
orientation of the coordinate axes.

In general, for point O we can always specify a unique axes inclination
for which the products of inertia for the body are zero. When this is done,
the inertia tensor is said to be “diagonalized” and may be written in the
simplified form

I, 0 0
0 I, 0
0 0 I

Here I, = I, I, = I,,, and I, = I, are termed the principal moments
of inertia for the body, which are calculated with respect to the principal
axes of inertia. Of these three principal moments of inertia, one will be a
maximum and another a minimum of the body’s moment of inertia.

* Negative signs are included here in order to later describe the body’s angular momentum.
See Eqgs. 21-10.



21.1 MOMENTS AND PRODUCTS OF INERTIA

The mathematical determination of the directions of principal axes of
inertia will not be discussed here (see Prob. 21-24). However, there are
many cases in which the principal axes can be determined by inspection.
From the previous discussion it was noted that if the coordinate axes
are oriented such that two of the three orthogonal planes containing the
axes are planes of symmetry for the body, then all the products of inertia
for the body are zero with respect to these coordinate planes, and hence
these coordinate axes are principal axes of inertia. For example, the x, y, z
axes shown in Fig. 21-2b represent the principal axes of inertia for the
cylinder at point O.

Consider the
body shown in Fig. 21-4, where the nine elements of the inertia tensor
have been determined with respect to the x, y, z axes having an origin at
O. Here we wish to determine the moment of inertia of the body about
the Oa axis, defined by the unit vector u,. By definition, /5, = f b*dm,
where b is the perpendicular distance from the element dm to Oa. If the
position of dm is located using r,then b = r sin 6, which is the magnitude
of the cross product u, X r. The moment of inertia can therefore be
expressed as

Iop, = /|(ua X 1)|2dm = /(ua X 1) (u, X r)dm
m m
In general,u, = wu,i + u,j + u;kandr = xi + yj + zk,andsou, X r =

(uyz — uy)i + (ux — u,2)j + (uy — uyx)k. And so, after substituting
and performing the dot-product operation, we get

Lo, = /[(Myz - uzy)z + (uzx - uxz)z + (uxy - u)’x)z]dm

u)zc/(y2 + 2%)dm + uﬁ/(z2 + xz)dm + u?/ (x* + y2) dm

- 2uxuy/xy dm — 2uyuz/yz dm — ZuZux/zx dm
m m m

Recognizing the integrals to be the moments and products of inertia of
the body, Eqs. 21-1 and 21-2, we have

log = Loz + Loy + L — 2L uu, — 21 uu, — 2L uu, | (21-5)

Thus, if the inertia tensor is specified for the x, y, z axes, the moment
of inertia of the body about the inclined Oa axis can be found. For
the calculation, the direction cosines u,,u,,u, of the axes must be
determined. These terms specify the cosines of the coordinate direction
angles «, B, Yy made between the positive Oa axis and the positive x, y, z
axes, respectively (see Appendix B).

/ua

é/“b=rsin6
0

589

Fig. 21-4
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EXAMPLE 21.1

z
2 kg
(=0.1,0,0.2)
A
i 4kg
(-0.2,0.2,0.2)
2 kg
~(0,0,0.1)
0 y
X
(b)
Fig. 21-5

Determine the moment of inertia of the bent rod shown in Fig. 21-5a
about the Oa axis. The mass of each of the three segments is given in
the figure.

SOLUTION

Before applying Eq. 21-5, it is first necessary to determine the
moments and products of inertia of the rod with respect to the x, y, z
axes. This is done using the formula for the moment of inertia of a
slender rod, I = %mlz, and the parallel-axis and parallel-plane
theorems, Egs. 21-3 and 21-4. Dividing the rod into three parts and
locating the mass center of each segment, Fig. 21-5b, we have

I, = [5(2)(0.2)? + 2(0.1)?] + [0 + 2(0.2)?]
+ [5(4)(0.4)? + 4((0.2)> + (02)%)] = 0.480 kg - m?
L, = [$(2)(02)7 + 2(0.1)2] + [{5(2)(02)* + 2((—0.1)? + (0.2)?)]
+ [0 + 4((—=0.2)> + (0.2)*)] = 0.453 kg - m?
I,=10+0] + [5(2)(02) + 2(-0.1)?] + [5(4)(0.4)* +
4((-02)* + (02)%)] = 0.400 kg - m?
Ly, = [0+ 0] + [0+ 0] + [0 + 4(—0.2)(0.2)] = —0.160 kg - m?
I, = [0+ 0] + [0 + 0] + [0 + 4(0.2)(0.2)] = 0.160 kg - m?
I, = [0+ 0] + [0+ 2(0.2)(—0.1)] +
[0 + 4(0.2)(—0.2)] = —0.200 kg - m?
The Oa axis is defined by the unit vector
oty —02i+04j+02k
o T V(02 + (042 + (02

= —0.408i + 0.816j + 0.408k

Thus,
u, = —0.408 u, = 0816 u, = 0.408
Substituting these results into Eq. 21-5 yields

Iog = L2 + Iyyu§ + Lu? — 2 u, — 2L uu, — 21 u.u,
= 0.480(—0.408)% + (0.453)(0.816)*> + 0.400(0.408)*
— 2(—0.160)(—0.408)(0.816) — 2(0.160)(0.816)(0.408)
— 2(—0.200)(0.408)(—0.408)
= 0.169 kg - m? Ans.
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PROBLEMS 591

21-1. Determine by direct integration the product of
inertia [, for the homogeneous prism. The density of the
material is p. Express the result in terms of the total mass m
of the prism.

21-2. Determine by direct integration the product of
inertia I, for the homogeneous prism. The density of the
material is p. Express the result in terms of the total mass m
of the prism.

Probs. 21-1/2

21-3. Determine the moments of inertia for the homogeneous
cylinder of mass m about the x', )", z" axes.

le—— 7 — 7

]

Prob. 21-3

*21-4. Determine the product of inertia I,, for the
homogeneous tetrahedron. The density of the material is p.
Express the result in terms of the total mass m of the
solid. Suggestion: Use a triangular element of thickness dz
and then express dl,, in terms of the size and mass of the
element using the result of Prob. 21-2.

/a

Prob. 21-4

21-5. Show that the sum of the moments of inertia of a
body, I, + I,, + I, is independent of the orientation of
the x, y, z axes and thus depends only on the location of the
origin.

21-6. Determine the moment of inertia of the cone with
respect to a vertical y axis passing through the cone’s center
of mass. What is the moment of inertia about a parallel axis
y' that passes through the diameter of the base of the cone?
The cone has a mass m.

W
|

X

Prob. 21-6
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21-7. Determine the moment of inertia of the cylinder 21-10. Determine the moment of inertia about the z axis
with respect to the a—a axis of the cylinder. The cylinder has of the assembly which consists of the 1.5-kg rod CD and the
a mass m. 7-kg disk.

B
c 200 mm
Prob. 21-7 100 mm
A
Prob. 21-10

*21-8. Determine the product of inertia I, for the bent
rod. The rod has a mass per unit length of 2 kg/m.

21-9. Determine the moments of inertia Iy, Iy, I, for the
bent rod. The rod has a mass per unit length of 2 kg /m.

21-11. The bent rod has a mass of 3 kg/m. Determine the
moment of inertia of the rod about the O—a axis.

600 mm < Im o
/ 0.5 }\
500 mm ‘7/

Probs. 21-8/9 Prob. 21-11
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#21-12. Determine the moment of inertia of both the 1.5-kg *21-16. The bent rod has a mass per unit length of

rod and 4-kg disk about the z' axis. 225kg/m. Locate the center of gravity G(x, y) and
determine the principal moments of inertia /.-, I,-, and 7, of
the rod with respect to the x', y’, z" axes.

300 mm \ -

Prob. 21-12 z

21-13. Determine the moment of inertia /., of the
composite plate assembly. The plates have a density per unit
area of 30 kg/m?.

21-14. Determine the product of inertia /,, of the composite
plate assembly. The plates have a density per unit area of
30 kg/m?.

Prob. 21-16

21-17. Determine the moments of inertia about the x, y, z
axes of the rod assembly. The rods have a mass of 0.75 kg /m.

Probs. 21-13/14

21-15. Determine the products of inertia Iy, I, and I,
of the thin plate. The material has a density per unit area of
50 kg/m?.

B
2m
4 /lm
\y
1m
X 2m c

Prob. 21-15 Prob. 21-17
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21-18. Determine the moment of inertia of the rod-and- *21-20. Determine the moment of inertia of the disk
thin-ring assembly about the z axis. The rods and ring have about the axis of shaft AB.The disk has a mass of 15 kg.
a mass per unit length of 2 kg/m.

mm

y Prob. 21-20

Prob. 21-18

21-19. Determine the products of inertia Iy, 1., and I,
of the thin plate. The material has a mass per unit area of 21-21. The bent rod has a mass of 4 kg/m. Determine the
50 kg/ m?. moment of inertia of the rod about the OA axis.

Prob. 21-19 Prob. 21-21



21.2 ANGULAR MOMENTUM

In this section we will develop the necessary equations used to determine
the angular momentum of a rigid body about an arbitrary point. These
equations will provide a means for developing both the principle of
impulse and momentum and the equations of rotational motion for a
rigid body.

Consider the rigid body in Fig. 21-6, which has a mass m and center
of mass at G.The X, Y, Z coordinate system represents an inertial frame
of reference, and hence, its axes are fixed or translate with a constant
velocity. The angular momentum as measured from this reference will be
determined relative to the arbitrary point A. The position vectors r, and
p4 are drawn from the origin of coordinates to point A and from A to
the ith particle of the body. If this particle’s mass is m;, then the angular
momentum about point A is

(Hy)i = pa X myv;

where v; represents the particle’s velocity measured from the X, Y, Z
coordinate system. If the body has an angular velocity w at the instant
considered, v; may be related to the velocity of A by applying Eq.20-7 i.e.,

V, = Vyu + w X Pa
Thus,
(Hyp)i = pa X m(vq + @ X py)
= (pam;) X V4 + py X (@ X py)m;

Summing the moments of all the particles of the body requires an
integration. Since m; — dm, we have

H, = (/pAdm> X vy + /pA X (w X py)dm (21-6)

z /Q /\‘w

Vi
Pa

\7 A
Iy

Inertial coordinate system

Fig. 21-6

21.2 ANGULAR MOMENTUM
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mvg

Arbitrary Point
(©

THREE-DIMENSIONAL KINETICS OF A RIGID BobDy

Z
V4
z
Z /
G
- PG
X g \y
Y
¥ Fixed Point X Center of Mass
(a) (b)
Fig. 21-7
Fixed Point O. If A becomes a fixed point O in the body, Fig. 21-7a,

then v, = 0 and Eq. 21-6 reduces to

(21-7)

Hyp = /pOX(prO)dm

Center of Mass G. If A is located at the center of mass G of the
body, Fig. 21-7b, then |, py dm = 0 and

Hg = /PG X (@ X pg)dm (21-8)

Arbitrary Point A. In general, A can be a point other than O or G,
Fig. 21-7¢, in which case Eq. 21-6 may nevertheless be simplified to the
following form (see Prob. 21-22).

(21-9)

H, = pGia X mvg + Hg

Here the angular momentum consists of two parts—the moment of the
linear momentum mvg of the body about point A added (vectorially)
to the angular momentum Hg. Equation 21-9 can also be used to
determine the angular momentum of the body about a fixed point O.
The results, of course, will be the same as those found using the more
convenient Eq. 21-7



21.2 ANGULAR MOMENTUM

To make practical use of
Eqgs. 21-7 through 21-9, the angular momentum must be expressed in
terms of its scalar components. For a general formulation, note that
Eqgs. 21-7 and 21-8 are both of the form

HZ/pX(pr)dm
m
Expressing H, p, and @ in terms of their x, y, z components, we have

H.i+ H,j+ Hk= /(xi + )i + zk) X [(o,d + 0,j + o k)
X (xi + yj + zk)]dm

Expanding the cross products and combining terms yields

Hi+ H)j+ Hk= {wx/(y2 + z9)dm — wy/xy dm — wz/xz dm}i

+ [—wx/xy dm + a)y/(x2 + z%)dm — wz/yz dm}.]
+ [—wx/zxdm - wy/yz dm + wz/(x2 + yz)dm}k

Equating the respective i, j, k components and recognizing that the
integrals represent the moments and products of inertia, we obtain

H, = L o, — Ixywy — I,
S5ty = =il A Sy, = (21-10)
H,

= -l o, — ]Zywy + I,,0,

These equations can be simplified further if the x, y, z coordinate
axes are oriented such that they become principal axes of inertia for
the body at the point. When these axes are used, the products of inertia
I, = I,, = I, = 0, and if the principal moments of inertia about the
X, y,z axes are represented as [, = I, I, = I, I, = I, then the three
components of angular momentum become

H,= Lo, H,=lLo, H,= Lo, (21-11)
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The motion of the astronaut is controlled
by use of small directional jets attached to
his or her space suit. The impulses these jets
provide must be carefully specified in order
to prevent tumbling and loss of orientation.

(ONASA)

CHAPTER 21 THREE-DIMENSIONAL KINETICS OF A RIGID BoDY

Iy

Inertial coordinate system

Fig. 21-8

Now that the
formulation of the angular momentum for a body has been developed,
the principle of impulse and momentum, as discussed in Sec. 19.2, can be
used to solve kinetic problems which involve force, velocity, and time. For
this case, the following two vector equations are available:

m(vg); + 2/2F dt = m(vg), (21-12)
(HO)I ar E/ZMO dt = (H0)2 (21—13)

In three dimensions each vector term can be represented by its three
scalar components, and therefore a total of six scalar equations can be
written. Three equations relate the linear impulse and momentum in the
X, y, z directions, and the other three equations relate the body’s angular
impulse and momentum about the x, y, z axes. Before applying Eqs. 21-12
and 21-13 to the solution of problems, the material in Secs. 19.2 and 19.3
should be reviewed.

21.3 KINETIC ENERGY

In order to apply the principle of work and energy to solve problems
involving general rigid body motion, it is first necessary to formulate
expressions for the kinetic energy of the body. If the ith particle of the
body in Fig. 21-8 has a mass n; and velocity v;, measured relative to the
inertial X, Y, Z frame of reference, then its kinetic energy is

1 1
T, = 3mu; = 3myv; V)

Provided the velocity of an arbitrary point A in the body is known, v;
can be related to v, by the equation v; = v4 + @ X py4. Using this
expression, the kinetic energy for the particle becomes

T, = 3mi(va + @ X py)-(v4 + @ X py)
= 5(va VM + va (@ X pm; + 5(0 X py) - (@ X pm;
The kinetic energy for the entire body is obtained by summing the kinetic

energies of all the particles of the body. This requires an integration.
Since m; — dm, we get

T = 3m(vV4+Vp) +VA'(‘">< /PAdm) +;/(‘U X pa) - (@ X py)dm

m



The last term on the right can be rewritten using the vector identity
aXb-c=a-b X ¢ wherea=w,b = p,,and ¢ = w X py.The final
result is

T = %m(vA-vA) + v, (w X /pAdm)

+le- / pa X (w X py)dm (21-14)

Simplification occurs if the reference point A is either a fixed point or
the center of mass.

If A is a fixed point O in the body, Fig. 21-7a, then
v, = 0, and using Eq. 21-7, we can express Eq. 21-14 as
T=%w-Hy

If the x, y, z axes represent the principal axes of inertia for the body, then
o = i+ oj + ok and Hp = Lo,i + [jo,j + L,w k. Substituting
and performing the dot-product operations yields

T = 3L} + 51w} + 510 (21-15)

If A is located at the center of mass G of the
body, Fig. 21-7b, then f padm = 0 and, using Eq. 21-8, we can write
Eq.21-14 as

T = %msz + %w-HG

In a manner similar to that for a fixed point, the last term on the right
side can be represented in scalar form, in which case

T = %mvzc s %waﬁ s %Ing s %Izw% (21-16)

Here it is seen that the kinetic energy consists of two parts; namely, the
translational kinetic energy of the mass center, %msz, and the body’s
rotational kinetic energy.

Having formulated the kinetic
energy for a body, the principle of work and energy can be applied to
solve kinetic problems which involve force, velocity, and displacement. For
this case only one scalar equation can be written for each body, namely,

Tl I EUl—Z == T2 (21—17)

Before applying this equation, the material in Secs. 18.1 through 18.4
should be reviewed.
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Fixed Point
(a)
Fig. 21-7 (repeated)

Center of Mass
(b)
Fig. 21-7 (repeated)
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EXAMPLE 21.2

THREE-DIMENSIONAL KINETICS OF A RIGID BobDy

The rod in Fig. 21-9a has a mass per unit length of 2.25kg/m.
Determine its angular velocity just after the end A falls onto the hook
at E. The hook provides a permanent connection for the rod due to
the spring-lock mechanism S. Just before striking the hook the rod is
falling downward with a speed (vg); = 3 m/s.

SOLUTION
The principle of impulse and momentum will be used since impact occurs.

Impulse and Momentum Diagrams. Fig. 21-9b. During the short
time At, the impulsive force F acting at A changes the momentum of
the rod. (The impulse created by the rod’s weight W during this time
is small compared to f F dt, so that it can be neglected, i.e., the weight
is a nonimpulsive force.) Hence, the angular momentum of the rod is
conserved about point A since the moment of |F dr about A is zero.

Conservation of Angular Momentum. Equation 21-9 must be
used to find the angular momentum of the rod, since A does not
become a fixed point until after the impulsive interaction with the
hook. With reference to Fig. 21-9b, (H,); = (Hy),, or

TG4 X m(ve) = rga X m(vg), + (Hg), (1)
From Fig. 21-9a, x5/, = {—0.2i + 0.15j} m. Furthermore, the primed
axes are principal axes of inertia for the rod because I, = I, =

I, = 0. Hence, from Egs. 21-11, (Hg), = lyo,i + [yo,j + Lo k.
The principal moments of inertia are I, = 0.0354 kg-m?, I, =
0.0202 kg - m%, I, = 0.0557 kg - m” (see Prob. 21-16). Substituting into

Eq. 1, we have

(—02i + 0.15§) X [(2.25 X 0.9)(=3Kk)] = (—0.2i + 0.15j) X [(2.25 X 0.9)(—vg),K]

+ 0.0354w,i + 0.02020,j + 0.0557w k

Expanding and equating the respective i, j, k components yields

—0.9112 = —0.3037(vg), + 0.0354w, ©)
~1.2150 = —0.4050(vg), + 0.02020, 3)
0 = 0.0557w, (4)

Kinematics. There are four unknowns in the above equations;
however, another equation may be obtained by relating w to (vs),
using kinematics. Since w, = 0 (Eq. 4) and after impact the rod
rotates about the fixed point A, Eq.20-3 can be applied, in which case
(vg)2 = @ X 1G4, 0T
—(v6)k = (@, + wyj) X (—0.2i + 0.15j)
_(vG)Z = 0.15wx + 0.2(1)y (5)
Solving Egs. 2, 3, and 5 simultaneously yields
(vg), = {252k} m/s w = {—4.09 — 9.55j} rad/s Ans.



EXAMPLE 21.3

A 5-N - m torque is applied to the vertical shaft CD shown in Fig. 21-10a,
which causes the 10-kg gear A to turn freely about the axle CE. Assuming
that A starts from rest, determine the angular velocity of CD after it has
turned two revolutions. Neglect the mass of CD and CE and assume that
A can be approximated by a thin disk. Gear B is fixed.

SOLUTION
The principle of work and energy can be used for the solution. Why?

Work. 1If CD, CE, and A are considered as a system of connected
bodies, only the applied torque M does work. For two revolutions of
CD, this work is 3U;_, = (5 N-m)(47 rad) = 62.83J.

Kinetic Energy. Since the gear is initially at rest, its initial kinetic
energy is zero. A kinematic diagram for the gear when it is moving
is shown in Fig. 21-10b. If the angular velocity of CD is taken as
wcp, then the angular velocity of A is wy, = wcp + wcg. The gear
may be imagined as a portion of a massless extended body which is
rotating about the fixed point C. The instantaneous axis of rotation

for this body is along line CH, because both points C and H on the

body (gear) have zero velocity and must therefore lie on this axis. This
requires that the components w¢p and wc be related by the equation
wCD/O.l m = wCE/O.3 mor wcg = 3wCD' Thus,

Wy = _(J)CEi alx wCDk = _3wCDi aly wCDk (1)

The x, y, z axes in Fig. 21-10a represent principal axes of inertia at C
for the gear. Since point C is a fixed point of rotation, Eq. 21-15 may
be applied to determine the kinetic energy, i.e.,

T = 5L + 5102 + 5102 )

Using the parallel-axis theorem, the moments of inertia of the gear
about point C are as follows:

I, = 3(10 kg)(0.1 m)? = 0.05 kg - m?

I, = I, = (10 kg)(0.1 m)* + 10kg(0.3 m)> = 0.925 kg - m?
Since w, = =3wcp, w, = 0, v, = wcp, Eq.2 becomes

T, = 3(0.05)(=3wep)® + 0 + 1(0.925)(wep)? = 0.6875wep
Principle of Work and Energy. Applying the principle of work
and energy, we obtain

T, +3XU,_,=T,
0 + 62.83 = 0.6875w%p
wcp = 9.56rad/s Ans.
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(b)
Fig. 21-10

Instantaneous
axis of rotation
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. PROBLEMS

THREE-DIMENSIONAL KINETICS OF A RIGID BobDy

21-22. Show that if the angular momentum of a body is
determined with respect to an arbitrary point A, then H,
can be expressed by Eq. 21-9. This requires substituting
Pa = PG T Pg/a into Eq. 21-6 and expanding, noting
that f pcdm = 0 by definition of the mass center and
VG = V4 + @ X pga.

Prob. 21-22

21-23. A thin plate, having a mass of 4 kg is suspended
from one of its corners by a ball-and-socket joint O. If a
stone strikes the plate perpendicular to its surface at an
adjacent corner A with an impulse of I, = {—60i} N-s,
determine the instantaneous axis of rotation for the plate
and the impulse created at O.

Prob. 21-23

*21-24. If a body contains no planes of symmetry,
the principal moments of inertia can be determined
mathematically. To show how this is done, consider
the rigid body which is spinning with an angular
velocity w, directed along one of its principal axes of
inertia. If the principal moment of inertia about this
axis is /, the angular momentum can be expressed as
H = lo = lo,i + lw,j + Iw k. The components of H may
also be expressed by Eqs. 21-10, where the inertia tensor
is assumed to be known. Equate the i, j, and k components
of both expressions for H and consider w,, w,, and w, to
be unknown. The solution of these three equations is
obtained provided the determinant of the coefficients is
zero. Show that this determinant, when expanded, yields
the cubic equation

P = (L + L, + I)I?

+ (Ixxlyy + Iyylzz + Izzlxx - I;ch - Igz - I%x)l

= (Lol — 21,0 0, — L5, — 1% — I I%) =0

xxlyylzz xylyztzx xtyz yydzx

The three positive roots of /, obtained from the solution of
this equation, represent the principal moments of inertia /,,
I,,and I..

Prob. 21-24



21-25. The 10-kg circular disk spins about its axle with a
constant angular velocity of w; = 15 rad/s. Simultaneously,
arm OB and shaft OA rotate about their axes with constant
angular velocities of w, = 0 and w3 = 6 rad/s, respectively.
Determine the angular momentum of the disk about point O,
and its kinetic energy.

21-26. The 10-kg circular disk spins about its axle with a
constant angular velocity of w; = 15 rad/s. Simultaneously,
arm OB and shaft OA rotate about their axes with constant
angular velocities of wy = 10 rad/s and w3 = 6 rad/s,
respectively. Determine the angular momentum of 